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Abstract

This thesis is devoted to the study of strongly correlated phases of quantum matter in

two spatial dimensions. In presence of strong interactions, the electron can split up into

separate spin and charge degrees of freedom. The diagnosis of such fractionalized excita-

tions in recent experiments, as well as finding new probes for their detection, comprise the

two major themes of this thesis.

The first part of the thesis, comprising chapters 2-6, discusses the relevance of frac-

tionalization to the pseudogap phase of the underdoped high Tc cuprate superconductors.

This is motivated by transport experiments that show a violation of Luttinger’s theorem,

possible only in the presence of topological order that can arise naturally as a consequence

of fractionalization. Chapters 2 and 3 focus on phenomenological models with bosonic

charge carriers and fermionic spin carriers, and investigate transport properties as well as

various confinement transitions to symmetry broken phases. Chapters 4, 5 and 6 deal with

a different framework of electron fractionalization, where the charge carriers are fermionic

and spin carriers are bosonic. We find that these models can better explain the thermal

and electrical transport properties in chapter 5. In chapters 6 and 7, we show how such

models arise naturally from quantum fluctuations of antiferromagnetism, and can simul-

taneously intertwine the anti-nodal spectral gap with the discrete broken symmetries that

are observed in the cuprates.

The second part of the thesis, comprising chapters 7 and 8, proposes new experimental

probes to study the behavior of insulating two dimensional quantum magnets. Aided

by geometric frustration and strong quantum fluctuations, they may realize a spin liquid

ground state which can be extremely difficult to detect via conventional probes. Chapter

7 discusses how novel spin-transport probes from the spintronics community can be used

to detect fractionalized excitations in a quantum spin liquid. Chapter 8 studies how the

temperature dependent anisotropy of in-plane versus out-of-plane thermal conductivities

can serve as an explicit signature of fractionalization in layered two-dimensional materials.
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The journey of a thousand miles begins with a single

step.

Lao Tzu

1
Introduction

1.1 Preliminaries

1.1.1 Phases, phase transitions and local order parameters

Condensed matter physics is the study of macroscopic properties of materials we see in

the world around us. Any such material is made up of billions of interacting electrons in a

crystal lattice. The sheer scale and complexity makes exactly solving the problem to find

all possible states very difficult, and we need theoretical principles that help us organize

our thoughts about these materials. One such major organizing principle is the concept

of a phase. Intuitively, we know what a phase is — for example, liquid water freezes to a

different phase (ice) on cooling, and a magnet when heated to high temperature loses its

ability to attract iron. This idea of distinct phases was made more concrete by Lev. D.

Landau, one of the stalwarts of twentieth century physics, by coming up with a description

in terms of spontaneous symmetry breaking and local order parameters [153].

To set the stage, let us first formally discuss the notion of spontaneous symmetry break-

ing, and then we will discuss some concrete examples to illustrate the physics. Consider

a quantum system described by a Hamiltonian that is invariant under transformations by
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all elements of a group G, also called the symmetry group. If the equilibrium state of the

system is not invariant under the action of any element g ∈ G, then the system is said to

be in a symmetry broken phase. This implies the existence of some local observable that

transforms non-trivially under g and has a finite (non-zero) expectation value only in the

symmetry broken phase. Such an observable is called an order parameter. Typically, as a

function of temperature (or some other tuning parameter like pressure, chemical substitu-

tion etc), the system undergoes a transition from a symmetric state to a symmetry-broken

state that has a non-zero expectation value of the order parameter. This is called a phase

transition, and the two states on either sides are distinct phases of matter. The symmetry

broken state is also characterized by non-decaying correlations of the order parameter field

at two spatial points far away from each other (compared to some microscopic length-scale

like the lattice spacing) at all times.

The paradigmatic example of such a phase transition is provided by the transverse field

Ising model. The degrees of freedom are Ising spins (which can only point up or down) on

a one dimensional lattice, with a Hamiltonian that has an interaction term J > 0 and a

uniform transverse magnetic field term gσxi on each site.

H = −J
∑
⟨ij⟩

σzi σ
z
j − g

∑
i

σxi (1.1)

This system has a global Z2 symmetry, which corresponds to flipping all the spins and is

formally given by σzi → −σzi , σxi → σxi for all sites ri. For convenience, let us specialize to

zero temperature so that we only need to look at the ground states. In the limit when J →

∞, the spins are either all up or all down, and the Z2 symmetry is spontaneously broken.

The local order parameter that characterizes the broken symmetry is the magnetization

m = ⟨σzi ⟩. It transforms non-trivially under the global Z2 transformation, and has a non-

zero expectation value in the ordered phase. In the other limit of J/g → 0, the ground

state has all spins pointing along the x̂ direction, so the symmetry is preserved. As we

increase J/g, this model has a phase transition as a finite value of the coupling from a

paramagnet to a ferromagnet.
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Chapter 1. Introduction

Figure 1.1: (a) Symmetry broken ground state of the quantum Ising model in one spatial
dimension. (b) Single spin flip excitation (local) costs energy 4J . (c) Non-local domain
wall excitation costs energy 2J .

From Onsager’s exact solution [218], it is known that this phase transition occurs at

J = g. But instead of going into the details of the solution [148], let us now discuss

an alternative perspective to this transition, in terms of defects of the order parameter.

Starting in the ordered phase, the lowest energy excitations one can find (rather surpris-

ingly) are not local single spin-flips, but non-local domain walls which separate regions

of up-spins from those of down-spins (as in Fig. 1.1). Each domain wall at site i can be

thought of as a non-local excitation that costs an energy 2J , created by an operator di

which is a string of local operators.

di =
∏
j>i

σxi (1.2)

The σx term, restricted to the low energy manifold of a single domain wall, extends or

contracts the domain wall by one lattice spacing. In the limit of dilute domain walls, we

can neglect their interaction and write down an effective Hamiltonian for a domain wall

creation operator d†k in momentum space.

Hd =
∑
k

(2J − 2g cos k) d†kdk (1.3)

At g = J , the minima of the dispersion (at k = 0) touches zero energy, and the bosonic

domain walls condense. This spoils long range correlations between the Ising spins, and

marks a transition to the disordered phase. This perspective of destruction of long range
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symmetry breaking order by proliferation of a defect in the order parameter will prove

particularly useful for continuous symmetry groups, which we to turn to next.

1.1.2 Phase transitions without symmetry breaking

Consider a system with a continuous group G, and an order parameter m. If the ex-

pectation value of the order parameter m is invariant under H, a subgroup of G (H can

be the trivial subgroup as well), then the coset M = G/H is called the order parameter

space or manifold. In the phase with broken symmetry, the low energy excitations are

gapless Goldstone bosons which correspond to long wavelength fluctuations (small spatial

gradients) of the order parameter field m(x) : Rd → M . These mappings are referred to

as non-uniform states, as opposed to uniform states that have a fixed value of the order

parameter m0 everywhere in space; and the Hamiltonian given by H =
∫
ddx(∇m)2 is

called the non-linear sigma model.

In addition to considering configurations m(x) which are smooth everywhere, it is very

important to consider configurations that are smooth almost everywhere (other than a set

of measure zero, in mathematical parlance). These defects typically have higher energies

than smooth configurations, and the continuum non-linear sigma model description is

suspect in the neighborhood of these defects because lattice-scale (short-distance) physics

becomes important. The class of defects that are most relevant in determining a phase are

determined dynamically (using renormalization group for certain correlation functions) for

the system of interest. For the purpose of this thesis, we focus on point topological defects.

These are defects that are not removable by continuous deformations and have a smooth

m(x) away from a point. As we will see with the help of an example, the order parameter

field m(x) on the d−1 dimensional sphere Sd−1 surrounding a point defect determines the

topological quantum number of the defect, and therefore the homotopy group πd−1(M)

can be used to formally characterize such point topological defects [194].

As an example, let us discuss first the classical XY model. The degrees of freedom are

classical planar spins which can be fully parametrized by an angle θi at each site i of a
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Figure 1.2: Phase diagram of the classical XY model in three spatial dimensions. There
is a finite temperature symmetry breaking phase transition at Tc to a long-range ordered
phase. Adapted from Ref. [252].

d-dimensional square lattice. The Hamiltonian is given by:

H = −J
∑
⟨ij⟩

cos(θi − θj) (1.4)

This model has a global U(1) symmetry — the Hamiltonian is invariant under the trans-

formation θi → θi + ϕ. In d = 3, this model has a symmetry broken phase with below

a critical temperature Tc, with an order parameter ψj ≡ eiθj which has a long range

correlation.

⟨ψj⟩ ̸= 0, and lim
|ri−rj |→∞

⟨ψ∗
i ψj⟩ ̸= 0 (1.5)

The symmetry broken state below Tc can be thought of as a ferromagnet where the planar

spins are aligned, and the transition at T = Tc is therefore a transition to a paramagnetic

phase with exponentially decaying spin correlations due to thermal fluctuations.

However, in spatial dimensions d = 2, the physics is drastically different. The Mermin-

Wagner-Hohenberg Theorem explicitly prohibits breaking of any continuous symmetry for

short-ranged Hamiltonians at any T > 0 [119, 195].

⟨ψj⟩ = 0, and lim
|ri−rj |→∞

⟨ψ∗
i ψj⟩ = 0 for all T > 0 (1.6)
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Figure 1.3: Phase diagram of the classical XY model in two spatial dimensions. There
is a finite temperature phase transition at TBKT associated with vortex proliferation, but
there is no symmetry breaking at this transition. Adapted from Ref. [252].

The intuitive explanantion for this behavior is that the long-range order is destabilized by

long-wavelength fluctuations of ψj . But as shown by Berezinskii, Kosterlitz and Thouless,

the model still exhibits a phase transition to a distinct phase at T = TBKT [24, 25, 149].

The low temperature phase is characterized by a finite superfluid stiffness (which is zero

at T > TBKT ) and a power law decay of spin correlations (called quasi long range order

or QLRO) as opposed to an exponential decay at high temperatures (short range order or

SRO) .

In order to understand the phase transition, we need to consider point-like topological

defects or vortices in the order parameter. The order parameter manifold is simply the

U(1) phase (or orientation) of a spin θ(x), isomorphic to the circle S1. A nv-fold vortex

configuration in the order parameter can be defined by a winding of the gradient of the

phase on a curve C far away from the core of the vortex.

∫
C
∇θ(x) · dx = 2πnv (1.7)

On a circle of large radius R from the core of a vortex, we can therefore consider a map Φ

that takes the angular coordinate on the circle α to the angle the spin is pointing towards
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at the point R = R(cosα, sinα) on the circle.

Φ : S1 → S1, Φ(α) = arg [ψ(R)] (1.8)

For a vortex configuration, this map has a non-zero winding number nv, and this is the

integer vorticity that characterizes the topological invariant. This matches with our previ-

ous formal discussion about the classification of topological point defects, as π1(S1) = Z.

At low temperatures T < TBKT , vortices of equal positive and negative vorticities are

bound together to form dipoles, and QLRO can be observed. At T > TBKT it becomes

favorable for the vortices to proliferate and form a plasma because of entropic reasons

(recall that the free energy has to minimized at equilibrium at finite T ). This vortex

unbinding transition constitutes an important example of a topological phase transition or

a phase transition without symmetry breaking, as emphasized by Kosterlitz and Thouless

in Ref. [149]. Although it can be identified by the spin correlation function changing from

QLRO to SRO forms, the driving physics is the suppression of defects in the low T phase

and their proliferation in the high T phase.

1.1.3 Antiferromagnets in insulating phases

We now discuss conventional phases of SU(2) spins that are carried by electrons in any

material. To do so, we consider another paradigmatic yet unsolved model (except in

special limits), the Fermi Hubbard model.

H = −
∑
⟨ij⟩

tij(c
†
iαcjα +H.c.)− µ

∑
i

c†iαciα +
U

2

∑
i

n̂i(n̂i − 1) (1.9)

In Eq. (1.9) ciα corresponds to the electron destruction operator of spin α at lattice site

ri, n̂i = c†iαcjα is the electron density at site ri (repeated indices summed over), tij is a

translation invariant hopping that depends only on |ri − rj |, µ is the chemical potential

and U is the on-site replusion of electrons. Let us specialize to the limit of half-filling,

with a single electron per lattice site.

If we imagine turning off the hoppings tij , then any ground state of the model has a
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Figure 1.4: Pictorial depiction of the Fermi Hubbard model. An electron can hop to a
neighboring site with amplitude t, and two electrons have an on-site repulsion of U .

single electron per site. Although charge excitations have a gap of U , the spins can point

in any direction, leading to a macroscopic ground state degeneracy. At small but finite

tij/U , one generates an antiferromagnetic superexchange between the spins, given by the

following effective Hamiltonian in the low energy manifold of single occupancy.

H =
∑
⟨ij⟩

Jij Si · Sj , where Jij =
4t2ij
U

(1.10)

Let us specialize to conventional ground states of the effective Hamiltonian defined in

Eq. (1.10), also called the Heisenberg model, on the square lattice, as discussions of more

exotic states will form the bulk of this thesis. The square lattice is bipartite, the nearest

neighbor of each lattice point belongs to the opposite sublattice. If only the nearest

neighbor superexchange Ji,i+x̂ = Ji,i+ŷ = J is significant, then the classical ground state

is a Néel state, where adjacent spins are exactly anti-aligned. Although this is not the

ground state of the quantum Hamiltonian, quantum Monte Carlo indicates that the same

symmetry broken pattern holds in the quantum ground state [257]. In particular, the Néel

order parameter n which measures the staggered magnetization has a finite expectation

value in the ground state, and breaks the SU(2) spin-rotation symmetry.

n = (−1)ix+iy⟨Si⟩, and |n| = 0.30743 (1.11)

8
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Figure 1.5: Ordered Néel antiferromagnet on the square lattice. The spins on different
sublattices are indicated by crimson and blue colors.

We note that quantum fluctuations reduce the value of |n| from its classical value of half.

It is possible that on addition of further frustrating interactions, like next-nearest neighbor

Heisenberg exchanges or ring exchange (that appear at higher order in the expansion in

t/U) will destabilize the ground state, and lead to a ground state that preserves the

SU(2) spin-rotation symmetry. The Lieb-Schulz-Mattis-Hastings theorem states that for

half-integer spin per unit site in two spatial dimensions, a gapped symmetric ground

state must have a non-trivial ground state degeneracy [109, 171]. Theoretical models and

experimental signatures of these states, which have topological order will be extensively

discussed later in the thesis.

The Néel ordered state breaks the SU(2) spin-rotation symmetry to U(1) (spin-rotations

about the direction of n still remains a symmetry). The order parameter manifold is

SU(2)/U(1) ≈ S2, indicating that the Néel vector is an O(3) vector that can fluctuate on

the surface of a sphere. The low-energy effective theory of the ordered phase, as per our

previous discussion, is given by the O(3) non-linear sigma model.

S =
1

2g

∫
dτd2x (∂µn)

2 + SB, where ∂µ = (∂τ , ∇⃗) (1.12)

The quantum action has an additional Berry-phase term SB [101]. This vanishes for

smooth configurations of the order parameter n(x, τ). In particular, it vanishes for the

9
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ordered phase. Renormalization group arguments show that g = 0 is a stable fixed point of

this theory, and therefore the antiferromagnetic state is a stable phase of matter. However,

the Berry phase term has significant effect for topological defect textures of n and therefore

plays a crucial role in destruction of Néel order by proliferation of defects. We will not

discuss this unconventional and very interesting phase transition further here, but refer

the interested reader to several seminal papers for more details [246, 254, 271, 272].

1.1.4 Itinerant fermions and Fermi surface reconstruction

We end this subsection with a discussion of what happens when the SU(2) spins under-

going a symmetry breaking phase transition are associated with itinerant fermions in a

metal. For this, we first need to discuss the ground state of interacting fermions. Let us

further simplify the problem by setting interactions aside temporarily (setting U = 0 in

the Hubbard model in Eq. (1.9)), and considering free fermions in absence of disorder. De-

noting the electron creation operator by c†kα, the Hamiltonian can be conveniently written

in momentum space below in terms of the dispersion ξk.

H =
∑
k,α

ξk c
†
kαckα (1.13)

The ground state of this Hamiltonian, obtained by filling all momentum eigenstates upto

the chemical potential µ according to Pauli’s exclusion principle, is a Fermi gas or a Fermi

sea. It is characterized by a Fermi surface — a locus of gapless excitations in momentum

space defined by ξk = 0, as shown in Fig. 1.6. One can also see that the total density

of electrons ν is directly connected to the volume of the fermi surface (FS) in d spatial

dimensions as follows:

ν = 2

∫
ddk

(2π)d
Θ(−ξk) (1.14)

One might ask what happens when interactions between the electrons are turned on.

Landau hypothesized that even in presence of interactions, the Fermi surface of gapless

excitations remains well defined. The particle or hole like elementary excitations, although
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Figure 1.6: Fermi surface with gapless excitations in a metal in two spatial dimensions.

dressed by a cloud of particle-hole pairs, still retain their identity sufficiently close to the

Fermi surface. This phase is dubbed a Landau Fermi liquid 1. Luttinger and Ward showed

that the relation between the density and and volume of Fermi surface remains valid to

all orders in perturbation theory — a result known as Luttinger’s theorem [180, 184].

This was later shown to be true non-perturbatively by Oshikawa [219]. We will recount

Oshikawa’s argument in the next section, along with the possibility of its breakdown in

presence of strong interactions.

Interactions between the electrons can also lead to broken SU(2) spin rotation symme-

try. In particular interactions can lead to Néel order (or some other antiferromagnetic

order) for the electron spins. What effect does this have on the Fermi surface? This is

convenient to see within the framework of a spin-fermion model, where the long wave-

length fluctuations of the bosonic antiferromagnetic order parameter Φ⃗ are coupled to the

electrons. For concreteness, we choose a two dimensional Fermi liquid coupled to the Néel

order parameter.

H =
∑
k,α

ξkc
†
kαckα + λ

∑
i,a

(−1)ix+iyΦac
†
iασ

a
αβciβ +HΦ (1.15)

The second term in Eq. (1.15) is the spin-fermion coupling, while the third term HΦ takes

care of the order parameter dynamics. We find that the presence of long range Néel order,

i.e, ⟨Φa⟩ ̸= 0, will break translation symmetry and reconstruct the Fermi surface into
1It is important to note that Fermi liquid theory does not work in d = 1 [100, 181, 294]. Further, in

absence of time-reversal symmetry breaking, weakly attractive interactions between the fermions would
lead to superconductivity at an exponentially low temperature [274], unless it is precluded by some other
form of symmetry breaking transition.
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Figure 1.7: Reconstruction of a large Fermi surface into electron and hole pockets due to
the onset of long raneg Néel order. Adapted from Ref. [252].

smaller pockets if the wavevector Q = (π, π) connects two points on the Fermi surface.

However, now we need to work with a larger unit cell (and hence a smaller Brillouin zone),

and therefore the Luttinger count is still satisfied.

1.1.5 Some questions

The following questions are natural consequences of the above discussion.

• What kinds of phases of matter are possible without local order parameters? Are

these topological, i.e, associated with suppression of certain kinds of defects in the

order parameter?

• In these states, what are the natures of the emergent quasiparticles? What are the

transport properties and instabilities of such phases?

• What kinds of phases are more likely to occur in physical systems? In other words,

which ones are energetically proximate to a phase well known to exist, such as the

Néel state in the Heisenberg model on a square lattice?

• Can one find a translation invariant metallic state which violates Luttinger’s theo-

rem? What symmetries is such a system likely to break?

12
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Some of these questions are partially answered in the literature, but most of these are

still topics of active research. The idea of topologically ordered phases without symme-

try breaking has seen a lot of interest in the last couple of decades, so we first discuss

the concept of topological order in detail in the next section. This will also bring us in

touch with descriptions of symmetry enriched topological phases, where emergent excita-

tions may carry fractional quantum numbers under the particular symmetry considered,

a phenomenon referred to as fractionalization. We will see that topological order in such

systems can be understood as suppression of certain kinds of defects in the order param-

eter corresponding to the symmetry. We will examine Oshikawa’s proof of Luttinger’s

theorem and its pitfalls in the presence of intrinsic topological order. Then, we will look

at experiments that suggest the existence of these phases, with particular focus on the

high Tc cuprate superconductors. We will end this introductory section with a discussion

of the organization of the thesis, which tries to provide partial answers to the last three

questions.

1.2 Topological order and Fractionalization

1.2.1 Quantum Z2 lattice gauge theory in two dimensions

Phase transitions without a local order parameter were first discussed in a seminal paper

by Wegner [148, 306]. Wegner came up with the model of a classical Z2 gauge theory

on a three dimensional (cubic) lattice, and showed that it has two distinct phases dis-

tinguished by non-local Wegner-Wilson loops. We instead discuss the two dimensional

quantum model, because this will allow us a simpler excursion to the study of quantum

phases with gauge-charged matter fields. A lot of this discussion is adapted from a recent

pedagogical review article by Sachdev [252] and some excellent online lecture notes by S.

A. Parameswaran [222].

The degrees of freedom of the pure Z2 gauge theory are Ising spins (or qubits) on the

square lattice. Denoting each link (ij) on the square lattice by ℓ and each elementary

square plaquette by □, the Hamiltonian for the quantum Z2 gauge theory can be written
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Figure 1.8: The plaquette operator (in red) that measures the Z2 flux, and the star
operator Gi (in blue) that generates gauge transformations at site ri.

as follows.

HZ2 = −K
∑
□

∏
ℓ∈□

σzℓ − g
∑
ℓ

σxℓ (1.16)

This Hamiltonian is invariant under local Z2 gauge transformations.

σzij → ρiσ
z
ijρj , σxij → σxij (1.17)

where ρi = ±1 are elements of the Z2 gauge group. A gauge transformation represents a

redundancy in our description and not a physical symmetry (the term gauge symmetry is

somewhat misleading for the same reason). This makes it very different from a physical

symmetry (for example, the ones we considered for different spin models in the previous

section) which actually changes the physical state in the Hilbert space. A generator of

this gauge symmetry would evaluate to identity on the physical Hilbert space, as its action

simply constitutes relabeling. It also must commute with any gauge-invariant operator,

in particular the Hamiltonian HZ2 . At each site of the square lattice, the operator which

generates the transformation in Eq. (1.17) for ρi = −1, by flipping the σzℓ spins for all

links ℓ connected to the site ri, is given by Gi (the set of four links emanating from the
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site ri is denoted by +(i)).

Gi =
∏

ℓ∈+(i)

σxℓ , [Gi,HZ2 ] = 0 for all sites ri (1.18)

We re-iterate that Gi |Ψ⟩ = |Ψ⟩ for any physical state |Ψ⟩ in the Hilbert space.

Let us take a slight detour and try to draw connections of HZ2 with the well known

Maxwell theory of U(1) electrodynamics in three (two spatial and one time) dimensions.

The continuum version of Maxwell electrodynamics has a gauge field Aµ, and a gauge

transformation given by Aµ → Aµ + ∂µχ for an arbitrary scalar function χ of spacetime

coordinates. Further, the action in absence of matter fields is given in terms of the gauge

invariant field strength tensor Fµν = ∂µAν − ∂νAµ as follows.

S =
1

4π

∫
dτ d2xFµνF

µν (1.19)

One gauge-invariant observable, the electric field Ei = F 0i, is canonically conjugate to the

vector potential A. In the lattice discretized version of the U(1) gauge theory which we

are interested in, the gauge fields Aµℓ live on the links ℓ of the lattice and are 2π periodic.

By the rules of canonical quantization, the quantum operators satisfy [Aiℓ, E
j
ℓ′ ] = iδi,jδℓ,ℓ′ .

Another important gauge-invariant observable (on a lattice) is the magnetic flux through

a plaquette, given by the line integral of A on a curve C that runs around the plaquette,

i.e,
∫
C A · dx.

To draw connections with the Z2 gauge theory, note that U(1) gauge group can be

Higgsed down to Z2, by condensing a bosonic matter field that carries a gauge charge of

two (like Cooper pairs of electrons in a conventional superconductor). In a fixed gauge

(the unitary gauge), this can be achieved by adding a h cos(2Aℓ) potential on each link,

that fixes the value of Aℓ to be 0 or π when h→ −∞. As we will see below, this restricts

the physically observable magnetic flux to be Z2-valued. We refer the reader to Ref. [252]

for a gauge invariant description of the Higgs process, and focus here on gauge-invariant

observables for the Z2 gauge theory without explicit references to the Higgs field.

In HZ2 , the product of σzℓ looks like a flux term (as seen from Fig. (1.8) as well). So,
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we can make the following identification with a Z2-valued link gauge field aℓ on the link

ℓ ≡ (ij):

σzℓ = eiaℓ , where aℓ = 0, π (1.20)

Then, we can define an analogue of the U(1) magnetic flux for our Z2 theory.

∏
ℓ∈□

σzℓ = ei
∑

ℓ∈□ aℓ ≡ eib□ (1.21)

Next, we want to define a Z2 electric field. To do this, note that the no charges condition

in Maxwell electrodynamics is given by the Gauss Law ∇ · E = 0. On a lattice, we need

to consider a discrete divergence, given by:

∆ · e(r) = er,r+x̂ + er,r+ŷ − er,r−x̂ − er,r−ŷ (1.22)

However, recall that our electric fields on the links eℓ should also be Z2-valued, and

therefore the lattice divergence can equivalently be re-written as:

∆ · e(r) = er,r+x̂ + er,r+ŷ + er,r−x̂ + er,r−ŷ (1.23)

Therefore, if we define σxℓ = eiπeℓ , then the Gauss law ∆ · e = 0 is precisely equivalent to

our original constraint Gi =
∏
ℓ∈+ σ

x
ℓ = 1. From here we can also see that a Z2 electric

charge at site ri would be given by Gi = −1. The Gi = 1 constraint is just the statement

that the pure gauge theory does not have any electric charges.

1.2.2 Topological order in Z2 lattice gauge theory

Now, let us discuss the phases of HZ2 . Wegner showed that there are two gapped phases

in the theory which could not be distinguished by a local order parameter, but by the

behavior of the gauge invariant Wegner-Wilson Loop operator WC =
∏
ℓ∈C σ

z
ℓ on any

closed loop C of the square lattice (Fig. 1.9). However, the Wegner-Wilson loop WC no

longer remains a good diagnostic of the phase transition when we introduce dynamical
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Figure 1.9: Schematic depiction of a Wegner-Wilson loop. Such a loop can be used to
diagnose phase transitions in the pure gauge theory, but fails in the presence of dynamical
matter fields.

matter fields. It turns out that these phases can be characterized by the presence or

absence of topological order. The deconfining phase has topological order, whereas the

confining phase is topologically trivial.

(i) In the limit of g ≫ K, the ground state is in a confining phase. In the extreme limit

of K = 0, the ground state is given by σxℓ = 1 for all links. When we turn on a small K,

there will be electric fields that forms loops (because of the no-charge Gauss Law), but

they will typically be small loops as it costs a lot of energy to have a non-zero electric field

(σxℓ = −1) on a link. Therefore, the ground for finite K ≪ g can be viewed as a dilute gas

of electric loops.

The reason why this is called a confining phase is because the electric field lines are

confined. This can be seen more clearly by inserting a couple of test (not dynamical)

charges at ri and rj . In other words, imagine two sites where the Gauss Law is violated,

and Gi = Gj = −1. In the g/K → ∞ limit, there must be a string of flipped σxℓ on the

shortest curve connecting i and j as the Gauss Law is satisfied on all other sites. If the

length of this curve is L, then the energy of this configuration is given by:

∆E(L) = 2gL (1.24)
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Figure 1.10: The confining and deconfining phases of the pure Z2 gauge theory. (i) g > gc
describes the confining phase. The energy to separate test electric charges (denoted by
black dots) grows linearly with their separation L. (ii) g < gc describes the deconfining
phase. This phase has gapped fluxes or visons (indicated by green π-flux plaquettes) that
can be created locally only in pairs and then moved by the action of σxℓ (shown in blue).
A plaquette with an even number of blue lines on its edges carries no gauge flux, so the
string is invisible.

In other words, the string connecting them has finite tension Tstring = 2g. One can show

that on including magnetic fluctuations (finite K) that displaces the electric loops, the

string tension reduces to Tstring = 2g −K2/(4g) to lowest order in perturbation theory,

but it remains finite. Therefore, test charges are confined in this phase, it takes an infinite

energy to separate them to infinite distances.

(ii) In the limit of K ≫ g, the ground state is in a deconfining phase. In the extreme

limit of g = 0, the ground state is given by zero flux through each elementary plaquette,

i.e,
∏
ℓ∈□ σ

z
ℓ = 1 for all □. The ground state wavefunction (in a particular gauge) can be

written as σzℓ = 1. However, this wavefunction |Ψ0⟩ will not be gauge invariant, as acting

by Gi flips the sign of σzℓ for all links ℓ attached to ri. Therefore, we need to add to it all

gauge equivalent copies of this, and the gauge invariant ground state is given by |Ω⟩.

|Ω⟩ =
∏
i

(1 +Gi) |Ψ0⟩ (1.25)

The excitations of this state are gapped magnetic fluxes, i.e, plaquettes which have
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∏
ℓ∈□ σ

z
ℓ = −1. Note that these Z2 magnetic fluxes, also known as visons, can be cre-

ated locally only in pairs. Application of σxℓ on a link ℓ simultaneously creates two flux

excitations on the plaquettes adjacent to the link. Now, one can further apply a string of

σxℓ operators to separate the excitations at no further energy cost. Once the two visons

are far separated, each vison can only be moved around by a local operator, and it can

only annihilate if it comes in contact with a second vison. This is a defining feature of the

deconfining phase of the Z2 gauge theory — the existence of stable gapped flux excitations

that can be created only in pairs by a local operator. This criteria of presence of supers-

election sectors corresponding to particles that cannot be created or destroyed locally in

space [142] is very robust, and can be applied even in presence of additional dynamical

gapless degrees of freedom carrying Z2 gauge charge.

What happens to test electric charges in this phase? To see this, let us again insert a

couple of charges at sites ri and rj . This implies that the modified wavefunction is given

by |Ψ1⟩ which has Gi = Gj = −1, and Gk = 1 for all k ̸= i, j.

|Ψ1⟩ = (1−Gi)(1−Gj)
∏
k ̸=i,j

(1 +Gk) |Ψ0⟩ (1.26)

In the g = 0 limit, this phase has equal energy as the ground state without the test charges

|Ψ0⟩. Therefore, in this phase the energy cost to separate the test charges to infinite

distance is finite, and electric charges are therefore deconfined. Another alternative way

of saying it is that while magnetic fluxes are expensive in energy, whereas electric fields

are very cheap resulting in wild fluctuations of electric loops. So the deconfined phase is

also the one where the electric loops have proliferated, and one can indeed show that the

ground state (without the test charges) is a superposition of electric loops of all sizes [222].

Therefore the deconfined phase with topological order is characterized by the expulsion of

Z2 flux and proliferation of electric loops.

Another important signature of topological order in gapped systems, that is intimately

linked to the gapped Z2 fluxes, is the distinctive ground state degeneracy on a two-

dimensional closed surface of non-trivial topology. On a surface with genus G (genus

is the number of handles, see Fig. 1.11) the ground state degeneracy is give by 4G. We
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Figure 1.11: Examples of non-simply connected surfaces in two dimension with different
genus, from Wikipedia [https://en.wikipedia.org/wiki/Genus_(mathematics)].

discuss a mathematical argument for the result, and then follow it up with physical intu-

ition of why this should be true.

The genus of a closed orientable surface in two dimensions is related to its Euler charac-

teristic χ by χ = 2−2G = V −E+F , where V is the number of vertices, E is the number

of edges and F is the number of faces of a convex polygon that tiles the surface. It is a

topological invariant — it is a quantity that depends only on the structure of the surface

and not on the way it is crushed or bent. The degrees of freedom on Z2 are Ising spins on

each edge E of the lattice, but there are V − 1 independent constraints from Gauss Law

and F−1 independent fluxes for a state with net zero flux (the last background charge and

the last flux are both automatically determined by periodic boundary conditions). The

number of independent qubits that remain is E−(V −1)−(F−1) = −(V −E+F−2) = 2G.

Therefore the ground state degeneracy is just the dimension of the Hilbert space of the

independent qubits, given by 22G.

This ground state degeneracy (in the thermodynamic limit) on a surface with one or

more holes can also be understood more physically, by looking at Z2 fluxes (visons) through

non-contractible loops. For simplicity, let us first just consider a cylinder. Although this

is not a closed surface in two spatial dimensions, it has a non-contractible loop which is

sufficient to illustrate the physical origin of the degeneracy, and the generalization to a

torus follows. Intuitively, the degeneracy on a cylinder is connected to inserting a vison

through the hole of the cylinder (we will make it precise shortly). This would cost no energy

and therefore produce a degenerate ground state, which can be detected only by carrying
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Figure 1.12: X creates a vison through the hole, while WC measures the Aharonov Bohm
phase due to the vison by taking a Z2 gauge charge around the cylinder. Adapted from
Ref. [222].

an electric charge all the way around the cylinder that can feel the Z2 Aharanov-Bohm

flux. This is another key signature of topological order, the degenerate ground states

cannot be distinguished by local operators, and therefore the ground state manifold can

form stable qubits that do not decohere due to spatially local environmental disturbance.

For g = 0, we are deep in the deconfining phase. On a cylinder, consider the Wegner-

Wilson Loop operator WC that wraps around the cylinder, and another string operator

(often called the t’Hooft loop) X =
∏
ℓ∈≡ σ

x
ℓ on all horizontal bonds on the cylinder in a

column, as shown in Fig. 1.12. Let us consider the state |Ω′⟩ = X |Ω⟩. Each σxℓ flips the

value of σzℓ on that link and therefore the action of X on the ground state can be thought

of as threading a vison through the hole of the cylinder. Since the vison does not pass

through the bulk of the cylinder, the new state |Ω′⟩ has the same energy as the ground

state |Ω⟩ that we started with. Further, we have WC |Ω⟩ = |Ω⟩, whereas WC |Ω′⟩ = − |Ω′⟩

because the two strings intersect at a single link ℓ where σxℓ from X anticommutes with

σzℓ from WC .

WC |Ω′⟩ =WCX |Ω⟩ = −XWC |Ω⟩ = −X |Ω′⟩ (1.27)
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Since the Wegner-Wilson loop is a gauge-invariant operator and the two states have

different eigenvalues under its action, they are distinct states (not gauge-equivalent). Thus

we have shown that the ground state on a cylinder is two-fold degenerate. Physically, the

Wilson loop WC creates a couple of Z2 electric charges, moves one of them around the

cylinder and annihilates it with the other charge, and while circulating the cylinder the

Z2 gauge charge feels π Aharonov Bohm phase due to the enclosed vison in the hole. This

is a good place to note that the statement about the phase also holds true when the vison

is in the bulk since it is only a consequence of the anticommutation of σx and σz. This

implies that the electric charge and the vison are mutual semions.

When g is non-zero but small, WC no longer commutes with HZ2 . However, the degen-

eracy persists in the thermodynamic limit. For small g, there is a large gap to any vison

excitation in the bulk, so let us consider the Hamiltonian in the 2× 2 subspace of |Ω⟩ and

|Ω′⟩. It is given by the following 2× 2 matrix.

H =

0 Γ

Γ 0

 (1.28)

where Γ−1 sets the timescale it takes for the vison to tunnel out of the hole in the cylinder.

In perturbation theory, we can find Γ by an act of unzipping the vertical line of bonds

with flipped σzℓ s, by acting σxℓ Ly times (Ly is the length of the cylinder in the vertical

direction). For each such move, we have a vison through an elementary plaquette, that

costs an energy 2K, and therefore the tunneling matrix element Γ can be estimated as:

Γ = g
( g

2K

)Ly

= g e−Ly ln(K/g) (1.29)

This shows that Γ goes to zero exponentially as Ly → ∞. Therefore, the splitting between

these two states vanish and they are exactly degenerate in the thermodynamic limit.

Each such hole (or non-contractible loop) contributes a Hilbert space of dimension 2 for

the ground state, and therefore for genus G there are 22G = 4G degenerate ground states.

On the contrary, in the limit of K = 0, when we are in the confining phase, we can see

that there is a unique ground state which has σxℓ = 1 on all links ℓ, which is independent
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of the geometry of the surface the system is placed on. The ground state degeneracy is

therefore another distinct signature of topologically ordered phase.

For the sake of completeness, we discuss the behavior of the Wegner-Wilson loop in the

two phases. This was Wegner’s original criteria that distinguishes the two phases. In the

confining phase, WC has an area law decay, given by ⟨WC⟩ ∼ e−αAC for some constant

α and the area of the loop AC . This can be seen in perturbation theory in g, the first

non-vanishing contribution comes when all the elementary plaquettes enclosed by the WC

are acted on by the plaquette term in HZ2 . In the deconfined phase, ⟨WC⟩ ∼ e−α
′PC ,

where PC is the perimeter of the loop, due to small residual fluctuations of the magnetic

flux [306].

What happens to the Wilson loops on introduction of dynamical matter? To see this,

consider the following Hamiltonian with additional Z2 charged matter fields τxi on the

lattice sites.

H̃Z2 = HZ2 −
1

λ

∑
i

τxi − λ
∑
⟨i,j⟩

σzijτ
z
i τ

z
j (1.30)

The Gauss Law constraint in presence of matter fields is modified in an expected way.

Gi =
∏

ℓ∈+(i)

σxℓ = τxi , or τxi

 ∏
ℓ∈+(i)

σxℓ

 = 1 (1.31)

where +(i) is the set of all adjacent links of site ri. We see that in perturbation the-

ory, the Wilson loop always goes as a perimeter law for sufficiently large perimeter PC .

However, the confinement-deconfinement transition persists, and our previously discussed

diagnostics – the existence of stable vison excitations that cannot be created individually

by local operators or the topological degeneracy for gapped phases still continue to persist.

A seminal paper by Fradkin and Shenker [83] showed that with added Z2 electric charges,

(also called Ising matter fields), the phase diagram has a very interesting duality, and the

Higgs phase of the matter field is continuously connected to the confining phase of the

gauge field. Further, much later it was discovered that there is an exactly solvable limit of

this model (K = λ = ∞, g = 0) that is always in the deconfining phase - the Kitaev toric
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Figure 1.13: Schmatic phase diagram for the Z2 gauge theory with dynamical matter fields,
at g = 1/K. Self-duality under λ↔ g implies reflection symmetry about the diagonal. The
dotted line indicates a first order phase transition, whereas solid lines indicate continuous
phase transitions. Adapted from Ref. [41].

code [143] that has since elucidated a lot of our understanding of the Z2 gauge theory.

However, discussion of this extremely interesting physics would lead us too far astray, so

we refer the reader to the original references provided here along with the Fradkin-Shenker

phase diagram in Fig 1.13.

1.2.3 Symmetry enrichment and fractionalization

Next, we discuss physical models where topological order may arise, and the effect of

global symmetries on such a phase. As alluded to in the previous section, the square

lattice antiferromagnetic spin-half Heisenberg Hamiltonian in two dimensions in presence

of frustrating exchanges can lead to a quantum-disordered ground state that preserves

global SU(2) spin rotation symmetry. By the Lieb-Schulz-Mattis-Hastings Theorem [109,

171], if the ground state preserves all symmetries then it must have non-trivial ground

state degeneracy, and a natural candidate is topological order. Such a phase, with intrinsic

topological order, has been called a quantum spin liquid [254, 307]. We now understand

that the presence of topological order can co-exist with broken symmetries [266] or even
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Figure 1.14: Cartoon of spin liquid. An electron splits into a charge and spin degree of
freedom. The charge remains attached to the positive ion core while the spin-half emergent
quasiparticle is mobile. (Figure courtesy of T. Senthil)

arise in models without any symmetries like the ones discussed earlier. However, the

presence of additional symmetries can have very interesting consquences. In particular,

a topologically ordered state can have deconfined excitations that carry a fraction of the

symmetry quantum number of any local excitation. Such a phase, with additional global

symmetries, is called a symmetry enriched topological phase (SET) [196].

Let us illustrate this with an example for SU(2) symmetric ground states for square

lattice Mott insulators. There is numerical evidence that such a phase is reached for

the square lattice Heisenberg antiferromagnet with J1 ≈ 0.5J2, where J1 and J2 are

the nearest and next nearest neighbor superexchange interactions [203]. One way to

theoretically approach such a state is by using a slave particle approach. One may write,

for an arbitrary spin S, the spin Si at site ri is written in terms of Schwinger bosons biα

as:

Si =
1

2
b†iασαβbiβ (1.32)

This enlarges the on-site Hilbert space, so we need to enforce the following local constraint

to remain in the physical Hilbert space:

∑
σ

b†iσbiσ = 2S (1.33)
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The Schwinger boson representation in Eq. (1.32) has an emergent U(1) gauge degree of

freedom. Any physical observable will be unchanged by the following local gauge trans-

formation:

bjσ → eiϕjbjσ (1.34)

It is known that a compact (lattice) U(1) gauge theory is unstable to non-perturbative ef-

fects in an insulator in two spatial dimensions [227], although it can be stable in presence of

sufficient gapless charge degrees of freedom [115]. In order to describe a topological phase,

the Hamiltonian needs to contain some Higgs term that reduces the gauge redundancy to

a smaller subgroup of the original U(1) gauge group. This term also needs to be spin-

rotation invariant if we want to study a spin liquid phase. Fortunately, such terms can be

obtained for spin-half systems by a mean-field decoupling on the Heisenberg Hamiltonian

in Eq. (1.10). Using the operator identity Si · Sj =: B̂†
ijB̂ij : −Â†

ijÂij in terms of spin

singlet operators 2Âij = ϵσσ′biσbjσ′ and 2B̂ij = b†iσbiσ (sum on repeated indices implied,

:: indicates normal ordering), we can write down a mean-field Hamiltonian in terms of

Schwinger bosons while preserving SU(2) spin-rotation invariance [303, 325]:

HMF =
∑
i<j

b̄ijB̂ij − āijÂij +H.c.+ |aij |2 − |bij |2

Jij
− λ

∑
i

(
b†iσbiσ − κ

)
(1.35)

where λ is a Lagrange multiplier that ensures the occupancy constraint on average. The

complex numbers aij = −aji = Jij⟨Âij⟩ and bij = b∗ji = Jij⟨B̂ij⟩ are parameters of the

mean-field ansatz of a Z2 spin liquid phase. In this phase, only Z2 gauge transformations

of the form biα → −biα are allowed. If such a phase is the ground state of the Hamiltonian,

then the gauge fluctuations are gapped, and the electric charges of the Z2 gauge theory,

which are the biα bosons are deconfined. In addition to carrying unit Z2 gauge gauge

charge, each boson also transforms as a spin-half under SU(2) spin-rotation symmetry,

and therefore a single deconfined spinon is a fractionalized quasiparticle that carries half

of the spin of any local excitation.

There can be additional symmetries of the Hamiltonian (like point group of the crystal
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lattice, time-reversal, etc) which the spin liquid state may or may not preserve. The

preserved symmetries can be used to define further symmetry fractionalization quantum

numbers [78] that determine the particular symmetry enhanced topological (SET) phase

the spin liquid under consideration is in. Note that under a gauge transformation, our

mean-field parameters transform as:

aij → ei[ϕi+ϕj ]aij and bij → ei[−ϕi+ϕj ]bij (1.36)

This implies that if an ansatz is invariant under a symmetry transformation G followed

by a gauge transformation, the phase still preserves the symmetry G. Therefore, we find

that in presence of additional symmetries in the Hamiltonian, one can find multiple spin-

rotation symmetric ground states, depending on whether time-reversal or translation or

any of the discrete point group symmetries are broken or not. Not all of them may have

a simple mean-field Schwinger boson ansatz.

One may also ask why we chose bosons instead of fermions to represent our spins.

One advantage of the Schwinger boson approach is that it is well-controlled in a large N

limit where the symmetry group is generalized from SU(2) to SU(N) or Sp(N) [250, 254].

The other advantage is that we can describe transitions to long-ranged antiferromagnetic

phases by simply condensing the Schwinger bosons as they transform non-trivially under

SU(2) spin-rotations. Further, because they carry unit electric charge and has non-trivial

statistics with the vison, condensation of the spinons simultaneously causes the visons to

get confined. Therefore, the long-ranged antiferromagnetic phases one gets by condensing

Schwinger bosons are topologically trivial.

What happens if one condenses a vison while the spinons are still gapped? The answer

to this question is a bit tricky, and depends on the background charge of the Z2 gauge

theory [266]. In an even Z2 gauge theory, there is no background gauge charge on each

site, i.e, Gi = 1 on each site. In this case, vison condensation simply leads to a trivial

phase as the spinons get confined due to their semionic mutual statistics with visons. In

an odd Z2 gauge theory, like the one in the magnetic insulator we are discussing, there is

a background gauge charge of −1 on each lattice site. In other words we have Gi = −1
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Figure 1.15: Insertion of flux Φ adiabatically through one hole of the torus.

for all ri. This implies that each vison moves in the dual lattice in a background of π

flux. Therefore the dispersion of the vison minima moves to some finite momenta and

vison condensation leads to breaking of translation symmetry. Physically, such a state has

different correlations along different bonds which breaks translation, but it is fully SU(2)

symmetric — it is called a valence bond solid (VBS) state. The transition from a Z2 spin

liquid to a VBS is again discussed in more details in Ref. [252], and illustrated by explicit

examples in Chapter 2.

A disadvantage of the Schwinger boson approach is that it cannot describe a gapless

deconfined phase in an insulator, which seems to be suggested by several experiments

we discuss in the next section. Spin fractionalization using fermions is better suited to

describe the low-energy excitations of such phases. The detailed relation between these

two approaches, including the mapping between the bosonic and fermionic languages of

describing the same phase, as well as symmetry characterizations that suffice to completely

classify a symmetry enriched topological spin liquid phase, are described in details in

Chapter 2.
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1.2.4 Violation of Luttinger’s Theorem

What is the impact of topological order when the gapless gauge-charged degrees of free-

dom form a Fermi surface? To investigate this, let us first discuss Oshikawa’s proof of

Luttinger’s theorem for the Fermi surface. Then we will investigate the violation of Lut-

tinger’s theorem in presence of Z2 topological order. This will ultimately lead us to the

possibility of Fermi surface reconstruction without translation symmetry breaking. Our

discussion will closely mirror Ref. [221].

Consider N fermions, each of charge Q on a lattice of dimensions Lx×Ly with periodic

boundary conditions (same as a torus). The density of particles is given by ν = N/(LxLy).

Let us adiabatically insert a flux Φ = hc/Q through one of the holes of the torus (as in

Fig. 1.15), and evaluate the change in crystal momentum in two different ways. First, we

just count the change without any reference to the possible nature of the ground state.

Second, we assume certain properties of the low energy excitations of the Fermi liquid

phase to calculate the change in momenta of these excitations. Luttinger’s theorem can

then be obtained by equating the two.

By the first method, the flux threading renders the final and initial Hamiltonians (Hf

and Hi) different by a gauge transformation UG. Hf = U−1
G HiUG, UG = exp

[
2πi
Lx

∑
i xin̂i

]
where n̂i is the fermion number operator. For comparing the initial and final momenta,

we should ensure that we stay in the same gauge. Action of the time-evolution operator

Ut on the initial state |Ψi⟩ gives us the final state in a different gauge (since Hi and Hf are

in different gauges). Therefore, to remain in the same gauge we need to do an additional

gauge transformation UG on the final state. The final state |Ψf ⟩ is related to the initial

state |Ψi⟩ as follows.

|Ψf ⟩ = UGUt |Ψi⟩ (1.37)

The change in crystal momenta ∆P can be computed by looking at the eigenstates of the

unit translation operator T̂ .

T̂ |Ψi⟩ = e−iPi |Ψi⟩ , T̂ |Ψf ⟩ = e−iPf |Ψf ⟩ (1.38)
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A little algebra shows that the following relation holds.

T̂UGT̂−1 = exp

[
−2πi

Lx

∑
i

n̂i

]
UG (1.39)

Therefore, the net change in crystal momentum is given as follows.

∆P = Pf − Pi =
2πN

Lx
mod(2π) = 2πνLymod(2π) (1.40)

In the second method, we assume that we are in a Fermi liquid phase where the only low

energy excitations are quasiparticles near the Fermi surface that are adiabatically related

to the bare non-interacting fermions (in particular, they carry the same U(1) charge).

Flux threading leads to a displacement of the Fermi sea where each quasiparticle picks up

a uniform extra momentum of δp = x̂ (2π/Lx). Therefore, the net change in momentum

is given in terms of the quasiparticle occupancy change δnp as follows.

∆Px =
∑
p

px δnp (1.41)

Going to the continnum limit, we see that the net change in momentum is given by:

∆Px =

∮
FS

px
δp · dSp(
2π
Lx

)(
2π
Ly

) (1.42)

where dSp is the normal to the Fermi surface. The divergence theorem can be used to

convert the surface integral into a volume integral.

∆Px =
2π

Lx

LxLy
(2π)2

VFS , ∆Py =
2π

Ly

LxLy
(2π)2

VFS (1.43)

From our first approach, we know the net crystal momentum change which we now equate
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to the one we just obtained.

∆Px = 2πνLy =
2π

Lx

LxLy
(2π)2

VFS + 2πmx

=⇒ Lxmx = N − LxLy
VFS
(2π)2

Similarly, Lymy = N − LxLy
VFS
(2π)2

(1.44)

where mx,my are integers. We can choose Lx and Ly to be mutually prime, in which case

the above equalities can only hold if Lxmx = Lymy = nfLxLy for some integer nf . This

finally gives us the much coveted Luttinger’s theorem.

ν =
N

LxLy
=

VFS
(2π)2

+ nf (1.45)

The number nf has the simple interpretation of filled bands. Note that here we have taken

only one spin species into account, if we took both into account, then nf would be an even

integer.

We can generalize our discussion to the case of a Z2 fractionalized phase which has

a Fermi surface (such as a FL∗ or an ACL). To do this, note that the spinon carries a

fractional charge of Q/2 = 1/2 under the general U(1) transformation generated by Sz,

and therefore threading a hc/Q flux amounts to having a Aharnovov-Bohm phase of π for

the spinons going around the cylinder. Therefore, in order to get the final Hamiltonian

Hf in the same gauge as Hi, one needs the following gauge transformation.

ŨG = UGX, where X =
∏
ℓ∈≡

σxℓ , and |Ψf ⟩ = ŨGUt |Ψi⟩ (1.46)

Note that X, the product of σxℓ on all horizontal bonds along a particular column if we

imagine unwrapping the torus into a cylinder, is exactly the operator which threads π flux

through the hole that we encountered earlier. We compute the crystal momentum carried

by this operator, which can also be interpreted as the vison creation (or annihilation)

operator. Translating by one lattice unit moves the vison cut to to the next column

of the cylinder as shown in Fig. 1.16, which is equivalent to the products of the gauge
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Figure 1.16: Schematic figure showing a vison threading the hole of a cylinder deep in the
deconfined phase. The dark blue (black) bonds correspond to σzℓ = 1 (σzℓ = 1). (b) The
translation operator along the x direction moves the dark (σzℓ = 1) bonds by one lattice
spacing. Equivalently, once can act with the gauge transformation operator Gi (which
changes the sign of σzℓ on all bonds ≪ emanating from ri) on every indicated by a black
dot (The light blue bonds represent the previous location of the operator X). Adapted
from Ref. [221].

transformation Gi on all sites i on the right vertex of the original links.

T̂XT̂−1 =

∏
i∈≡

∏
ℓ∈+(i)

Gi

X (1.47)

Since we are dealing with an odd Ising gauge theory Gi = −1 for each site. Hence, we can

see that the vison in the hole carries a net crystal momentum of πLy.

∏
i∈≡

∏
ℓ∈+(i)

Gi

 = (−1)Ly = eiπLy (1.48)

Eq. (1.44) for momenta balance now gets modified as follows.

∆Px = 2πνLy =
2π

Lx

LxLy
(2π)2

VFS + πLy + 2πmx

=⇒ Lxmx = N − LxLy

(
VFS
(2π)2

+
1

2

)
Similarly, Lxmx = N − LxLy

(
VFS
(2π)2

+
1

2

)
(1.49)

Again we choose Lx and Ly to be mutually prime, so that mxLx = myLy = nfLxLy.
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Therefore, we find that the conventional Luttinger relation between the density of fermions

and the size of the Fermi surface is modified as follows.

ν =
VFS
(2π)2

+
1

2
+ nf (1.50)

Taking the spin degree of freedom of electrons into account (assumed degenerate), this

implies that the volume of the Fermi surface (appropriately normalized by area of the

BZ) is smaller than the fermion density by precisely 1 (modulo 2 for filled bands). The

physical reason for the violation of Luttinger’s theorem is very clear — the inserted flux

cycles between the degenerate ground states (with or without vison through the hole) and

therefore only a definite fraction of the momentum is absorbed by the quasiparticles at

the Fermi surface. Phases of matter that violate Luttinger’s theorem are thus intimately

associated with topological order.

Now, we discuss models of doped spin liquids, which may realize some of these phases.

Here, we have a couple of options — which follow from the two possible descriptions of the

undoped insulating phase in terms of bosonic or fermionic spinons. If we fractionalize the

electron into a charge and a spin degree of freedom, the chargon has bosonic statistics if the

spinon is a fermion, and vice versa. We will discuss both these two kinds of fractionalization

of the electron, and investigate which picture is more relevant in the context of the metallic

state of the cuprate superconductors in details in Chapters 2-6 of this thesis.

Let us start with an antiferromagnetic Mott insulator, and add p holes per unit cell.

Then, relative to the band insulator one has 1+p holes per unit cell, and in a regular phase

one expects a large hole Fermi surface of size 1+p. However, if the antiferromagnetic order

is destroyed by doping, the p holes move in a spin liquid background, by resonating singlets

as shown in Fig. 1.17(a). Relative to the background, the holes carry no spin and charge

+e and they are called holons. In this treatment the holons carry bosonic statistics, and

one needs some mechanism to prevent Bose-Einstein condensate of the holons at T = 0

to get a metallic state. However, one might assume that one is at a very low but finite

temperature T > Tc, and in this case the charge carrier density would be given by the

holon density p. Note that there are also gapped spin-half spinon excitations (which can
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Figure 1.17: (a) Hole doped spin liquid state. (b) Short-range interactions bind spinons
and holons, producing electron-like dimers in a FL∗. Adapted from Ref. [230].

arise by breaking the singlet bonds) with fermionic statistics. This provides a route to

a Fermi surface of gauge-neutral fermionic bound states of holons and spinons, which we

discuss next.

It is possible that due to local attractive interaction between a holon and a spinon,

they might prefer to form a bound state as the magnitude of binding energy exceeds that

of breaking a singlet bond. Such a phase would have a fermionic excitation that is a

bound state of a spinon and a chargon, and therefore has the same quantum number as an

electron. These fermionic dimers, shown in Fig. 1.17(b), can move by resonating with the

background singlets, and therefore it is plausible that a dilute gas of dimers has a metallic

Fermi surface [160, 230]. The Fermi surface is stable due to non-minimal coupling to the

emergent gauge field if it is a U(1) gauge field with gapless photons, since it would be a

dipole under this field (if the gauge field is Z2 then the fermionic dimer is gauge-neutral and

does not see it at all). Moreover, the density of fermionic dimers is p, which implies that

Luttinger’s theorem in its conventional form is still violated. This dimer model describes

a fractionalized Fermi liquid phase, abbreviated as FL∗. The instabilities and transport

properties of this FL∗ phase will be subject of detailed study in Chapters 2 and 3.

Another scenario where the fermions carry the charge, but no spin is given by the

Z2 algebraic charge liquid (Z2-ACL). The name ACL is motivated by previously studied

topological phases in insulators, dubbed algebraic spin liquids (ASL) due to with power

law spin correlations. The Z2-ACL has power law correlations in the charge sector, while

34



Chapter 1. Introduction

the spins are gapped [136]. One may start from such a phase, and conceive binding

a bosonic spinon to give rise a Z2 fractionalized Fermi liquid (Z2-FL∗) [244, 255]. For

both these phases, the only low energy quasiparticles are charge-carrying fermions with a

small Fermi surface. These models naturally arise from metals with quantum-fluctuating

antiferromagnetism. Consider a scenario where the local magnetic order is well-developed,

but it is globally disordered due to orientational fluctuations. One can do a spacetime-

dependent SU(2) spin rotation, Ri to transform the electron operators ciα into ‘rotated’

fermions ψis, with s = ±:

 ci↑

ci↓

 = Ri

 ψi,+

ψi,−

 , (1.51)

where

R†
iRi = RiR

†
i = 1. (1.52)

We can represent Ri in terms of a bosonic spinon field ziα as follows.

Ri =

zi,↑ −z∗i,↓
zi,↓ z∗i,↑

 , |zi,↑|2 + |zi,↓|2 = 1. (1.53)

In the insulator, we can safely integrate out the gapped chargons ψ and obtain a theory

for the ziα spinors. This theory is called the CP1 model, and can also be derived by taking

the low-energy limit of our previously discussed Schwinger boson approach to magnetic

insulators [325].

The same SU(2) transformation rotates the local magnetization Φi to a ‘Higgs’ field Hi

σ ·Φi = Ri (σ ·Hi)R
†
i (1.54)

Physically, the Higgs field measures the local antiferromagnetic order in the rotating ref-

erence frame. Under Eq. (1.54), the coupling of the magnetic moment Φi to the electrons
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is identical to the coupling of the Higgs field to the ψ fermions.

Φi · c†iασαβciβ = Hi · ψ†
isσss′ψis′ (1.55)

We further observe that the mappings in Eqs. (1.51) and (1.54) are invariant under a local

SU(2) gauge transformation generated by Vi, where ψi,+

ψi,−

 → Vi(τ)

 ψi,+

ψi,−


Ri → Ri V †

i (τ)

σ ·Hi → Vi (σ ·Hi)V
†
i . (1.56)

So the resulting theory for the ψ, R and H will be a SU(2) lattice gauge theory for the

electron. The action of the SU(2) gauge transformation Vi, should be distinguished from

the action of global SU(2) spin rotations Ω under which

Ri → ΩRi

σ · Ŝi → Ωσ · ŜiΩ†

 ci↑

ci↓

→ Ω

 ci↑

ci↓

 , (1.57)

while ψ and H are invariant. Note also that the physical spin operator is given as follows.

ϕai =
1

2
H l
i Tr

[
σaRiσ

lR†
i

]
(1.58)

Let us discuss the phase diagram of the SU(2) gauge theory. As we can see from

Eq. (1.58), both R and H condensates are required to break the global SU(2) symmetry.

Therefore, this is the antiferromagnetic state A in the phase diagram in Fig. 1.18. On

the contrary, when only R is condensed, the internal gauge field gets tied to the external

one, and the confining phase is a regular Fermi liquid (phase B in Fig. 1.18). The phase

with both R and H are gapped (phase D in Fig. 1.18) is believed to be unstable due to

the presence of deconfined SU(2) gauge fields that bind the ψ fermions into colour singlets
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(A) Antiferromagnetic 
metal

(B) Fermi liquid with 
large Fermi surface

hRi = 0, hHai = 0

hRi 6= 0, hHai = 0hRi 6= 0, hHai 6= 0

hRi = 0, hHai 6= 0

LGW-Hertz criticality
of antiferromagnetism

Increasing SDW orderIncreasing SDW order

Increasing SDW order

Higgs criticality:
deconfined SU(2) 
gauge theory with 
large Fermi surface

Increasing SDW order

(D) SU(2) ACL eventually 
unstable to pairing and 
confinement

(C) Metal with Z2 
topological order and 
discrete symmetry 
breaking

Figure 1.18: Phase diagram adapted from Refs. [45, 47, 244]. The x and y axes are
parameters controlling the condensates of H and R respectively. There is long-range
antiferromagnetic order only in phase A, where both R and H condensates are present.
Phase C describes an ACL with topological order. Phase B is a Fermi liquid.

and gap them out, and thereafter confine. Of chief interest is the Higgs phase of such a

theory (phase C in Fig. 1.18), where the SU(2) gauge redundancy will get reduced to U(1)

or Z2, and we can have a phase with topological order. If the Ri spinors are gapped, we

can safely integrate them out and consider only low-energy fermionic chargons ψ - such a

phase would be a Z2-ACL (assuming there is no spinon-holon bound state formation). In

particular, the Higgs phase is spin-rotation symmetric. However if the Higgs texture is the

same as the Néel pattern (alternating on different sublattices of the square lattice), then

the ψ fermions undergo an identical Fermi surface reconstruction as physical electrons

would do in presence of long-range Néel order. Thus, one would get a small Fermi surface

of emergent fermionic chargons and a violation of the conventional Luttinger’s theorem.

The thermal and electric transport properties of these states in presence of disorder, as

well as their instabilities to discrete symmetry breaking in the context of the cuprates, are

the contents of Chapters 4-6.
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1.3 Experimental motivation: Cuprates and beyond

1.3.1 Pseudogap metal phase of cuprate superconductors

A large part of work done in this thesis has been motivated by the complex and intriguing

phase diagram of the cuprate superconductors. These compounds show superconductivity

at some of the highest temperatures among all materials (upto ≈ 135K) under ambient

pressure. Since their discovery in 1986 [21], they have consistently challenged a funda-

mental theoretical understanding. There are several unsolved questions which are broadly

similar across the cuprates family, although each compound has its own additional pecu-

liarities.

Cuprates are layered quasi two-dimensional compounds, and the common structural

elements are the copper-oxygen planes, which are believed to be responsible for most of

the interesting behavior. The stoichiometric compound (undoped) has filled oxygen shells

O2−, and a single electron in the 3d9 orbital of the Cu2+ atoms that are arranged on a

square lattice. In absence of strong interactions, band theory predicts that a material

at half-filling, i.e, with a single electron per site would be a metal. However, undoped

cuprates are observed to be insulators with an energy gap of approximately 2eV . This

is attributed to the effect of strong on-site repulsion between the electrons, leading to a

Mott insulating ground state [164].

The ground state of an undoped cuprate has Néel order below TN ≈ 300K = 0.03eV

(setting kB = 1). This is much smaller than the effective superexchange J ≈ 0.1eV . The

reason is the quasi two dimensional nature of the compounds — the superexchange J⊥

in between planes is approximately 10−3 to 10−6 times smaller than J . In purely two

dimensions, the continuous SU(2) spin rotation symmetry of this model cannot be broken

at any T > 0 by the Mermin-Wagner-Hohenberg theorem [119, 195], and the weak inter-

layer coupling is crucial to the symmetry broken state. In a wide range of temperatures

TN ≲ T ≲ J , these materials display an exponentially growing spin-correlation length

with lowering temperature [31]. This is a pristine signature of 2 dimensional magnetism

[36, 37], and justifies modeling these materials as two dimensional Mott insulators.
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Figure 1.19: (a) The fundamental building blocks of all cuprates, the CuO2 planes. (b)
A schematic phase diagram of YBCO as a function of hole-doping p and temperature T .
The phases (discussed in the main text) are abbreviated as follows: AF - antiferromagnet,
PG - pseudogap, dSC - d-wave superconductor, DW - (bond) density waves, SM - strange
metal, FL -Fermi liquid. The line T ∗ marks the appearance of the anti-nodal spectral gap.
Adapted from Refs. [104, 244].

The stoichoimetric compound has been studied at both electron and hole-doping. Here

we focus more on the hole-doped side. On hole-doping around 4 − 5%, the long-range

magnetic order is lost, and on further hole-doping superconductivity sets in. The super-

conducting Tc first increases with further-hole doping, and then decreases beyond an opti-

mal doping p∗ which depends on the compound. The superconductivity is predominantly

d−wave, and the superconducting phase has gapless nodal Bogoliubov quasiparticles along

the diagonals of the Brillouin Zone (nodal directions) that play a vital role in transport.

On the electron-doped side, the phase diagram also has a superconducting dome which

has a smaller maximum Tc, but the current evidence is that antiferromagnetic order is

robust and persists to much larger doping.

In order to understand the origin of high Tc, one must first understand the metallic

state from which superconductivity emerges as a low temperature instability. In the doping

range p > p∗ (called the overdoped side), the cuprates have a large Fermi surface which has

the standard Luttinger count of 1+ p, as shown in Fig. 1.20. On the underdoped side, the

situation is much more complicated. This is the so-called pseudogap state, where ARPES
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Figure 1.20: (a) An antiferromagnet with hole density p. Relative to the filled band (2
electrons per site) there are 1+ p holes per site. (b) Large Fermi surface on the overdoped
side, with size 1 + p. Adapted from Refs. [225, 244]

.

(angle-resolved photoemission spectroscopy) sees a disappearance of fermionic quasiparti-

cles from the anti-nodal region at a temperature T ∗ which is much higher than Tc, resulting

in Fermi arcs as shown in Fig. 1.21. The loss of low-energy excitations at the Fermi surface

is also suggested by a number of other probes like NMR, magnetic susceptibility, transport

and STM (scanning tunneling microscopy). However, in a large number of other aspects,

it behaves essentially like a regular Fermi liquid. Both the temperature and frequency

dependence of the optical conductivity
[
σ(ω) ∼ 1/(−iω + τ−1) and 1/τ ∼ ω2 + T 2

]
[199],

as well as the consistency of magnetoresistance with Kohler’s rule (ρxx ∼ τ−1[1 + (Hτ)2])

[39], are behavior typical of Fermi liquids. The Weidemann-Franz law which characterizes

Fermi liquids is also found to be obeyed in the pseudogap phase [96].

In addition to the mysterious gap in the electron spectral function, there are a fair

number of broken symmetries which have been observed in the pseudogap phase. These

include nematic order (C4 symmetry of the square lattice broken to C2) seen in electric

and thermo-electric transport, broken time-reversal symmetry seen in polarized neutron-

scattering (still under debate in the experimental community), and broken inversion sym-

metry seen in second-harmonic generation experiments. STM and inelastic X-ray scat-

tering also show fluctuating charge density order on the bonds, henceforth called a bond

density wave (BDW) with an internal d-wave form factor, that become long range in the

40



Chapter 1. Introduction

Figure 1.21: The spectral function of the cuprates in the pseudogap phase at (nearly) zero
energy. The spectral gap is clearly visible along (0, π) and symmetry related directions.
Adapted from Ref. [277].

presence of magnetic fields. The axial incommensurate wave-vectors of this order of the

form (Q, 0) and (0,Q) can be well-explained if one has hole pockets of charge carriers (as

if there is static antiferromagnetic order), but have evaded explanantion when looked at

as an instability of the large Fermi surface [293]. However, there is no signature of long-

range antiferromagnetic order in large parts of the pseudogap phase diagram. Further,

the wave-vector and the d-symmetry form factor of the BDW are natural consequences of

an FL∗ phase, as discussed in Ref. [51]. Thus, it can be fruitful to take a strong coupling

approach and think of the pseudogap as a topological metal arising from a doped spin

liquid, an idea first proposed by P. W. Anderson [6, 8].

Recent Hall effect measurements at low temperatures and high magnetic fields on several

families of cuprates also shed light on the nature of this metallic state. They show a

reasonably sharp drop in the Hall number from 1 + p to p around optimal doping p∗, as

shown in Fig. 1.22 for hole-doped YBa2Cu3Oy [12, 60]. A similar drop has also been seen

in longitudinal thermal and electrical conductivities [151, 198]. The Hall number counts

the number and sign of charge carriers. Therefore, this drop in carrier number indicates

quite strongly that the there is either broken translation symmetry due to field induced

magnetic order with hole pockets (charge density waves would give a negative hall count

which is seen at further lower doping), or the metallic state is a topological metal which

violates Luttinger’s theorem [77]. The latter state has additional advantages, it can also
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Figure 1.22: Doping dependence of the Hall number nH = V/(eRH) in hole doped YBCO
in magnetic fields upto 88T . The drop in nH from 1 + p to p happens before CDW sets
in. Adapted from Ref. [12].

explain the Fermi arcs [232, 261, 262] and the nature of BDW ordering [51], making it a

strong contender for the pseudogap metal. The T = 0 phase transition at p∗ in such a

model (which is precluded by the superconducting dome in cuprates) would correspond

to a topological phase transition, which may or may not be accompanied by associated

discrete symmetry breaking.

At this point, we can raise the following questions.

• Which fractionalized metallic phase among the theoretical models discussed (bosonic

or fermionic charge carriers) can consistently explain the transport data?

• How do such models explain the additional discrete broken symmetries seen in the

pseudogap phase?

• Can one start with a microscopic model (like the Hubbard model) and derive such

a fractionalized metallic phase using quantum fluctuations of antiferromagnetism,

which is known to be long-range close by in the cuprate phase diagram?

Before trying to answer any of these questions about the pseudogap state, let us also

mention that in addition to the pseudogap, the strange metal regime that is realized in a
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fan-shaped region above the superconducting dome has also attracted a lot of attention. It

is characterized by a linear in T growth of resistivity over a very wide range of temperature

(from Tc to over 1000K in La2−xSrxCuO4), in sharp contrast to the overdoped side where

the growth in resistivity is proportional to T 2 at lower temperatures as predicted by Fermi

liquid theory. This also supports the presence of a quantum critical point (not necessarily

topological) below the superconducting dome. Alternative suggestions include a nematic

critical point [210], or the loop current order proposed by Varma [279]. However, both of

these are q = 0 order parameters and therefore it is unclear how either of them can lead to

the anti-nodal gap in the electron spectral function in the pseudogap phase. Although we

will not discuss quantum critical transport in this thesis, we will argue that the spectral

gap, the discrete broken symmetries and the transport properties away from criticality

can be consistently addressed by our approach in Chapters 4-6.

1.3.2 Spin liquids in experiments

Over the last couple of decades, experimentalists have discovered a large number of mag-

netic insulators which do not order down to very low temperature (compared to the char-

acteristic exchange J) [162]. These include organic Mott insulators, Kagome lattice anti-

ferromagnets, strongly spin orbit coupled insulating iridates (Kitaev materials) and several

others. We discuss a few representative examples in the subsequent paragraphs.

The organic charge transfer compound, EtMe3P[Pd(dmit)2]2 is a quasi-two-dimensional

Mott insulator with localized spins S = 1/2 on a distorted triangular lattice. At large tem-

peratures, the magnetic susceptibility of the system can be described well by a slightly

anisotropic Heisenberg model on the triangular lattice, with a nearest neighbor superex-

change J ≈ 220K. However, nuclear magnetic resonance (NMR) experiments, which can

detect local magnetic moments, find no sign of spin freezing down to 1.37K which is smaller

than 1% of J [126]. The most striking feature of this compound is the linear in T in-plane

thermal conductivity at low temperatures inspite of being a charge insulator [319], shown

in Fig. 1.23. This indicates the presence of a Fermi surface of gapless excitations of some

emergent quasiparticle that does not carry any charge. Therefore, this might be a spin
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Figure 1.23: The in-plane thermal conductivity of dmit-131, which has a linear in T
behavior at low T , compared to κ-et and dmit-221 (which orders at low T). Adapted from
Ref. [319].

liquid state with low-energy fermionic spinon excitations.

Another exciting candidate is the Kagome lattice antiferromagnetic insulator Herbert-

smithite ZnCu3(OH)6Cl2, where the degrees of freedom are S = 1/2 spins on Cu2+

ions arranged in a Kagome lattice [69, 111, 112, 212]. The high temperature magnetic

susceptibility is well-described by a nearest-neighbor Heisenberg model, in addition to

Dzyaloshinskii-Moriya (DM) term of the form Dij · (Si × Sj) which is around 10% as

strong as the Heisenberg exchange, and an easy axis anistropy of similar magnitude as

the DM term. SQUID magnetometry finds no sign of magnetic ordering till 50mK, and

specific heat finds a Tα behavior with α ≈ 1 and temperature-dependent [105] (as opposed

to higher power laws for magnons in ordered antiferromagnets). Inelastic neutron scatter-

ing on single crystals shows a very diffuse dynamic spin structure factor down to 2K, as

opposed to coherent Bragg peaks as seen in a magnetically ordered state [106]. Finally,

recent high precision NMR measurements also detect no static moments at the Cu2+ sites,

bolstering the possibility of a spin liquid ground state [107]. Another candidate for a gap-

less spin liquid state on the Kagome lattice is kapellasite, a polymorph of Herbersmithite.

It shows no sign of static local moments down to T = 20mK in magnetic susceptibility,

and exhibits a diffuse dynamic spin structure factor in elastic neutron scattering with no
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Figure 1.24: Dynamic spin structure factor S(q, ω) measured by inelastic neutron scat-
tering at (a) ω = 6 meV, (b) ω = 2 meV, and (c) ω = 0.75 meV, all at T = 1.6K. It is
quite diffuse, and no sharp peaks corresponding to magnetic ordering is seen. Adapted
from Ref. [106].

discernible spin gap and no signature of damped spin waves [79].

As our last example, we discuss Mott insulators that have ions with a d5 configuration,

where the local moments are spin-orbit entangled j = 1/2 Kramer’s doublets as depicted in

Fig. 1.25 [297]. These include mainly iridates, but certain ruthenium (Ru3+) compounds

and the highly toxic osmates. The crystal field of the surrounding octahedral cage oxygens

splits the 5 d orbitals into two t2g and 3 low-lying eg orbitals. 5 electrons with a total spin

of S = 1/2 is put into the three ℓ = 1 eg orbitals, and strong spin orbit coupling results in

further splitting into a filled j = 3/2 band and half-filled j = 1/2 band. Surprisingly, the

weakest scale is the electronic correlation U , which then leads to a Mott insulator.

The spin-orbit coupling leads to strongly anistropic coupling between the j = 1/2

moments, leading to a dominant Kitaev-type spin exchange [38, 127], analogous to the

honeycomb model of Kitaev which is given by the following Hamiltonian [143].

HK = −J
∑
⟨j,k⟩

S
αjk

j S
αjk

k , (1.59)
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Figure 1.25: Splitting of the 5d orbitals in strongly spin-orbit coupled Mott insulators,
ultimately leading to an effective J = 1/2 description. Adapted from Ref. [297].

Figure 1.26: Exchange frustration in the Kitaev Hamiltonian. Adapted from Ref. [297].

where j, k are nearest neighbors on the hexagonal lattice, and Sαjk are the x, y, or z

component of the spin operator, depending on the type of link between j and k. The links

are denoted x, y, or z, based on their orientation, as shown in Fig. 1.26 (for more details,

see Chapter 8 and associated Appendices).

The Kitaev model has tremendous exchange frustration (Fig. 1.26), and hosts both

gapped and gapless spin liquid phases [143] (which we will discuss in a lot of detail in

Chapter 8). Therefore, the main exchange being of the Kitaev type raises hopes of spin

liquid phase in these materials. In most materials like Na2IrO3 and α-Li2IrO3 among

iridates, and α-RuCl3 are magnetically ordered at low enough temperatures, although α-

RuCl3 is believed to lie proximate to a spin liquid [16] and the magnetic order seems to

be suppressed via magnetic fields [152]. Finally, the newly discovered iridate H3LiIr2O6,

which has been observed to be paramagnetic to very low temperatures, and hosts gapless
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excitations [284, 288], seems to be a prominent candidate for a spin liquid.

Inspite of the discovery of so many materials with anomalous magnetic and transport

properties, convincing signatures of a spin liquid phase are still lacking to a great extent.

Therefore, the following questions arise in this context.

• What are additional probes that can unambiguously diagnose a spin liquid phase?

• Can one experimentally detect the emergent gauge field/topological order that arise

in theoretical descriptions of these states?

In chapters 7 and 8 of this thesis, we try to answer the first question to some degree. The

second question seems to be very difficult, and its answer has eluded me till the time of

writing.

1.4 Organization of the thesis

In this thesis, we take a closer look at some of the questions raised in the previous sections.

The main results in the different chapters are summarized below.

In Chapter 2, we first use the technique of symmetry fractionalization to map bosonic

and fermionic ansatzes of spin liquids with space group symmetries of the rectangular

lattice. Then we consider the fermionic ansatz that describes the same phase as a particular

nematic spin liquid with favorable energy on the square lattice. Doping this spin liquid

can give rise to a FL∗ phase that is of relevance to the cuprates. We discuss various

confinement transitions out of this FL∗ phase. In particular, we find that the generic

superconducting phase is pairing at finite center of mass momentum - a pair density wave

(PDW) state.

In Chapter 3, we investigate the transport properties of a plain vanilla FL∗ phase

that undergoes confinement to a uniform d-wave superconductor. We find that the Hall

number exhibits a sharp drop from 1 + p to p on transition from a Fermi liquid to a FL∗

phase at T = 0 as a function of doping p. The drop in experiments [12] seems to be

more smooth. Further, we show that modifying the dispersion of the bosonic chargons

can lead to confinement transitions with charge density waves and pair density waves at

the same wave-vector, co-existing with d-wave superconductivity. Although both these
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instabilities have been observed in the cuprates, the theoretically obtained form factors

are not consistent with experiments. Therefore, we conclude that models of pseudogaps

with fermionic chargons are better suited than those with bosonic chargons for describing

the pseudogap phase.

In Chapter 4, we study thermal and electrical transport in metals and superconductors

near a quantum phase transition from a Fermi liquid to an ACL with fermionic chargons.

For a clean superconductor, we recover and extend well-known universal results, and we

extend the computation to dirty systems as well. The heat conductivity for commensu-

rate and incommensurate antiferromagnetism coexisting with superconductivity shows a

markedly different doping dependence near the quantum critical point, thus allowing us

to distinguish between these states. We argue that a doping dependent scattering rate

is required to below optimal doping to describe both longitudinal and Hall conductivities

consistently in the La-based cuprates.

In Chapters 5 and 6, we present a SU(2) gauge theory of quantum fluctuations of mag-

netism which appear in a classical theory of square lattice antiferromagnets, in a spin

density wave mean field theory of the square lattice Hubbard model, and in a CP1 theory

of spinons. While Chapter 5 deals with phenomenological models of discrete symmetry

broken spin liquid states, Chapter 6 argues in favor of states that are energetically prox-

imate to the Nèel phase that is well-established in the undoped cuprates. Our theory of

doped spin liquids leads to metals with an antinodal gap, and topological order which

intertwines with precisely the observed broken symmetries in the cuprates.

In Chapters 7 and 8, we change our focus from the cuprates to generic spin liquids,

and discuss new techniques which can be used to distinguish between a spin liquid phase

and topologically trivial phases like magnetically ordered states or thermal paramagnets.

Chapter 7 discusses the use of techniques from spintronics — in particular we propose

injecting spin current Is into the candidate magnetic insulator and studying Is as a function

of spin voltage (the difference in chemical potential between up and down spins in the metal

lead). We compute this spin current for different spin liquids and ordered phases, and show

that their drastic difference can be used to detect fractionalization. In Chapter 8, we look

at interlayer thermal conductivity for quasi two-dimensional gapless spin liquid candidates,
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where each layer behaves as an independent spin liquid phase. The in-plane and interlayer

thermal conductivities have a different power law dependence on temperature, due to the

different mechanisms of transport in the two directions: in the planes, the thermal current

is carried by fractionalized excitations, whereas the inter-plane current is carried by integer

(non-fractional) excitations. We argue that in certain cases the interlayer contribution

from the magnetic sector is parametrically larger than the phonon contribution at low

temperatures, and can therefore carries a unique signature of fractionalization.
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Symmetry is what we see at a glance; based on the

fact that there is no reason for any difference.

Blaise Pascal

2
Superconductivity from confinement transition of a Z2 FL* metal

2.1 Introduction

The Z2 spin liquid is the simplest gapped quantum state with time-reversal symmetry

and bulk anyon excitations [85, 128, 142, 200, 247, 254, 266, 307]. For application to the

cuprate superconductors, an attractive parent Mott insulating state is a Z2 spin liquid

obtained in the Schwinger boson mean field theory of the square lattice antiferromagnet

with first, second, and third neighbor exchange interactions [243, 246, 254]. This is a fully

gapped state with incommensurate spin correlations, spinon excitations which carry spin

S = 1/2, vison excitations which carry Z2 magnetic flux, and long-range Ising nematic

order associated with a breaking of square lattice rotation symmetry. Upon doping away

from such an insulator with a density of p holes, we can obtain a FL* metallic state

which inherits the topological order of the Z2 spin liquid, and acquires a Fermi surface

of electron-like quasiparticles enclosing a volume associated with a density of p fermions

[51, 54, 135, 136, 192, 228, 230, 232, 239, 241, 270, 310]. It was also noted [270] that a

Z2-FL* metal can undergo a transition into a superconducting state which is concomitant

with confinement and the loss of Z2 topological order (while preserving the Ising-nematic

order). Given the recent experimental evidence for a Fermi-liquid-like metallic state in
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the underdoped cuprates with a density of p positively charged carriers [12, 39, 199], the

present Chapter will investigate the structure of the confining superconducting state which

descends from the Z2-FL* state associated with Schwinger boson mean field theory of the

square lattice [243, 246, 254].

For insulating Z2 spin liquids, the spectrum can be classified by four separate ‘topo-

logical’ or ‘superselection’ sectors, which are conventionally labeled 1, e, m, and ϵ [142].

In the Schwinger boson theory, the Schwinger boson itself becomes a bosonic, S = 1/2

spinon excitation which we identify as belonging to the e sector. The vison, carrying Z2

magnetic flux, is spinless, and we label this as belonging to the m sector. A fusion of the

bosonic spinon and a vison then leads to a fermionic spinon [233], which belongs to the

ϵ sector. We summarize these, and other, characteristics of insulating Z2 spin liquids in

Table 2.1.

1 e m ϵ 1c ec mc ϵc

S 0 1/2 0 1/2 1/2 0 1/2 0
Statistics boson boson boson fermion fermion fermion fermion boson

Mutual semions − m, ϵ,
mc, ϵc

e, ϵ,
ec, ϵc

e, m,
ec, mc

− m, ϵ,
mc, ϵc

e, ϵ,
ec, ϵc

e, m,
ec, mc

Q 0 0 0 0 1 1 1 1
Field operator − b ϕ f c − − B

Table 2.1: Table of characteristics of sectors of the spectrum of the Z2-FL* state. The
first four columns are the familiar sectors of an insulating spin liquid. The value of S
indicates integer or half-integer representations of the SU(2) spin-rotation symmetry. The
“mutual semion” row lists the particles which have mutual seminionic statistics with the
particle labelling the column. The electromagnetic charge is Q. The last four columns
represent Q = 1 sectors present in Z2-FL*, and these are obtained by adding an electron-
like quasiparticle, 1c, to the first four sectors. The bottom row denotes the fields operators
used in the present Chapter to annihilate/create particles in the sectors.

For a metallic Z2-FL* state, it is convenient to augment the insulating classification by

counting the charge, Q, of fermionic electron-like quasiparticles: we simply add a spectator

electron, c, to each insulator sector, and label the resulting states as 1c, ec, mc, and ϵc, as

shown in Table 2.1. It is a dynamical question of whether the c particle will actually form

a bound state with the e, m, or ϵ particle, and this needs to be addressed specifically for

each Hamiltonian of interest.
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Now let us consider a confining phase transition in which the Z2 topological order is

destroyed. This can happen by the condensation of one of the non-trivial bosonic particles

of the Z2-FL* state. From Table 2.1, we observe that there are three distinct possibilities:

1. Condensation of m: this was initially discussed in Refs. [128, 247]. For the case of

insulating antiferromagnets with an odd number of S = 1/2 spins per unit cell, the

non-trivial space group transformations of the m particle lead to bond density wave

order in the confining phase. The generalization to the metallic Z2-FL* state was

presented recently in Ref. [223].

2. Condensation of e: now we are condensing a boson with S = 1/2, and this leads to

long-range antiferromagnetic order [56, 97, 137, 263, 311].

3. Condensation of ϵc: this is a boson which carries electromagnetic charge, and so the

confining state is a superconductor [270].

This Chapter will focus on the third possibility listed above: condensation of ϵc, the

bosonic “chargon”. Our specific interest is in the Schwinger boson Z2 spin liquid of

Refs. [243, 246, 254]. To study the ϵc states in this model, we need to consider the fusion

of the ϵ quasiparticle and the electron (which is in the 1c sector). Thus a key ingredient

needed for our analysis will be the projective transformations of the ϵ particle under the

symmetry group of the underlying square lattice antiferromagnet. These transformations

are not directly available from the Schwinger boson mean-field theory, which is expressed

in terms of the e boson. However, remarkable recent advances [78, 174, 177, 231, 325,

327, 332] have shown how the projective symmetry group (PSG) of the ϵ particle can be

computed from a knowledge of the PSG of the e and m particles.

Section 2.2 describes in detail our computation of the PSG of the ϵ excitations of the

square lattice Schwinger boson Z2 spin liquid state. These results are then applied in

Section 2.3 to deduce the structure of the superconductor obtained by condensing ϵc.
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2.2 Mapping between bosonic and fermionic spin liquids on the rect-

angular lattice via symmetry fractionalization

The Schwinger boson mean-field Z2 spin-liquid described in Refs. [243, 246, 254] spon-

taneously breaks the C4 rotation symmetry of the square lattice, and this nematic order

persists in the Z2-FL*. Therefore, we identify the space-group symmetries of the rectan-

gular lattice along with time reversal T as the symmetries that act projectively on the

e and m particles (bosonic spinons and visons respectively) in the above ansatz in the

Schwinger boson representation (bSR). Below, we briefly describe the idea of symmetry

fractionalization [78, 174, 177, 231, 325, 327, 332], which enables us to find the projec-

tive actions of the same symmetries on the ϵ particles, or equivalently the spinons in the

Abrikosov fermion representation (fSR). We only provide a quick summary, and refer the

reader to the references above for detailed discussions.

The key idea behind symmetry fractionalization is that the action of any symmetry on

a physical state (which must necessarily contain an even number of any anyon in a Z2

spin liquid) can be factorized into local symmetry operations on each of these anyons. For

concreteness, consider the translation operator Tx (Ty), which translates the wave-function

by one unit in the x̂ (ŷ) direction, and a physical state |ψ⟩ that contains two e particles

at r and r′. We assume that this operation can be factorized as:

Tx |ψ⟩ = T ex(r)T
e
x(r

′) |ψ⟩ (2.1)

Since the e particle is coupled to emergent gauge fields, T ex(r) is not invariant under gauge

transformations. But if we consider a set of operations that combine to the identity,

T exT
e
y (T

e
x)

−1(T ey )
−1 for example, then the combined phase that the e particle picks up is

gauge-invariant. In a gapped Z2 spin liquid, this phase must be ±1. This can be seen by

fusing two e particles, which is a local excitation and therefore can only pick up a trivial

phase +1. This also implies that this phase is independent of location of the e particle

as long as translation symmetry is preserved by the spin liquid. Although we chose the e

particle for illustration, an analogous picture holds for m and ϵ particles as well.
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Generalizing this to other symmetries including internal ones like time-reversal T , we

can find a quantized gauge invariant phase of ±1 for each series of symmetry operations

that combine to identity on the physical wave-function. This phase is fixed for a given

anyon in a particular spin liquid, and is also referred to as the symmetry fractionalization

quantum number. These quantum numbers are universal features of Z2 spin liquids, and

provide a way to characterize topological order without parton constructions. However,

given a particular parton construction (either in terms of bosons or fermions), we can

determine these quantum numbers — we shall illustrate how to so for the particular

bosonic Z2 spin liquid we are interested in. Also, given a set of quantum numbers we

can attempt to find a corresponding spin liquid ansatz — we again explicitly describe this

later when we find a fermionic mean-field ansatz. But first, we outline how we find these

quantum numbers for the fermions from those of the bosons and the visons.

In a Z2 spin liquid, the e and m particle satisfy the following fusion rule [142]:

e×m = ϵ (2.2)

In other words, we can think of the fermionic spinon (ϵ) as a bound state of the bosonic

spinon (e) and the vison (m). Therefore, in most cases, for a set of symmetry operations

O combining to identity, the phase factor picked up by the fermionic spinon σϵO is just

the product of the phase σeO picked up by the bosonic spinon and the phase σmO picked

up by the vison. These have been referred to as the trivial fusion rules in Ref. [177].

In certain cases, there is an additional factor of −1 coming from the non-trivial mutual

statistics between the spinon and the vison, and these fusion rules are called non-trivial.

Once these fusion rules are known, the symmetry fractionalization quantum numbers for

the ϵ can be calculated from those of e and m.

With this preamble, we now outline the procedure to derive the fermionic spin liquid

ansatz corresponding to the bosonic Z2 spin liquid obtained from the J1-J2-J3 antiferro-

magnetic Hamiltonian on the square lattice [246, 254]. We first describe the symmetries

of the spin liquid, and list the elementary combinations for which we need to calculate the

symmetry fractionalization quantum numbers. Then we discuss the idea of PSG for the
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Schwinger boson spin liquids in general [303], and use it to calculate the afore-mentioned

quantum numbers for our bosonic ansatz. We proceed with analogous derivations of the

quantum numbers for the visons [121, 122] and fermions [30, 164, 175, 307] using PSG

techniques. We then derive the non-trivial fusion rules, and use these to relate the bosonic

and fermionic symmetry quantum numbers of time-reversal preserving mean-field spin liq-

uids on the rectangular lattice. Finally, we find the specific set of quantum numbers for

the fermionic spin liquid of our interest, and find an ansatz consistent with this particular

pattern of symmetry fractionalization.

2.2.1 Symmetries of the spin liquid

Consider a mean-field Hamiltonian with the following symmetries: global spin-rotations,

action of the rectangular lattice space group and time-reveral T . Since a mean-field spin

liquid ansatz is explicitly invariant under global SU(2) spin-rotations, we only need to

consider the projective actions of the other symmetries. Let us define the lattice points r

= x x̂ + y ŷ = (x, y) in a rectangular coordinate system with unit vectors x̂ and ŷ. The

space group of the rectangular lattice is then generated by the translations and reflections

∈ {Tx, Ty, Px, Py}, defined as follows:

Tx : (x, y) → (x+ 1, y) (2.3a)

Ty : (x, y) → (x, y + 1) (2.3b)

Px : (x, y) → (−x, y) (2.3c)

Py : (x, y) → (x,−y) (2.3d)

There are algebraic constraints which relate these generators. Below, we present the finite

set of elementary combinations of these generators that are equivalent to the identity

operator on any physical wave-function.

T−1
x T−1

y TxTy, P
2
x , P

2
y , P

−1
x TxPxTx, P

−1
x T−1

y PxTy, P
−1
y T−1

x PyTx, P
−1
y TyPyTy and P−1

x P−1
y PxPy

(2.4a)
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When we include time-reversal T , we also have to consider the following additional oper-

ators:

T 2, T−1
x T −1TxT , T−1

y T −1TyT , P−1
x T −1PxT and P−1

y T −1PyT (2.4b)

These are the combinations for which we need to calculate the symmetry fractionalization

quantum numbers, and all other combinations that lead to identities can be expressed as

products of these elementary combinations.

2.2.2 PSG for bSR

Schwinger boson ansatz

The spin operator can be represented in terms of Schwinger bosons operators brα as

S⃗r =
1

2
b†rασ⃗αβbrβ (2.5)

where α =↑, ↓. The mean field Hamiltonian is

Hb
MF = −

∑
rr′

(Qrr′ϵαβb
†
rαb

†
r′α +H.c.) +

∑
r

λr(b
†
rαbrα − 1) (2.6)

where λr is a Lagrange multiplier that enforces the single occupancy constraint
∑

α b
†
rαbrα =

1 on an average and the Qrr′ = ⟨ϵαβbrαbr′β⟩ are mean-field pairing link variables that sat-

isfy Qrr′ = −Qr′r. The Schwinger boson SL wavefunction is

|Ψb⟩ = PG exp
[∑

rr′

ξrr′ϵαβb
†
rαb

†
r′β

]
|0⟩ (2.7)

where PG projects onto states with a single spin, and ξrr′ = −ξr′r is obtained by diago-

nalizing Hb
MF via a Bogoliubov transformation.

Gauge freedom, PSG and algebraic constraints

Here, we formally introduce the PSG in the context of the Schwinger bosons, and describe

its relation to the symmetry fractionalization quantum numbers. This discussion closely
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follows Ref. [303]. In the bSR, consider the following local U(1) transformation of the

bosons:

brα → eiϕ(r)brα (2.8)

This leaves all the physical observables unchanged, but the mean field ansatz undergoes

the following transformation to leave the Hamiltonian invariant:

Qrr′ → eiϕ(r)+iϕ(r
′)Qrr′ (2.9)

Any two mean field ansatz that are related by a local U(1) transformation as described

above correspond to the same physical wave function after projection to single spin-

occupancy per site. Therefore, a spin liquid state has a particular symmetry X if the

corresponding mean field ansatz is invariant under the symmetry action of X followed by

an additional local gauge transformation GX .

GX : brα → eiϕX(r)brα

GXX : Qrr′ → exp
[
i(ϕX [X(r)] + ϕX [X(r′)])

]
QX(r)X(r′) (2.10)

The set of all such transformations {GXX} that leave the ansatz invariant form the PSG.

Ideally, each PSG element should reflect a physical symmetry of the ansatz. But it turns

out that there are certain transformations in the PSG that are not associated with any

physical symmetry, but still leave the ansatz invariant. In other words, these are purely

local transformations, and correspond to the identity operation X = I. They form a

subgroup of the PSG, called the invariant gauge group (IGG) [307]. It is natural to

associate these members of the PSG with the emergent gauge field in the spin liquid. For

Z2 spin liquids, the IGG is therefore Z2, generated by −1.

One can now ask: how is the IGG related to the Z2 symmetry fractionalization quan-

tum numbers? To answer this question, note that elements of the IGG correspond

to identity transformations on the ansatz, and therefore on the physical wave-function

as well (assuming that the mean-field state survives projection). Therefore, for any

series of operations that combine to the identity, the corresponding projective opera-
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tion should be an element of the IGG [for example, for T−1
x TyTxT

−1
y = I, we have

(GTxTx)
−1(GTyTy)(GTxTx)(GTY Ty)

−1 = ±1]. At the same time, note from Eqs. (2.8)

and (2.10) that this projective operation describes the gauge-invariant phase that a single

e particle picks up under this set of transformations. Therefore, the element of the IGG

which we choose for a spin liquid ansatz is precisely the symmetry fractionalization Z2

quantum number for this set of operations. In other words, the symmetry fractionalization

quantum numbers determine the particular extension of the physical symmetry group by

the IGG that is realized by a given spin liquid.

The algebraic relations between the spatial symmetry operations in a group strongly

constrain the possible choices of gauge transformations GX associated with symmetry

operations X. Without referring to a particular ansatz, we can use these relations to

find all possible PSGs for a set of symmetries. Below, we find the most general phases

ϕX consistent with the algebraic constraints on a rectangular lattice with time-reversal

symmetry.

Solutions to the algebraic PSG

We just state the solutions here, and present the derivation in Appendix A.1. The solutions

for the phases ϕX (modulo 2π), as defined in Eq. (2.10) can be written down in terms

of integers {pi} defined modulo 2, which are precisely the symmetry fractionalization

quantum numbers for the e particles in the spin liquid.

ϕTx(x, y) = 0 (2.11a)

ϕTy(x, y) = p1πx (2.11b)

ϕPx(x, y) = p2πx+ p4πy +
p6
2
π (2.11c)

ϕPy(x, y) = p3πx+ p5πy +
p7
2
π (2.11d)

ϕT (x, y) = p8πx+ p9πy (2.11e)
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PSG solutions for the nematic spin liquid ansatz for the J1-J2-J3 model on

the square lattice

We need to find the quantum numbers for the Schwinger boson mean-field ansatz of our

interest, which is given by [243, 246]:

Qi,i+x̂ ̸= Qi,i+ŷ ̸= 0, Qi,i+x̂+ŷ = Qi,i−x̂+ŷ ̸= 0, Qi,i+2x̂ ̸= 0, Qi,i+2ŷ = 0 (2.12)

All the mean-field variables are real in a particular gauge choice, so time-reversal symmetry

is preserved. This state has nematic order, as the following gauge-invariant observable

I = |Qi,i+x̂|2 − |Qi,i+ŷ|2 ̸= 0. This state has the following solution for {pi}, which we can

derive (as shown in Appendix A.2) by using the transformation of the ansatz under the

symmetry operation X to fix the phases ϕX (or correspondingly, the integers pi):

p1 = 0, p2 = 0, p3 = 0, p4 = 1, p5 = 1, p6 = 1, p7 = 0, p8 = 0, p9 = 0 (2.13)

2.2.3 Vison PSG

In this section, we shall derive the vison PSG for the rectangular lattice. To do so, we shall

resort to a description of the visons by the fully frustrated transverse field Ising model on

the dual lattice [316]. Denoting the points on the dual lattice by R, the vison Hamiltonian

is given by

H =
∑
RR′

JRR′ τ zRτ
z
R′ −

∑
R

hR τ
x
R (2.14)

where the product of bonds around each elementary plaquette (□) is negative, given by

∏
□

sgn(JRR′) = −1 (2.15)

Note that this Hamiltonian is invariant under the gauge transformation

τ zR → ηR τ
z
r , JRR′ → ηR ηR′ JRR′ , ηR ∈ {±1} = Z2 (2.16)
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For calculating the vison PSG, we make the following gauge choice (depicted in Fig. 2.1):

JR,R+x̂ = (−1)x+y = JR+x̂,R and JR,R+ŷ = 1 = JR+ŷ,R (2.17)

Figure 2.1: The gauge choice for JRR′ on the rectangular lattice. The dark and light
bonds respectively represent links with JRR′ = −1 and JRR′ = 1. The unit cell is denoted
by the blue box, and the sub lattice indices by 1 and 2. Dotted blue lines form the original
lattice.

Let us consider the spatial symmetry generators first. Since the Hamiltonian is invariant

under symmetry transformations only upto a gauge transformation, we identify, for each

symmetry generator X in the space group of the rectangular lattice, an element GX ∈ Z2

such that

GXX[JRR′ ] = JX[R]X[R′]GX [X(R)]GX [X(R′)] = JRR′ (2.18)

Note that all operations are defined with respect to the original lattice. From Fig. 2.1,

we can immediately see what the required gauge transformations are. Since the x bonds

change sign under Tx, Ty and Py, whereas the y bonds are invariant, we must have GTx =

GTy = GPy = (−1)X . Further, Px acts trivially on both the x and y bonds, so GPx = 1.

Now, consider time-reversal T . Since the Ising couplings JRR′ = ±1 are real, these are
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invariant under T , so GT = 1 as well. With this knowledge of additional phases under

lattice transformations, we can calculate the symmetry fractionalization quantum numbers

of the visons in a manner analogous to the bosons — we list these in Table 2.2 under the

column σmO .

We comment that these are exactly the quantum numbers one would obtain by thinking

of the vison acquiring an extra phase of −1 when it is transported adiabatically with π-flux

per unit cell, corresponding to an odd number of spinons. The results are also consistent

with another calculation from a soft-spin formulation of the visons, which we present in

Appendix A.3.

2.2.4 PSG for fSR

Schwinger fermion ansatz

In terms of fermion operators, the spin operator Sr can be written as

Sr =
1

2
f †rασ⃗αβfrβ (2.19)

We write down the Hamiltonian in terms of two different mean fields as follows [164]:

Hf
MF =

∑
rr′

3

8
Jrr′

[
χrr′f

†
r,αfr′,α +∆f

rr′ϵαβf
†
r,αf

†
r′,β +H.c− |χrr′ |2 − |∆f

rr′ |
2
]

+
∑
r

a30(f
†
rαfrα − 1) + [(a10 + ia20)ϵαβf

†
rαf

†
rβ +H.c] (2.20)

where we have defined the spinon hopping amplitude χrr′δαβ and the spinon-pairing am-

plitude ∆f
rr′ϵαβ, both spin-rotation invariant (and non-zero in general), as follows:

∆f
rr′ϵαβ = −2⟨frαfr′β⟩, ∆f

rr′ = ∆f
r′r, (2.21)

χrr′δαβ = 2⟨f †rαfr′β⟩, χrr′ = χ∗
r′r, (2.22)

and we have also introduced Lagrange multipliers ai0 to enforce single occupancy per site

on average.
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Gauge freedom, PSG and algebraic constraints

In order to see the local SU(2) symmetry of the Hamiltonian, let us introduce

ψr =

ψ1r

ψ2r

 =

fr↑
f †r↓

 (2.23)

We also define a mean-field matrix Urr′ as follows:

Urr′ =

χ∗
rr′ ∆rr′

∆∗
rr′ −χrr′

 = U †
r′r (2.24)

In terms of the ψ fermions, the single occupancy constraints reduce to ⟨ψ†
rτ
lψr⟩ = 0, so

the mean field Hamiltonian can now be written as

Hf
MF =

∑
rr′

3

8
Jrr′

[
1

2
Tr(U †

rr′Urr′)− ψ†
rUrr′ψr + h.c)

]
+
∑
r

al0(r)ψ
†
rτ
lψr (2.25)

Note that Urr′ is not a member of SU(2) as det(U) < 0, but iUrr′ ∈ SU(2) up to a normal-

ization constant. Hf
MF is explicitly invariant under a local SU(2) gauge transformation

W (r):

ψr →W (r)ψ (2.26a)

Urr′ →W (r)Urr′W
†(r′) (2.26b)

In general, dynamical SU(2) gauge fluctuations can reduce the gauge group. In particular,

in presence of non-collinear SU(2) flux, the SU(2) gauge bosons become massive and the

only the Z2 gauge structure is unbroken at low energies [164, 307]. In the following sections,

we shall only consider Z2 as the IGG, generated by −τ0.

Analogous to the bosonic case, we define the PSG as the set of all transformations

(symmetry transformations followed by gauge transformations) that leave the ansatz Urr′

invariant (this will also leave the al0s invariant as these are self-consistently determined

by the Urr′s). Pure gauge fluctuations, corresponding to the identity element in the
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physical symmetry group, make up the IGG. Hence operators in the symmetry group that

combine to the identity in the physical group, can only be ±τ0 ∈ IGG in the projective

representation. Similar to the bosonic case, this element η = ±I will determine the

symmetry fractionalization quantum number for the corresponding series of operations.

Solutions to the algebraic PSG

Algebraic relations between the symmetry group [2.4] elements will lead to a series of

conditions for the gauge transformations GX [r], which are now SU(2) valued. The general

solutions (without referring to any ansatz) are given below in terms of Z2 valued variables

{η}, and derived in Appendix A.4.

GTx(x, y) = τ0 (2.27a)

GTy(x, y) = (ηTxTy)
xτ0 (2.27b)

GPx(x, y) = (ηPxTx)
x(ηPxTy)

ygPx , gPx ∈ SU(2), g2Px
= ηPxτ

0 (2.27c)

GPy(x, y) = (ηPyTx)
x(ηPyTy)

ygPy , gPy ∈ SU(2), g2Py
= ηPyτ

0 (2.27d)

GT (x, y) = (ηT Tx)
x(ηT Ty)

ygT , gT ∈ SU(2), g2T = ηT τ
0 (2.27e)

where the SU(2) matrices are bound by the following constraints:

gPxgT g
−1
Px
g−1
T = ηT Pxτ

0, gPygT g
−1
Py
g−1
T = ηT Pyτ

0, gPxgPyg
−1
Px
g−1
Py

= ηPxPyτ
0 (2.28)

2.2.5 Fusion rules

We provide a table for trivial and non-trivial fusion rules for Z2 spin liquids on the rect-

angular lattice with time reversal symmetry T , and provide proofs/arguments in the
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Appendix A.5.

Commutation relation Fusion rule

T−1
x T−1

y TxTy Trivial

P 2
x Non-trivial

P 2
y Non-trivial

P−1
x TxPxTx Trivial

P−1
x T−1

y PxTy Trivial

P−1
y T−1

x PyTx Trivial

P−1
y TyPyTy Trivial

P−1
x P−1

y PxPy Non-trivial

T 2 Trivial

T−1
x T −1TxT Trivial

T−1
y T −1TyT Trivial

P−1
x T −1PxT Non-trivial

P−1
y T −1PyT Non-trivial

(2.29)

2.2.6 Fermionic ansatz

General relation between bosonic and fermionic PSGs for rectangular

lattice

In Table 2.2, we use the anyon fusion rules to relate bosonic symmetry fractionalization

quantum number σeO with the fermionic one σϵO for Z2 spin liquids. These are related as

follows:

σϵO = σtOσ
e
Oσ

m
O (2.30)

where we have used the knowledge of the vison quantum number σmO , and the twist factor

σtO which is −1 for non-trivial fusion rules and +1 otherwise.
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Commutation relation σeO σϵO σmO σtO Relation

T−1
x T−1

y TxTy (−1)p1 ηTxTy -1 1 (−1)p1+1 = ηTxTy

P−1
x TxPxTx (−1)p2 ηPxTy 1 1 (−1)p2 = ηPxTx

P−1
y T−1

x PyTx (−1)p3 ηPyTx -1 1 (−1)p3+1 = ηPyTx

P−1
x T−1

y PxTy (−1)p4 ηPxTy -1 1 (−1)p4+1 = ηPxTy

P−1
y TyPyTy (−1)p5 ηPyTy 1 1 (−1)p5 = ηPyTy

P 2
x (−1)p6 ηPx 1 -1 (−1)p6+1 = ηPx

P 2
y (−1)p7 ηPy 1 -1 (−1)p7+1 = ηPy

P−1
x P−1

y PxPy 1 ηPxPy -1 -1 1 = ηPxPy

T 2 -1 -1 1 1 1 = 1

T−1
x T −1TxT (−1)p8 ηT Tx 1 1 (−1)p8 = ηT Tx

T−1
y T −1TyT (−1)p9 ηT Ty 1 1 (−1)p9 = ηT Ty

P−1
x T −1PxT (−1)p6 ηT Px 1 -1 (−1)p6+1 = ηT Px

P−1
y T −1PyT (−1)p7 ηT Py 1 -1 (−1)p7+1 = ηT Py

Table 2.2: Correspondence between bosonic and fermionic Z2 spin liquids on a rectangular
lattice with time-reversal symmetry T

Specific fermionic ansatz

Plugging in the values of {pi} for the bosonic ansatz in Table 2.2, we can find the desired

values of ηXY s for the fermionic ansatz. Doing so and solving the matrix equations (details

in Appendix A.6), we find the following solutions for the GXs:

GTx(x, y) = τ0, (2.31a)

GTy(x, y) = (−1)xτ0, (2.31b)

GPx(x, y) = τ0, (2.31c)

GPy(x, y) = (−1)x+yiτ3, (2.31d)

GT (x, y) = iτ2. (2.31e)

Now we solve for the allowed nearest-neighbor (NN), next-NN (NNN), and NNNN bonds

demandingGXX(Urr′) = Urr′ for each bond. The solution is an ansatz with π-flux through
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elementary plaquettes, with real pairing on the NN and NNN bonds, and real hopping on

the NNNN bonds:

Ur,r+x̂ = (−1)y∆1x τ
1, (2.32a)

Ur,r+ŷ = ∆1y τ
1, (2.32b)

Ur,r+x̂+ŷ = Ur,r−x̂+ŷ = (−1)y∆2 τ
1, (2.32c)

Ur,r+2x̂ = −t2xτ3, (2.32d)

Ur,r+2ŷ = −t2yτ3. (2.32e)

We note that this PSG also allows for an on-site chemical potential of the form a30τ
3, so

that the density of fermions can be adjusted. An alternate derivation of the PSG of this

fermionic ansatz, based on mapping of projected mean-field wave-functions, is presented

in Appendix A.7 and serves as a consistency check for our results.

We can diagonalize the mean-field Hamiltonian corresponding to this using a two-site

unit cell in the y-direction. Let A and B be the sublattice indices for y even and odd

respectively, and the reduced Brillouin zone (BZ) be given by −π < kx ≤ π,−π/2 <

ky ≤ π/2. Since the up-spin and down-spin sectors decouple, we get a pair of degenerate

bands. The Hamiltonian can be written in terms of a four-component Nambu-spinor Ψk

as H =
∑

k∈BZ Ψ†
k h(k) Ψk, where

Ψk =



fkA↑

fkB↑

f †−kA↓

f †−kB↓


,
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and h(k) is the 4 × 4 matrix given below in terms of ε2k = −2t2xcos(2kx)− 2t2ycos(2ky),



ε2k 0 2∆1xcos(kx) 2∆1ycos(ky)

+4i∆2 cos(kx)sin(ky)

0 ε2k 2∆1ycos(ky) −2∆1xcos(kx)

−4i∆2 cos(kx)sin(ky)

2∆1xcos(kx) 2∆1ycos(ky) −ε2k 0

+4i∆2 cos(kx)sin(ky)

2∆1ycos(ky) −2∆1xcos(kx) 0 −ε2k

−4i∆2 cos(kx)sin(ky)


(2.33)

Diagonalizing this matrix gives us the spinon dispersion, with two doubly degenerate

bands,

E±
k = ±

√
(2t2xcos(2kx) + 2t2ycos(2ky))2 + 4

(
∆2

1xcos2(kx) + ∆2
1ycos2(ky)

)
+ 16∆2

2cos2(kx)sin2(ky)

(2.34)

Both these bands are fully gapped, with the mininum gap occurring at (kx, ky) =

(±π/2,±π/2) for ∆1x,∆1y ≫ ∆2 ≫ t2x, t2y. E+
k for typical parameter values is plotted

in Fig. 2.2.

Previous PSG studies have investigated fermionic spin liquids with space group symme-

tries of the square [164, 307], triangular and kagome [30, 175] lattices, whereas we focus

on the rectangular lattice. Reference [322] discusses projected mean-field wave-functions

of nematic spin liquids on the square lattice and their corresponding fermionic versions,

but our initial bosonic state does not correspond to any of these states (as one can check

by calculating fluxes through triangular plaquettes). We discuss the connection of their

results with our work in greater detail in Appendix A.7.
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Figure 2.2: Mean field dispersion E+(k) of the fermionic spinons for the parameters
(∆1x,∆1y,∆2, t2x, t2y) = (0.9, 1, 0.4, 0.2, 0.2). The other band is not shown for clarity.

2.3 Superconducting transition of the FL*

So far, we have described the fermionic spinon excitations of the Z2 spin liquid. These

correspond to states in the ϵ sector of Table 2.1. The Z2 FL* state has in addition fermionic

electron-like gauge-neutral excitations which belong the 1c sector of Table 2.1. These can

be described by some convenient dispersion for electron-like operators ckσ. In the recent

analysis of Ref. [230], the ckσ states were built out of electron orbitals which were centered

on the bonds of the square lattice; on the other hand in Ref. [232], the ckσ were obtained

from electron-like states on the sites of the square lattice. The details of the dispersion and

Fermi surface structure of the ckσ quasiparticles of the Z2-FL* will not be important here,

and so we simply assume they are characterized by some generic dispersion ξk, and can

be Fourier-transformed to operators crσ on the sites of the square lattice. Furthermore,

the crσ, being gauge-neutral, must have a trivial PSG.

Now we are interested in undergoing a confinement transition in which a boson, B, from
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the ϵc sector of Table 2.1 condenses. Such a boson is obtained by the fusion of the ϵ and 1c

states of Table 2.1. So we introduce two Bose operators on the sites of the square lattice

transforming as

B1r ∼ c†rσfrσ , B2r ∼ ϵσσ′crσfrσ′ . (2.35)

Each of these bosonic operators carry a Z2 gauge charge of the f fermions, and a U(1)

charge corresponding to the c fermions. We can then write down an effective Hamiltonian

for the interplay between the ϵ, 1c, and ϵc sectors of Table 2.1:

H = Hc +HMF
f − JK

4

∑
r,r′

B†
1rc

†
rσfrσ +B†

2rϵσσ′crσfrσ′ +H.c., where

Hc =
∑
k,σ

ξkc
†
kσckσ , and HMF

f =
∑
rr′,σ

χrr′f
†
rσfr′σ +

∑
rr′,αβ

∆f
rr′ϵαβf

†
rαf

†
r′β +H.c., (2.36)

where JK is the allowed ‘Kondo’ coupling linking the sectors of Z2 FL* together. A large

N approach, based on generalization of SU(2) to SU(N) yields only the term involving B1r

[64, 234], but we consider a more simplistic mean-field approach where both bosons are

present. At the transition, both these bosons condense together [270], and this leads to

confinement. In the mean-field approximation, we replace Bir = ⟨Bir⟩ which is non-zero

in the confined phase. The confinement transition out of this FL* state leads to a super-

conducting state [270], because a pairing between the spinons f induces a pairing between

the physical c fermions when ⟨Bir⟩ ̸= 0. Further suppression of this superconductivity

(by doping/magnetic field) will lead to a normal Fermi liquid state. Since the spin liquid

ansatz breaks lattice symmetries, the confined states can also exhibit a density wave or-

der. In the following subsection, we first detail the possible superconducting phases and

describe how we obtain them from an effective bosonic Hamiltonian.

2.3.1 Possible confined phases

On transition out of the FL*, we typically find that the superconducting phase is of the

Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) type [90, 154]. This is a superconductor with

fermion pairing only at finite momentum Q, i.e., with spatial modulation of the order
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parameter ∆c(r) ∼ eiQ·r. It has also been referred to in the literature as a pair-density

wave (PDW) state [27, 28, 84, 161, 304, 305]. A PDW is distinct from a state with

co-existing superconductivity and charge density wave (CDW) order. In particular, the

superconducting order parameter has no uniform component, i.e, ∆Q=0 = 0; the Cooper

pairs always carry a net momentum Q.

In principle we can also have translation symmetry breaking in the particle-hole channel,

leading to a generalized charge density wave order, often leading to oscillations of charge

density on the bonds (a bond density wave). Following Ref. [245], let us define a generalized

density wave order parameter PQl
(k) as

⟨c†rσcr′σ⟩ =
∑
Ql

(∫
d2k

4π2
PQl

(k)eik·(r−r′)

)
eiQl·(r+r′)/2 (2.37)

When PQl
(k) is independent of k, then the order parameter refers to on-site charge density

oscillations at momentum Ql. When PQl
(k) depends on k, then it denotes charge density

oscillations on the bonds, which is also often called a bond density wave [245].

Note that a PDW at momentum Q typically leads to a CDW at momentum K = 2Q

[28]. This can be seen from a Landau-Ginzburg effective Hamiltonian, where a linear term

in the CDW order parameter P2Q, of the form of γ∆(∆∗
Q∆−QP2Q + c.c) is allowed by

symmetry. Therefore, in the phase where ∆Q is condensed, the system can always lower

its energy by choosing a non-zero value of P2Q. Explicit computations later will show

that boson condensation at finite momenta can lead to density wave states which have

momenta different from 2QPDW . These are therefore states where a PDW co-exists along

with additional density wave order(s).

To figure out the details of this transition at the level of mean-field theory, we first write

down an effective Hamiltonian for the bosons HB. This is determined by the PSG of the f

fermions, as described in Eq. (2.31). Once we write down the effective Hamiltonian based

on the PSG, we can find the minima of the boson dispersion at a set of momenta {Qi},

at which the boson will condense on tuning to the phase transition. Across the transition,

we can replace Bir by the value of the condensate. The spinon-pairing ∆f
rr′ induces a

pairing ∆c
rr′ between the c fermions, which is given in terms of the boson condensate by
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(perturbatively, to lowest non-zero order in Bir):

ϵαβ∆
c
rr′ = ⟨ϵαβcrαcr′β⟩ ∼ (B1rB1r′ +B2rB2r′)⟨ϵαβfrαfr′β⟩ = (B1rB1r′ +B2rB2r′)ϵαβ∆

f
rr′

(2.38)

We also want to study if there is some density wave order, present on top of super-

conductivity or a PDW state. Therefore, in the confined phase we evaluate the order

parameter PQ(k) by noting that

⟨c†rσcr′σ⟩ ∼ (B∗
1rB1r′ +B∗

2rB2r′)⟨f †rσfr′σ⟩ (2.39)

Since each boson is a spin-singlet bound state of the c and f spinon, it has the same

spatial symmetry fractionalization quantum numbers as the f fermions. Time-reversal T

interchanges B1r and B2r because of extra gauge transformation Gτ associated with the f

spinon. To deal with both bosons in a compact way, let us define a two-component spinor

as follows:

Br =

B1r

B2r

 (2.40)

The action of the symmetry operations on Br is derived in Appendix A.8, here we just

state the main results. Under any spatial symmetry operation Xs, this column vector just

picks up an overall U(1) phase, because the gauge transformations GXs for the f fermions

are all diagonal.

GXsXs [Br] = eiϕXs [Xs(r)]BXs[r], with ϕTx = 0, ϕTy = πx, ϕPx = 0, ϕPy = π

(
x+ y +

1

2

)
(2.41)

However, time-reversal T mixes the up and down spinon operators, and imposes extra

constraints. We demand GXX(HB) = HB for all symmetry operations X. Based on this,

we can write down an effective Hamiltonian for the bosons as follows consistent with the
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PSG. For simplicity, we include only a 2 × 2 hopping matrix Trr′ upto next next nearest

neighbors (we neglect pairing of bosons). We find that

Hb =
∑
rr′

B†
r Trr′Br′ +H.c., where Trr′ = T drr′τ

0 + T odrr′τ
1 (2.42)

where T d and T od are the diagonal (B1 → B1 or B2 → B2) and off-diagonal (B1 ↔ B2)

hopping elements, as described in Appendix A.8. The diagonal hopping amplitudes are

given by

T dr,r+x̂ = 0, T dr,r+ŷ = iT dy , T
d
r,r+x̂+ŷ = T dr,r−x̂+ŷ = iT dx+y(−1)y, T dr,r+2x̂ = T d2x, T

d
r,r+2ŷ = T d2y(2.43)

where all the T dα are real. The off-diagonal hopping is also exactly analogous, as the

projective U(1) phases for both the B1 and B2 bosons are identical. However the overall

coefficients T odα are not fixed by the PSG and generically different from T dα .

For simplicity, we first set the off-diagonal components T odα to zero by hand, which

implies that we need to study only one boson — let us call that Br. We shall later argue

that the resulting superconducting phases are essentially unchanged when one includes the

off-diagonal components as well. Translational symmetry breaking in this gauge choice

leads to an enlarged two-site unit cell in the ŷ direction. Letting A,B be the sublattice

indices (for even/odd y), we define the Fourier transformed operators as

Brα =
1√
Nc

∑
k

eik·rαBkα, α = A,B (2.44)

where Nc is the number of unit cells, and −π < kx ≤ π,−π/2 < ky ≤ π/2 defines the

reduced BZ. Let us define Ψ†
k = (B†

kA,B
†
kB), then we can write HB = Ψ†

khB(k)Ψk, where

hB(k) =

 ε(k) ξ(k)

ξ∗(k) ε(k)

 , ε(k) = T2x cos(2kx) + T2y cos(2ky)

ξ(k) = −2Ty sin(ky) + 4iTx+y cos(kx)cos(ky) (2.45)
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The two bands are therefore given by

E±(k) = ε(k)± |ξ(k)| = T2x cos(2kx) + T2y cos(2ky)± 2
√
T 2
y sin2(ky) + 4T 2

x+ycos2(kx)cos2(ky)

(2.46)

In general, the minima of E−(k), which corresponds to the momentum at which the boson

condenses, will lie at some incommensurate point. In Fig. 2.3, we present an approxi-

mate phase diagram and look in more details into the different kinds of superconducting

phases obtained by condensing the boson. All but one of these phases break time reversal

symmetry T .

Uniform SC (2)

Incommensurate PDW (4)

Commensurate PDW (3)

0 2 4 6 8 10 12
0

2

4

6

8

10

Ty

T
x+
y

Figure 2.3: Phases of the superconductor; phase boundaries are approximate. T2x, T2y are
assumed small but non-zero. The number in brackets denotes the subsection in which the
phase is discussed. The red dot denotes phase (1), a PDW state with unbroken T . The
phases are described in detail in the main text.

T -invariant PDW

First, consider the case where we turn off the imaginary hopping terms, i.e, Ty = Tx+y = 0.

In this case, the boson hoppings are translationally invariant, and the minima corresponds
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to Q = (0, 0). Let the boson condensate at Q = (0, 0) be B(r) = Bo, we find that the

nearest neighbor c-fermion pairing amplitude is given by

∆c
r,r+x̂ = B2

o(−1)y∆1x

∆c
r,r+ŷ = B2

o ∆1y (2.47)

The superconducting phase breaks translation symmetry, therefore we have a PDW state

with QPDW = (0, π). Since the bosons condense at zero momentum, the density wave

order parameter can only pick up a non-zero expectation value if the f spinon hoppings

themselves break translation symmetry. This is not the case for our fermionic ansatz

[described by Eq. (2.32)], and therefore we expect no density wave order in this phase. In

fact, one can perturbatively evaluate the renormalizations of the c fermion hoppings (over

and above the ones which are present in Hc) as follows:

⟨c†rcr+2x̂⟩ = B2
o(−t2x)

⟨c†rcr+2ŷ⟩ = B2
o(−t2y) (2.48)

These are both translation invariant.

Translationally invariant SC with broken T

Q = (0, 0) is also the position of the minima when Ty < Tx+y. However, any non-zero

Tx+y will enlarge the unit cell. The value of the boson condensate is therefore given by

B(r) =

BA(r)

BB(r)

 = Bo

1

i

 (2.49)

From the boson condensate at Q = (0, 0), we find that the nearest neighbor c-fermion
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pairing amplitude is given by

∆c
r,r+x̂ = B2

o(−1)y∆1x, for r ∈ A

∆c
r,r+x̂ = (iBo)2(−1)y∆1x = −B2

o(−1)y∆1x, for r ∈ B, and

∆c
r,r+ŷ = iB2

o∆1y (2.50)

Noting that there is theA/B sublattices are defined by even/odd y coordinates, this implies

that ∆c
r,r+x̂ = B2

o∆1x. Thus, this superconductor does not break translation symmetry.

However, it will break necessarily time-reversal symmetry because there is a relative i

between the pairing amplitudes along x̂ and ŷ, and the pairing is of the s+ idx2−y2 type.

This state does not have an associated density wave order.

Depending on the relative signs of the hoppings, a condensate at Q = (π, 0) is also

possible, and gives a superconducting state with identical features.

Commensurate PDW with broken T

Next, let us consider the case where the nearest-neighbor hopping dominates, i.e, Ty ≫

Tx+y, T2x, T2y. In this case, there is a regime where the minima of the boson dispersion

lies approximately at ±Q = (0,±π/2). The boson condensate is given by

B(r) =

BA(r)

BB(r)

 = B+

eiQ·rA

eiQ·rB

+ B−

e−iQ·rA

e−iQ·rB

 = B+

1

i

 eiQ·rA + B−

 1

−i

 e−iQ·rA(2.51)

Using the previously outlined procedure to calculate the superconducting order parameter,

we find

∆c
r,r+x̂ =

[
(B2

+ + B2
−) + (−1)y2B+B−

]
∆1x

∆c
r,r+ŷ = i

(
B2
+ − B2

−
)
(−1)y∆1y (2.52)

Both translation symmetry and time-reversal symmetry are explicitly broken by the su-

perconductor, and we have a PDW at QPDW = (0, π) with s+ idx2−y2 pairing.

Analogous to the first PDW phase with unbroken T , we can evaluate the renormalization
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of the c fermion hopping amplitudes (suppressing spin indices for simplicity):

⟨c†rcr+2x̂⟩ =
[
|B+|2 + |B−|2 + (−1)y(B+B∗

− + B−B∗
+)
]
(−t2x)

⟨c†rcr+2ŷ⟩ =
[
(|B+|2 + |B−|2)(−1)y + (B+B∗

− + B−B∗
+)
]
(−t2y) (2.53)

The spatially constant parts of the induced hopping amplitudes will just renormalize the

bare hopping of the c fermions, but the terms at QCDW = QPDW = (0, π) correspond to a

density wave with form factor PQCDW
(k) = c1 cos(2kx)+ c2 cos(2ky), which is of the s′+d

type. This is therefore an example of a state where PDW co-exists with bond density

wave order.

Incommensurate PDW with broken T

Away from the previous two parameter regimes, the boson b(r) will condense at some

generic incommensurate momentum Q = (Qx, Qy). One can carry out an analogous

calculation to find out the relevant order parameters. Note that the boson dispersion is

symmetric under k → −k, which implies that there are necessarily a couple of minima at

Q and −Q. Assuming no other degenerate minima, the boson condensate is given by:

B(r) =

BA+eiQ·rA

BB+e
iQ·rB

+

BA−eiQ·rA

BB−e
iQ·rB

 (2.54)

This leads to a PDW at momentum 2Q+(0, π) as well as (0, π) for the c-fermions, the latter

coming from the inherent translation symmetry breaking of the spinon pairing ansatz:

∆c
r,r+x̂ =

[
B2
A+ e

i(2Q·r+Qx) + 4BA+BA−cos(Qx) + B2
A− e

−i(2Q·r+Qx)
]
(−1)y∆1x, r ∈ A

=
[
B2
B+ e

i(2Q·r+Qx) + 4BB+BB−cos(Qx) + B2
B− e

−i(2Q·r+Qx)
]
(−1)y∆1x, r ∈ B

∆c
r,r+ŷ =

[
BA+BB+ e

i(2Q·r+Qy) + BA−BB+ e
iQy + BA+BB− e

−iQy + BA−BB− e
−i(2Q·r+Qy)

]
∆1y

(2.55)
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An analogous calculation of the density wave order parameter shows that there is an

oscillation of charge density on the bonds at momenta QCDW = 2Q.

⟨c†rcr+2x̂⟩ ∼ B2
A/Be

2iQ·r(−t2x), r ∈ A/B

⟨c†rcr+2ŷ⟩ ∼ B2
A/Be

2iQ·r(−t2y), r ∈ A/B (2.56)

Therefore, we have an incommensurate PDW co-existing with bond density wave.

More generally, boson condensation at two different momenta Q and Q′ will lead to

a PDW order at KPDW = Q + Q′ + (0, π) and (0, π), and a bond density wave order

at momenta KCDW = Q ± Q′ for our fermionic ansatz. These are all states with co-

existing PDW and density wave order. Note that a density wave at a different momentum

QDW = Q + Q′ + K1 is also possible if there is a spinon-hopping term which breaks

translation symmetry with momentum K1. In our fermionic ansatz for the f spin liquid,

such a term is absent (upto NNNN) and therefore such a density wave does not exist.

We now argue that inclusion of T odα does not change these phases, although it enlarges

the phase space and therefore can change where these show up in the phase space. This

can be explicitly seen from the eigenvalues of the 4× 4 matrix h(k) in momentum space,

which are now given by (assuming T d/od2x = T
d/od
2y = T

d/od
2 to avoid clutter of notation):

E+
k,± = 2[cos(2kx) + cos(2ky)](T d2 − T od2 )± 2

√
(T dy − T ody )2sin2(ky) + 4(T dx+y − T odx+y)

2cos2(kx)cos2(ky)

E−
k,± = 2[cos(2kx) + cos(2ky)](T d2 + T od2 )± 2

√
(T dy + T ody )2sin2(ky) + 4(T dx+y + T odx+y)

2cos2(kx)cos2(ky)

(2.57)

These are essentially identical to the previous dispersion in Eq. (2.46), with a renormal-

ization of hopping parameters. Therefore, condensates again occur at the same values of

Q as described previously, and lead to the same phases.

2.4 Conclusions

While several recent experiments [39, 199] have been consistent with a FL* model for

the pseudogap metal at higher temperatures, the most recent Hall effect measurements
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[12] indicate that the FL* model may well extend down to low temperatures just below

optimal doping.

In the light of this, it is useful to catalog the confinement instabilities of the simplest FL*

state, the Z2-FL*. The excitations of this state invariably transform non-trivially under

global symmetries of the model, and so the confinement transition is then simultaneous

with some pattern of symmetry breaking. From Table 2.1, we observe that the Z2-FL*

state has three categories of bosonic excitations, and each can then give rise to a distinct

confinement transition. The most familiar is the condensation of the bosonic spinons

(column e in Table 2.1), and this leads to spin-density-wave order, which is observed in

most cuprates at low doping. The second possibility is the condensation of visons (column

m in Table 2.1): this was examined recently [223], and it was found that bond-density-

waves similar to recent observations [61, 82, 88] are a possible outcome. The final class of

confinement transitions out the Z2-FL* state was considered in the present Chapter: this

is the condensation of bosonic chargons (column ϵc in Table 2.1).

Our main technical challenge in this Chapter was to compute the projective symmetry

group of the fermionic spinons (column ϵ in Table 2.1) for a favorable Z2 spin liquid state

described by an ansatz for bosonic spinons [243, 246, 254]. An important feature of the

PSG for the fermionic spinons obtained was that translational symmetry was realized

projectively, with TxTy = −TyTx. After obtaining this PSG, we could then deduce the

PSG for the bosonic chargons by fusing the fermionic spinons to the electron, which has a

trivial PSG. The PSG for the bosonic chargons also had TxTy = −TyTx, and this almost

always means that the confinement state with condensed chargons will break translational

symmetry. Combined with the pairing of fermionic spinons invariably present in the Z2-

FL* state, such analyses led to the appearance of FFLO, or pair density wave (PDW),

superconductivity. And it is worthwhile to note here the recent observation of modulated

superconductivity, albeit on a much larger background of uniform superconductivity [103].

In conclusion, we highlight the remarkable fact that the three categories of confine-

ment transitions out of Z2-FL* allowed by Table 2.1 (corresponding to the three columns

with bosonic self-statistics) correspond closely to features of the phase diagrams of the

cuprates: (i) the condensation of m can lead to metals with density wave order similar
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to observations, as discussed recently in Ref. [223]; (ii) the condensation of e leads to

incommensurate magnetic order found at low doping; (iii) the present Chapter showed

show the condensation of ϵc can lead to superconductors with co-existing density wave

order, a state observed in recent experiments [103].
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Once you eliminate the impossible, whatever remains,

no matter how improbable, must be the truth.

Arthur Conan Doyle

3
FL* with bosonic chargons as a candidate for the pseudogap metal

3.1 Introduction

Recent experiments on the hole-doped cuprates have demonstrated that the pseudogap

(PG) phase behaves remarkably like a Fermi liquid. For example, both the temperature

and frequency dependence of the optical conductivity
[
σ(ω) ∼ 1/(−iω + τ−1) and

1/τ ∼ ω2 + T 2
]
[199], as well as the consistency of magnetoresistance with Kohler’s rule

(ρxx ∼ τ−1[1 + (Hτ)2]) [39], are behavior typical of Fermi liquids. However, more recent

measurements of Hall coefficient at high magnetic fields and low T [12, 151] provides

evidence for a crucial difference of this phase from a conventional Fermi liquid (FL).

Doping a half-filled Mott insulator with a density of p holes should lead to a hole-like

Fermi surface of size 1 + p. Although this is indeed seen for large doping, the situation is

different in the PG regime. In this regime, when additional Fermi surface reconstruction

due to density waves are absent, the Hall coefficient corresponds to a Fermi surface of size

p, which violates Luttinger’s theorem [180]. In absence of any symmetry breaking long-

range order, this can be possible only in the presence of excitations of emergent gauge

fields. A phase which realizes such a Fermi surface is called a fractionalized Fermi liquid

(FL*) [192, 228, 230, 238, 239, 270, 273].
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The Z2-FL* is a viable candidate for the PG metal, as several properties of the phase

can be understood from this point of view. Firstly, the presence of the emergent Z2 gauge

field allows it to violate Luttinger’s theorem [221, 270] without any long range symmetry-

breaking order. Model calculations [232] yield hole-pockets centered near (±π/2,±π/2)

with an anisotropic electron quasiparticle residue, which can explain the observation of

Fermi arcs in photoemission experiments [67, 300]. Further, density wave instabilities of

the Z2-FL* naturally lead to d-form factor bond density wave with charge modulation

on the bonds and a wave-vector similar to STM observations [51, 104]. Such density

waves were also shown to arise via a different route from a Z2-FL*, through a confinement

transition that destroys topological order [223]. Superconductivity also appears naturally

as a descendant of a Z2-FL*, as pairing between emergent fractionalized excitations spinons

are an inherent characteristic of such a phase, and this can mediate pairing between the

electron-like quasiparticles which form the small Fermi surface [270].

While the above are rather general properties of the Z2-FL* state, more thorough con-

siderations lead to significant observable differences between different realizations of such

a state. In particular, it is useful to distinguish between Z2-FL* states in which the lowest

energy excitations which carry charge but no spin (‘chargons’) are fermionic or bosonic.

Models with fermionic chargons have been studied elsewhere [53, 244, 248], and more recent

work has examined the evolution of the Hall co-efficient as a function of electron density

[77]. Our focus in the present Chapter is on Z2-FL* states with low energy bosonic char-

gons. One such Z2-FL* state with incommensurate spin correlations and Ising-nematic

order was studied in the previous chapter, and it exhibited a confinement transition to a

superconducting state which is usually of the Fulde-Ferrell-Larkin-Ovchinnikov type, with

spatial modulation of the superconducting order.

Here, we will turn our attention to a simpler Z2-FL* state with bosonic chargons:

this exhibits a direct confinement transition to a spatially uniform d-wave superconductor

which is smoothly connected to the conventional BCS state. Indeed, our model for the

superconducting state so obtained may be viewed as a realization of the variational ‘plain

vanilla RVB’ theory [6]. A related model has been studied by Wen and collaborators

[192, 238, 239]. We will present results on the evolution of the electronic spectrum of this
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plain vanilla Z2-FL* state as a function of p, both within the superconducting and normal

states. In the superconducting state, we find that the number of gapless nodal points in

the Brillouin zone (BZ) is initially 12 upon exiting the Z2-FL* state, but reduces to 4 once

we are well within the confinement region.

We also present the evolution of the Hall co-efficient in the normal state, and contrast it

with the results obtained from models of fermionic chargons. To obtain a direct transition

between metallic FL* and FL states, we have to assume a vanishing spinon pair amplitude

in the FL* state at higher temperatures or fields—it is more appropriate to call this a

U(1)-FL*, although there is no formal distinction between different FL* states at non-

zero temperatures. Starting from such a U(1)-FL* state with bosonic chargons, we find,

following the results of Coleman et al. [59], a discrete jump in the Hall co-efficient from p

to 1+ p at the transition from the FL* to a FL in presence of a strong magnetic field that

destroys superconductivity. No such jump was found in the fermionic chargon approach

[77, 244].

We also discuss a modification of the plain vanilla Z2-FL* theory to allow for trans-

lational symmetry breaking in the confining state: this is achieved by modifying the

dispersion of the bosonic chargons. Condensing such chargons, we find a superconductor

with co-existing bond density waves and pair density waves at the same wavevector K.

We emphasize that our model is a phenomenological description of the PG phase of

the underdoped cuprates, motivated by evidence of a small Fermi surface (without a bro-

ken symmetry) from transport measurements. We assume that the Z2-FL* with bosonic

chargons is a parent state. We then show via concrete calculations that appropriate low-

temperature instabilities of such a parent state can lead to d-wave superconductivity, as

well as further density wave orders which have been observed in spectroscopic experiments.

We also provide a numerical evaluation of the Hall-coefficient across a transition from a

FL* to a Fermi liquid. The Z2-FL* phase can only arise in presence of strong interac-

tions between the electrons, and therefore it is quite non-trivial to establish a quantitative

connection between the parameters of this phase and some more conventional model of

interacting electrons, such as the t-J-V model on the square lattice. As described in

Ref. [230], a quantitative connection between the t-J model and a particular dimer model
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of the Z2 FL* can be made in certain limiting regimes. In the present Chapter we work

with a more general model of the plain vanilla Z2-FL* state, where the parameters are

fixed by demanding that the shapes of our Fermi surfaces are consistent with spectroscopic

data. We hope that numerical methods like DMFT would yield accurate values of such

parameters in the future.

The rest of the Chapter is organized as follows. In Section 3.2 we discuss and review the

Z2-FL* theory with bosonic chargons, and introduce the plain vanilla model we will focus

on. In Section 3.3 we analyze translation symmetry preserving confinement transitions

that lead to superconductivity, and the spectral function of quasiparticle excitations in the

superconducting phase. In Section 3.4 we calculate the evolution of the Hall coefficient

across the confinement transition after suppressing superconductivity by a strong magnetic

field. Finally, in Section 3.5 we discuss the phases obtained from confinement transitions

with translation symmetry breaking. We end with a discussion of the merits and demerits

of the Z2-FL* with bosonic chargons as a candidate for the PG metal, and compare with

models of the Z2-FL* with fermionic chargons.

3.2 Model of Z2-FL* with bosonic chargons

We begin with a brief review of the topological aspects of the Z2-FL*, following Ref. [46].

For a time-reversal invariant insulating Z2 spin liquid, the spectrum can be described in

terms of four ‘superselection’ sectors, labeled as 1, e, m and ϵ [142]. In Schwinger boson

theories of spin liquids, the S = 1/2 bosonic spinon, carrying Z2 gauge charge, itself

belongs to the e sector. The spinless Z2 gauge flux, or the vison, belongs to the m sector.

The fused state of the bosonic spinon e and the vison m is the fermionic spinon or the

ϵ particle, which also carries a Z2 gauge charge. In the metallic Z2-FL* state, we can

augment the insulating classification by counting the charge, Q, of fermionic electron-like

quasiparticles. To each insulating sector, we can add a spectator electron c, and label the

resulting states as 1c, ec, mc and ϵc. The above discussion is summarized in Table 2.1.

Following the discussion of topological aspects, we introduce the following Hamiltonian
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which realizes the plain vanilla Z2-FL* to study the dynamics:

H = Hf +Hc +Hb (3.1)

Hf is a mean-field Hamiltonian which describes the fermionic spinons f of the Z2 spin

liquid at p = 0.

Hf = −
∑
rr′,σ

(χrr′ + µf δrr′)f
†
rσfr′σ +

∑
rr′

∆f
rr′ϵαβf

†
rαf

†
r′β +H.c. (3.2)

where the chemical potential µf is adjusted so that ⟨f †rσfrσ⟩ = 1 on every site, and the

spinon-hopping χrr′ and spinon-pairing ∆f
rr′ need to be determined self-consistently. We

will take the spinon hopping to be descended directly from the electron dispersion in the

cuprates, and so have no background flux. The spinon pairing will be taken to have a

d-wave form, as specified below.

In the FL* phase, we also require dopant charge carriers which have the same quantum

number as the electron and are neutral under the internal Z2 gauge field. These are the

c fermions, which are analogous to the green dimers in the lattice model described in

Ref. [230]. For these fermions, we choose a phenomenological dispersion Ec(k) which has

hole pockets centered at (±π/2,±π/2); most of the remaining discussion (barring section

3.4) will not require the explicit nature of the dispersion.

Hc =
∑
k,σ

ξk c
†
kσckσ, ξk = Ec(k)− µc (3.3)

Finally, we need to consider the coupling between the f spinons and the c electrons.

This can be obtained from a decoupling of the Kondo coupling between the f and c spins

via a Coqblin Shrieffer transformation [64] appealing to a large N generalization of SU(2)

spins [234]. However, here we restrict ourselves to a simple mean-field decoupling in terms

of the spin singlet bosonic chargons B1/2 (the the ϵc particle of Table 2.1) with spatially
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Figure 3.1: Schematic phase diagram of some phases arising from the Z2-FL*. A FL*
state with a spinon Fermi surface can be obtained at large magnetic fields by having both
⟨∆⟩ and ⟨B⟩ vanish (such a state would be a U(1)-FL* at zero T ).

local form factors F/F̃ :

Hb =
∑
r,r′

(B1Frr′)
∗f †rσcr′σ + (B2F̃rr′)

∗ϵαβcrαfr′β +H.c.

B1Frr′ ∼ f †rσcr′σ, B2F̃rr′ ∼ ϵαβcrαfr′β (3.4)

Now we can discuss the phases of the Hamitonian in Eq. (3.1) which are of interest

to us in this Chapter. The Z2-FL* is realized when ∆f
rr′ ̸= 0, and the bosonic chargons

are gapped, i.e, ⟨B1/2⟩ = 0. This is the phase with Fermi pockets of the c fermions. The

condensation of B1/2 (the ϵc particle in Table 2.1) leads to confinement of the Z2 gauge field

and induces superconductivity of the electron-like c fermions. At high magnetic fields, we

expect a suppression of superconductivity, which leads to a FL with a large Fermi surface.

This phase has ∆f
rr′ = 0 and ⟨B1⟩ ̸= 0 (but ⟨B2⟩ = 0), and the f spinon acquires a

charge [59] and therefore contributes to charge transport together with the c electron. A

mean-field phase diagram is presented in Fig. 3.1.

One may ask whether the phases we have described are stable beyond the mean-field

level, once we include the effects of fluctuations. Here, we argue that this is indeed the

case at T = 0. As long as the Kondo coupling between the c and the f fermions is weak,

the gap to the vison (m) excitation persists, and therefore the quantum numbers of the

excitations of the Z2 FL* state are topologically protected at T = 0 in d = 2 spatial

dimensions [270]. Once we are in any of the confined phases (superconductor or Fermi

liquid), the appearance of the Higgs condensate ⟨B1/2⟩ implies that the gauge fluctuations
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are strongly quenched. Hence, these phases are expected to be stable as well. The only

point of concern is the U(1) FL* which is obtained by destroying the spinon-pairing in

Section 3.4. Such a phase is known to be unstable in d = 2 to confinement with translation

symmetry breaking on the square lattice [254]. However, if the confinement length scale

is very large, the fermions should effectively realize a U(1) FL* state. This picture of an

effective deconfined phase has been supported by DMRG studies of a particular dimer

model of the U(1) FL* [160].

We end this section with a brief discussion of existing literature on confinement tran-

sitions out of a FL* phase with concomitant destruction of topological order. A su-

perconducting transition from a specific Z2-FL*, corresponding to a Z2 spin liquid with

favorable energetics and Ising-nematic order on the square lattice [243, 246, 254], was

studied in Chapter 2. The projective transformations of the fermionic spinon ϵ under lat-

tice symmetry operations typically led to spontaneous breaking of translation symmetry,

time reversal symmetry or both. In contrast, in this Chapter we look for transitions to

superconducting phases which arise from the plain vanilla Z2-FL* state described above.

We also note that separate confinement transitions out of the Z2-FL* can lead to long

range antiferromagnetic order [56, 97, 137] when the e-boson (see Table 2.1) condenses,

or to a metallic phase with density wave order [223] when the m-boson condenses. Quite

remarkably, all three confinement transitions, obtained by condensing the bosons in Table

2.1, correspond to observed instabilities in the hole-doped cuprates. A detailed discussion

of such unconventional metallic phases, quantum phase transitions and their relevance to

the cuprate phase diagram appeared in Ref. [244].

3.3 Confinement transitions to translation invariant superconduc-

tors

In this section, we describe the superconducting state obtained by a confinement tran-

sition that preserves translation invariance for generic spinon-pairing. Later, we assume

that the spinon-pairing form-factor ∆f
k is d-wave, and demonstrate that the resulting su-

perconductor is also a d-wave superconductor that has spectral properties consistent with

86



Chapter 3. FL* with bosonic chargons as a candidate for the pseudogap metal

the cuprates.

3.3.1 Induced superconductivity of the c fermions

The B bosons carry both Z2 gauge charge and electromagnetic charge e. Therefore, their

condensation is a Higgs transition that results in loss of the Z2 topological order. Further,

the pairing of the f fermions now induce a pairing between the c fermions, and therefore

the confined state is a superconductor. For the plain vanilla projective symmetry group

(PSG) [307] of the Z2-FL*, we can construct an effective bosonic Hamiltonian hB(k)

(described in detail in Ref. [46]), and look at its dispersion. The minima of the boson

dispersion would determine the wave-vector at which the B bosons condense. Here we

analyze the effects of condensation of B at Q = 0, so that we end up with translation

invariant superconductors. Note that this is allowed by the trivial PSG of the f fermions

in Eq. (3.2) for the plain vanilla Z2-FL* state. The discussion of translation symmetry

broken superconductors is presented in section 3.5.

Using translation invariance to go to momentum space, the Hamiltonian in Eq. (3.1) can

be recast in terms of a 4-component Nambu spinor Ψk as follows (neglecting a constant

energy off-set):

Hmf =
∑
k

Ψ†
kh(k)Ψk, where h(k) =



ξk 0 B1 −B2

0 −ξk −B∗
2 −B∗

1

B∗
1 −B2 εk ∆f

k

−B∗
2 −B1 ∆f∗

k −εk


, Ψk =



ck↑

c†−k↓

fk↑

f †−k↓


(3.5)

where we have restricted ourselves to simple on-site form factors (Frr′ , F̃rr′ ∼ δrr′). Now,

we can write down the partition function in imaginary time as follows:

Z =

∫
D(Ψ̄,Ψ)e−S , where S =

∑
k,iωn

Ψ̄(k, iωn) [−iωn + h(k)]Ψ(k, iωn) (3.6)

Since this is a Gaussian theory, we can integrate out the f spinons and find an effective

action for the c fermions. In order to do so, we write the 4-component Nambu spinor
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Ψ(k, iωn) in terms of two 2-component spinors ψc and ψf as follows:

Ψ(k, iωn) =

ψc(k, iωn)
ψf (k, iωn)

 where ψc(k, iωn) =

 ck↑(iωn)

c†−k↓(−iωn)

 and ψf is defined analogously

(3.7)

In terms of this the imaginary time action can be recast as (suppressing the indices (k, iωn)

for clarity):

S =
∑
k,iωn

(
ψ̄c ψ̄f

)G−1
c B

B† G−1
f


ψc
ψf

 , where

G−1
c =

−iωn + ξk 0

0 −iωn − ξk

 , G−1
f =

−iωn + ϵk ∆f
k

∆f∗
k −iωn − ϵk

 , and B =

 B1 −B2

−B∗
2 −B∗

1


(3.8)

Now we integrate out the f spinons using standard Grassman integration, resulting in the

following effective action for the c fermions:

Seffc =
∑
k,iωn

ψ̄c

(
G−1
c −BGfB

†
)
ψc (3.9)

The diagonal elements of the second term result in self-energy corrections to the c fermion

pcropagator, whereas the off-diagonal elements contain information about the induced

paring of the c fermions. We interpret the upper off diagonal element in the effective

action Seffc as:

∑
k,iωn

∆c(k, iωn)c
†
k,↑(iωn)c

†
−k,↓(−iωn), where ∆c(k, iωn) =

B2
1∆

f
k −B2

2∆
f∗
k − 2B1B2ϵk

ϵ2k +
∣∣∆f

k

∣∣2 − (iωn)2

(3.10)

For temperatures much smaller than the Fermi energy, we can ignore the frequency (ωn)

dependence at small frequencies, since the pairing will be induced between the low-energy

c fermions near the Fermi surface which have finite momenta but nearly zero energy.
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Therefore, we set iωn = 0 in the above expression to arrive at the main result of this

section:

∆c(k) =
B2

1∆
f
k −B2

2∆
f∗
k − 2B1B2ϵk

ϵ2k +
∣∣∆f

k

∣∣2 , as T → 0 (3.11)

This shows that the pairing of the f spinons induces a pairing of the c fermions. In par-

ticular, assuming that the spinon-pairing ∆f
k is real, in the regimes where one condensate

is much stronger than the other, i.e, B1/B2 ≫ 1 or ≪ 1, we can neglect the cross-term,

and the c-pairing has approximately the same form-factor as the f-pairing. For example,

in the regime B1/B2 ≫ 1, we find that:

∆c(k) =
B2

1∆
f
k

ϵ2k +
∣∣∆f

k

∣∣2 (3.12)

On the c Fermi surface given by ξk = 0, which will generically be away from the f

Fermi surface given by ϵk = 0, the denominator causes a small amplitude modulation and

the c superconductivity will be roughly proportional to ∆f
k. Therefore, in this regime,

d-wave pairing between the spinons leads to d-wave pairing of the c fermions as well

upon condensation of the bosons. We comment that B1/B2 ≫ 1 is also the regime with

experimentally observed spectral properties of the cuprates, as discussed in subsection

3.3.2.

3.3.2 Spectrum for nodal superconductivity

In this subsection, we discuss the spectrum of the d-wave superconductor obtained via

the confinement transition, with particular focus on the number of nodal quasiparticles.

In presence of superconductivity ∆f
k of the f fermions, we showed in the previous section

that superconductivity with an identical form factor will be induced in the c fermions

as well upon the confinement transition. Consider a large f Fermi surface (analogous to

the overdoped FL phase of the cuprates). Right after the transition, both c and f Fermi

surfaces correspond to zero-energy quasiparticles which have charge e and spin half. Hence,

if the f superconductivity is d-wave, i.e, ∆f
k = ∆d(coskx − cosky), then there will be four
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nodal points on the f fermi surface, and eight more nodal points for the c pockets as the

nodal line intersects each pocket twice. We show that once one gets well into the confined

phase by increasing the condensate strength B1/2 the number of nodal points reduces to

four, as observed by spectroscopic probes. Since we preserve the full C4 square lattice

symmetry, we restrict ourselves to studying one quarter of the full BZ (0 ≤ kx, ky ≤ π).

0 π

2
π

0

π

2

π
0

π

2 π

0

π

2

π

kx

k y

(a) Fermi surface of the f fermions when
∆f = 0 (blue), Fermi pocket of c fermions
(yellow) and the nodal line kx = ky (green)
in part of the full BZ

π

2
π
kx

-1

1

Energy

(b) Cuts of the dispersions ξk of the c
fermions (yellow) and ϵk of the f spinons
(blue) plotted along the nodal line kx = ky
with ∆f = 0

Figure 3.2: Simple model of the f and c Fermi surfaces when ∆f = 0 and Bi = 0

We illustrate the evolution of the nodes with a generic model which has a c fermion

pocket centered at Ko = (π/2, π/2), coupled to the f spinons, with a large Fermi surface

plotted in Fig. 3.2. We now use the mean field Hamiltonian in Eq. (3.5) to find the nodes

of the excitations when we turn on ∆f
k and condense Bi. The resultant excitations have a

pair of doubly spin-degenerate bands, which are given by:

E2
± = B⃗2 +

1

2

[
(∆f )2 + ϵ2 + ξ2

]
±1

2

√
[(∆f )2 + ϵ2 − ξ2]

2
+ 4B⃗2 [(∆f )2 + ϵ2 + ξ2] + 8ϵ ξ(B2

1 −B2
2) + 16B1B2∆f ξ ,

(3.13)

where B⃗ = (B1, B2), which we have assumed to be real under appropriate gauge choice,
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and we have also suppressed the index k for clarity. From Eq. (3.13) we can see that

E+(k) ̸= 0 whenever B⃗2 ̸= 0, so two degenerate bands are completely gapped. The

condition for finding a gapless point in E−(k) can be reduced to:

(B2
2 −B2

1 + ϵ ξ)2 + (2B1B2 −∆ ξ)2 = 0 (3.14)

Let us investigate Eq. (3.14) when B1 ̸= 0 and B2 = 0. This implies that a gapless point

has ϵk ξk = B2
1 > 0, and ∆k ξk = 0. From the first condition, ξk ̸= 0, so we require

∆k = 0 and therefore any gapless point must lie on the nodal line kx = ky. Now we look

back at the dispersions on the nodal line given in Fig. 3.2. Since B2
1 ̸= 0, we require that

the product ϵk ξk
∣∣
kx=ky

= B2
1 > 0. For small B2

1 , the modulations in the product near

kx = ky = π/2 implies there are multiple solutions, as can be seen from Fig. 3.2. However,

for shallow c pockets and a generic large f Fermi surface which are required for consistency

with spectroscopic experiments (see section 3.4.1 for further details on the Fermi surface

evolution), only the solution corresponding to kx < π/2 survives large B2
1 . Therefore, we

have a single node of excitations per quadrant of the BZ (ignoring spin degeneracy). Since

Eq. (3.14) are analytic in B1 and B2, turning on a small B2 can shift the nodes away from

the kx = ky line. However, it cannot change the number of nodes. Hence for large B1 and

small B2, we have the desired number of nodes. This is illustrated in Fig. 3.3.

Similarly, one can also argue that for large B2 and small B1, we have a single nodal

point per quadrant, assuming that the c fermion band is quite shallow along the nodal

line. In this case, for B1 = 0 we require that ϵk ξk = −B2
2 < 0, which is only satisfied for

kx > π/2 when B2 is large enough. This does not change when we turn on a small B1,

as previously argued. However, the experimentally observed nodes in the cuprates are at

kx < π/2, so the previous scenario is more relevant for the cuprates.

It is worthwhile to note here that even if the form factors Frr′ and F̃rr′ deviate from

on-site interactions and we have extra momentum-dependent pre-factors in B1/2(k), the

number of nodes will not change unless B1/2(k) go to zero near the nodal points. Therefore,

this disappearance of the extra nodes is quite robust. Further, the shift of the nodes from

the line kx = ky is parametrically small if either B1 or B2 is small. A recent work [94]
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π
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kx

-0.15

0.15

0.3

Figure 3.3: This plot shows ϵk ξk along the nodal line kx = ky (dotted blue), B2
1 =

0.25 (purple), B2
1 = 0.16 (brown) and B2

1 = 0.09 (orange). The intersection points,
corresponding to the nodes, are marked with red dots. As argued in the text, there are 3
nodes for small B1, and only one for large B1 for 0 ≤ kx ≤ π.

looked at the dimer model of FL* presented in Ref. [230], and their mean-field treatment of

bosonic spinons as low energy excitations of the spin liquid led to a d-wave superconductor

(more accurately, an SC* with topological order) with eight nodes. But as our argument

shows, using fermionic spinons and driving a confinement transition will ultimately lead

to a d-wave superconductor with four nodes, as has been observed in photo-emission

experiments [67, 300].

Finally, we also plot the full spectrum of the Bogoliubov quasiparticles in the d-wave

superconducting phase in this model in Fig. 3.4. In the parameter regime of the supercon-

ducting phase with 4 nodes, the spectrum has low energy Bogoliubov excitations in around

the nodes. Once we include the anisotropic quasiparticle residue Z for the c fermions [232],

these can give rise to the Bogoliubov arcs observed in STM experiments [89].

3.4 Evolution of the Hall Number

In this section, we investigate the FL* at high magnetic fields, which suppress supercon-

ductivity. We assume in this section that the spinon pairing ∆f vanishes in FL* state,

which makes it smoothly connected to a U(1)-FL* at zero T . In the confined FL phase,

self-consistency (Eq. (3.11)) implies that neither the c nor the f fermions have any pair-
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Figure 3.4: (Color online) Schematic density plot of the energy of the lower band of
quasiparticle excitations in the superconducting state, for ⟨B1⟩ ̸= 0. Note the four low
energy (dark blue) arcs through the nodal points.

ing. In absence of pairing of the f spinons, their number is conserved, and therefore they

couple to a U(1) internal gauge field. However the confinement transition locks this gauge

field to the external U(1) gauge field which couples to the c electrons [59]. Therefore, the

f fermions also gain a charge and contribute to the Hall conductance. Ref. [244] proposed

that this can be a possible explanation for the transition of the Hall number nH (which

measures the number of carriers) from p to 1 + p near optimal doping. Here we consider

a concrete model and numerically evaluate nH in the FL* and FL phases to show this

transition.

3.4.1 Evolution from a small Fermi surface to a large one

In the FL* phase, the only quasiparticles carrying charge are the c fermions. At the

optimal doping critical point pc, confinement to FL and subsequent acquirement of charge

by the f fermions result in co-existence of hole-pockets with a large Fermi surface, with

both quasiparticles coupling to the external electromagnetic field. As the chargon (B)
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condensate grows stronger, the hole pockets grow smaller and disappear, and we are left

with a large Fermi surface.

In order to write down the c and f band structures and their coupling B, we note a few

desired features. Firstly, the f spinons should have a large Fermi surface that ultimately

resembles the generic cuprate Fermi surface in the confined phase on the overdoped side.

On the other hand, the c electrons should have hole-pockets around (±π/2,±π/2) in the

FL* phase. Such hole pockets can be obtained from a lattice model of the FL* as described

in Ref. [230], but we choose a slightly different phenomenological dispersion which has some

additional favorable features. Just into the confined phase, both the hole-pockets and the

large Fermi surface are present. We want the hole pockets to disappear for small enough

values of B since they would otherwise contribute extra nodes in the superconducting

phase which are not observed. The large Fermi surface should not get very distorted at

the doping where the hole pockets disappear, and this implies that the c and f Fermi

surfaces have similar curvature in the overlapping region. We also want the large Fermi

surface to not reconstruct into pockets or go past the Van Hove filling for some range of

doping after the disappearance of the hole-like Fermi pockets. All the above requirements

are satisfied by the following dispersions:

Hc =
∑
k,σ

ξkc
†
kσckσ, and Hf =

∑
k,σ

ϵkf
†
kσfkσ where

ξk = −4t̃2 cos(kx) cos(ky)− 2t̃3 [cos(2kx) + cos(2ky)] +
√
4t̃21 ( cos(kx) + cos(ky))2 +∆2 − µc,

ϵk = −2t1(cos(kx) + cos(ky))− 4t2 cos(kx) cos(ky)− 2t3( cos(2kx) + cos(2ky))− µf (3.15)

These dispersions are plotted in Fig. 3.5.

Further, we also need the hybridization to be maximum near the pockets to suppress

them quickly, and minimal at the antinodal regions to avoid significant distortion of the

large Fermi surface. This can be achieved by allowing the Kondo hybridization to include

further local terms in real space, beyond a simple on-site term. Moving to momentum
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Figure 3.5: (Color online) Plot of the Fermi surfaces from the dispersions in Eq. (3.15),
using t̃1 = 0.6, t̃2 = −0.2, t̃3 = 0.1,∆ = 0.2, µc = −0.21, t1 = 0.35, t2 = 0, t3 = 0.05, µf =
−0.03. Yellow curves denote the hole-like c pockets. The blue contour is the large f Fermi
surface.

space, we postulate a momentum-dependent form factor of the form:

B1(k) ≡ Bk = B
[
sin2(kx) + sin2(ky)

]
(3.16)

Using Eqs. (3.15) and (3.16) we plot the evolution of the Fermi surfaces of the quasi-

particles in the FL phase for a phenomenological B that increases linearly with doping

beyond the optimal doping critical point pc. We first fix the chemical potentials µc and

µf , given the hole-doping p, taking into account the effect of self-energies corrections to

the occupancies of c and f fermions in the FL phase. To do so, one can diagonalize the

Hamiltonian in Eq. (3.1) by the following unitary transformation in terms of new fermionic

operators γkσ± [273]:

ckσ = ukγkσ+ + vkγkσ−, fkσ = vkγkσ+ − vkγkσ+ where (3.17)

Ek± =
ϵk + ξk

2
±

[(
ϵk − ξk

2

)2

+B2
k

]1/2
, uk =

Bkvk
Ek+ − ξk

, u2k + v2k = 1(3.18)
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The chemical potentials µc and µf are fixed by numerically solving the following equations:

1

V

∑
k,σ

⟨c†kσckσ⟩ =
2

V

∑
k

u2k nF (Ek+) + v2k nF (Ek−) = 2− p,

1

V

∑
k,σ

⟨f †kσfkσ⟩ =
2

V

∑
k

v2k nF (Ek+) + u2k nF (Ek−) = 1 (3.19)

We then use these chemical potentials to calculate and plot the dispersions of the two

quasiparticle bands in the FL phase in Fig. 3.6. We note from Fig. 3.6 that the large

Fermi surface remains smooth and resembles the generic cuprate Fermi surface for a range

of doping beyond p ∼ 0.2 when the hole pockets disappear.
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Figure 3.6: (Color online) Evolution of the Fermi surfaces in the FL phase, color-coded
by doping p. We chose B = 4(p − pc)Θ(p − pc), with pc = 0.16; hopping parameters are
identical to the ones used for Fig. 3.5

.

3.4.2 Calculation of nH

The charge response of the system can be calculated in the relaxation time approximation

using the Boltzmann equation [335] or Green’s functions [301]. Consider a single band of
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charge e free fermions with (grand-canonical) dispersion Ek. In both the above approaches,

the Hall conductivity of this band (for large lifetime τ) can be written down as follows in

terms of the velocity vα(k) = ∂kαεk and volume V of the system:

σxy = −e
3τ2

V

∑
k,σ

[
∂2Ek

∂k2x

∂2Ek

∂k2y
−
(
∂2Ek

∂kx∂ky

)2
]
nF (Ek) (3.20)

whereas the diagonal conductivity is given by:

σαα =
e2τ

V

∑
k,σ

v2α(k)

(
−∂nF
∂Ek

)
=
e2τ

V

∑
k

(
∂2Ek

∂k2α

)
nF (Ek), where α = x, y (3.21)

In the FL* phase, only the c fermions couple to the external gauge field and contribute to

the Hall current. The Hall resistance RH can be calculated in terms of the band structure

of the c fermions using Eqs. (3.20) and (3.21):

RH =
σxy

σxxσyy
(3.22)

In the confined FL phase, we get two bands Ek± of charge-carrying quasiparticles, with

dispersion given by Eq. (3.18). If we neglect scattering between bands, we can just add

the individual conductivity contributions of the two bands to get:

RH =
σ+xy + σ−xy

(σ+xx + σ−xx)(σ
+
yy + σ−yy)

(3.23)

The Hall number nH , which is an approximate measure of the number of carriers, is then

given by:

nH = (RHe)
−1 (3.24)

We plot nH as a function of doping in Fig. 3.7, where we find that there is indeed a jump

from p in the underdoped regime (where we have ignored additional density wave orders)

to roughly 1+ p in the overdoped regime, at pc = 0.16, where we have the transition from

FL* to a Fermi liquid. The higher value of the Hall no. in both phases comes from the
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fact that for non-circular Fermi pockets, the Hall no. nH overestimates the true density

of careers in the pocket (see Appendix. B.1).

0.06 0.11 0.16 0.21
p

0.5

1.0

1.5

nH

Figure 3.7: (Color online) Numerically obtained nH as a function of doping p. Note the
jump at pc = 0.16. The purple line denotes p, and the red line denotes 1 + p

We note that nH changes discontinuously at the critical doping pc at T = 0. This

is generically true in a FL* with bosonic chargons [59], as half-filled band of fermionic

spinons will discontinuously gain a charge at the transition from FL* to FL. Upon including

fluctuation corrections to the present mean-field theory, we expect that the discontinuity

will be rounded at finite temperature, but will remain a discontinuity at zero temperature.

3.5 Confined phases with broken translation symmetry

In this section, we discuss confinement transitions of the Z2-FL* with simultaneous break-

ing of translation symmetry. This happens when the bosons B1/2 condense at finite

momenta {Qi}. As discussed earlier, one can determine the momenta at which this con-

densation occurs by a PSG analysis for a given spin liquid. However, here we restrict

ourselves to a systematic analysis of the generic consequences of such a phase transi-

tion, and show that one can indeed find a phase with uniform d-wave superconductivity,

co-existing with charge density waves PK(k) and pair-density waves ∆K(k) at the same

wave-vector K, as observed in STM experiments. Well within the confined phase, the

small pockets are suppressed below the Fermi level and these density waves mainly affect
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the large Fermi surface.

For the sake of completeness, we recall the definitions of the generalized density-wave

order parameters at momenta {Kl} [52, 245, 259].

Prr′ = ⟨c†rσcr′σ⟩ =
∑
Kl

[
1

V

∑
k

eik·(r−r′)PKl
(k)

]
eiKl·(r+r′)/2

∆rr′ = ⟨ϵαβcrαcr′β⟩ =
∑
Kl

[
1

V

∑
k

eik·(r−r′)∆Kl
(k)

]
eiKl·(r+r′)/2 (3.25)

When PKl
(k) is independent of k (s-wave), then it corresponds to on-site charge density

oscillations at momentum Kl. When When PKl
(k) is a non-trivial function of k, then

it corresponds to charge density oscillations on the bonds, and has also been referred to

as a bond density wave in the literature [52, 245, 259]. In particular, we focus on a few

important form factors for the bond density waves which will be relevant to this Chapter:

s′ form factor with PKl
(k) ∼ cos(kx) + cos(ky), and

d form factor with PKl
(k) ∼ cos(kx)− cos(ky) (3.26)

A similar characterization holds for the pair-density wave order parameter ∆K(k) as well.

We first analyze the simpler case with Ising nematic order where the fourfold rotational

symmetry of the square lattice is broken to C2, and then proceed to the full C4 symmetric

case.

3.5.1 Phases in presence of nematic order

Presence of an additional Ising nematic order in the FL* state breaks the C4 symmetry of

the square lattice. This lifts the degeneracy between the energy eigenstates of the effective

bosonic Hamiltonian hB at Q and ẑ × Q. However, as described in Ref. [46], inversion

acts linearly on the B bosons, so we must have hB(Q) = hB(−Q). This implies that the

condensate strengths (which are related to the components of the eigenvector of hB) at
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both these momenta are the same [46]. Therefore, we describe the condensates as:

B1r

B2r

 =

B1

B2

 eiQ·r +

B1

B2

 e−iQ·r (3.27)

Using Eq. (3.27), we can rewrite the Hamiltonian in Eq. (3.4) as:

Hb =
∑
k

B∗
1 f

†
kσck+Qσ +B∗

2 ϵαβ ckαf−k−Qβ + (Q → −Q) +H.c. (3.28)

In order to make further analytic progress, we choose Q to be commensurate, so that NQ

is an integer multiple of 2π for integer N . Therefore, we work with the reduced BZ, where

we can write the action in blocks as follows (suppressing the indices iωn for clarity):

S =
N−1∑
m=0

∑
k,iωn

(
ψ̄c,k+mQ ψ̄f,k+(m+1)Q

)G−1
c,k+mQ B

B† G−1
f,k+(m+1)Q


 ψc,k+mQ

ψf,k+(m+1)Q

 , where

G−1
c,k =

−iωn + ξk 0

0 −iωn − ξk

 , G−1
f,k =

−iωn + ϵk ∆f
k

∆f∗
k −iωn − ϵk

 , and B =

 B1 −B2

−B∗
2 −B∗

1


(3.29)

Now, we can integrate out the f fermions from the Gaussian action, and find an effective

action for the c fermions as we did in the previous section. We find that the effective

action is given by:

Seffc =

N−1∑
m=0

∑
k,iωn

ψ̄c,k+mQ

(
G−1
c,k+mQ −B

[
Gf,k+(m+1)Q +Gf,k+(m−1)Q

]
B†
)
ψc,k+mQ

+ψ̄c,k+(m−1)Q

(
BGf,k+mQB

†
)
ψc,k+(m+1)Q + ψ̄c,k+(m+1)Q

(
BGf,k+mQB

†
)
ψc,k+(m−1)Q

(3.30)

The diagonal terms correspond to uniform superconductivity, whereas the off-diagonal

terms are responsible for density waves. Below, we describe each of these order parameters.

First, we look at uniform superconductivity. The c fermion pairing term in the low

100



Chapter 3. FL* with bosonic chargons as a candidate for the pseudogap metal

frequency limit (iωn → 0) is given by:

∆c(k+mQ, iωn → 0) = (B2
1 −B2

2)

 ∆f
k+(m−1)Q

ϵ2k+(m−1)Q +
∣∣∆f

k+(m−1)Q

∣∣2 +
∆f

k+(m+1)Q

ϵ2k+(m+1)Q +
∣∣∆f

k+(m+1)Q

∣∣2


− 2B1B2

 ϵfk+(m−1)Q

ϵ2k+(m−1)Q +
∣∣∆f

k+(m−1)Q

∣∣2 +
ϵfk+(m+1)Q

ϵ2k+(m+1)Q +
∣∣∆f

k+(m+1)Q

∣∣2


(3.31)

If we let k belong to the full B.Z., we can re-write this term as:

∆c(k, iωn → 0) = (B2
1 −B2

2)

(
∆f

k−Q

ϵ2k +
∣∣∆f

k−Q

∣∣2 +
∆f

k+Q

ϵ2k +
∣∣∆f

k+Q

∣∣2
)

− 2B1B2

(
ϵfk−Q

ϵ2k +
∣∣∆f

k−Q

∣∣2 +
ϵfk+Q

ϵ2k +
∣∣∆f

k+Q

∣∣2
)

(3.32)

We again assume that the f Fermi surface, given by ϵk = 0, is far from the c Fermi surface,

and take the limit of B1/B2 ≫ 1. Then, we can approximately estimate the form-factor

of the induced superconducting order parameter as:

∆c(k, iωn → 0) ∼ ∆f
k−Q +∆f

k+Q = 2∆d (cos Qx cos kx − cos Qy cos ky) (3.33)

This is a nodal superconductor, but the nodes are shifted from the diagonal kx = ±ky lines

unless the ordering wave-vector Q is diagonal. However, in STM experiments [103, 104],

the observed ordering wave-vector is mainly axial — this would result in nodes away from

the diagonal lines which is inconsistent with spectroscopic data. In section 3.5.2, we show

that in presence of full C4 symmetry, this feature goes away and we can find a d-wave

superconductor with nodes along kx = ±ky.

In addition to uniform d-wave superconductivity we find that we also have Cooper

pairing at finite momentum K = 2Q, as the action Seffc explicitly contains off-diagonal

terms which are pairing between the c fermions at momenta k+Q and −k+Q. Analogous

to the uniform superconducting case, we look for the following term in Seffc to find the
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pair-density wave (PDW) order parameter:

∑
k,iωn

∆2Q(k, iωn)c
†
k−Q,↑(iωn)c

†
−k−Q,↓(−iωn) (3.34)

Such a term is indeed present, and the PDW order parameter at low frequency (iωn → 0)

is given by:

∆c
2Q(k, iωn → 0) =

(B2
1 −B2

2)∆
f
k − 2B1B2ϵk

ϵ2k +
∣∣∆f

k

∣∣2 (3.35)

An analogous PDW term is present at momentum K = −2Q as well. Again, in the limit

where B1 ≫ B2, we have a form-factor which is proportional to ∆f
k. Therefore, in this

regime, we have a PDW with a d-wave form factor.

Further, there is a charge density wave as the same wave-vector K = 2Q, as the off-

diagonal term in Seffc again break translation symmetry explicitly in the particle-hole

channel as well. From a term in Seffc of the form:

∑
k,iωn

P2Q(k, iωn)c
†
k−Q,σ(iωn)ck+Q,σ(iωn) (3.36)

we find that the density wave order parameter is given in the low frequency limit by:

P2Q(k, iωn → 0) =
(|B1|2 − |B2|2)ϵk − (B∗

1B2 +B∗
2B1)∆

f
k

ϵ2k +
∣∣∆f

k

∣∣2 (3.37)

In particular, in the regime B1/B2 ≫ 1, the term proportional to the s (s′)-wave ϵk

dominates. That ϵk is predominantly s′ follows from the dispersion of the f spinons which

must give rise to a C4 symmetric large Fermi surface in the overdoped regime (as shown in

Fig. 3.5), to be consistent with the Fermi liquid at large doping. Therefore, this is a state

with a s (s′)-wave charge density coexisting with d-wave superconductivity and d-wave

PDW, provided that the f superconductor has a d-wave form factor ∆f
k.
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3.5.2 Phases with full C4 rotation symmetry

In presence of full C4 rotation symmetry, the simplest situation corresponds to the B

bosons transforming linearly (and not projectively) under π/2 rotations. This follows

from the trivial PSG of the f fermions in the plain vanilla Z2-FL*. In this case, the boson

dispersion will have four minima at ±Q and ±Q̃, where Q̃ = ẑ×Q. In the absence of extra

projective phase factors, we have hB(Q) = hB(−Q) = hB(Q̃) = hB(−Q̃). Therefore, we

have describe the condensate as:B1r

B2r

 =

B1

B2

(eiQ·r + e−iQ·r + eiQ̃·r + e−iQ̃·r
)

(3.38)

Then, we can rewrite the Hamiltonian in Eq. (3.4) as:

Hb =
∑
k

[
B∗

1 f
†
kσck+Qσ +B∗

2 ϵαβ ckαf−k−Qβ + (Q → −Q) + (Q → Q̃) + (Q → −Q̃)
]
+H.c.

(3.39)

The rest of the calculations are analogous to subsection 3.5.1. In the reduced BZ, the

action is given by (using (k,m, n) to denote momentum k+mQ+ nQ̃):

S =
N−1∑
m,n=0

∑
k,iωn

(
ψ̄c,k,m,n ψ̄f,k,m+1,n ψ̄f,k,m,n+1

)
G−1
c,k,m B B

B† G−1
f,k,m+1,n 0

B† 0 G−1
f,k,m,n+1




ψc,k,m,n

ψf,k,m+1,n

ψf,k,m,n+1


(3.40)

On integrating out the f fermions, we obtain the effective action:

Seffc =
N−1∑
m=0

∑
k,iωn

ψ̄c,k,m,n

(
G−1
c,k,m,n −B [Gf,k,m+1,n +Gf,k,m−1,n +Gf,k,m,n+1 +Gf,k,m,n−1]B

†
)
ψc,k,m,n

+ψ̄c,k,m−1,n

(
BGf,k,m,nB

†
)
ψc,k,m+1,n + ψ̄c,k,m+1,n

(
BGf,k,m,nB

†
)
ψc,k,m−1,n

+ψ̄c,k,m,n−1

(
BGf,k,m,nB

†
)
ψc,k,m,n+1 + ψ̄c,k,m,n+1

(
BGf,k,m,nB

†
)
ψc,k,m,n−1

(3.41)
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From this, we can deduce the form factor of the induced c superconductivity, in the

iωn → 0 and B1/B2 ≫ 1 limit when ∆f
k is d-wave:

∆c(k, iωn → 0) ∼ ∆f
k−Q +∆f

k+Q +∆f

k−Q̃
+∆f

k+Q̃

= 2∆d(cos Qx + cos Qy) (cos kx − cos ky) (3.42)

Therefore, we have induced d-wave superconductivity of the c fermions with nodes along

the diagonal lines kx = ±ky. This d-wave form factor is independent of the wave-vector

Q, and therefore here we can allow Q to be axial unlike the nematic case.

A calculation similar to section 3.5.1 shows one also has co-existing charge density

waves and PDW at the same wave-vector K = 2Q (and also at momenta related by

π/2 rotations). Their descriptions are identical to the nematic case. In particular, in

the iωn → 0 and B1/B2 ≫ 1 limit, the form factors are predominantly s (s′) for the

charge density wave and d for the PDW. Therefore, although the appearance of induced

density waves in the particle-particle and particle-hole channels at the same-wave vector

are concommitant with uniform d-wave superconductivity, their form factors are flipped

— in STM experiments the charge density wave has a d-form factor and the PDW has a

s (s′) form factor [103].

3.6 Conclusions

We have analyzed several aspects of a plain vanilla Z2-FL* metal as a possible candidate for

the pseudogap phase of the high Tc cuprates (a related model was studied in Refs. [192,

238, 239]). In particular, we have shown how to obtain a d-wave superconductor with

consistent spectral properties via a confinement transition. This d-wave superconductor

is very similar to that obtained in the plain vanilla RVB theory [6].

We also analyzed confinement transitions accompanied by spontaneous translation symmetry-

breaking, and found that a state with charge density waves and pair density waves at the

same wave-vector K, together with uniform d-wave superconductivity falls out remarkably

out of a confinement transition. A very similar state has been observed in recent STM

experiments [103], only differing in the form-factors of the associated density-wave orders.
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Finally, we also calculated the evolution of the Hall coefficient in the normal state, and

demonstrated the jump from p to 1 + p across the critical point near optimal doping. We

argued that at T = 0, a FL* with bosonic chargons will always give a discontinuous jump

at the transition, even after accounting for fluctuations in the mean field theory [59]. The

jump will be rounded by fluctuations at T > 0, though. The data of Refs. [12, 151] show a

smooth evolution which does not sharpen upon lowering the temperature, and so appears

to be incompatible with the present model. Nevertheless, we need measurements at low

T to definitively rule out the present model of bosonic chargons.

Other theories can better match the evolution of the Hall effect in Refs. [12, 151]. The

simplest of these assumes the presence of the (π, π) antiferromagnetic order which vanishes

at the quantum critical doping [286]. Spiral antiferromagnetic order also yields a similar

evolution [77]. While magnetic order is clearly not present near optimal doping in zero

field, the possibility of magnetic field induced antiferromagnetism has not yet been ruled

out. NMR or muon spin resonance experiments are promising routes to settling this issue.

However, these models suggest an attractive option in which the magnetic order is not

long-ranged, but quantum-fluctuating with only intermediate range correlations. Such

a model of quantum fluctuating order leads to a Z2-FL* model of the pseudogap with

low energy fermionic chargons [232, 244, 248]. Indeed, the evolution of the Hall effect

in one of such models [244] is essentially identical to that in the theory which assumes

incommensurate spiral order [77]. So the current status is that a pseudogap model with

fermionic chargons is in better accord with recent Hall effect observations [12, 151] near

optimal doping than the plain vanilla Z2-FL* model with bosonic chargons considered in

the present Chapter.
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Life is like riding a bicycle. To keep your balance you

must keep moving.

Albert Einstein

4
Transport across antiferromagnetic and topological quantum

transitions

4.1 Introduction

Recent experimental results on the Hall coefficient in hole doped cuprates [12] suggest the

existence of a quantum critical point (QCP) near optimal doping, at which the charge-

carrier density changes by one hole per Cu atom. Results consistent with such a scenario

were also found in the electrical [60, 151] and thermal [198] conductivities of various

cuprate materials. Such a change of the carrier density with decreasing hole doping could

be caused by various QCPs. In one scenario, the appearance of long-range commensurate

antiferromagnetic (AF) [286], incommensurate antiferromagnetic [77] or charge-density

wave (CDW) order [275] leads to a reconstruction of the Fermi surface. In an alternative

scenario, the QCP is associated with the appearance of a pseudogap metal with topological

order [44, 77, 135, 232, 244, 323]. At finite temperature, a suppression of the Hall number

could also be obtained as a result of strongly anisotropic scattering by dynamical CDW

fluctuations [35].

Ideally, one would like to resolve the Fermi surface on both sides of the QCP with
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spectroscopic probes like ARPES, or using quantum oscillation measurements. In the

underdoped regime the former resolves arcs, and it is not clear whether these are closed into

Fermi pockets. Quantum oscillation experiments are difficult in the underdoped cuprates

due to restrictions on the sample quality or accessible temperatures and magnetic fields.

In the underdoped regime, quantum oscillations have only been observed near a doping

of 1/8 hole per Cu site, where the ground state shows charge-density wave order in high

magnetic fields [40, 71, 92, 139, 157, 158, 313, 314].

Given the lack of direct evidence, it is desirable to further explore the consequences

of different proposals for the QCP at optimal doping and make predictions for feasible

measurements. Changes in the Hall coefficient are very similar in all proposals involving a

reconstruction of the large Fermi surface into small Fermi pockets with decreasing doping.

In this Chapter, we therefore present a detailed discussion of transport properties near a

QCP where static or fluctuating antiferromagnetic order disappear. The former could be

due to commensurate or incommensurate spin-density wave order. The latter is associated

with Fermi liquids with a certain class of topological order [244]: as we will describe in

Sec. 4.6, these have transport properties very similar to those of conventional Fermi liquids

with magnetic order at low temperature.

Transport properties of d-wave superconductors have mostly been studied in the clean

limit. In this case, thermal transport is universal in the sense that the thermal conductivity

depends only on the number of nodes, the Fermi velocity and the gap velocity [72]. Some

cuprate materials are, however, not in the clean limit around optimal doping. It is therefore

interesting to complement studies of the clean limit by the dirty limit, and in the presence

of additional symmetry-breaking order parameters.

This Chapter is organized as follows. In Sec. 4.2, we introduce our most general Hamil-

tonian, and derive expressions for the Green’s function and the thermal current and con-

ductivity from linear response theory. Then, in Sec. 4.3, we discuss analytic and numerical

results for the conductivity across the antiferromagnetic QCP in the metallic limit. We

extend our results to include additional superconductivity in Sec. 4.4, discuss the clean

and dirty limits, and also make connections with the universal Durst-Lee formula [72]. In

Sec. 4.5, we extend our analysis for the dirty superconductor to include a phenomenological
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doping-dependent scattering rate, and find good qualitative agreement of the longitudinal

conductivities and Hall angle with recent transport experiments [60, 198]. We present

an alternate model of the pseudogap phase as a topological metal in Sec. 4.6, and argue

that a Higgs transition across a topological QCP results in identical charge and energy

transport. We end with a discussion of the effect of additional excitations and fluctuations

beyond our mean-field picture of the transition on the transport properties in Sec. 4.7,

and a summary of our main results in Sec. 4.8.

4.2 Model and formalism

4.2.1 Hamiltonian

We consider a mean-field Hamiltonian describing the coexistence and competition of su-

perconductivity and spiral antiferromagnetism [287, 317] in the presence of disorder,

H = H0 +HSC +HAF +Hdis

H0 =
∑
k

ξkc
†
kσckα

HSC =
∑
k

∆k

(
c†k↑c

†
−k↓ + c−k↓ck↑

)
HAF = −

∑
i

mi · Si = −A
∑
k

(
c†k↑ck+Q↓ + c†k+Q↓ck↑

)
, (4.1)

where ξk = −2t(cos kx + cos ky) − 4t′ cos kx cos ky − µ is the fermionic dispersion, ∆k =

∆d(coskx − cosky) is the superconducting pairing gap with d-wave symmetry and mi =

2A [x̂ cos(Q · ri) + ŷ sin(Q · ri)] is the in-plane local magnetization that corresponds to

Néel order if the ordering wave vector Q = (π, π) is commensurate and spiral order for

incommensurate Q = (π − 2πη, π). In the following we set t = 1 and use it as the unit

of energy. Hdis describes impurity scattering of the electrons, the effects of which will be

taken into account by a finite scattering rate Γ = (2τ)−1, where τ is the quasi particle

lifetime of the low-energy electrons.

We evaluate the thermal conductivity in various regimes, including metals with com-

mensurate or incommensurate fluctuating or long-range antiferromagnetic order, or super-
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conductors in the presence of the latter two orders. We distinguish between the clean limit

in which Γ ≪ ∆d, and the dirty limit Γ ≫ ∆d. In the clean limit, transport is dominated

by contributions from the nodes, while in the dirty limit the nodal structure is washed

out and the entire Fermi surface contributes to transport. Throughout our computation,

we assume that both Γ and ∆d are much smaller than the Fermi energy EF . Except close

to the QCP, they are also significantly smaller than the antiferromagnetic gap.

For simplicity, we first choose Γ to be independent of doping. We find that while the

conductivity drops below the transition, in the dirty limit the drop relative to the phase

with no magnetic order is quite small. We note that a self-consistent computation of Γ

would involve the density of states for the appropriate Fermi surface (the reconstructed

one below the critical doping), and a spin-dependent scattering matrix element as the

quasiparticles have spin-momentum locking after Fermi surface reconstruction (in case

of the long-range magnetic order). The density of states at the Fermi surface decreases

gradually across the transition. Further, the scattering matrix element averaged over the

Fermi surface decreases in the ordered phase because the smaller overlap between the

spin-wavefunctions of initial and final scattering state of the quasiparticle. Hence, these

effects cannot further decrease the conductivities on the ordered side, in contradiction with

experiments. However, the small Fermi pockets are susceptible to charge density waves,

and quenched disorder in form of charge fluctuations can lead to an increased scattering

rate. Therefore, we modify our results to have a doping-dependent Γ that increases below

the critical point, and find that this can consistently explain both the Hall data and the

longitudinal conductivities in the dirty limit.

4.2.2 Thermal current operator

The details of the computation of the thermal current operator and thermal conductivity

depend upon the state and limit under consideration. We first derive the most general

thermal current operator for the models considered, and outline our approach to evaluating

the thermal conductivity via the Kubo formula.

We generalize the derivation of the heat current operator for a d-wave superconductor

presented in [72] to include additional magnetic order. In presence of co-existing charge
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density wave order and superconductivity, the heat current operator can be derived from

the spin current operator, as quasiparticles have conserved sz [73]. However, the Hamilto-

nian in Eq. (4.1) does not possess the U(1) symmetry corresponding to the conservation

of Sz, so we need to derive the thermal current operator from scratch. We do so for a

general value of Q, so that our results also apply for the incommensurate case.

We work in the continuum limit in position space. At the end of the computation,

we can replace the Fermi velocity by that of the lattice model, which is equivalent to

neglecting interband contributions in the presence of magnetic order. This approximation

has been used before for the computation of the electrical and Hall conductivities of spiral

antiferromagnetic states [77, 301]. Moreover, we assume that the pairing amplitude ∆d is

real. The Hamiltonian for the clean system is then given by

H =
1

2m

∫
dx∇c†α(x).∇cα(x) +

∫
dx dy ∆(x− y)

[
c†↑(x)c

†
↓(y) + c↓(y)c↑(x)

]
−A

∫
dx
[
e−iQ·xc†↑(x)c↓(x) + eiQ·xc†↓(x)c↑(x)

]
≡
∫
dxh(x), (4.2)

where h(x) is the local Hamiltonian density. The latter can be identified with the heat

density if we measure energies with respect to the chemical potential. Therefore, the

thermal current operator jQ(x) can be defined by the continuity equation:

ḣ(x) +∇ · jQ(x) = 0 (4.3)

The time-derivative of the Hamiltonian density is given by

ḣ(x) =
1

2m

[
∇ċ†α(x).∇cα(x) +∇c†α(x).∇ċα(x)

]
+

∫
dy∆(x− y)

[
ċ†↑(x)c

†
↓(y) + c†↑(x)ċ

†
↓(y) + ċ↓(y)c↑(x) + c↓(y)ċ↑(x)

]
−A

[
e−iQ·x

(
ċ†↑(x)c↓(x) + c†↑(x)ċ↓(x)

)
+ eiQ·x

(
ċ†↓(x)c↑(x) + c†↓(x)ċ↑(x)

)]
.(4.4)

This expression can be simplified using the equations of motion of the fermionic operators,

i ċα = [cα,H] , (4.5)
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yielding

i ċ↑(x) = − 1

2m
∇2c↑(x) +

∫
dy∆(x− y)c†↓(y)−Ae−iQ·xc↓(x)

i ċ↓(x) = − 1

2m
∇2c↓(x)−

∫
dy∆(y − x)c†↑(y)−AeiQ·xc↑(x) (4.6)

for the above Hamiltonian. We can re-write the first term in Eq. (4.4) in the following

convenient way:

1

2m

[
∇ċ†α(x).∇cα(x) +∇c†α(x).∇ċα(x)

]
=

1

2m
∇ ·
[
ċ†α(x)∇cα(x) +∇c†α(x)ċα

]
+

ċ†α(x)

[
− 1

2m
∇2cα(x)

]
+

[
− 1

2m
∇2c†α(x)

]
ċα(x)

(4.7)

Replacing the terms with Laplacians using the equation of motion, Eq. (4.6), we find

that fermion bilinears with two time derivatives cancel, and obtain for the second term in

Eq. (4.7)

ċ†α(x)

[
− 1

2m
∇2cα(x)

]
+

[
− 1

2m
∇2c†α(x)

]
ċα(x) =

−
∫
dy∆(x− y)

[
ċ†↑(x)c

†
↓(y) + c↓(y)ċ↑(x)

]
+

∫
dy∆(y − x)

[
ċ†↓(x)c

†
↑(y) + c↑(y)ċ↓(x)

]
+AeiQ·x

[
ċ†↓(x)c↑(x) + c†↓(x)ċ↑(x)

]
+Ae−iQ·x

[
ċ†↑(x)c↓(x) + c†↑(x)ċ↓(x)

]
. (4.8)

Substituting the results from Eq. (4.7) and Eq. (4.8) in Eq. (4.4), we find that several

terms, including the terms proportional to the antiferromagnetic order parameter A, can-

cel. Therefore, we can re-write Eq. (4.4) as:

ḣ(x) =
1

2m
∇ ·
[
ċ†α(x)∇cα(x) +∇c†α(x)ċα

]
+

∫
dy∆(x− y)

[
c†↑(x)ċ

†
↓(y) + ċ†↓(x)c

†
↑(y) + ċ↓(y)c↑(x) + c↑(y)ċ↓(x)

]
(4.9)

where we have used that ∆(x − y) = ∆(y − x) for the d-wave superconductors we are

interested in. Note that the first-term is already written as a divergence, so we already
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have

jQ1 (x, t) = − 1

2m

(
ċ†α(x)∇cα(x) +∇c†α(x)ċα

)
(4.10)

We only need to recast the second term as a divergence to find the expression for the

thermal current operator. To do so, we consider the space-time Fourier transform of the

second term. We set the following convention for the Fourier transform:

jQ(x, t) =
1

V

∑
q,Ω

ei(q·x−Ωt)jQ(q,Ω), (4.11)

cα(x, t) =
1√
V

∑
k,ω

ei(k·x−ωt)cα(k, ω) (4.12)

Some algebra yields

−∇ · jQ2 (x, t) =
1

V

∑
q,Ω

e−i(q·x−Ωt)

(∑
k,ω(∆k −∆k+q)

[
i(ω +Ω)c†↑(k, ω)c

†
↓(−k− q,−ω − Ω)

+iωc↓(−k,−ω)c↑(k+ q, ω +Ω)
])

(4.13)

for the second contribution to the heat current operator. In the limit q → 0, we exploit

∆k+q −∆k ≈ q · ∂∆k

∂k
= q · v∆(k) (4.14)

and can obtain

jQ2 (q → 0,Ω) =
∑
k,ω

v∆(k)

(
(ω +Ω)c†↑(k, ω)c

†
↓(−k− q,−ω − Ω) + ωc↓(−k,−ω)c↑(k+ q, ω +Ω)

)
.

(4.15)

Computing the space-time Fourier transform of Eq. (4.10) and using vF = k/m (= ∂kξk

for a more general dispersion), we obtain

jQ1 (q,Ω) =
∑
k,ω

(
ω +

Ω

2

)
vF c

†
α(k, ω)cα(k+ q, ω +Ω). (4.16)
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The total thermal current operator is thus given by

jQ(q → 0,Ω) = jQ1 (q → 0,Ω) + jQ2 (q → 0,Ω). (4.17)

The thermal current operator does not depend on the spiral order amplitude A. One

way to understand this result is to think about conductivities in terms of generalized

velocities multiplied by occupation numbers. In our case, both the Fermi velocity and the

gap velocity appear as the dispersion ξk and the gap ∆k are both momentum-dependent.

However, the amplitude A does not depend on momentum, i.e, ∂kA = 0, and it thus does

not appear in the expression for the thermal current. This is similar to the absence of

spatially uniform order parameters in thermal current operators in previous studies, e.g,

for the s-wave on-site CDW order studied in Ref. [73], or the s-wave superconductivity in

Ref. [5] where the gap-velocity is zero.

4.2.3 Green’s function

In momentum space, the Hamiltonian for the clean system (Hdis = 0) can be written as

H =
∑′

kΨ
†
kh(k)Ψk, where Ψk is a 2 or 4 component Nambu spinor which depends on the

particular regime we are considering, and
∑′

k corresponds to the momentum sum over an

appropriately reduced Brillouin zone (BZ). The bare Matsubara Green’s function in the

Nambu basis described above is given by

G0(k, iωn) = (iωn − hk)
−1 . (4.18)

We add impurity scattering through a self-energy, which is a 2× 2 or 4× 4 matrix Σ̂(iωn)

in Nambu space in full generality. Here, we only consider the scalar term for simplicity,

which allows us to write down the dressed Green’s function in terms of the bare one as

follows

G−1(k, iωn) = [G0(k, iωn)]
−1 − Σ̂(iωn) ≈ [G0(k, iωn)]

−1 − Σ(iωn)I4×4

= G0(k, iωn − Σ(iωn))

(4.19)
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For the computation of dc conductivities at low temperatures, we need the imaginary part

of the retarded Green’s function, ImGR(k, ω), for ω → 0. GR(k, ω) is obtained by analytic

continuation of the Matsubara Green’s function, GR(k, ω) = G(k, iωn → ω+ i0+). In the

low-energy limit, the retarded self-energy from impurity scattering can be approximated

as ΣR(0) = −iΓ, where Γ is the disorder-induced scattering rate.

4.2.4 Kubo formula for thermal conductivity

In terms of the Nambu spinor Ψk, the thermal current operator is given by

jQ(q → 0,Ω) =

′∑
k,ω

(
ω +

Ω

2

)
Ψ†
kVkψk+q, (4.20)

where Vk is a generalized velocity matrix which will be appropriately defined in the

different scenarios. Following Ref. [72, 73], we can calculate the thermal conductivity via

the Kubo formula,

↔
κ(Ω, T )

T
= − lim

Ω→0

Im
[ ↔
ΠRκ (Ω)

]
T 2Ω

. (4.21)

ΠRκ (Ω) is the retarded current-current correlation function for the thermal current, which

is obtained from the Matsubara correlation function via analytic continuation,

ΠRκ (Ω) = Πκ(iΩn → Ω+ i0+). (4.22)

In this study, we neglect vertex corrections to conductivities, so that the evaluation of the

conductivity reduces to the evaluation of the one-loop contribution to the current-current

correlation function. It is shown diagrammatically in Fig. 4.1, and is given by

Πκ(iΩn) =
1

β

′∑
iωn,k

(
iωn +

iΩn
2

)2

Tr [G(k, iωn)VkG(k, iωn + iΩn)Vk] , (4.23)

where β = (kBT )
−1, and and the momentum sum is over the reduced Brillouin zone. For

the evaluation of the conductivity, it is useful to express the Green’s function in terms of

114



Chapter 4. Transport across antiferromagnetic and topological quantum transitions

Figure 4.1: The bare fermion bubble required to be evaluated for κab

the spectral representation (for associated subtleties which are irrelevant for us because

our order parameters are real, see the appendix of Ref. [73]),

G(k, iωn) =

∫ ∞

−∞
dω1

A(k, ω1)

iωn − ω1
, where A(k, ω1) = − 1

π
G′′
ret(k, ω1). (4.24)

Plugging this into Eq. (4.23), we find

Πκ(iΩn) =

∫ ′
d2k

(2π)2

∫
dω1

∫
dω2 S(iΩn)Tr [A(k, ω1)VkA(k, ω2)Vk] , (4.25)

where

S(iΩn) =
1

β

∑
iωn

(
iωn +

iΩn
2

)2 1

iωn − ω1

1

iωn + iΩn − ω2
. (4.26)

The apparent divergence of the Matsubara sum in Eq. (4.26) is a consequence of the

improper treatment of time ordering and time derivatives, which do not commute. A

more careful treatment [5] shows that these issues can safely be ignored and Eq. (4.26)

yields

Sret(Ω) = S(iΩ → Ω+ i0+) =

(
ω1 +

Ω
2

)2
nF (ω1)−

(
ω2 − Ω

2

)2
nF (ω2)

ω1 − ω2 +Ω+ i0+
. (4.27)

Exploiting this result, we obtain

Im
[ ↔
ΠRκ (Ω)

]
=

∫ ′
d2k

4π

∫
dω

(
ω +

Ω

2

)2

(nF (ω +Ω)− nF (ω))Tr [A(k, ω)VkA(k, ω +Ω)Vk]

(4.28)
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for the imaginary part of the retarded polarization bubble. The real part of the polarization

bubble can in principle be calculated using a Kramers-Kronig transformation, but is not

required for the computation of the dc thermal conductivity.

In the static limit, where Ω → 0, we can replace (nF (ω + Ω) − nF (ω)) → Ωn′F (ω),

canceling the factor of Ω in the denominator of Eq. (4.21). Subsequently, we can set

Ω = 0 everywhere else and obtain in this limit

↔
κ(Ω → 0, T )

T
=

∫ ′
d2k

4π

∫
dω
(ω
T

)2 (
−n′F (ω)

)
Tr [A(k, ω)VkA(k, ω)Vk] . (4.29)

In the scenarios we are interested in, the relevant energy scales T and Γ are all much

smaller than the Fermi energy EF . As the derivative of the Fermi function is strongly

peaked at ω = 0, for low T ≪ Γ ≪ EF , we can set ω = 0 in the spectral functions, and

evaluate the frequency integral analytically, obtaining

∫ ∞

−∞
dω
(ω
T

)2 (
−n′F (ω)

)
=
π2k2B
3

(4.30)

In this limit, the conductivity takes the form:

↔
κ(Ω → 0, T )

T
=
k2B
3

∫ ′
d2k

4π
Tr
[
G′′
R(k, 0)VkG

′′
R(k, 0)Vk

]
(4.31)

where G′′
R(k, 0) is the imaginary part of the retarded Green’s function and the momentum

integral is over the (reduced) Brillouin zone. For arbitrary disorder strength, this expres-

sion is difficult to evaluate analytically. In certain limits, we can make analytic progress

and determine for example whether the Wiedemann-Franz law is satisfied. These analytic

calculations will be complemented with numerical results.

4.3 Antiferromagnetic metal

4.3.1 Thermal conductivity in the spiral and Néel states

In this section, we focus on the dirty limit, where the disorder scattering strength is

much stronger than the superconducting order, i. e., the regime where Γ ≫ ∆0. In this
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limit, we can neglect superconductivity entirely, and therefore the problem reduces to the

computation of the thermal conductivity in an antiferromagnetic metal. We proceed as

described in Sec. 4.2.

An antiferromagnetic state with ordering wave vector Q can be described by the Hamil-

tonian

Hafm =
∑

k,σ=↑,↓
ξkc

†
kσckα −A

∑
k

(
c†k↑ck+Q↓ + c†k+Q↓ck↑

)

=
∑
k

Ψ†
khkΨk with h(k) =

 ξk −A

−A −ξk

 and Ψk =

 ck↑

ck+Q↓


(4.32)

The Green’s function is given by

G0(k, iωn) = (iωn − hk)
−1 =

1

(iωn − E+k)(iωn − E−k)

iωn − ξk A

A iωn − ξk+Q

 (4.33)

where

E±,k =
ξk + ξk+Q

2
±

√(
ξk − ξk+Q

2

)2

+A2 (4.34)

are the two reconstructed bands. An example for the quasi-particle Fermi surface and

spectral function of this Hamiltonian is shown in Fig. 4.2 [77].

For the transport calculation, disorder is added to the Green’s function as described in

Eq (4.19). In the spiral state, the momenta and the spins of the quasiparticles are tied

together. This may in general lead to a momentum and spin dependence of the scattering

rate even for potential disorder. However, since each state can get scattered to any other

state on the Fermi surface by repeated scattering, we assume that the averaged scattering

cross-section is roughly the same for any given momenta on the Fermi surface. Therefore,

we use a simple retarded self-energy ΣR(ω → 0) = −iΓ to account for the broadening of

the quasiparticle spectrum near the Fermi surface.

The heat conductivity is then evaluated using Eq. (4.31), using the imaginary part of
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Figure 4.2: Quasi-particle Fermi surface (left) and spectral function (right) of spiral (top
row) and commensurate (bottom row) antiferromagnetic states with t′ = −0.35, A =
0.267, p = 0.152 and η ≈ p (η = 0) for the spiral (commensurate) AF state. In the left
figures, hole and electron pockets are marked in red and green, respectively. The thin
black and blue lines are the original and Q-shifted Fermi surfaces.

Eq. (4.33) after continuation to the real frequency axis, iωn → ω + iδ,

Im
[
GR(k, ω → 0)

]
=

Γ

Gden

[
−
(
(E2

+k + E2
−k)/2 + Γ2

)
τ0 + Γ(E+k + E−k)

(
Aτ1 −

(ξk − ξk+Q)

2
τ3

)]
,

(4.35)

where Gden = (E+kE−k − Γ2)2 + Γ2 (E+k + E−k)
2, τi are the Pauli matrices; and the

velocity matrix,

Vk =

v(k) 0

0 v(k+Q)

 (4.36)

with appropriate Q for the antiferromagnetic state under consideration. This yields the

thermal current operator in Eq. (4.17) with jQ2 = 0. Note that the momentum integral in

Eq. (4.31) is over the whole Brillouin zone for a spiral antiferromagnetic metal.

This expression needs to be evaluated numerically, but we can simplify it to some extent
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in the limit where the disorder strength Γ is smaller than all the other relevant energy

scales, the amplitude of the antiferromagnetic order A and the Fermi energy EF (but it is

still larger than ∆d). The final expression, which we do not state here, involves an integral

along the Fermi pockets, and is inversely proportional to the scattering rate Γ.

4.3.2 Electrical conductivity and the Wiedemann-Franz Law

In this section we evaluate the electrical conductivity for the dirty metal with Néel or

spiral order, and show that the Wiedemann Franz law for transport holds. The electric

current operator is given by:

je(q → 0,Ω) =
∑
k,ω,σ

∂ξk
∂k

c†σ(k, ω)cσ(k, ω) =
∑
k,ω

Ψ†
kVkΨk+q,

where Vk =

v(k) 0

0 v(k+Q)

 (4.37)

The Kubo formula for the electrical conductivity is given by:

↔
σ (Ω, T ) = − lim

Ω→0

Im
[ ↔
ΠRe (Ω)

]
Ω

(4.38)

where ΠRe (Ω) is the retarded current-current correlation function for the electrical current,

obtained via analytic continuation from the Matsubara correlation:

ΠRe (Ω) = Πe(iΩn → Ω+ i0+) (4.39)

Neglecting vertex corrections, we evaluate the bare-bubble contribution to the current-

current correlator:

Πe(iΩn) =
1

β

∑
iωn,k

Tr [G(k, iωn)VkG(k, iωn + iΩn)Vk] (4.40)
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Using the spectral representation of the Green’s function in Eq. (4.40), we find:

Πe(iΩn) =

∫
d2k

(2π)2

∫
dω1

∫
dω2 S(iΩn)Tr [A(k, ω1)VkA(k, ω2)Vk] (4.41)

where

S(iΩn) =
1

β

∑
iωn

1

iωn − ω1

1

iωn + iΩn − ω2
(4.42)

The Matsubara sum is convergent, and evaluates to:

Sret(Ω) = S(iΩ → Ω+ i0+) =
nF (ω1)− nF (ω2)

ω1 − ω2 +Ω+ i0+

=⇒ Im [Sret(Ω))] = π(nF (ω1 +Ω)− nF (ω1)) δ(ω1 − ω2 +Ω) (4.43)

The imaginary part of retarded polarization bubble is therefore given by:

Im
[ ↔
ΠRe (Ω)

]
=

∫
d2k

4π

∫
dω(nF (ω +Ω)− nF (ω))Tr [A(k, ω)VkA(k, ω +Ω)Vk] (4.44)

Assuming that T → 0, we can approximate the derivative of the Fermi function by a delta

function as Ω → 0 in the dc limit:

(nF (ω +Ω)− nF (ω))/Ω ≈ δ(ω) (4.45)

Using this to evaluate the ω integral, we end up with the following expression for the

electrical conductivity:

↔
σ (Ω → 0, T → 0) =

e2

π2

∫
d2k

4π
Tr
[
G′′
R(k, 0)VkG

′′
R(k, 0)Vk

]
(4.46)

Comparing Eq. (4.46) with Eq. (4.31), we find that the Wiedemann-Franz law is obeyed,

as one would expect for a quasiparticle Fermi surface with constant scattering lifetime:

κ

σT
=
π2k2B
3e2

(4.47)
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Figure 4.3: Influence of the size of the spiral antiferromagnetic gap A (left) and the
scattering rate Γ (right) on the heat conductivity for t′ = −0.35. and Γ = 0.01. Antifer-
romagnetism disappears at p∗ = 0.19. In the left plot we use Γ = 0.01 and in the right
plot the gap at p = 0.05 is set to Apmin = 0.8.

4.3.3 Numerical results for antiferromagnetic metals

In the following we discuss numerical results for

κ0 = lim
T→0

κxx(Ω → 0, T )

T
(4.48)

in the presence of (in-) commensurate antiferromagnetic order. The latter is described by

an antiferromagnetic gap with the phenomenological doping dependence

A(p) = A0(p
∗ − p)Θ(p∗ − p), (4.49)

where A0 is fixed by the antiferromagnetic gap Apmin at the smallest doping considered,

pmin = 0.05 and p∗ = 0.19 is the critical doping beyond which antiferromagnetic order

disappears. In this section, we set t′ = −0.35. In Fig. 4.3 we show the influence of the size

of the antiferromagnetic gap on the heat conductivity. Similarly to the Hall coefficient

near an antiferromagnetic phase transition [77, 286], the magnitude of the spiral order

parameter mostly influences the width of the crossover region, in which electron and hole

pockets coexist. With increasing strength of antiferromagnetic order, the transition region

shrinks. In Fig. 4.3, we show the influence of the size of Γ on the doping dependence of the

heat conductivity. We plot Γκ0 for better comparison. For the smallest value, Γ = 0.001,

the results are indistinguishable from those obtained in a relaxation time approximation
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Figure 4.4: Comparison of the doping dependence of the heat conductivity for commen-
surate (cAF) and incommensurate (iAF) antiferromagnetism for p < p∗ for t′ = −0.35
and Apmin = 1.0. Antiferromagnetism disappears at p∗ = 0.19. We plot Γκ0 for better
comparison.

in which Γ → 0 is assumed, as employed in Ref. [77]. The doping dependence of Γκ0 is

only altered at large values of Γ, as shown in Fig. 4.3.

In Fig. 4.4, we compare the doping dependence of the heat conductivity for commen-

surate or incommensurate antiferromagnetism for p < p∗. In the incommensurate case,

the heat conductivity drops significantly faster for p < p∗ than in the commensurate case.

This difference can be understood analytically and is discussed in the next section.

Collignon et al. found that the drop in the electrical conductivity can be entirely un-

derstood as a drop in the charge carrier density when assuming that the charge carrier

mobility is constant across the phase transition [60]. Evidence for a constant mobility is

found in the behavior of the Hall angle and the magnetoresistance. The charge carrier

density can then be extracted from the heat or electrical conductivity via

pσ = (1 + p)
σ(0)

σ0
(4.50)

where σ0 (σ(0)) is the conductivity in the absence (presence) of antiferromagnetic or-

der. In experiments, σ0 is obtained by extrapolating the conductivity from high to low

temperatures.

For our calculation we assume that the disorder scattering rate is independent of dop-
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Figure 4.5: Effective charge carrier density as extracted from the heat conductivity in
comparison to the Hall number for a phase transition to incommensurate antiferromagnetic
order. Parameters are t′ = −0.35 and Apmin = 1.0. Γ = 0.001 in the computation of the
conductivity. The Hall number was determined in the relaxation time approximation as
described in Ref. [77].
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Figure 4.6: Doping dependence of the Hall angle RHσ, rescaled by Γ, across a phase
transition from a paramagnetic to an (in-) commensurate antiferromagnetic metal with
Apmin = 1.0 in both cases.
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ing and do not make assumptions on the mobility. This leads to a behavior of pσ that

is distinct from that of the Hall coefficient, as shown in Fig. 4.5, and is connected to the

fact that the drop in the conductivity is smaller than the drop in the Hall number. In

Fig. 4.6, we plot the Hall angle across the phase transition to (in-) commensurate antifer-

romagnetism. For commensurate antiferromagnetism, the Hall angle increases for p < p∗.

In the incommensurate case, there is a slight drop of RHσ below the critical point before

it starts to increase. It is interesting to compare this behavior to the experimental results

by Collignon et al. [60] on Nd-LSCO. In Fig. 10 of their paper the Hall angle is shown to

drop by a factor of three (approximately) within a small doping range. This is attributed

to Fermi surface reconstruction below p∗ and appearance of electron-like pockets. In our

model the relative drop is smaller, and in Sec. 4.5 we demonstrate how a doping dependent

scattering rate can alleviate this discrepancy.

4.3.4 Analytic understanding of the numerical results

In this section, we estimate the drop of the conductivity across the phase transition.

Our estimates are valid for the weakly disordered antiferromagnetic metal, or coexisting

antiferromagnetism and superconductivity in the dirty limit (∆ ≪ Γ) and capture the

change quite well. Instead of the thermal conductivity, we focus on the diagonal electrical

conductivity as in this regime the Wiedemann-Franz law is obeyed.

In our mean-field model, the Fermi velocity vF is unrenormalized across the phase

transition on most parts of the Fermi surface, except close to the points that get gapped out

(near the edges of the pockets). Therefore, the electrical conductivity can be approximated

as:

σxx ∼
∫
k

(
∂Ek

∂kx

)2

n′F (Ek) ≈
∫
k
(vF x)

2δ (vF (k) · (k− kF )) (4.51)

≈

⟨
v2F,x
vF

⟩
× Total perimeter of Fermi surface/pockets. (4.52)

We have also assumed that scattering is mainly due to disorder, so that the quasi-particle

scattering rate is unchanged across the transition.

In absence of antiferromagnetic order, we have a large hole-like Fermi surface of size
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1+p, which accommodates both spin species. We assume that this pocket is circular with

radius kF , so that the density of holes is given by (setting lattice spacing a = 1):

2×
πk2F
(2π)2

= 1 + p =⇒ kF =
√

2π(1 + p). (4.53)

This implies that the diagonal conductivity is given by (modulo constant factors):

σLargeFS ∼

⟨
v2F,x
vF

⟩
× 2× 2πkF = 4π

⟨
v2F,x
vF

⟩√
2π(1 + p) (4.54)

Antiferromagnetic order leads to reconstruction of the large Fermi surface into electron

and hole pockets. In the following we assume that the antiferromagnetic order parameter

is large enough to gap out the electron pockets. In the presence of Néel order, we have

four hole pockets in the large Brillouin zone (taking spin already into account). For the

spiral order there are only two somewhat larger hole pockets, see Figs. 4.2. These pockets

are approximately elliptic, with an eccentricity of e ≈ 0.5 in both cases. The area of the

ellipse is given by πK1K2 = πK2
1/2, where K1(K2) is the semi-major(minor) axis of the

ellipse. The perimeter of a single elliptical pocket is given by

Sellipse = 4K1

∫ π/2

0
dθ
√
1− e2 sin2θ ≈ 6K1, for e = 0.5. (4.55)

For the Néel ordered case, we find

4× πK2
1

2(2π)2
= p =⇒ K1 =

√
2πp, (4.56)

so that the diagonal conductivity is given by

σNéel ∼

⟨
v2F,x
vF

⟩
× 4× 6K1 = 24

⟨
v2F,x
vF

⟩√
2πp. (4.57)

For spiral order, we have

2× πK2
1

2(2π)2
= p =⇒ K1 = 2

√
πp (4.58)
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and can estimate the conductivity as

σiAF ∼

⟨
v2F,x
vF

⟩
× 2× 6K1 = 24

⟨
v2F,x
vF

⟩
√
πp. (4.59)

We estimate the drop of the conductivity across the phase transition by comparing the

results for the large Fermi surface at a doping p1 = 0.2 with the result for the small Fermi

pockets at p2 = 0.1. For Néel order we find

σNéel
σLargeFS

=
6

π

√
p2

1 + p1
=

√
3

π
≈ 0.55, (4.60)

while for spiral order we obtain

σiAF
σLargeFS

=
6

π

√
p2

2(1 + p1)
≈ 0.39 (4.61)

Both of these seem to agree quite well with the numerical data, as does the approximation

that σNéel/σiAF =
√
2 at the same doping p2 after the disappearance of the electron

pockets.

4.4 Co-existing antiferromagnetism and superconductivity

In this section, we discuss the thermal conductivity for co-existing antiferromagnetic and

superconducting order. This is motivated by the fact that most transport experiments at

low temperatures are done in the superconducting phase. The reason is that the experi-

mentally accessible magnetic fields do not suffice to suppress superconductivity completely

in most materials. Therefore it is interesting to ask which experimental signatures of

incommensurate antiferromagnetic or topological order could show up in transport mea-

surements in the superconducting phase. We consider both commensurate (Néel) and

incommensurate (spiral) antiferromagnetic order. Since the formalism has a significant

amount of overlap for these two scenarios, we combine them into a single section, with

separate subsections where the results differ significantly.
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4.4.1 Spectrum

Commensurate and incommensurate antiferromagnetism coexisting with superconductiv-

ity can be described by the mean-field Hamiltonian in Eq. (4.1) [317]. For convenience of

calculation, we re-write it in terms of a 4× 4 Nambu notation, with

HAF+dSC =

′∑
k

Ψ†
kh(k)Ψk, with h(k) =



ξk ∆k −A 0

∆k −ξk 0 A

−A 0 ξk+Q −∆k+Q

0 A −∆k+Q −ξk+Q


and Ψk =



ck↑

c†−k↓

ck+Q↓

c†−k−Q↑.


(4.62)

Here we have assumed that the electron dispersion ξk is symmetric under spatial inversion,

k → −k. The sum over momenta k is restricted to −π < kx ≤ π and −π/2 < ky ≤

π/2 in order to avoid double counting. We have checked explicitly that the mean-field

Hamiltonian can be rewritten in the spinor notation by employing all allowed operations

(like shifting the x-component of momenta, inverting momenta, but not shifting the y-

component of momenta after introducing the reduced BZ). For general Q, the eigenvalues

of h(k) are given by:

E2
±,k =

1

2

(
2A2 + Λk ±

√
α2
k + 4A2βk

)
, where

Λk = ∆2
k +∆2

k+Q + ξ2k + ξ2k+Q, αk = ∆2
k −∆2

k+Q + ξ2k − ξ2k+Q, and

βk = (∆k +∆k+Q)2 + (ξk + ξk+Q)2 (4.63)

Setting ∆k = 0, we recover the spectrum of the antiferromagnetic metal [264]. For A = 0,

we recover the spectrum of a superconductor E0
k and E0

k+Q, where E0
k =

√
ξ2k +∆2

k. These

two branches together count the states of the uniform superconductor in the full BZ, as

there is no translation symmetry breaking for A = 0.

We choose the superconducting gap to have d-wave symmetry, as appropriate for

cuprate superconductors and theoretical models of antiferromagnetism coexisting with
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Figure 4.7: Plots of logarithm of the dispersions of the lower band (a.u.) at p = 0.152,
for parameter values t′ = −0.35, µ = −1.099,∆d = 0.1, A = 0.267, and η = 0 for Néel and
0.1436 for spiral order. (a) Néel order + superconductivity: Eight nodes in the extended
BZ. (b) Spiral order + superconductivity: Four nodes in the extended BZ.

superconductivity [2, 34, 76, 86, 98, 99, 133, 140, 170, 187, 188, 240, 287, 317, 331]. The

dispersion in Eq. (4.63) then possesses gapless nodal excitations. In Fig. 4.7, we plot the

spectrum of the Néel and spiral states coexisting with superconductivity. We note that

the Néel ordered superconductor has eight nodal points in the extended BZ, whereas the

superconductor with spiral order has only four nodes.

4.4.2 Thermal conductivity

The bare Matsubara Green’s function is in the Nambu basis described above is given by:

G0(k, iωn) = (iωn − hk)
−1 (4.64)

Now we add impurity contribution to the self-energy, which is a 4 × 4 matrix Σ̂(iωn)

in Nambu space in full generality. We only consider the scalar term for simplicity, which

allows us to write down the dressed Green’s function in terms of the bare one as follows:

G−1(k, iωn) = [G0(k, iωn)]
−1 − Σ̂(iωn) ≈ [G0(k, iωn)]

−1 − Σ(iωn)I4×4

= [G0(k, iωn − Σ(iωn))]
−1

(4.65)
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Following analytic continuation to real frequencies, ΣR(0) = −iΓ, the imaginary part of

the retarded Green’s function in the ω → 0 limit can be expressed as follows in terms of

Pauli matrices τi and the 2× 2 identity matrix τ0 (relabeling k as 1 and k+Q as 2):

Im[GR(k, ω → 0)] =
1

Gden

G′′
a G′′

b

G′′
c G′′

d

 , where

G′′
a = −Γ(Γ2 +A2 + ξ22 +∆2

2) τ0

G′′
b = −AΓ [(ξ1 + ξ2)− (∆1 +∆2)(iτ2)]

G′′
c = −AΓ [(ξ1 + ξ2) + (∆1 +∆2)(iτ2)]

G′′
d = −Γ(Γ2 +A2 + ξ21 +∆2

1) τ0

Gden = (Γ2 +A2 + ξ21 +∆2
1)(Γ

2 +A2 + ξ22 +∆2
2)−A2

[
(ξ1 + ξ2)

2 + (∆1 +∆2)
2
]

(4.66)

Noting that v∆(−k) = −v∆(k) and working through some algebra, we find that we can

write the thermal current operator in terms of the Nambu spinor Ψk as:

jQ(q → 0,Ω) =

′∑
k,ω

(
ω +

Ω

2

)
Ψ†
kVkψk+q, where

Vk =

vF (k)τ3 + v∆(k)τ1 0

0 vF (k+Q)τ3 − v∆(k+Q)τ1

 (4.67)

Following the procedure outlined in Sec. 4.2.4, we can evaluate the thermal conductivity

by extending the summation to the full BZ with an added factor of half:

↔
κ(Ω → 0, T )

T
=
k2B
3

∫
d2k

8π
Tr
[
G′′
R(k, 0)VkG

′′
R(k, 0)Vk

]
. (4.68)

For arbitrary disorder strength, we evaluate this expression numerically. In the clean limit,

it can be treated analytically so that connections with the universal Durst-Lee result in

the absence of magnetism [72] can be drawn. This is discussed in the next section.
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4.4.3 Analytic expressions in the clean limit

Néel order

For Néel-type antiferromagnetic order coexisting with superconductivity in the clean limit,

Γ0 → 0, the thermal conductivity can be evaluated analytically. In this case, the major

contribution to the thermal current is carried by nodal quasiparticles, again allowing us

to linearize the dispersion at each nodal point. We obtain

κii(Ω → 0, T )

T
=

k2B
3vF v∆

[√
1− α2 v2F +

1√
1− α2

v2∆

]
Θ(1− α), where α =

A

Ac
. (4.69)

For A → 0, i. e. vanishing antiferromagnetic order, we recover the result by Durst and

Lee [72] as expected.

Tuning the order parameter A at fixed chemical potential beyond a critical value Ac,

the nodes can collide and become gapped as discussed in Appendix C.1. This entails an

exponential suppression of the heat conductivity due to the resulting gap in the spec-

trum in the absence of large disorder broadening. This scenario could be relevant in the

strongly underdoped regime, as gapping out the nodes leads to a phase transition from a

superconductor to a half-filled insulator.

The above result also indicates that close to the doping p∗ where antiferromagnetic

order appears, the number of nodes and the nodal velocities remain unaffected across the

phase transition. Thus, a smooth behavior of the heat conductivity is expected near p∗,

consistent with our numerical results in Fig. 4.8.

A few further comments are in order. The apparent divergence of κ/T for A → Ac

is an artifact of the clean approximation, which will get smoothened out by disorder.

Moreover, there is no nematic order (corresponding to the breaking of the C4 symmetry

of the square lattice to C2) and κxx = κyy. This is markedly different from the cases of

superconductivity coexisting with spiral antiferromagnetism or charge density waves with

axial wave-vector [73]. Finally, our result is valid for any anisotropy ratio vF /v∆, unlike

the isotropic limit discussed in Ref. [73]. The dependence of κ on the order parameter

magnitude is also different in these two cases, and may be used as a probe to distinguish

130



Chapter 4. Transport across antiferromagnetic and topological quantum transitions

between these two different orders in a clean d-wave superconductor.

Note that although the results in Ref. [73] correspond to a s-wave charge density wave,

the wave-vector (π, 0) is obtained considering the second harmonic of the experimentally

observed wave-vector of (π/2, 0). For a d-wave bond density wave which has been observed

in STM experiments [104], we need to consider the second harmonic which has a squared

form factor, i.e, ψk ∼ (coskx−cosky)2. Therefore, the equation ∂kψk = 0 still holds at the

nodes which lie along kx = ±ky, and their results are valid for the d-form factor density

wave state as well.

Spiral order

For the case of spiral order, the metallic state with no superconductivity has only two hole

pockets, which are in the region kx > 0 for Q = (π − 2πη, π). This can be understood

from the fact that for small A, the particle-hole polarization bubble at momentum Q is

maximum when Q approximately nests two segments of the Fermi surface, and accord-

ingly the saddle-point free energy for the fluctuations of the order-parameter field after

integrating out the fermions is minimum. As we fix the phenomenological doping depen-

dence of the order parameter amplitude A and minimize the free energy by optimizing the

incommensurability η [77], the preferred η gaps out a large part of the Fermi pockets to

reduce the mean-field free energy.

Adding superconductivity on top of the spiral state therefore implies that there are only

four nodes in the extended BZ, coming from the two hole-pockets. The other four nodes

will collide and disappear once spiral order sets in. Thus, in the clean limit we expect the

thermal conductivity to drop to half of its original value soon after crossing p∗ from the

overdoped side. Evaluating the heat conductivity by focusing on the vicinity of the four

nodal points for p ≲ p∗, the thermal conductivity for the clean d-wave superconductor

with spiral order is given by half of the Durst-Lee value,

κii(Ω → 0, T )

T
=
k2B(v

2
F + v2∆)

6vF v∆
(4.70)

Indeed, numerical results in Fig. 4.8 show a sharp drop of the thermal conductivity by a
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factor of two across the critical point.

4.4.4 Violation of the Wiedemann-Franz law

In the clean limit, we can evaluate the bare-bubble electrical conductivity due to gapless

nodal quasiparticles as described in section 4.3.2. For Néel order, the non-superfluid

contribution to the electrical current is given by:

je(q → 0,Ω) =

′∑
k,ω

Ψ†
kVkψk+q, where

Vk =

vF (k)τ0 0

0 vF (k+Q)τ0

 ≈

vF (k)τ0 0

0 −vF (k)τ0

 (4.71)

From this, the quasiparticle contribution to the electrical conductivity (denoted by σ̃) can

be evaluated using an analogous computation to the thermal conductivity:

σ̃ii(Ω → 0, T → 0) =
e2

π2

∫
d2k

8π
Tr
[
G′′
R(k, 0)VkG

′′
R(k, 0)Vk

]
=

e2

π2
vF
v∆

√
1− α2Θ(1− α), where α =

A

Ac
(4.72)

Therefore, in the clean limit we have:

κ

σ̃T
=
π2k2B
3e2

(
1 +

1

1− α2

v2∆
v2F

)
(4.73)

Since the Fermi surface is modified as a function of doping, α, the Fermi velocity and the

gap velocity all change and therefore κ/σ̃T is not a constant as a function of doping in the

antiferromagnetic (A ̸= 0) regime. However, typically the Fermi velocity is much larger

than the gap velocity, and therefore this correction is expected to be small. As α → 1,

the correction appears large if we hold v∆ fixed. But this is a rather unphysical limit

as increasing antiferromagnetism to its critical value will reduce the superconductivity

∆d, and v∆ will also drop. Note that for isotropic disorder scattering, the single-particle

lifetime is equal to the scattering time for free fermions. Even for our lattice model, we

expect only minor modifications from the bare-bubble result due to vertex corrections. In
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Figure 4.8: Doping evolution of the heat conductivity in the clean and dirty limits,
comparing commensurate and incommensurate antiferromagnetic order. Parameters are
t′ = −0.35 and Apmin = 1.0.

particular, in the dirty limit v∆/vF → 0 and the Wiedemann-Franz law is exactly satisfied

by the quasiparticle contribution to the electric current, as long as the disorder is relatively

weak compared to the Fermi energy, as described in section 4.3.2.

4.4.5 Numerical results

In Fig. 4.8, we compare the doping dependence of the heat conductivity in the clean

and dirty limit for antiferromagnetism coexisting with superconductivity. In the case

of commensurate antiferromagnetism, the change near p∗ is less pronounced than in the

case of incommensurate antiferromagnetism for both the clean and dirty limits. In the

clean limit, the location of p∗ is not discernible from the plot of κxx0 in the commensurate

case. This is consistent with the analytical result in Eq. (4.69). In contrast, at the

doping where the spiral antiferromagnetic order appears, the heat conductivity drops to

roughly half of its value. In the case of incommensurate antiferromagnetism coexisting

with superconductivity in the dirty limit, the doping dependence of the heat conductivity is

much smoother, as already discussed above. In Fig. 4.9, we show the evolution of the heat

conductivity for various scattering rates from the clean to the dirty limit, demonstrating

how the jump gets washed out with increasing scattering rate.
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Figure 4.9: Evolution of heat conductivity from the clean to the dirty limit for coexisting
superconductivity and incommensurate antiferromagnetism, for Apmin = 1.0 and∆ = 0.05.

4.5 Influence of doping-dependent scattering in the dirty limit

In Sec. 4.3.4 we discussed that the drop in the thermal conductivity across the antiferro-

magnetic phase transition can be understood in terms of a reconstruction of the Fermi sur-

face in case of a disordered antiferromagnetic metal or a dirty superconductor (∆d ≪ Γ).

In this scenario, the relative drop across the phase transition is smaller than the drop of

the Hall number, whereas experiments suggest that the drops are of very similar magni-

tude. The experiments have been interpreted in terms of a Drude-like model, which allows

to connect the drop in the conductivity with a drop in the charge-carrier density [60] by

assuming that the charge carrier mobility is unchanged across the phase transition. How-

ever, this requires the validity of an effective mass picture, or nearly circular pockets,

which only holds for a very large antiferromagnetic order parameter. Below the optimal

doping QCP, the pockets are quite distorted and an effective mass picture is therefore not

appropriate. Very recent experiments on electron-doped cuprate LCCO [258] have also

observed similar resitivity upturns which cannot be explained only by a drop in carrier

density. In this section, we provide an alternative scenario that would explain the larger

drop in conductivity.

The key observation is that the scattering rate Γ cancels in the Hall number [77, 301],

while the thermal conductivity in the dirty superconductor is approximately proportional

to Γ−1. Therefore, one might anticipate that additional sources of scattering that appear

once antiferromagnetism sets in can entail a larger drop of the thermal conductivity. We
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Figure 4.10: Doping dependence of the heat conductivity for t′ = −0.35, Apmin = 1.0 and
Γ0 = 0.01. The curve labeled Γ shows the same data as in Fig. 4.4 for comparison. The
other two curves were obtained for a doping dependent scattering rate that doubles over
a doping range of ∆p below p∗.

show that a phenomenological doping-dependent scattering rate can indeed lead to similar

behavior and drop sizes in the Hall number and the conductivities. We then argue for a

possible source of enhanced scattering in the underdoped regime.

For simplicity, we assume that the doping dependence of Γ(p) is given by

Γ(p) =


2Γ0 for p < p∗ −∆p

2Γ0 − Γ0(p− p∗ +∆p)/∆p for p∗ −∆p ≤ p ≤ p∗

Γ0 for p > p∗,

(4.74)

where ∆p is the doping range over which the scattering rate increases. In Fig. 4.10 we

show results for the heat conductivity of a disordered antiferromagnetic metal as obtained

with this choice of Γ(p). We mentioned in the last sections that for Γ(p) = Γ0 discrepancies

between experiments and the theory of transport in a superconductor in the dirty limit

showed up in the Hall angle and the doping dependence of the charge carrier density.

In Fig. 4.11, we show the ratio between the charge carrier density as extracted from the

conductivity and the Hall number. For Γ(p) = Γ0, with decreasing doping we find a small

peak and then a decrease to values significantly below one. Adding doping dependent

scattering, the peak at p < p∗ increases as the conductivity drops faster. Note that in this

section we assume that RH depends only weakly on the scattering rate for Γ0 ≪ EF , where
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Figure 4.11: Ratio of the charge carrier concentrations as extracted from the conductivity
(pσ) and the Hall coefficient (nH) as a function of doping. We chose Apmin = 1.0, where
electron pockets exist for 0.13 ≤ p ≤ 0.19. ∆p is the doping range over which Γ(p) doubles
with decreasing doping.
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Figure 4.12: Hall angle as a function of doping computed for different doping-dependences
of the scattering rate. We chose Apmin = 1.0, where electron pockets exist for 0.13 ≤ p ≤
0.19. ∆p is the doping range over which Γ(p) doubles with decreasing doping.

EF is the Fermi energy. Our results for pσ/nH can be compared with the experimental

results by Collignon et al. [60], yielding good qualitative agreement.

A similar picture emerges from the Hall angle RHσ. In Nd-LSCO, a drop by a factor

of three is observed over the width of the transition with decreasing doping [60]. In the

disordered antiferromagnetic metal, a rather small drop is observed in this quantity for

p < p∗, followed by an increase at smaller p. As can be seen in Fig. 4.12, adding doping

dependent scattering allows to enhance the size of the drop and weakens the decrease at

smaller doping, leading to a better qualitative agreement with the experimental results [60].

A doping-dependent scattering rate that increases for p < p∗ can thus improve the
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qualitative agreement between theory and experiment in various transport properties. In

the following we argue that the competing ordering tendencies at different energy scales

in underdoped cuprates could provide a mechanism for such a doping-dependence of the

scattering rate. In La-based cuprates like Nd-LSCO, at low dopings (p ∼ 0.12) there

is evidence of stripe-like ordering from neutron scattering and X-ray spectroscopy [62,

295, 296]. In other cuprate materials like BSCCO, local patches of charge modulations

have been seen in STM experiments [88, 89, 104]. Theoretical studies also show that

the reconstructed small Fermi surface has a dominant instability towards bond-density

waves (BDW) at an incommensurate wave-vector with a d-wave form factor [51, 244].

The results of recent transport experiments [60, 151] suggest that charge-ordering sets in

at a lower doping than p∗, where the pseudogap line terminates. However, short-range

charge density modulations seem to be omnipresent in the pseudogap phase, and could act

as additional sources of scattering. Indeed, time-reversal symmetric disorder can destroy

long range density wave order in the charge channel as it couples linearly to the order

parameter, but it can only couple quadratically to the spin density wave order parameter

and is therefore a less relevant perturbation to antiferromagnetic order [210]. Below, we

explore a simple model of disordered density waves and estimate its contribution to the

quasiparticle scattering rate.

Figure 4.13: Patches of density waves that act as additional quenched disorder.

We model the disorder-induced scattering as arising from pinned short-range charge-

density wave order with a domain size given by the correlation length ξ, which we assume

to be of the order of ten lattice spacings. Each domain is locally unidirectional with an
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incommensurate ordering wave vectors Q, as shown in Fig. 4.13. The order parameter Pij

scatters an electron from momentum k − Q/2 to k + Q/2. Therefore, each such patch

can be considered to be a short-range potential scatterer with the appropriate matrix

element for scattering between electron states |k⟩ and |k′⟩ being given by PQ f [(k+ k′)/2],

where f(k) is some appropriate internal form factor. We assume a phenomenological

Lorentzian dependence on Q that it peaked at Q0, the ordering wave-vector with the

largest susceptibility. Assuming weak disorder with a density ni ∼ 0.01, we can self-

average over the disorder to find a scattering time τ2 given in the Born approximation by

(assuming it is independent of initial state)

τ−1
2 = 2π

∫
d2Q

4π2
g(Q)

∫
d2k

4π2
∣∣PQ(k,k′)f((k+ k′)/2)

∣∣2δ(ξk − ξk′), where

PQ(k,k′) ∼ 1

ξ−2 + (k− k′ −Q)2
, (4.75)

where g(Q) is a normalized function peaked at Q0. Now a gradual increase in the den-

sity wave correlation length ξ with decreasing doping can result in a larger scattering

rate. Saturation of the charge-density wave correlation length due to disorder also entails

saturation of the scattering rate.

4.6 Topological order in the pseudogap phase

In this Chapter, we have so far discussed electrical and thermal transport in a mean-field

model for a quantum phase transition from a (in-) commensurate antiferromagnet to a

non-magnetic Fermi liquid. In Fig. 4.14, we present the phase diagram of a SU(2) lattice

gauge theory [45, 244] of the square lattice Hubbard model, in which such a quantum

transition corresponds to taking the route A → B with increasing doping. Along this

route, the optimal doping criticality is associated with the Landau-Ginzburg-Wilson-Hertz

[116] theory of the antiferromagnetic quantum critical point. However, there have, so far,

been no indications that long-range antiferromagnetic order is present in the pseudogap

regime of the hole-doped cuprates. So we instead examine the route A → C → D →

B in Fig. 4.14 as describing the evolution of phases with increasing hole-doping. In this
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(A) Antiferromagnetic 
metal

(B) Fermi liquid with 
large Fermi surface

hRi = 0, hHai = 0

hRi 6= 0, hHai = 0hRi 6= 0, hHai 6= 0

hRi = 0, hHai 6= 0

LGW-Hertz criticality
of antiferromagnetism

Increasing SDW orderIncreasing SDW order

Increasing SDW order

Higgs criticality:
deconfined SU(2) 
gauge theory with 
large Fermi surface

Increasing SDW order

(D) SU(2) ACL eventually 
unstable to pairing and 
confinement

(C) Metal with Z2 
topological order and 
discrete symmetry 
breaking

Figure 4.14: Phase diagram adapted from Refs. [45, 244]. The x and y axes are parameters
controlling the condensates ofH and R respectively. There is long-range antiferromagnetic
order only in phase A, where both R and H condensates are present. Phase C is a model
for the pseudogap with topological order. We argue in the text that, in the simplest theory,
the charge and energy transport properties of the A → B transition are identical to those
of the C → D transition. The dashed line between phases C and D represents a crossover.

route, the pseudogap is phase C, a metal with Z2 topological order, and the optical doping

criticality is the topological phase transition between phases C and D.

The specific scenario illustrated in Fig. 4.14 assumes that the pseudogap is a Z2 alge-

braic charge liquid (Z2-ACL) or a Z2 fractionalized Fermi liquid (Z2-FL∗) [244, 255]. For

both these phases, the only low energy quasiparticles are charge-carrying fermions with a

small Fermi surface. These phases can be described as metals with quantum-fluctuating

antiferromagnetism in the following manner. We introduce a spacetime-dependent SU(2)

spin rotation, Ri to transform the electron operators ciα into ‘rotated’ fermions ψis, with
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s = ±:  ci↑

ci↓

 = Ri

 ψi,+

ψi,−

 , (4.76)

where

R†
iRi = RiR

†
i = 1. (4.77)

The same transformation rotates the local magnetization mi to a ‘Higgs’ field Hi

σ ·mi = Ri (σ ·Hi)R
†
i (4.78)

Note that under Eq. (4.78), the coupling of the magnetic moment mi to the electrons is

equal to the coupling of the Higgs field to the ψ fermions

mi · c†iασαβciβ = Hi · ψ†
isσss′ψis′ (4.79)

A second key observation is that the mappings in Eqs. (4.76) and (4.78) are invariant

under the SU(2) gauge transformation generated by Vi, where ψi,+

ψi,−

 → Vi(τ)

 ψi,+

ψi,−


Ri → Ri V †

i (τ)

σ ·Hi → Vi (σ ·Hi)V
†
i . (4.80)

So the resulting theory for the ψ, R and H will be a SU(2) lattice gauge theory.

We are interested here in the properties of state C as a model for the pseudogap. From

Fig. 4.14, we observe that in this state the local antiferromagnetic order mi quantum

fluctuating, but the Higgs field (which is the antiferromagnetic order in a rotating reference

frame) is a constant. Moreover, from Eq. (4.79), the coupling of the ψ fermions to the

Higgs field is identical to the coupling of the electrons to the physical magnetic moment.
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If we assume that the dispersions of the ψ and c fermions are the same (in a suitable

gauge), then we can compute the charge and energy transport properties of the transition

from state C to state D without further analysis: they are identical to the charge and

energy transport properties of the transition from state A to state B which were computed

in earlier sections of this Chapter. There are significant differences in the spin transport

properties of C → D from A → B, but these have not so far been experimentally accessible

in the cuprates.

So we have the important conclusion that the concurrence between theory and experi-

ments, in this Chapter and in earlier work [77, 286], applies also for the topological phase

transition, C → D, model of the optical doping criticality. And this model has the impor-

tant advantage that long-range antiferromagnetic order is not required in the pseudogap

phase C. Phase D is described by a SU(2) gauge field coupled to a large Fermi surface of

fermions with SU(2) gauge charges: such a phase is expected to be unstable to a super-

conductor in which all SU(2) gauge charges are confined, and so the state is formally the

same as a BCS superconductor. However, a magnetic field could suppress the supercon-

ductivity and expose the underlying non-Fermi liquid, and this makes phase D a candidate

to explain the observed strange metal in the overdoped regime [63].

We note that it is also possible to construct models of Z2-FL∗, different from that in

Fig. 4.14, building on the models reviewed in Ref. [164] in which the low-energy charge-

carrying excitations are bosonic [46, 230]. However, these models support charge-neutral

spinons in the deconfined phase [44] and therefore violate the Wiedemann-Franz law quite

strongly. The reason is that the spinons contribute to the thermal conductivity but not

to the electrical conductivity. Such violations have not been observed in experiments [96].

4.7 Discussion

It is natural to ask how the presence of other excitations or fluctuations would affect our

findings above. The parameter regime very close to the critical doping p∗ cannot be re-

liably described by our simple mean-field approach. This requires a more sophisticated

theory of transport in a strange metal and the consideration of quantum critical fluctu-
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ations. However, the quantum critical regime of doping shrinks to a point as T → 0,

and away from this regime fermionic quasiparticles exist and are well-described by nearly

non-interacting fermions. Interaction effects can be taken into account by Fermi liquid

corrections [72] to the conductivities. In principle, vertex corrections and Fermi liquid

corrections may be different on the two sides of the phase transition. We argued that the

results for the conductivities in the dirty limit can be well understood under the assump-

tion that the Fermi velocity does not change across the optimal doping QCP. There is

experimental evidence for certain cuprates like BSSCO that the Fermi velocity is roughly

constant across p∗, although it does get renormalized to smaller values for lower doping

[265, 300]. Our results are thus robust if the Fermi velocity in the calculation is inter-

preted as the measured Fermi velocity from experiments. Fermi liquid corrections should

thus not change our conclusions substantially. Moreover, we studied the interaction of

fermions with disorder only within a simple relaxation time approximation. We expect

this to capture the qualitative features in the relevant limits. It would be interesting to de-

termine the scattering time self-consistently, as gapping out parts of the Fermi surface may

also influence the scattering time. This could be done in an unconstrained Hartree-Fock

calculation similar to Ref. [49].

On the overdoped side, there are no gapless excitations besides the fermions. In the

scenario where static iAF order disappears at the QCP, in the overdoped regime p > p∗

magnons are gapped and do not contribute to the heat conductivity at low temperatures.

On the overdoped side of the QCP from the topological metal to the normal metal, there

are also no additional low energy excitations which could contribute to thermal trans-

port. The reason is that in this scenario, the normal metal is a confined phase, where all

additional excitations carrying Z2 gauge charge are confined and the gauge field is massive.

Similar arguments hold in the underdoped regime. In the Z2-ACL or Z2-FL∗ with

fermionic chargons, the charge-neutral spin-excitations as well as the visons (which are

the Z2 gauge fluxes) yield additional contributions to the heat conductivity at finite tem-

perature. However, these are suppressed at low temperatures because the spinons and

visons are both gapped. In the scenario with static iAF order, magnons yield additional

contributions to the heat conductivity, which vanish at zero temperature. The two sce-
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narios could possibly be distinguished at finite temperature, where gapped gauge fields

contribute differently from magnons. Note that no magnon contribution to the heat

conductivity of YBCO is seen beyond the doping where long-range commensurate antifer-

romagnetic order at finite temperature disappears in the strongly underdoped regime [70].

This could, however, also be a consequence of long-range incommensurate antiferromag-

netic order only existing in the ground state [110]. We leave the study of this interesting

problem for future work.

4.8 Conclusions

We summarize the main findings of our numerical computations for the electrical and

thermal conductivities, and their relationship to observations.

In Fig. 4.3, we showed the doping dependence of the thermal conductivity of metallic

states in the presence of spiral antiferromagnetic order at low doping. The comparison

of these results with the commensurate antiferromagneticsm case appears in Fig. 4.4.

Although there is a difference between these cases, both sets of results show that the drop

in the thermal conductivity κ between large and small p is smaller than that found for

the Hall effect in Ref. [77], as shown in Fig. 4.5. These results are at odds with the recent

observations of Collignon et al. [60, 198] who found the same drop in the carrier density

in the thermal conductivity and the Hall effect.

Next we turned to corresponding computations in the presence of superconductivity.

In Fig. 4.8, we plotted the evolution of thermal conductivity as a function of doping in the

clean and dirty limits. In the clean limit, κ shows markedly different behavior for commen-

surate and incommensurate antiferromagnetic order. The appearance of Néel order entails

a gradual drop of κ on the underdoped side (p < p∗), whereas advent of incommensurate

spiral order results in a sharp drop by a factor of two, consistent with our analytical re-

sults. Figure 4.9 depicts how this sharp drop is smoothened out as a function of increasing

disorder. We also noted that appearance of antiferromagnetism can be distinguished from

other orders (like charge density wave [73]) co-existing with superconductivity by studying

the evolution of the thermal conductivity across the quantum critical point.
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We then discussed how a doping-dependent scattering rate, possibly due to quenched

density fluctuations, affects the thermal conductivity in the disordered antiferromagnetic

metal or the dirty superconductor. Figure 4.10 shows the evolution of κ for different

doping dependent scattering rates. A comparison of the carrier densities extracted from

conductivity and the Hall effect appears in Fig. 4.11, and a plot of the Hall angle as a

function of doping is shown in Fig. 4.12; both are in good qualitative agreement with

recent experimental data of Collignon et al. and Michon et al. [60, 198].

Finally, we presented an alternate description of the pseudogap phase as an exotic

metal with Z2 topological order, but without long range antiferromagnetism. Figure 4.14

shows a phase diagram outlining the two distinct routes from a small Fermi surface in

the pseudogap phase to a large Fermi surface on the overdoped side. We argued that

in both cases, the electrical, Hall [77, 286] and thermal conductivities exhibit identical

evolution as a function of doping at low temperatures, and therefore the observations in

Refs. [60, 198] can be equally well explained by a phase transition from a regular Fermi

liquid to a topological pseudogap phase.

144



Symmetry is ennui, and ennui is the very essence of

grief and melancholy.

Victor Hugo

5
Insulators and metals with topological order and discrete symmetry

breaking

5.1 Introduction

Experimental studies of the enigmatic high temperature ‘pseudogap’ regime of the hole-

doped cuprate compounds have reported numerous possible discrete symmetry breaking

order parameters [9, 68, 80, 117, 129, 156, 168, 169, 178, 191, 315, 329, 330]. There is

evidence for lattice rotation symmetry breaking, interpreted in terms of an Ising-nematic

order [145], and for one or both of inversion and time-reversal symmetry breaking, usually

interpreted in terms of Varma’s current loop order [279, 280, 299]. Both of these orders

have the full translational symmetry of the square lattice, and cannot, by themselves, be

responsible for gap in the charged fermionic spectrum near the ‘anti-nodal’ points ((π, 0)

and (0, π)) of the square lattice Brillouin zone.

An interesting and significant recent development has been the observation of inversion

[329] and time-reversal [129] symmetry breaking in the iridate compound Sr2Ir1−xRhxO4;

Ref. [302] has shown that this iridate is described by a one-band Hubbard model very sim-

ilar to that for the cuprates. The inversion symmetry breaking is strongest in the insulator

at x = 0 where it co-exists with Néel order; at non-zero x, both orders persist, but the dis-
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crete order is present at higher temperatures. Motivated by the similarities in the light and

neutron scattering signatures between the cuprate and iridate compounds, we will present

here a common explanation based upon the quantum fluctuations of antiferromagnetism.

Long-range Néel order (which breaks translational symmetry) can clearly be the origin

of a gap in the charged fermionic spectrum at the anti-nodes. In the traditional spin density

wave theory of the quantum fluctuations of the Néel order [116], there is a transition to

a state without Néel order, with full translational symmetry, a large Fermi surface, and

no anti-nodal gap. However, the anti-nodal gap can persist into the non-Néel phase [55]

when the resulting phase has topological order [221, 228, 230, 270, 273] (see footnote1

for the precise definition of topological order, and the review in Ref. [244]). We shall

use topological order as the underlying mechanism for the pseudogap. Moreover, early

studies of spin liquid insulators with Z2 topological order showed that there can be a

non-trivial interplay between topological order and the breaking of conventional discrete

symmetries. The Z2 spin liquid obtained in Refs. [237, 254] co-existed with Ising-nematic

order: this was a consequence of the p-wave pairing of bosonic spinons. A similar interplay

with time-reversal and inversion symmetries was discussed by Barkeshli et al. [17], using

higher angular momentum pairing of fermionic spinons. Here we shall use the formalism

of Refs. [53, 244, 248] to generalize the state [237, 254] with Z2 topological order to also

allow for the breaking of inversion and time-reversal symmetries, both in the insulator

and the metal. We will find states with spontaneous charge currents (see Fig. 5.2) and

topological order, one of which (Fig. 5.2a) also has the Ising-nematic order observed in

experiments [9, 68, 117, 156].

The association between topological order and discrete broken symmetries implies that

the broken symmetries will not be present in the confining phases at larger doping. This

is an important advantage of our approach over more conventional excitonic condensation

theories of broken symmetries. In the latter approaches there is no strong reason to connect
1Topological order is defined by the presence of ground state degeneracy of a system on a torus. More

precisely, on a torus of size L, the lowest energy states have an energy difference which is of order exp(−αL)
for some constant α. Topological order can also be present in gapless states, including those with Fermi
surfaces [270, 273]. In such states, the non-topological gapless excitations have an energy of order 1/Lz (for
some positive z) above the ground state on the torus, and so can be distinguished from the topologically
degenerate states. Topological order is required for metals to have a Fermi surface volume distinct from
the Luttinger volume [273], and hence to have a ‘pseudogap’.
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the disappearance of the pseudogap with vanishing of the symmetry order parameter.

We will begin in Section 5.2 by a semi-classical treatment of the quantum fluctuations of

antiferromagnetism [36, 37, 102] using the O(3) non-linear sigma model. In the insulator,

this approach has been successfully used to describe the thermal fluctuations of the Néel

order, and also the adjacent quantum phase without Néel order; the latter was argued

to have valence bond solid (VBS) order [235, 236], and is accessed across a deconfined

quantum critical point [271, 272]. Here, we will identify an order parameter, O, for

inversion and time-reversal symmetry breaking in terms of the fields of the O(3) sigma

model.

It is also useful to formulate the semi-classical treatment using the CP1 model for

bosonic, fractionalized spinons coupled to a U(1) gauge field. In these terms, an order

parameter O for inversion and time-reversal symmetry breaking turns out to be the cross

product of the emergent U(1) electric and magnetic fields. The CP1 formulation yields an

effective gauge theory, in Eq. (5.13) for quantum phases with spontaneous charge currents,

but without Néel order.

Formally, a model expressed in terms of spins alone has no charge fluctuations, and

so has vanishing electromagnetic charge current, J = 0. However, in practice, every spin

model arises from an underlying Hubbard-like model, in which states suppressed by the

on-site repulsion U are eliminated by a canonical transformation. If we undo this canonical

transformation, we can expect that a suitable multi-spin operator will induce a non-zero

J at some order in the 1/U expansion. As O has the same symmetry signature as J, we

can expect that a state with ⟨O⟩ non-zero will also have ⟨J(r)⟩ non-zero. We will examine

states in which ⟨O⟩ is independent of r in the continuum limit, so that translational

symmetry is preserved. However, by Bloch’s theorem [32, 215], we must have

∫
d2r⟨J(r)⟩ = 0, (5.1)

and so J cannot be r independent. If we want to preserve translational symmetry, the

resolution is that there will be intra-unit cell variations in ⟨J(r)⟩ to retain compatibility

with Bloch’s theorem. In a tight-binding model with one site per unit cell, we label each
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J1

J2
J3J4

Figure 5.1: Definitions of currents on the square lattice with first and second neighbor
hopping. The filled circles are the sites of the Cu atoms in the cuprates. Shown above are
the 4 currents Jρ from the central lattice site. These currents obey Eq. (5.2) when the
translational symmetry of the square lattice is preserved.

unit cell by a site label, i, and a link label ρ so that the combination (i, ρ) identifies the

complete set of lattice links, with no double counting. So from each lattice site i, there

are set of vectors vρ connecting i to its neighboring sites, and both vρ and −vρ are not

members of this set: see Fig. 5.1. In this setup, Bloch’s theorem states that

∑
ρ

⟨Jρ⟩ = 0. (5.2)

where Jρ is the current along the vρ direction. Note that Eq. (5.2) is a stronger statement

than current conservation because the sum over ρ does not include all links connected to

site i, only half of them. Eq. (5.2) is equivalent to the statement that there are current

‘loops’, and these are clearly possible even in a single-band model [26, 285]. In the presence

of a r-independent O condensate, we can write by symmetry that (to linear order in the

broken symmetry)

⟨Jρp⟩ = Kρ
pp′
⟨
Op′
⟩
, (5.3)

where p, p′ = x, y are spatial indices, and Kρ
pp′ is a response function obtained in the

1/U expansion which respects all square lattice symmetries. Compatibility with Bloch’s
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I

p
2I

I I

I

p
2I

(a) (b)

Figure 5.2: Currents on the links in two classes of states with broken time reversal and
inversion symmetries. The states have the full translational symmetry of the square lattice,
and the magnitude of the current is noted on some links. The current vanishes on the
dashed lines. In (a), the currents have the magnitudes |J1| =

√
2I, |J2| = 0, |J3| = I,

|J4| = I, and the order parameter O ∼ (−1, 0). In (b), the currents have the magnitudes
|J1| = I, |J2| = I, |J3| = 0, |J4| =

√
2I, and the order parameter O ∼ (1,−1). The state

in (a) has Ising-nematic order N1 non-zero, while the state in (b) has Ising-nematic order
N2 non-zero (see Eq. (5.5)). Experiments on the cuprates [9, 68, 117, 156] observe the
Ising-nematic order N1.

theorem requires that

∑
ρ

Kρ
ij = 0, (5.4)

and there are no conditions on the value of ⟨O⟩.

We will turn to an explicit treatment of the charged excitations, and a computation

of Jρ in Section 5.3: our results there do obey Eqs. (5.1) and (5.4). Section 5.3 will

present a lattice formulation in which the U(1) gauge field of the CP1 model is embedded

in a SU(2) lattice gauge theory [53, 244, 248, 249]. This lattice gauge theory has the

advantage of including all Berry phases and charged fermionic excitations, and also for

allowing an eventual transition into a conventional Fermi liquid state at high enough

doping. Our interest here will be in insulating and metallic states at lower doping, which

have topological order and a gap to charged fermionic excitations in the anti-nodal region.

At the same time we shall show that, with an appropriate effective action, there can
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be a background modulated gauge flux under which gauge-invariant observables remain

translationally invariant but break one or more of inversion, time-reversal and lattice

rotation symmetries. Our computations will demonstrate the presence of spontaneous

charge currents obeying Eq. (5.2) in states which break both inversion and time-reversal,

but preserve translation. The two classes of spontaneous current patterns we find are

shown in Fig. 5.2. Note that the product of time-reversal and inversion is preserved

in these states. The state in Fig. 5.2a has ⟨O⟩ ∼ (−1, 0), while the state in Fig. 5.2b

has ⟨O⟩ ∼ (1,−1). Both states belong to separate quartets of equivalent states (with

⟨O⟩ ∼ (±1, 0), (0,±1) and ⟨O⟩ ∼ (±1,±1)) which can be obtained from them by symmetry

operations. Both states also break an Ising-nematic symmetry. In general, on the square

lattice, we can define two Ising-nematic order parameters, which are invariant under both

inversion and time-reversal, but not under lattice rotation symmetries. In terms of O,

these order parameters are

N1 = O2
x −O2

y , N2 = OxOy. (5.5)

The state in Fig. 5.2a has only ⟨N1⟩ ̸= 0, while the state in Fig. 5.2b has only ⟨N2⟩ ̸= 0. We

note that the state in Fig. 1b of Simon and Varma [279] in a two band model has the same

symmetry as the state in our Fig. 5.2b, and also the spontaneous current states considered

in Refs. [26, 285]. The state in our Fig. 5.2a appears to not have been considered earlier: it

has the same Ising-nematic order observed in experiments in the cuprates [9, 68, 117, 156].

Finally, we note that our results are also easily extended to states with long-range

antiferromagnetic order by condensing the spectator bosonic spinons.

5.2 O(3) non-linear sigma and CP1 models

The familiar O(3) model describes quantum fluctuations of the unit vector n⃗(r, τ), repre-

senting the local antiferromagnetic order, with action over space, r, and imaginary time

τ

Sn⃗ =
1

2g

∫
d2rdτ (∂µn⃗)

2 , (5.6)
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T Tx Ty Ix Iy
n⃗ − − − + +

L⃗ − + + + +
ex + − − − +
ey + − − + −
b − − − − −
Jx − + + − +
Jy − + + + −

Table 5.1: Symmetry signatures of various fields under time reversal (T ), translation by
a square lattice spacing along the x (Tx) and y (Ty) directions, and reflections about a
square lattice site involving x→ −x (Ix) or y → −y (Iy).

where µ extends over the 3 spacetime indices, and g is a coupling constant. For our

purposes, we need the symmetry transformation properties of the operator n⃗ and its

canonically conjugate angular momentum L⃗; the latter is also interpreted as the conserved

ferromagnetic moment [37]. We list these transformations properties in Table 5.1.

Table 5.1 also shows the symmetry transformations of charge current J. Formally, a

model expressed in terms of spins alone has no charge fluctuations, and so we will have

J = 0. However, in practice, every spin model arises from an underlying Hubbard-like

model, in which states suppressed by the on-site repulsion U are eliminated by a canonical

transformation. If we undo this canonical transformation, we can expect that a suitable

multi-spin operator will couple linearly to J at some order in the 1/U expansion; naturally,

we need this multi-spin operator to have the same symmetry signature as J. We therefore

use Table 5.1 to find the simplest such combination of n⃗ and L⃗; the needed operator turns

out to be

O = L⃗ · (n⃗×∇n⃗). (5.7)

We will therefore be interested in states in which ⟨O⟩ is non-zero and independent of r.

In magnetically ordered states, ⟨O⟩ is non-zero for a ‘canted spiral’ in which the spins

precess around the base of a cone along a fixed spatial direction [326]: a non-zero n⃗×∇n⃗

corresponds to a spin spiral, which must cant to introduce a non-zero L⃗. However, our

interest here is in states in which ⟨O⟩ is non-zero without long-range magnetic order, in

which ⟨n⃗⟩ = 0 and ⟨L⃗⟩ = 0. For example, we can add to Sn⃗ an effective potential V (O)
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which is invariant under all symmetries, and a suitable V (O) will induce an O condensate.

In Section 5.3, we will present specific lattice models for which such condensates arise. In

any such state with an O condensate, we can also expect that ⟨J(r)⟩ is also non-zero, and

obeys Eqs. (5.3) and (5.4).

Let us now turn to the CP1 model. This is expressed in terms of bosonic spinons, zα,

with α =↑, ↓ and |z↑|2 + |z↓|2 = 1, related to the antiferromagnetic order by

n⃗ = z∗ασ⃗αβzβ, (5.8)

where σ⃗ are the Pauli matrices. The action for the CP1 model has an emergent U(1) gauge

field aµ = (aτ ,a):

Sz =
1

g

∫
d2rdτ |(∂µ − iaµ)zα|2. (5.9)

We define the associated emergent electric and magnetic fields by, as usual by

e = ∂τa−∇aτ , b = ẑ · (∇× a), (5.10)

where ẑ is a unit vector orthogonal to the square lattice in the x-y plane. These gauge-

invariant fields are connected to the topological charge of the O(3) order parameter n⃗

via

e =
1

2
n⃗ · (∂τ n⃗×∇n⃗) , b =

1

2
n⃗ · (∂xn⃗× ∂yn⃗) . (5.11)

We can now use (5.11) to deduce the symmetry signatures of e and b, and the results were

shown in Table 5.1. Finally, as in the O(3) formulation, we now search for a combination

of e and b which has the same symmetry signature as the charge current; the simplest

possibility is

O = e× (b ẑ). (5.12)

Note that the operators in Eqs. (5.7) and (5.12) are not equal to each other: they are

distinct representations with the same symmetry signature. The connection between O
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and the charge current J in Eq. (5.3) also applies to Eq. (5.12). Also at this order, O is

equal to the conserved Poynting vector of the gauge field, but we do not expect possible

higher order terms in O to yield a conserved quantity. Also, as for the O(3) model, we

can add a suitable potential V (O) to the CP1 action Sz in Eq. (5.9) and induce a phase

with an O condensate.

The advantage of the CP1 formulation is that we can now write down an effective action

for the phase without Néel order, where the zα spinons are gapped. We integrate out the

zα spinons and generate an effective action for the U(1) gauge field aµ in the state where

O is condensed; using gauge invariance and symmetries, the imaginary time action has

the form

Sa =
∫
d2rdτ

[γ1
2
(∂τai − ∂iaτ )

2 +
γ2
2
(∂xay − ∂yax)

2 + iΓi(∂τai − ∂iaτ )(∂xay − ∂yax)
]
,(5.13)

where γ1,2 are coupling constants. The novel feature is the last term which has a co-efficient

proportional to ⟨O⟩

Γ ∝ ẑ× ⟨O⟩; (5.14)

this term leads to a relatively innocuous modification of the gauge field propagator from the

familiar relativistic form. By itself, the U(1) gauge theory Sa is unstable to confinement

by the proliferation of monopoles and the appearance of VBS order [235]. However,

topological order can be stabilized if there are Fermi surfaces of U(1) charged fermions

[115, 136] which suppress monopoles. Alternatively, Z2 topological order can be stabilized

[237, 254, 307] by condensing a Higgs scalar with U(1) charge 2. We will meet both

mechanisms in the model of Section 5.3. The resulting state has co-existing topological

order and spontaneous charge currents.

5.3 SU(2) lattice gauge theory

This section will extend the SU(2) gauge theory of Refs. [53, 244, 248, 249] to obtain

lattice model realizations of the physics sketched in Section 5.2. The SU(2) gauge theory

was initially proposed as a convenient reformulation of particular theories of topological
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order in insulators [235–237, 254] and metals [135–137], which also allowed one to recover

the large Fermi surface Fermi liquid at large doping. For our purposes, it also turns out to

be a convenient setting in which to realize the states discussed in Section 5.2. The theory

explicitly includes charged fermionic excitations, and so it is possible to obtain a gap near

the antinodes, and also directly compute the charged currents.

We start with electrons ciα on the square lattice with dispersion

Hc = −
∑
i,ρ

tρ

(
c†i,αci+vρ,α

+ c†i+vρ,α
ci,α

)
− µ

∑
i

c†i,αci,α +Hint (5.15)

As discussed above Eq. (5.2), we label half the links from site i by the index ρ and the

vector vρ: to avoid double-counting the vectors vρ do not contain any pair that add to 0.

With first, second, and third neighbors, vρ ranges over the 6 vectors x̂, ŷ, x̂+ ŷ, −x̂+ ŷ,

2x̂, and 2ŷ.

We represent the interactions between the electrons in a ‘spin-fermion’ form [116] using

an on-site field Φℓ(i), ℓ = x, y, z, which is conjugate to the spin moment on site i:

Hint = −λ
∑
i

Φℓ(i)c†i,ασ
ℓ
αβci,β + VΦ (5.16)

where σℓ are the Pauli matrices. We leave the effective action for Φ in VΦ unspecified -

different choices for VΦ allow us to tune between the phases discussed below.

The key to obtaining insulators and metals with topological order (and hence a pseudo-

gap without breaking translational symmetry) is to transform the electrons to a rotating

reference frame [53, 244, 248, 249] along the local magnetic order, using a SU(2) rotation

Ri and (spinless-)fermions ψi,s with s = ±, ci↑

ci↓

 = Ri

 ψi,+

ψi,−

 , (5.17)

where

R†
iRi = RiR

†
i = 1. (5.18)

Note that this representation immediately introduces a SU(2) gauge invariance (distinct
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Field Symbol Statistics SU(2)gauge SU(2)spin U(1)e.m.charge
Electron c fermion 1 2 -1

Spin magnetic moment Φ boson 1 3 0
Chargon ψ fermion 2 1 -1
Spinon R or z boson 2̄ 2 0
Higgs H boson 3 1 0

Table 5.2: Quantum numbers of the matter fields in the SU(2) Lattice gauge theory. The
transformations under the SU(2)’s are labelled by the dimension of the SU(2) represen-
tation, while those under the electromagnetic U(1) are labeled by the U(1) charge. The
spin correlations are characterized by Φ in Eq. (5.16). The Higgs field is the transform of
Φ into a rotating reference frame via Eq. (5.22).

from the global SU(2) spin rotation) ψi,+

ψi,−

 → Vi

 ψi,+

ψi,−

 (5.19)

Ri → Ri V †
i , (5.20)

under which the original electronic operators remain invariant, ciα → ciα; here Vi(τ) is

a SU(2) gauge-transformation acting on the s = ± index. So the ψs fermions are SU(2)

gauge fundamentals, carrying the physical electromagnetic global U(1) charge, but not

the SU(2) spin of the electron: they are the fermionic “chargons” of this theory, and the

density of the ψs is the same as that of the electrons. The bosonic R fields also carry the

global SU(2) spin (corresponding to left multiplication of R) but are electrically neutral:

they are the bosonic “spinons”. We will relate them below to the spinons, zα, of the

CP1 model in Eq. (5.9). A useful summary of the gauge and global symmetry quantum

numbers of the various fields is in Table 5.2.

Inserting the parameterization in Eq. (5.17) into Hint, we can write Eq. (5.16) as

Hint = −λ
∑
i

Ha(i)ψ†
i,s σ

a
ss′ ψi,s′ + VH (5.21)

We have introduced here the on-site Higgs field Ha(i), where a = x, y, z and σa are the

Pauli matrices. This is the spin magnetic moment transformed into the rotating reference

155



Chapter 5. Insulators and metals with topological order and discrete symmetry breaking

frame, and is related to Φℓ(i) via

Ha(i) =
1

2
Φℓ(i)Tr

[
σℓRi σ

aR†
i

]
, (5.22)

and the inverse relation

Φℓ(i) =
1

2
Ha(i)Tr

[
σℓRi σ

aR†
i

]
. (5.23)

These relations can also be written as

σaHa(i) = R†
i σ

ℓΦℓ(i)Ri. (5.24)

The Higgs field transforms as an adjoint under the SU(2) gauge transformation, but does

not carry spin or charge (see Table 5.2)

Ha(i) → 1

2
Hb(i)Tr

[
σaVi σ

bV †
i

]
, (5.25)

or equivalently

σaHa(i) → Vi σ
bHb(i)V †

i . (5.26)

We recall in Fig. 5.3 an earlier mean-field phase diagram [244] obtained by condensing R

or H or both. Our interest here will be primarily in phase C, which has Z2 topological

order because the condensation of the Higgs field breaks the SU(2) invariance down to Z2.

We focus here on the effective Hamiltonian for the ‘chargons’, the ψ fermions in phase

C. This is motivated by our aim of eventually computing the charge currents. To obtain

the Hamiltonian, we insert the parameterization in Eq. (5.17) into the hopping terms in

Hc, and decouple the resulting quartic terms. Such an effective Hamiltonian has the form

Hψ = −
∑
i,ρ

(
wρψ

†
i,s U

ρ
ss′(i)ψi+vρ,s′

+H.c.
)
− λ

∑
i

Ha(i)ψ†
i,s σ

a
ss′ ψi,s′ − µ

∑
i

ψ†
i,sψi,s(5.27)

The magnitudes of the bare hoppings of the ψ fermions are determined by the real numbers
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(A) Antiferromagnetic 
metal

(B) Fermi liquid with 
large Fermi surface

hRi = 0, hHai = 0

hRi 6= 0, hHai = 0hRi 6= 0, hHai 6= 0

hRi = 0, hHai 6= 0

LGW-Hertz criticality
of antiferromagnetism

Increasing SDW orderIncreasing SDW order

Increasing SDW order

Higgs criticality:
deconfined SU(2) 
gauge theory with 
large Fermi surface

Increasing SDW order

(D) SU(2) ACL eventually 
unstable to pairing and 
confinement

(C) Metal with Z2 
topological order and 
discrete symmetry 
breaking

Figure 5.3: Phase diagram of the SU(2) lattice gauge theory adapted from Ref. [244]. The
x and y axes are parameters controlling the condensates of H and R respectively. There is
long-range antiferromagnetic order only in phase A. The Landau-Ginzburg-Wilson-Hertz
theory [116] describing transition between the conventional phases A and B is believed
to provide a suitable framework for the Fe-based superconductors [81]. The hole-doped
cuprate superconductors are proposed to follow the route A-C-D-B with increasing doping.
Our interest here is in the pseudogap metal phase C. The optimal doping criticality [12] is
the transition from C to D, where the Higgs condensate vanishes in the presence of a large
Fermi surface of fermions carrying SU(2) gauge charges. Phase D describes the overdoped
regime, and is proposed to underlie the extended regime of criticality found in a magnetic
field [63], and the non-BCS superconductivity [33].

wρ; for simplicity, we fix these hopping parameters at their bare values wρ = tρ. We have

also included a SU(2) matrix on every link, Uρ(i), which represents the gauge connection

used by the ψ fermions to hop between sites. This clearly transforms under the gauge

transformation in Eq. (5.19,5.20) via

Uρ(i) → ViU
ρ(i)V †

i+vρ
. (5.28)

The previous analyses of this model [53, 244, 248, 249] only examined the unit SU(2)

matrix case Uρ = I. Below, we will describe other choices for Uρ, and show that they
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can lead to states with spontaneous charge currents: this is the main new proposal in this

Chapter for the SU(2) lattice gauge theory.

We will work with a translationally invariant ansatz [309] for the SU(2) gauge-charged

fields, Uρ(i) and Ha(i), which can be taken to be independent of i. However, to make

contact with earlier formulations in which the SU(2) is broken down to a U(1) or Z2

gauge theory [53, 244, 248], it is useful to sometimes perform a gauge transformation to

a spatially-dependent ansatz. The spatially dependent form cannot be gauge transformed

back to the translationally invariant form using only the U(1) or Z2 gauge transformations,

and so the spatial dependence is not optional in the U(1) or Z2 gauge theories. We choose

the space dependence of the SU(2) gauge fields in the following form

Uρ(i) = Vi

[
exp

(
iθρℓ

a
ρσ

a
)
exp

(
− i

2
(Q · vρ)σz

)]
V †
i+vρ

σaHa(i) = Vi σ
bΘb V †

i , (5.29)

where

Vi = exp

(
− i

2
(Q · ri)σz

)
. (5.30)

The background gauge and Higgs fields are fully specified by the wavevector Q, the 3

real numbers Θa, the angle θρ and the unit vector ℓaρ (
∑

a=x,y,z(ℓ
a
ρ)

2 = 1) on each ρ link.

Note that the ri dependence is purely in fields performing the gauge transformation so

all gauge-invariant combinations will be translationally invariant. In component form, we

can write Eq. (5.29) as

Hx(i)± iHy(i) = (Θx ± iΘy)e±iQ·ri

Hz(i) = Θz

Uρ(i) = cos(θρ) + i sin(θρ)
[
ℓzρσ

z + (ℓxρ − iℓyρ)e
−iQ·riσ+ + (ℓxρ + iℓyρ)e

iQ·riσ−
]

(5.31)

where σ+ = (σx + iσy)/2.

The remaining task before us is to describe the physical properties of the phases obtained

for different values of the parameters Θa, θρ, ℓaρ which are determined by minimizing a

158



Chapter 5. Insulators and metals with topological order and discrete symmetry breaking

suitable free energy. We will do this first for the previously studied phases in Section 5.3.1,

and then in Section 5.3.2 for the new phases obtained here. We will find that almost all

ansatzes break the SU(2) gauge symmetry to a smaller gauge group: this Higgs phe-

nomenon is accompanied by the appearance of topological order and the gapping of the

fermionic spectrum to yield a pseudogap state.

Before turning to this task, we note the transformations of the ψi, Ri, Ha(i) and Uρ(i)

under symmetries in Table 5.1. The simplest choice is to assign the transformations so that

they commute with SU(2) gauge transformations. Then the transformations under spatial

symmetries (Tx, Ty, Ix, and Iy) are equal to the identity in SU(2) space, and simply given

by the transformations on the spatial indices. More non-trivial are the transformations

under time reversal, T ; these we assign as

T : ψ → −iσy ψ , R→ R , H → −H , U → U, (5.32)

along with the anti-unitary complex conjugation.

We close this discussion by pausing to recall the reasoning [56, 242, 249] for the presence

of Z2 topological order in the Higgs state C in which the SU(2) gauge invariance has broken

down to Z2, and why such a state can have small Fermi pockets and a pseudogap even

in the presence of translational symmetry. To break SU(2) down to Z2, the configuration

of Higgs and link fields, Θa and ℓaρ, must transform under global SU(2) transformations

like a SO(3) order parameter. Because π1(SO(3)) = Z2, there are vortex line defects

with single-valued Higgs and link fields. Such a defect must also correspond to a single-

valued vortex configuration of the antiferromagnetic order. Now we imagine undoing the

vortex configuration by choosing R such that the ψ fermions observe a locally constant

background in Hψ. Then we will find that R is double-valued, with R → −R upon

encircling a loop around the vortex. Consequently, the ψ fermions acquire a Berry phase

of π around the vortex, and the ψ fermions and vortex excitations (the ‘visons’ [266]) are

relative semions. These vortices will be suppressed in the Higgs-condensed ground state,

and in such a ground state we can globally transform to a rotating reference frame in

which the ψ fermions are described by Hψ. The Q dependent configuration of Higgs and
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link fields in Eq. (5.31) can then reconstruct the ψ Fermi surface into pockets.

5.3.1 Previously studied phases

Insulators with Néel or VBS order

These are obtained from the saddle point with Q = (π, π) and Θa = (Θ, 0, 0), while all the

θρ = 0 so that Uρ = I. The Higgs field has two sublattice order polarized the x direction

with Ha(i) = ηi(Θ, 0, 0) where ηi = ±1 on the two sublattices.

The dispersion of the ψ fermions is the same as that of electrons in the presence of Néel

order, and we obtain the needed fermionic gap in the anti-nodal regions of the Brillouin

zone. Note however that Eq. (5.23) implies that the appearance of physical Néel order

requires the condensation of R. We assume Θ is large, and choose the chemical potential

to lie within the band gap which has magnitude |Θ|. Consequently, the ψ fermions form

a band insulator, and the charge gap is of order |Θ| which we assume is of order the U of

the underlying Hubbard model.

We now argue that fluctuations about this ‘band insulator’ saddle point are described

by the CP1 model of Eq. (5.9). A key observation is that presence of the Higgs conden-

sate Ha(i) = ηi(Θ, 0, 0) breaks the SU(2) gauge invariance down to U(1). Such a Higgs

condensate is invariant under residual U(1) gauge transformations about the x axis. So

we parameterize the the fluctuations of the link fields by

Uρ = exp (iσxa · vρ) ; (5.33)

then a transforms like the spatial component of a U(1) gauge field under the residual

gauge transformation. To obtain the spinons zα in Eq. (5.9), we need to parameterize R

in terms zα so that Eq. (5.20) implies that zα have unit gauge charge under the gauge

transformation V = exp(iσxζ), where ζ generates the gauge transformation. This is

obtained from

R =
1√
2

 z↑ + z∗↓ −z∗↓ + z↑

z↓ − z∗↑ z∗↑ + z↓

 , (5.34)

under which zα → zαe
−iζ .
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We note here a subtlety in identifying the zα and a above with the fields of the CP1

model of Eq. (5.9): the symmetry assignments discussed near Eq. (5.32) for the SU(2)

gauge theory do not map under Eq. (5.33) to the symmetry assignments in Table 5.1 and

Ref. [14]. The difference is present for transformations Tx, Ty and T , under which the

Higgs field Θ → −Θ in the SU(2) formulation for Q = (π, π). In the CP1 formulation, it is

implicitly assumed that the Higgs field is invariant under all transformations. To remedy

this, we need to combine the SU(2) gauge transformation V = exp(−i(π/2)σz) with the

operations of Tx, Ty, and T in the SU(2) gauge theory.

Beyond the fluctuations described by the CP1 model, we have to consider the non-

perturbative role of monopoles in the U(1) gauge field [235, 236]. In the earlier works,

the spin liquid was described using Schwinger bosons with a unit boson density per site.

In the presence of monopoles, this background density of bosons contributed a net Berry

phase [236]. In the present formulation, we have a background of a filled band of the ψ

fermions. The monopole Berry phase computation of Ref. [236] (Section III.A) carries over

with little change to the fermion case, and we obtain the same monopole Berry phases.

The remaining analysis of the CP1 model augmented with monopole Berry phases is

as before [235, 236, 271, 272]. The phase with ⟨zα⟩ ̸= 0 has Néel order, while the strong

coupling phase ⟨zα⟩ = 0 is initially a U(1) spin liquid which eventually confines at the

longest scales to a VBS; the transition between these phase is described by the critical

CP1 model.

Insulators with spiral spin order or Z2 topological order

The saddle point is similar to that in Section 5.3.1, except that Q is incommensurate. So

we have Θa = (Θ, 0, 0), while all the θρ = 0 so that Uρ = I. Eq. (5.29) implies that the

spatial dependence of the Higgs field is specified by

Ha(i) = Θ(cos(Q · ri), sin(Q · ri), 0). (5.35)

For genericQ, there is no residual U(1) gauge invariance left by such a condensate. Instead,

the only residual gauge invariance is Z2, associated with the choice Vi = ±1. Consequently,

the spin liquid described by this Higgs condensate has Z2 topological order. Again, to
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obtain an insulator we assume that the chemical potential is within the gap of the ψ

bands.

The phases obtain by Eq. (5.35) are precisely those described in Refs. [46, 237, 254],

and the earlier analyses can be applied directly here. The phase with R condensed has

spiral spin order, while the phase with R gapped is a Z2 spin liquid.

Metals with topological order

A key advantage of the present SU(2) gauge theory formulation is that the results obtained

in Sections 5.3.1 and 5.3.1 are immediately generalized from insulators to metals. One only

has to change the chemical potential µ so that one of the ψ bands is partially occupied,

and we obtain a Fermi surface of ψ chargons.

For the U(1) gauge theory in Section 5.3.1, the ψ Fermi surface can suppress the

monopoles, and the U(1) topological order survives in an ‘algebraic charge liquid’ (ACL)

[136]. The Z2 topological order was already stable in the insulator in Section 5.3.1, and it

continues to survive in the presence of the ψ Fermi surface.

It is also possible that the ACL becomes a ‘fractionalized Fermi liquid’ (FL*) [221, 270,

273]. This appears when the ψ fermions bind with the R spinons to form ‘small’ Fermi

surfaces of electron-like quasiparticles [135, 136, 228, 230] while retaining the topological

order.

5.3.2 States with SU(2) gauge fields on links

We turn to our new results on the SU(2) lattice gauge theory. We will examine saddle

points with non-zero Higgs condensate ⟨H⟩ ≠ 0 (as above) and also a non-trivial back-

ground gauge flux Uρ ̸= I. We will find that such saddle points can break time-reversal

and inversion symmetries in gauge-invariant observables, and that is sufficient to induce

charge currents. Ising-nematic order can also be present, as found previously, but it can

also co-exist with spontaneous charge currents. This subsection will report results in the

gauge Q = 0. Recall that the value of Q is merely a gauge choice in the full SU(2) gauge

theory (but not in U(1) or Z2 gauge theory formulations). In this gauge, the Higgs field

is i independent with Ha(i) = Θa.
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Formally, we should integrate out the fermions in Hψ in Eq. (5.27), and then minimize

the resulting action functional for the Higgs and gauge fields. However, this is computa-

tionally demanding, and the structure assumed in Hψ is phenomenological anyway. So we

will be satisfied by minimizing a phenomenological gauge-invariant functional of the Higgs

and gauge fields, consisting of short-range terms that can be constructed out of a single

plaquette. In metallic states, the fermion determinant can also induce longer-range terms

with a power-law decay, but we will not include those here: in our simple treatment, we

assume that the dominant energy arises from the short-range terms.

The effective potential also has terms contributing to a Higgs potential VH which arise

from VΦ in Eq. (5.16) via Eq. (5.23). As we will not specify VH , we assume that this

potential has already been minimized to yield the values of Θa. So we will only consider

the remaining free energy, F , which is a function only of the Uρ.

The following gauge-invariant link variables are useful ingredients in constructing the

free energy

Lρ = ΘaΘbTr(σaUρσbUρ†); (5.36)

These link variables are even under the time-reversal operation described in Eq. (5.32). In

terms of these link variables, we can define the nematic order parameters in Eq. (5.5) by

N1 = L1 − L2 , N2 = L3 − L4. (5.37)

In writing the free energy, it is useful to change notation and write the link variables via

Uρ(i) → Uij ,with rj = ri + vρ. (5.38)

We minimized the free energy

F = K1

(
L1 + L2

)
+K8(L1 − L2)2 +K9

(
L3 − L4

)2
+

∑
@ij

k

[
K3Tr (UijUjkUki) +K4 [Tr (UijUjkUki)]2 +K5Tr

(
UijUjkσ

aUkiσ
b
)
ΘaΘb

−K6Tr
(
Uijσ

aUjkUkiσ
b
)
ΘaΘb

]
+
∑

ij

k ℓ

K7Tr (UijUjkUkℓUℓi) . (5.39)
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In the above expressions we assume that all terms obtained from the pictured symbols

by square lattice symmetry operations have been summed over. This free energy depends

upon 9 parameters K1−9, and a priori they are free to take arbitrary values. We used the

residual SU(2) gauge degree of freedom to set Θa = (Θ, 0, 0), and then with 4 possible

values of the link variable ρ, the free energy depends upon 12 real numbers which determine

the Uρ.

We characterized the free energy minima by their values of the nematic order parameters

N1 and N2. We also need gauge-invariant observables which are odd under time-reversal;

for this we evaluated the combinations defined on right triangles, ijk:

Pijk = iTr (σaUijUjkUki)Ha(i). (5.40)

The spatial patterns of the Pijk, along with the values of Tr (UijUjkUki), yield much

information on the nature of time-reversal and inversion symmetry breaking. Note that

the Pijk are non-zero only if the Higgs field is non-zero—this is a consequence of the

transformation in Eq. (5.32). So time-reversal symmetry can only be broken in states in

which the SU(2) gauge invariance is also broken.

Another important characterization of the states is provided by the values of the physical

charge current. We used the values of the link variables obtained by the minimization of

F , and inserted them into the Hamiltonian Hψ in Eq. (5.27). We then determined the

current on each link by evaluating the expectation value of the current operator

Jρ(i) = −ivρ
(
wρψ

†
i,s U

ρ
ss′(i)ψi+vρ,s′

−H.c.
)

(5.41)

in the fermion state specified by the Hamiltonian Hψ at a low temperature. As shown in

Appendix D.1, for the background field configurations in Eq. (5.31), ⟨Jρ(i)⟩ turns out to

be independent of i for general values of the variational parameters Θa, θρ, ℓaρ and Q in

the Hamiltonian. This is as expected from our arguments that Eq. (5.31) implies that all

gauge-invariant observables should be translationally invariant. Moreover, we find that

the value of ⟨Jρ⟩ always obeys Bloch’s theorem in Eq. (5.2); this is true in our numerics,

and a general proof is in Appendix D.1.
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ji k

l m n

Omj = iTr (�aUmjUjkUkm)Ha(m)

� iTr (�aUjmUmnUnj)H
a(j)

+ iTr (�aUmjUjiUim)Ha(m)

� iTr (�aUjmUmlUlj)H
a(j)

Omk = iTr (�aUmjUjkUkm)Ha(m)

� iTr (�aUkjUjmUmk)H
a(k)

+ iTr (�aUmnUnkUkm)Ha(m)

� iTr (�aUknUnmUmk)H
a(k)

Figure 5.4: Expressions for the time and inversion symmetry breaking order parameter
O in terms of the variables of the SU(2) gauge theory. We use the same notation as in
Eq. (5.38) for the link values of Uρ(i) and O with Oij = O · vρ when rj = ri + vρ.

It is also useful to examine local gauge-invariant operators which have the same sym-

metry signatures as the physical current Jρ. Such operators will be realizations of the

operator O characterizing states with broken inversion and time-reversal symmetry. We

obtained expressions using the symmetry transformations described near Eq. (5.32), and

one set of operators is presented in Fig. 5.4. A derivation based upon a large |Ha(i)|

expansion is presented in Appendix D.3, along with other sets of possible operators. For

the translationally invariant solution and Q = 0 gauge being considered here, Fig. 5.4

yields these expressions for the order parameters Oρ along the directions vρ:

O1 = iTr
(
σaU1U2†U4

)
Θa − iTr

(
σaU1†U2†U3

)
Θa + iTr

(
σaU1U2U3†

)
Θa − iTr

(
σaU1†U2U4†

)
Θa

O2 = iTr
(
σaU2U1U3†

)
Θa − iTr

(
σaU2†U1U4

)
Θa + iTr

(
σaU2U1†U4†

)
Θa − iTr

(
σaU2†U1†U3

)
Θa

O3 = iTr
(
σaU2U1U3†

)
Θa − iTr

(
σaU1†U2†U3

)
Θa + iTr

(
σaU1U2U3†

)
Θa − iTr

(
σaU2†U1†U3

)
Θa

O4 = iTr
(
σaU2U1†U4†

)
Θa − iTr

(
σaU1U2†U4

)
Θa + iTr

(
σaU1†U2U4†

)
Θa − iTr

(
σaU2†U1U4

)
Θa

(5.42)
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These will be connected to Jρ via an expression like Eq. (5.3). Note that the Oρ can

only be non-zero when the Higgs condensate is non-zero, because only the Higgs field is

odd under time-reversal in Eq. (5.32). An explicit demonstration that a non-zero charge

current requires a non-zero Higgs field is in Appendix D.2.

Turning to the minimization of F in Eq. (5.39), we did not perform an exhaustive search

of different classes of states over the 9 parameters, K1−9 in F . Rather we explored a few

values to yield representative minima, and will describe a few of the typical states in the

subsections below. All of the minimization was performed with the Higgs field oriented

along the x direction, Θa = (Θ, 0, 0).

Symmetric state

This state preserves all square lattice symmetries and time reversal. We obtained such a

minimum at K1 = 1, K2 = −1, K3 = 2, K4 = 2, K5 = 2, K6 = 2, K7 = 0.1, K8 = 0,

K9 = 0. In the Q = 0 gauge, the link fields take the values:

U1 = i sin(θ)σx − i cos(θ)σy

U2 = i sin(θ)σx + i cos(θ)σy

U3 = −1

U4 = 1, (5.43)

where θ = 0.344π. All the Oρ, N1 and N2 order parameters, and the currents Jρ, vanish

in this state. The SU(2) gauge invariance is broken down to Z2 because the Uρ and Θa

have no common orientation, and so this state has Z2 topological order.

Ising-nematic order

This state preserves time reversal and inversion, but breaks a square lattice rotation sym-

metry. We obtained such a minimum at K1 = 0.5, K2 = 0.5, K3 = −1, K4 = 0.25,

K5 = 0, K6 = 0, K7 = 0, K8 = 0, K9 = 5. In the Q = 0 gauge the link fields take the
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values:

U1 = −i σz

U2 = cos(θ1) + i sin(θ1)σ
z

U3 = cos(θ2) + i sin(θ2)σ
z

U4 = − cos(θ2)− i sin(θ2)σ
z (5.44)

where θ1 = 0.672π and θ2 = 0.427π. All the Oρ, and the currents Jρ, vanish in this state.

However the nematic order N1 ̸= 0, while N2 = 0. Note that the Uρ are oriented along

a common z direction, while the Higgs field Θa is oriented along the distinct x direction.

So SU(2) gauge invariance is broken down Z2, and Z2 topological order is present. In the

insulator, this state has the same properties as the “(π, q) SRO” state of Refs. [237, 254].

State with broken time-reversal

Now we present a state which breaks time-reversal but not inversion. So this state has no

spontaneous currents, and Oρ = 0 and Jρ = 0. Nevertheless, time reversal is broken as

signaled by the non-zero values of some of the Pijk. Roughly speaking, such a state has

spontaneous currents along different directions in the gauge group, but the net electro-

magnetic current vanishes. We obtained such a minimum at K1 = 0.5, K2 = 0.5, K3 = 1,

K4 = 0.667, K5 = 0, K6 = 0, K7 = 1, K8 = 5, K9 = 5. In the Q = 0 gauge the link fields

take the values:

U1 = − cos(θ1)− i sin(θ1)σ
z

U2 = cos(θ1) + i sin(θ1)σ
y

U3 = cos(θ2) + i sin(θ2) (σ
y + σz)/

√
2

U4 = − cos(θ2) + i sin(θ2) (σ
y − σz)/

√
2, (5.45)

where θ1 = 0.446π and θ2 = 0.497π. Again, SU(2) gauge invariance is broken down Z2,

and Z2 topological order is present.
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States with spontaneous charge currents.

Finally, we turn to a description of the states presented in Fig. 5.2.

First, we present a state with the symmetry of Fig. 5.2a. Such a state was obtained for

K1 = 0.5, K2 = 0.5, K3 = −1, K4 = 0.25, K5 = 0, K6 = 0, K7 = 0, K8 = 2, K9 = 5. In

the Q = 0 gauge the link fields take the values

U1 = cos(θ1) + i sin(θ1) (cos(ϕ1)σ
x + sin(ϕ1)σ

z)

U2 = i (cos(ϕ2)σ
x + sin(ϕ2)σ

z)

U3 = − cos(θ2) + i sin(θ2) (cos(ϕ1)σ
x + sin(ϕ1)σ

z)

U4 = cos(θ2) + i sin(θ2) (cos(ϕ1)σ
x + sin(ϕ1)σ

z) (5.46)

where θ1 = 0.410π, ϕ1 = 0.5063π, ϕ2 = 0.558π, θ2 = 0.387π. This state has the Oρ and

Jρ non-zero, along with a non-zero Ising-nematic order N1 ̸= 0, but N2 = 0. So it has

the full generic symmetry structure of Fig. 5.2a. The gauge field configuration shows that

SU(2) is broken down to Z2, and so Z2 topological order is present. States in this class

were the most common in our search over the parameters K1−9 among those that broke

time-reversal symmetry.

Among states with a residual U(1) gauge invariance, we found global minima with the

symmetry of Fig. 5.2a only when we restricted the search to states in which the Higgs and

link fields were collinear in the gauge SU(2) space. We can parameterize the fluctuations

about such a saddle point by multiplying the Uρ by the factor in Eq. (5.33), and then

we obtain a theory of a gapless U(1) photon aµ. Because of the presence of the breaking

of inversion and time-reversal symmetries, this action will take the form in Eq. (5.13),

including the term proportional to Γ. As in Section 5.3.1, we have to consider the non-

perturbative effects of monopoles: such a state can be stable against monopole proliferation

only in the presence of gauge-charged Fermi surfaces.

Next, we present a state with the symmetry of Fig. 5.2b. Such a state was obtained for

K1 = 0.5, K2 = 0.5, K3 = 1, K4 = 0.667, K5 = 0, K6 = 0, K7 = 0, K8 = 5, K9 = −1. In
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the Q = 0 gauge the link fields take the values

U1 = − cos(θ1)− i sin(θ1)σ
z

U2 = cos(θ1) + i sin(θ1)σ
z

U3 = cos(θ2) + i sin(θ2)σ
z

U4 = cos(θ3)− i sin(θ3)σ
x (5.47)

where θ1 = 0.451π, θ2 = 0.503π, θ3 = 0.379π. The order parameters Oρ and the currents

Jρ are non-zero, and are consistent with the pattern in Fig. 5.2a. There is also a non-zero

Ising-nematic order N2 ̸= 0, but N1 = 0. The non-collinear alignment of the gauge and

Higgs fields indicates the presence of Z2 topological order.

5.4 Conclusions

We have presented computations showing that emergent background gauge connections,

and associated Berry phases, arising from the local antiferromagnetic spin correlations can

induce spontaneous charge currents, while preserving translational symmetry. The main

requirement on the gauge theory is that gauge-invariant observables break time-reversal

and inversion, but preserve translation. At the same time, the topological order associated

with the emergent gauge fields can account for the anti-nodal gap in the charged fermionic

excitations.

The specific model we used for a stable pseudogap metal had Z2 topological order. We

employed a SU(2) lattice gauge theory with a Higgs field to realize such a phase. Going

beyond earlier work on this theory, we allowed the SU(2) gauge fields on the links to

acquire non-trivial values in the saddle point of the Higgs phase. These link fields had

two important consequences. First, it became possible to obtain Z2 topological order even

under conditions in which the proximate magnetically ordered phase had collinear spin

correlations at (π, π); earlier realizations [53, 237, 244, 248, 254] required non-collinear spi-

ral spin correlations. Second, the gauge-invariant combinations of the SU(2) gauge fluxes

and the Higgs field could break time-reversal and inversion symmetries without breaking

translational symmetry. This allowed the appearance of spontaneous charge currents and
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Ising-nematic order in the Higgs phase. Linking the discrete broken symmetries to the

presence of the Higgs condensate also explains why the broken symmetries do not survive

in the confining phases at large doping.

An attractive features of our results is that the charge currents, and the anti-nodal gap,

continue largely unmodified across transitions to states with long-range antiferromagnetic

order, but without topological order. This is consistent with recent experiments [129, 329]

on Sr2Ir1−xRhxO4 showing co-existence of Néel order and inversion and time reversal

breaking over a certain range of doping and temperature.

The possible patterns of symmetry breaking in the translationally-invariant states with

broken time-reversal and inversion (but not their product) are illustrated in Fig. 5.2. Both

states also break a lattice rotation symmetry, and so they also have Ising-nematic order.

The state in Fig. 5.2b has the same pattern of symmetry breaking as states considered

earlier [26, 279, 285]. However, the state in Fig. 5.2a does not appear to have been

described previously in the literature. The Fig. 5.2a state has the attractive feature that

its Ising-nematic order is precisely that observed in other experiments [9, 68, 117, 156].

The onset of Ising-nematic order and time-reversal and inversion symmetry breaking could

happen at the same or distinct temperatures, as we also found states in Section 5.3.2 with

Ising-nematic order but no charge currents. However, if a particular symmetry is broken in

the pseudogap phase (phase C in Fig. 5.3), it must be restored when the Higgs condensate

vanishes in the over-doped regime (phases D and B in Fig. 5.3).

The existing experiments [129, 329] do not contain the polarization analysis needed to

distinguish between the states in Fig. 5.2a and b, and we hope such experiments will be

undertaken.

We placed our results in the context of a global phase diagram for antiferromagnetism

and superconductivity in two dimensions in Fig. 5.3. In particular, we noted that this phase

diagram [53, 244, 248] is in accord with experiments exploring the hole-doped cuprates

over a range of carrier density. Badoux et al. [12] observe pseudogap metal at low T and

large doping, without any charge density wave order: this is a candidate for our phase C.

We note recent theoretical works [47, 77] which studied electrical and thermal transport

across the phase transition C → D in Fig. 5.3, and found results in good accord with
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observations [12, 60, 151, 198]. Cooper et al. [63] observe an extended overdoped regime

of linear-in-T resistivity when the superconductivity is suppressed by a magnetic field: our

phase D could be such a critical phase. And Bozovic et al. [33] see strong deviations from

BCS theory in the doping and temperature dependence of the superfluid stiffness in the

overdoped regime: this could also be described by phase D.
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We are the product of quantum fluctuations in the
very early universe.

Stephen Hawking

6
Intertwining topological order and broken symmetry via fluctuating
SDW

6.1 Introduction

A remarkable property of the pseudogap metal of the hole-doped cuprates is that it does

not exhibit a ‘large’ Fermi surface of gapless electron-like quasiparticles excitations, i.e. the

size of the Fermi surface is smaller than expected from the classic Luttinger theorem of

Fermi liquid theory [184]. Instead it has a gap in the fermionic spectrum near the ‘anti-

nodal’ points ((π, 0) and (0, π)) of the square lattice Brillouin zone. Gapless fermionic

excitations appear to be present only along the diagonals of the Brillouin zone (the ‘nodal’

region). One way to obtain such a Fermi surface reconstruction is by a broken translational

symmetry. However, there is no sign of broken translational symmetry over a wide inter-

mediate temperature range [138], and also at low temperatures and intermediate doping

[12], over which the pseudogap is present. With full translational symmetry, violations of

the Luttinger theorem require the presence of topological order [221, 270, 273].

A seemingly unrelated property of the pseudogap metal is that it exhibits discrete broken

symmetries, which preserve translations, over roughly the same region of the phase diagram

over which there is an antinodal gap in the fermionic spectrum. The broken symmetries

include lattice rotations, interpreted in terms of an Ising-nematic order [9, 68, 117, 156],

and one or both of inversion and time-reversal symmetry breaking [65, 178, 191, 220, 315,
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330]. Luttinger’s theorem implies that none of these broken symmetries can induce the

needed fermionic gap by themselves.

The co-existence of the antinodal gap and the broken symmetries can be explained by

intertwining them [17, 45, 254], i.e. by exploiting flavors of topological order which are

tied to specific broken symmetries. Here we show that broken lattice rotations, inversion,

and time-reversal appear naturally in several models appropriate to the known cuprate

electronic structure.

We consider quantum fluctuations of magnetically ordered states found in two different

computations: a classical theory of frustrated, insulating antiferromagnets on the square

lattice, and a spin density wave theory of metallic states of the square lattice Hubbard

model. The types of magnetically ordered states found are sketched in Fig. 6.1a. The

quantum fluctuations of these states are described by a SU(2) gauge theory, and this leads

to the loss of magnetic order, and the appearance of phases with topological order and an

anti-nodal gap in the fermion spectrum. We find that the topological order intertwines

with precisely the observed broken discrete symmetries, as shown in Fig. 6.1b. We further

show that the same phases are also obtained naturally in a CP1 theory of bosonic spinons

supplemented by Higgs fields conjugate to long-wavelength spinon pairs.

6.2 Magnetic order

We examine states in which the electron spin Ŝi on site i of the square lattice, at position

ri, has the expectation value

⟨
Ŝi

⟩
= N0 [cos (K · ri) cos(θ) êx + sin (K · ri) cos(θ) êy

+ sin(θ) êz] . (6.1)

The different states we find are (see Fig. 6.1a) (D′) a Néel state with collinear antiferro-

magnetism at wavevector (π, π), with K = (π, π), θ = 0; (A′) a canted state, with (π, π)

Néel order co-existing with a ferromagnet moment perpendicular to the Néel order, with

K = (π, π), 0 < θ < π/2, (B′) a planar spiral state, in which the spins precess at an

incommensurate wavevector K with θ = 0; (C′) a conical spiral state, which is a planar
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(A) Z2 topological order

and all symmetries preserved

(C) Z2 topological

and current loop order

(D) Valence Bond Solid (VBS)

(B) Z2 topological

and Ising-nematic order

(a) (b)

Figure 6.1: (a) Schematics of the magnetically ordered states obtained in the classical
antiferromagnet, and in the spin density wave theory of the Hubbard model. (b) Cor-
responding states obtained after quantum fluctuations restore spin rotation symmetry.
Phase D has U(1) topological order in the metal, but is unstable to the appearance of
VBS order in the insulator. The crossed circles in phase C′ indicate a canting of the spins
into the plane. The labels s1, s2, P , Qa refer to the CP1 theory: the phases in (a) are
obtained for small g, and those in (b) for large g.

spiral accompanied by a ferromagnetic moment perpendicular to the plane of the spiral

[326] with K incommensurate, 0 < θ < π/2.

First, we study the square lattice spin Hamiltonian with near-neighbor antiferromag-

netic exchange interactions Jp > 0, and ring exchange K [57, 155, 185, 189, 281]:

HJ =
∑
i<j

Jij Ŝi · Ŝj + 2K
∑

ij

k ℓ

[
(Ŝi · Ŝj)(Ŝk · Ŝℓ)

+ (Ŝi · Ŝℓ)(Ŝk · Ŝj)− (Ŝi · Ŝk)(Ŝj · Ŝℓ)
]
. (6.2)

Jij = Jp when i, j are p’th nearest neighbors, and we only allow Jp with p = 1, 2, 3, 4

non-zero. The classical ground states are obtained by minimizing HJ over the set of states

in Eq. (6.1); results are shown in Fig. 6.2a-c. We find the states A′, B′, C′, D′, all of

which meet at a multicritical point, just as in the schematic phase diagram in Fig. 6.1a.

A semiclassical theory of quantum fluctuations about these states, starting from the Néel

state, appears in Appendix E.1.

For metallic states with spin density wave order [11, 75, 123, 124], we study the Hubbard
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Figure 6.2: (a) Phase diagram of HJ , for a spin S model in the classical limit S → ∞,
exhibiting all phases of Fig. 6.1a. The subscript of the labels (B′) and (C′) indicates the
wavevector K = (Kx,Ky) of the spiral. Note that the phases A′, C′, B′, D′ meet at a
multicritical point, just as in Fig 6.1a. (b) and (c) show Kx, Ky, and the canting angle θ
along two different one-dimensional cuts of the phase diagram in (a). The phase diagram
resulting from the spin-density wave analysis of the Hubbard model (6.3) can be found in
(d). Besides an additional ferromagnetic phase, denoted by (F′), we recover all the phases
of the classical phase diagram in (a). Part (e) and (f) show one-dimensional cuts of the
spin-density wave phase diagram. In all figures, solid (dashed) lines are used to represent
second (first) order transitions.

model

HU = −
∑
i<j,α

tijc
†
i,αcj,α − µ

∑
i,α

c†i,αci,α + U
∑
i

n̂i,↑n̂i,↓ (6.3)

of electrons ci,α, with α =↑, ↓ a spin index, tij = tp when i, j are p’th nearest neighbors,

and we take tp with p = 1, 2, 3, 4 non-zero. U is the on-site Coulomb repulsion, and µ

is the chemical potential. The electron density, n̂i,α ≡ c†i,αci,α, while the electron spin

Ŝi ≡ (1/2)c†i,ασαβci,β, with σ the Pauli matrices. We minimized HU over the set of free

fermion Slater determinant states obeying Eq. (6.1), while maintaining uniform charge

and current densities; results are illustrated in Fig. 6.2d-f, and details appear in Appendix

E.2. Again, note the appearance of the magnetic orders A′, B′, C′, D′, although now these

co-exist with Fermi surfaces and metallic conduction.

SectionSU(2) gauge theory We describe quantum fluctuations about states of HU obey-

ing Eq. (6.1) by transforming the electrons to a rotating reference frame by a SU(2) matrix
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Ri [248]  ci,↑

ci,↓

 = Ri

 ψi,+

ψi,−

 , R†
iRi = RiR

†
i = I. (6.4)

The fermions in the rotating reference frame are spinless ‘chargons’ ψs, with s = ±,

carrying the electromagnetic charge. In the same manner, the transformation of the

electron spin operator Ŝi to the rotating reference frame is proportional to the ‘Higgs’

field Hi [248],

σ ·Hi ∝ R†
i σ · ŜiRi. (6.5)

The new variables, ψ, R, and H provide a formally redundant description of the physics

of HU as all observables are invariant under a SU(2) gauge transformation Vi under which

Ri → Ri V
†
i

σ ·Hi → Vi σ ·Hi V
†
i

 ψi,+

ψi,−

→ Vi

 ψi,+

ψi,−

 , (6.6)

while ci and Ŝi are gauge invariant. The action of the SU(2) gauge transformation Vi,

should be distinguished from the action of global SU(2) spin rotations Ω under which

Ri → ΩRi

σ · Ŝi → Ωσ · ŜiΩ†

 ci↑

ci↓

→ Ω

 ci↑

ci↓

 , (6.7)

while ψ and H are invariant.

In the language of this SU(2) gauge theory [53, 248], the phases with magnetic order

obtained above appear when both R and H are condensed. We may choose a gauge in

which ⟨R⟩ ∝ I, and so the orientation of the H condensate is the same as that in Eq. (6.1),

⟨Hi⟩ = H0

[
cos (K · ri) cos(θ) êx + sin (K · ri) cos(θ) êy + sin(θ) êz

]
. (6.8)

We can now obtain the phases of HU with quantum fluctuating spin density wave

order, (A,B,C,D) shown in Fig. 6.1b, in a simple step: the quantum fluctuations lead to

fluctuations in the orientation of the local magnetic order, and so remove the R condensate

leading to ⟨R⟩ = 0. The Higgs field Hi retains the condensate in Eq. (6.8) indicating that
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the magnitude of the local order is non-zero. In such a phase, spin rotation invariance

is maintained with ⟨Ŝ⟩ = 0, but the SU(2) gauge group has been ‘Higgsed’ down to a

smaller gauge group which describes the topological order [13, 108, 190, 237, 254, 307].

The values of θ andK in phases (A,B,C,D) obey the same constraints as the corresponding

magnetically ordered phases (A′, B′, C′, D′). In phase D, the gauge group is broken down

to U(1), and there is a potentially gapless emergent ‘photon’; in an insulator, monopole

condensation drives confinement and the appearance of VBS order, but the photon survives

in a metallic, U(1) ‘algebraic charge liquid’ (ACL) state [136] (which is eventually unstable

to fermion pairing and superconductivity [197]). The remaining phases A,B,C have a non-

collinear configuration of ⟨Hi⟩ and then only Z2 topological order survives [254]: such

states are ACLs with stable, gapped, ‘vison’ excitations carrying Z2 gauge flux which

cannot be created singly by any local operator. Phase A breaks no symmetries, phase

B breaks lattice rotation symmetry leading to Ising-nematic order [237, 254], and phase

C has broken time-reversal and mirror symmetries (but not their product), leading to

current loop order [279]. All the 4 ACL phases (A,B,C,D) may also become ‘fractionalized

Fermi liquids’ (FL*) [270, 273] by formation of bound states between the chargons and R;

the FL* states have a Pauli contribution to the spin susceptibility from the reconstructed

Fermi surfaces.

The structure of the fermionic excitations in the phases of Fig. 6.1b, and the possible

broken symmetries in the Z2 phases, can be understood from an effective Hamiltonian for

the chargons. As described in Appendix E.3, a Hubbard-Stratonovich transformation on

HU , followed by the change of variables in Eqs. (6.4) and (6.5), and a mean field decoupling

leads to

Hψ = −
∑
i<j,s

tijZijψ
†
i,sψj,s − µ

∑
i,s

ψ†
i,sψi,s

−
∑
i,s,s′

Hi · ψ†
i,sσss′ψi,s′ . (6.9)

The chargons inherit their hopping from the electrons, apart from a renormalization factor

Zij , and experience a Zeeman-like coupling to a local field given by the condensate of H:

so the Fermi surface of ψ reconstructs in the same manner as the Fermi surface of c in
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the phases with conventional spin density wave order. Note that this happens here even

though translational symmetry is fully preserved in all gauge-invariant observables; the

apparent breaking of translational symmetry in the Higgs condensate in Eq. (6.8) does

not transfer to any gauge invariant observables, showing how the Luttinger theorem can

be violated by the topological order [221, 270, 273] in Higgs phases. However, other

symmetries are broken in gauge-invariant observables: Appendix E.3 examines bond and

current variables, which are bilinears in ψ, and finds that they break symmetries in the

phases B and C noted above.

6.3 CP1 theory

We now present an alternative description of all 8 phases in Fig. 6.1 starting from the

popular CP1 theory of quantum antiferromagnets. In principle (as we note below, and in

Appendix E.4) this theory can be derived from the SU(2) gauge theory above [261] after

integrating out the fermionic chargons, and representing R in terms of a bosonic spinon

field zα by

Ri =

zi,↑ −z∗i,↓
zi,↓ z∗i,↑

 , |zi,↑|2 + |zi,↓|2 = 1. (6.10)

However, integrating out the chargons is only safe when there is a chargon gap, and so

the theories below can compute critical properties of phase transitions only in insulators.

We will not start here from the SU(2) gauge theory, but present a direct derivation from

earlier analyses of the quantum fluctuations of a S = 1/2 square lattice antiferromagnet

near a Néel state, which obtained the following action [253] for a CP1 theory over two-

dimensional space (r = (x, y)) and time (t)

S =
1

g

∫
d2rdt |(∂µ − iaµ)zα|2 + SB. (6.11)

Here µ runs over 3 spacetime components, and aµ is an emergent U(1) gauge field. The

local Néel order n is related to the zα by n = z∗ασαβzβ where σ are the Pauli matrices.

The U(1) gauge flux is defined modulo 2π, and so the gauge field is compact and monopole

configurations with total flux 2π are permitted in the path integral. The continuum action
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in Eq. (6.11) should be regularized to allow such monopoles. SB is the Berry phase of the

monopoles [102, 235, 236]. Monopoles are suppressed in the states with Z2 topological

order [237, 254], and so we do not display the explicit form of SB.

The phases of the CP1 theory in Eq. (6.11) have been extensively studied. For small

g, we have the conventional Néel state, D′ in Fig. 6.1a, with ⟨zα⟩ ̸= 0 and ⟨n⟩ ̸= 0. For

large g, the zα are gapped, and the confinement in the compact U(1) gauge theory leads

to valence bond solid (VBS) order [235, 236], which is phase D in Fig. 6.1b. A deconfined

critical theory describes the transition between these phases [272].

We now want to extend the theory in Eq. (6.11) to avoid confinement and obtain states

with topological order. In a compact U(1) gauge theory, condensing a Higgs field with

charge 2 leads to a phase with deconfined Z2 charges [83]. Such a deconfined phase

has the Z2 topological order [13, 108, 190, 237, 254, 307] of interest to us here. So we

search for candidate Higgs fields with charge 2, composed of pairs of long-wavelength

spinons, zα. We also require the Higgs field to be spin rotation invariant, because we

want the Z2 topological order to persist in phases without magnetic order. The simplest

candidate without spacetime gradients, εαβzαzβ (where εαβ is the unit antisymmetric

tensor) vanishes identically. Therefore, we are led to the following Higgs candidates with

a single gradient (a = x, y)

P ∼ εαβzα∂tzβ , Qa ∼ εαβzα∂azβ . (6.12)

These Higgs fields have been considered separately before. Condensing Qa was the route

to Z2 topological order in Ref. [237], while P appeared more recently in Ref. [325].

The effective action for these Higgs fields, and the properties of the Higgs phases, follow

straightforwardly from their transformations under the square lattice space group and

time-reversal: we collect these in Table 6.1. From these transformations, we can add to
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T Tx Ix Rπ/2

zα εαβzβ εαβz
∗
β zα zα

Qx Qx Q∗
x −Qx Qy

Qy Qy Q∗
y Qy −Qx

P −P P ∗ P P

Table 6.1: Symmetry signatures of various fields under time reversal (T ), translation by a
lattice spacing along x (Tx), reflection about a lattice site with x → −x, y → y (Ix), and
rotation by π/2 about a lattice site with x→ y, y → −x (Rπ/2).

the action S → S +
∫
d2rdtLP,Q

LP,Q = |(∂µ − 2iaµ)P |2 + |(∂µ − 2iaµ)Qa|2 (6.13)

+ λ1P
∗ εαβzα∂tzβ + λ2Q

∗
aεαβzα∂azβ +H.c.

− s1|P |2 − s2|Qa|2 − u1|P |4 − u2|Qa|4 ,+ . . .

where we do not display other quartic and higher order terms in the Higgs potential.

For large g, we have ⟨zα⟩ = 0, and can then determine the spin liquid phases by mini-

mizing the Higgs potential as a function of s1 and s2. When there is no Higgs condensate,

we noted earlier that we obtain phase D in Fig. 6.1b. Fig. 6.1b also indicates that the

phases A,B,C are obtained when one or both of the P and Qa condensates are present.

This is justified in Appendix E.4 by a computation of the quadratic effective action for

the zα from the SU(2) gauge theory: we find just the terms with linear temporal and/or

spatial derivatives as would be expected from the presence of P and/or Qa condensates in

LP,Q.

We can confirm this identification from the symmetry transformations in Table 6.1:

(A) There is only a P condensate, and the gauge-invariant quantity |P |2 is invariant under

all symmetry operations. Consequently this is a Z2 spin liquid with no broken symmetries;

it has been previously studied by Yang and Wang [325] using bosonic spinons.

(B) With a Qa condensate, one of the two gauge-invariant quantities |Qx|2 − |Qy|2 or

Q∗
xQy +QxQ

∗
y must have a non-zero expectation value. Table 6.1 shows that these imply

Ising-nematic order, as described previously [46, 237, 254]. We also require ⟨Qx⟩⟨Q∗
y⟩ to

be real to avoid breaking translational symmetry.
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(C) With both and P and Qa condensates non-zero we can define the gauge invariant

order parameter Oa = PQ∗
a + P ∗Qa (again ⟨P ⟩⟨Q∗

a⟩ should be real to avoid translational

symmetry breaking). The symmetry transformations of Oa show that it is precisely the

‘current-loop’ order parameter of Ref. [45]: it is odd under reflection and time-reversal but

not their product.

A similar analysis can be carried out at small g, where zα condenses and breaks spin

rotation symmetry. The structure of the condensate is determined by the eignmodes of

the zα dispersion in the A,B,C,D phases, and this determines that the corresponding

magnetically ordered states are precisely A′,B′,C′,D′, as in Fig. 6.1a.

6.4 Conclusions

We have shown here that a class of topological orders intertwine with the observed bro-

ken discrete symmetries in the pseudogap phase of the hole doped cuprates. The same

topological orders emerge from a theory of quantum fluctuations of magnetically ordered

states obtained by four different methods: the frustrated classical antiferromagnet, the

semiclassical non-linear sigma model, the spin density wave theory, and the CP1 theory

supplemented by the Higgs fields obtained by pairing spinons at long wavelengths. The

intertwining of topological order and symmetries can explain why the symmetries are

restored when the pseudogap in the fermion spectrum disappears at large doping.
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7
Probing excitations in insulators via injection of spin currents

7.1 Introduction

Observation of fractionalized excitations in insulating spin-systems has been a long-sought

goal in physics. Such quantum spin liquid states, if realized in nature, would be a new

quantum phase of matter with exotic properties. Certain candidate materials have strong

experimental evidence for exhibiting spin liquid ground states. For example, thermal

conductivity experiments on insulating frustrated triangular lattice organic salts by M.

Yamashita et al.[318] indicate presence of mobile gapless excitations. Inelastic neutron

scattering experiments on single crystals of Herbertsmithite, a kagome lattice spin-half

Heisenberg antiferromagnet by Han et al.[106] provide evidence for the presence of a

continuum of fractionalized spinon excitations. Numerical studies on the triangular[120,

334] and kagome[95] lattice Heisenberg models also indicate the possibility of spin liquid

ground states in certain parameter-regimes.

In spite of promising evidence for observation of spin liquids from several experiments[106,

216, 318, 320], the exact nature of experimentally realized ground states, and in particular,

the presence of a spin-gap is still unclear. In this Chapter, we propose a transport experi-

ment which can probe the mobile spin-carrying excitations of the system at low energies;

these experiments are similar in spirit to those discussed recently by Takei et al. [290–292]

and collaborators [22, 23, 289] for materials with magnetic order. Recent advances in
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spintronics[131, 283] have made it possible to create a spin-accumulation at boundaries of

metals via the spin Hall effect. We propose to use this non-equilibrium accumulation of

spins to inject a spin current into an insulating state with spin-degrees of freedom. We

assume that the spin-orbit interaction within the antiferromagnet itself is small, and so

the injected spin current will be equal to the spin current emerging from the other edge

of the antiferromagnet. The spin current is a function of the spin-accumulation voltage

in the metal. Therefore, by measuring the spin current as a function of this voltage, and

looking at thresholds and exponents, we can comment on the presence of spin-gaps and

the low-energy dispersion of the fractionalized spin-half excitations.

The rest of the paper is organized as follows. In section 7.2, we describe the geometry of

our setup, and develop a formalism to evaluate the spin current injected into a magnetic

insulator from a metal. In section 7.3, we apply the formalism to evaluate the spin current

into an antiferromagnet with collinear Neel order. In section 7.4, we first analytically

calculate for the spin current into insulating states with no long range magnetic order,

including both valence bond solid states and spin liquid states. Then we go beyond

the analytical approximations, and numerically identify some broad features in the spin-

conductance for a spin liquid ground state[250] on the kagome lattice, which is a candidate

state for Herbertsmithite[106, 229]. Details of relevant calculations are contained in the

appendices.

7.2 Formalism to evaluate spin current

7.2.1 Generation and detection of spin current

We begin with a brief discussion of the spin Hall effects, which we shall use to generate and

detect spin currents, and then describe the exact geometry of spin injector and detector we

use. A charge current passed through a paramagnetic material can drive a transverse spin

current in presence of strong intrinsic spin-orbit coupling or skew-scattering by spin-orbit

coupled disorder[74, 118, 282, 328]. The spin current impinging on the boundary is given

by JS = ℏ
2eθSHJC , where JC is the charge current density and θSH is the spin-Hall angle,

and sets up a spin-accumulation at the boundary, that has been measured in experiments
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for both metals[132, 141] and semiconductors[134, 211, 298]. The reciprocal process, where

injecting a spin current into a spin-orbit coupled paramagnetic material sets up a charge

current (or voltage) transverse to the spin current - the inverse spin Hall effect, has also

been observed[141, 256, 298]. Furthermore, both processes have been used simultaneously

to transmit electrical signals across a magnetic insulator[132]. Theoretical predictions

for the spin superfluid transport through a ferromagnetic[290] and antiferromagnetic[291]

insulator sandwiched between two metallic reservoirs have been worked out in the linear

response regime. Taking phenomenological Gilbert damping into account, the spin current

density JrS pumped into the right reservoir as a function of the spin accumulation voltage

V is given by[290, 291]

JrS =
V

4π

g↑↓l g
↑↓
r

g↑↓l + g↑↓r + gα
(7.1)

where g↑↓l(r) is the spin flip conductance at the left (right) interface, and gα quantifies the

loss in spin current due to Gilbert damping.

(a) Spin accumulation via the spin Hall ef-
fect, and injection at the left interface

(b) spin current detection via the inverse spin Hall
effect in the right metallic reservoir

Figure 7.1: Geometry for generation and detection of spin current

Let us consider an analogous geometry, where an insulating block with spin degrees

of freedom is placed in between two metallic reservoirs, as shown in Fig. 7.1. A charge

current in the left metallic reservoir, in presence of strong spin-orbit coupling, will create

a non-equilibrium accumulation of spin at the metal-insulator boundary. We assume that

there are no thermal gradients, and that the spin accumulation can be well modeled by

different chemical potentials µ↑ and µ↓ in the Fermi Dirac distribution at temperature

T for the spin-up and spin-down electrons. The left metal reservoir will subsequently
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relax by sending a spin current into the spin insulator. We assume negligible loss of spin

current inside the insulator, so that the spin current sets up a spin-accumulation at the

insulator-metal boundary on the right. If the metallic reservoir on the right was initially

in thermal equilibrium at T , the accumulated spin density at the boundary will drive a

charge current via the inverse spin Hall effect. This charge current, or the associated

voltage can be detected, and therefore we can find the spin current by measuring charge

currents (or voltages) in both metallic reservoirs.

7.2.2 General expression for spin current

Let us choose x as the longitudinal direction which is normal to the interfaces, and z as

the spin-quantization axis. We shall evaluate the spin current (corresponding to angular

momentum in the z-direction) crossing the left metal-insulator interface when V = µ↑ −

µ↓ > 0. To make analytical progress, we assume a clean interface between the metal and

the insulator, with translational invariance in the plane of the interface. The metallic

reservoir is assumed to be a Fermi liquid with quadratic dispersion and Fermi energy ϵF ,

so that nσ(ϵ) =
(
eβ(ϵk−µσ) + 1

)−1 with ϵk = k 2

2m (setting ℏ = 1). We shall always work in

the regime where T, V ≪ ϵF , and henceforth set µ↑ = µ, so that µ↓ = µ− V , to simplify

notations.

We assume that the electron spin Se in the metal interacts with the boundary spins

of the insulator, located at interface lattice sites Xj , via a local spin-rotation symmetric

local Hamiltonian

Hint = J
∑
j

Se · Sj δ(xe −Xj) (7.2)

Let the insulator have exact eigenstates {|n⟩}, then its initial state is described by the

equilibrium density matrix
∑

n
e−βEn

Z |n⟩ ⟨n|. For the metal, periodic boundary conditions

in a large box of volume V = LxA⊥ is assumed, where A⊥ is the interface area. We now

use Fermi’s golden rule to calculate the rate of scattering of a right-moving electron state

|k1, ↑⟩ to a left-moving electron state |k2, ↓⟩. The matrix element for scattering to a final
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state |m⟩ of the insulator is given by

⟨k2, ↓;m|Hint |k1, ↑;n⟩ =
J

2V
∑
j

eiq·Xj ⟨m|S+
j |n⟩ , defining q = k1 − k2 (7.3)

Defining ω(k1,k2) = ϵk1,↑ − ϵk2,↓ as the energy transfer, the rate of scattering R is

R = 2π
∑
m,n

1

Z
e−βEn |⟨k1, ↑;n|Hint |k2, ↓;m⟩|2 δ (En + ϵk1,↑ − Em − ϵk2,↓)

=
πJ2

2L2
xA⊥

S−+

(
q⊥, ω =

2k1 · q − q 2

2m

)
(7.4)

where S−+(q⊥, ω) is the dynamic spin structure factor of the insulator at the interface,

defined as

S−+(q⊥, ω) =
1

A⊥

∑
l,j

e−iq⊥·(Xl−Xj)

∫ ∞

−∞
dt eiωt⟨S−

l (t)S
+
j (0)⟩thermal (7.5)

The spin current crossing the boundary for this scattering event is qx
m . If we have R such

events per unit time, then the net spin current crossing the boundary is just qxRm . Summing

over all initial electron and final states consistent with phase space constraints, the current

Ispin,↑ due to up-spin electrons getting reflected to down-spin ones is

Ispin,↑ =
πJ2A⊥
2m

∫
k1x>0

ddk1
(2π)d

∫
qx>k1x

ddq

(2π)d
n↑(ϵk1) (1− n↓(ϵk1−q)) qx S−+

(
q⊥, ω =

2k · q − q2

2m

)
(7.6)

At non-zero T , the reverse process where spin-down electrons get reflected to spin-up ones

contribute analogously a spin current Ispin,↓ given by

Ispin,↓ =
πJ2A⊥
2m

∫
k1x>0

ddk1
(2π)d

∫
qx>k1x

ddq

(2π)d
n↓(ϵk1) (1− n↑(ϵk1−q)) qx S+−

(
q⊥, ω =

2k · q − q2

2m

)
(7.7)

The net spin current is therefore given by the difference of the two contributions listed

above

Ispin = Ispin,↑ − Ispin,↓ (7.8)
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7.2.3 Simplifications for certain physically relevant structure factors

The expression for the spin current can be considerably simplified once we note that at

T → 0, scattering is essentially restricted within an energy window of V . For ω ≲ V , we

assume that the dynamic structure factor S+−(q⊥, ω) assumes large values only for small

|q⊥|. This is physically relevant for several systems where excitations at large momenta

typically have large energy cost. As Fig. 7.2 shows, if the system does not have excitations

at ω ≲ V for |q⊥| ≳ Λ, then scattering is restricted within a patch of dimensions V
vF

×Λd−1,

vF being the Fermi velocity.

Figure 7.2: Allowed phase space for scattering of an electron with given initial momentum

To exploit this, we approximate the initial momentum k1 ≈ kF n̂, and linearize the

energy transfer ω about the point of elastic scattering as follows

q = 2kF (n̂ · x̂)− δqxx̂− q⊥

ω(k1, q) = vF [(n̂ · x̂)δqx − n̂ · q⊥] +O(δq2x, q
2
⊥) (7.9)

We also assume that the electronic density of states ν(ϵF ) is approximately a constant near

the Fermi surface for δqx, q⊥ ≪ kF . Leaving the details of calculation to Appendix F.1,

these simplifications lead to the following form of the spin current for spin-up electrons
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flipping to spin-down ones.

Ispin,↑ =
πJ2A⊥ν(ϵF )

2

∫
dω

2π

dd−1q⊥
(2π)d−1

(V − ω)

1− e−β(V−ω) S−+ (q⊥, ω) (7.10)

Analogous manipulations for the reverse process lead to

Ispin,↓ =
πJ2A⊥ν(ϵF )

2

∫
dω

2π

dd−1q⊥
(2π)d−1

(V + ω)

eβ(V+ω) − 1
S+− (q⊥, ω) (7.11)

These expressions make it transparent that as T → 0, only up-spin electrons flipping

to down-spin ones contribute the energy window (0, V ). The reverse process is always

exponentially suppressed as there must be an energy gain of at least V for a down-spin

electron to flip to an up-spin one due to phase space constraints. The net spin current is,

as described in equation (7.8), the difference of the above two currents.

This formalism can be extended to cases where the quasiparticle excitation energy has

minima at large transverse momenta {Q⊥} (with magnitude of a−1 where a is the micro-

scopic lattice length-scale), provided the different Q⊥ are well-separated from each other.

This is typically true for systems with quasiparticle bands, as the momenta difference

between the band minima are of the order of a−1. For example, cubic lattice antiferro-

magnets with a 2 dimensional boundary have spin-wave excitations about the ordering

wave-vector QAF
⊥ = π

a (0, 1, 1). Referring the reader to Appendix F.1 again for the details,

here we just state the main result. The effect of inelastic scattering about large transverse

momenta Q⊥ is to scale the spin current by an overall O(1) angular factor fang(kF /Q⊥),

so that equation (7.10) for Ispin,↑ is now modified to

Ispin,↑ =
πJ2A⊥ν(ϵF )

2

∑
Q⊥

fang(kF /Q⊥)

∫
dω

2π

dd−1q⊥
(2π)d−1

(V − ω)

1− e−β(V−ω) S−+ (q⊥, ω) (7.12)

where the angular factor, coming from kinematical constraints, is given by

fang(kF /Q⊥) =

∫
n̂·x̂≥0

k2F (n̂·x̂)2+2kF (Q⊥·n̂)≥Q2
⊥

dΩ

Sd−1

(
1 +

kF (n̂ · x̂)(
k2F (n̂ · x̂)2 + 2kF (Q⊥ · n̂)−Q2

⊥
)1/2

)
(7.13)

In equation (7.13), Sd−1 is the sphere in Rd, and one can check that for Q⊥ = 0 the

angular factor reduces to unity, as desired. One can also check the limit Q⊥ ≫ kF , in
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which case scattering of the electron by q⊥ ≈ Q⊥ is excluded by phase space constraints

and fang(kF /Q⊥) → 0. Equation (7.11) also undergo similar modifications, and putting

these together we obtain our main result of this section

Ispin =
πJ2A⊥ν(ϵF )

2

∑
Q⊥

fang(kF /Q⊥)

∫
dω

2π

dd−1q⊥
(2π)d−1

[
(V − ω)

1− e−β(V−ω) S−+ (q⊥, ω)

− (V + ω)

eβ(V+ω) − 1
S+− (q⊥, ω)

]
(7.14)

We once again carefully note that this formalism for extension of the spin current

calculation to a set of different {Q⊥} works only when the different points are well-isolated

in the Brillouin zone of spin-carrying excitations of the insulator. Physically, this implies

that the different momentum patches (to which the electron is scattered) do not overlap

with each other. If they start to overlap, then we would count the same final electron

state multiple times and over-estimate the spin current.

7.3 Spin current for ordered antiferromagnets

In this section, we apply the formalism developed in section 7.2 to calculate the spin

current from the metallic reservoir to an ordered collinear antiferromagnet, deep in the

Neel phase. We assume d = 3, so that a symmetry-broken state can occur at T > 0. The

results can also be generalized to d = 2 at T = 0. In the following subsections, we illustrate

evaluation of the current with the simplest scenario - a cubic lattice antiferromagnet with

ordering wave vector QAF = π
a (1, 1, 1), so that QAF

⊥ = π
a (0, 1, 1). We split our analysis

into two subsections, corresponding to the Neel order pointing perpendicular and parallel

to the spin-quantization axis in the metal, and add up the contributions due to elastic

reflection from the static magnetic moments, and the inelastic reflection due to spin-wave

excitations, to find the net spin current.
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7.3.1 Neel order perpendicular to spin quantization axis in the metal

Elastic contribution

In order to contribute the elastic spin-flip scattering from the metal-antiferromagnet in-

terface, we replace the fluctuating spin operators at the boundary by static moments,

resembling the classical ground state. For Neel order along ŷ, which is normal to the

spin-quantization axis ẑ in the metal reservoir, we can write the Hamiltonian as

Hint = J
∑
j

Se · Sj δ(x−Xj) → JS
∑
j

Sy e
−iQ⊥·Xj δ(x−Xj) (7.15)

We use Fermi’s golden rule again to find the rate of scattering of spin-flip scattering of

electrons at the interface

R = 2π| ⟨k2, ↓|Hint |k1, ↑⟩ |2δ(ϵk1 − ϵk2) =
πJ2

4L2
x

δq⊥,Q⊥ δ (ϵk1 − ϵk1−q) (7.16)

Following an analogous procedure of finding the spin current due to this scattering event,

and summing over all initial and final states consistent with phase space restrictions, we ar-

rive at the following expression for the elastic contribution Ispin in terms of fang
(
kF /Q

AF
⊥
)

Ielspin,↑ = fang
(
kF /Q

AF
⊥
) πJ2A⊥

4

ν(ϵF )V

1− e−βV
(7.17)

Ielspin,↓ = fang
(
kF /Q

AF
⊥
) πJ2A⊥

4

ν(ϵF )V

eβV − 1
(7.18)

Ielspin = Ielspin,↑ − Ielspin,↓ = fang
(
kF /Q

AF
⊥
) πJ2A⊥ν(ϵF )

4
V (7.19)

Note that the elastic contribution to the current is proportional to the number of propa-

gating modes at the Fermi surface, given by ν(ϵF )V . So this contribution is similar to what

one would obtain by using the Landauer formalism, as had been done for an analogous

geometry by Takei et al.[291].

Inelastic contribution

The inelastic contribution can be directly evaluated by application of equation (7.14), as

the ordered antiferromagnet deep in the Neel phase has spin-wave excitations that have

minimum energy about Q⊥ = 0 and Q⊥ = QAF
⊥ , which are well-separated in the insulator
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Brillouin zone. We work in the T → 0 limit, which implies that the insulator is initially

in its ground state. Therefore ω ≥ 0 in the dynamic structure factors, and we can drop

the contribution from Iinelspin,↓ to the spin current.

We use the Holstein-Primakoff transformation to diagonalize the Hamiltonian and eval-

uate S−+ (q⊥, ω). Leaving the details to Appendix F.2, the dynamic structure factor in

the small |q⊥| and T → 0 limit is given by (for ω > 0, setting a = 1)

S−+ (q⊥, ω) =
πq⊥

8
√
2
δ(ω − vsq⊥) (7.20)

where vs is the speed of spin-waves in the antiferromagnet. We can plug this back into

equation (7.14), and we obtain the inelastic contribution to be

Iinelspin
T→0
=

πJ2A⊥ν(ϵF )

2

[
1 + fang

(
kF /Q

AF
⊥
)] V 4

384
√
2πv3s

(7.21)

We now add up the contributions from equations (7.19) and (7.21) to find the net spin

current when the Neel order is perpendicular to the spin-quantization axis in the metal.

Ispin
T→0
=

πJ2A⊥ν(ϵF )

4

[
fang

(
kF /Q

AF
⊥
)
V +

[
1 + fang

(
kF /Q

AF
⊥
)] V 4

192
√
2πv3s

]
(7.22)

7.3.2 Neel order parallel to spin quantization axis in the metal

Elastic contribution

For Neel order along ẑ, which is normal to the spin-quantization axis ẑ in the metal

reservoir, we can write the Hamiltonian as

Hint = J
∑
j

Se · Sj δ(x−Xj) → JS
∑
j

Sz e
−iQ⊥·Xj δ(x−Xj) (7.23)

In this case, the Hamiltonian Hint commutes with the z-component of the electron spin,

and therefore cannot flip it. Therefore there is no elastic contribution to the spin current.

Inelastic contribution

For the inelastic contribution, we again use the T → 0 limit of equation (7.14). The

dynamic structure factor is evaluated in an analogous manner to the previous subsection
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7.3.1, and is essentially identical to equation (7.20) barring a constant extra pre-factor.

We find that the net spin current when the Neel vector is along the spin-quantization axis

is given by

Ispin
T→0
= Iinelspin

T→0
=

πJ2A⊥ν(ϵF )

2

[
1 + fang

(
kF /Q

AF
⊥
)] V 4

96
√
2πv3s

(7.24)

7.4 Spin current for systems with no magnetic order

In this section, we shall apply the formalism from section 7.2 to evaluate the spin current

into states with no long range magnetic order. Some candidate phases for Mott insula-

tors with unbroken spin-rotation symmetry are described by spin-half quasiparticles or

spinons, coupled to an emergent gauge field. In the deconfined phase of the gauge field,

the lattice symmetry is unbroken and the ground state is a spin liquid[250]. The spinons

can propagate as independent quasiparticles and carry a spin current. In the confined

phase, the ground state might spontaneously break translation symmetry of the lattice,

resulting in a valence bond solid (VBS) state[236] with short-range order. In this case,

the low-lying excitations with non-zero spin are spin-triplets or triplons, which are gapped

excitations that carry the spin current.

7.4.1 VBS states with triplon excitations

At low energies, the structure factor will be dominated by single triplon excitations. Let

us assume that the triplon has a gap ∆T and a quadratic dispersion, so the dynamic

structure factor can be approximated by

S−+ (q⊥, ω) ≈ C δ
(
ω −∆T − γq 2

⊥
)

(7.25)

Here we also assume that the prefactor C is independent of ω and q⊥. Now we again

use the T → 0 limit of equation (7.14) to compute the spin current. For a d dimensional

system with a d− 1 dimensional boundary, we find that the spin current is given by

Ispin
T→0
=

πJ2A⊥CSd−1γ
1−d/2ν(ϵF )

(2π)dd(d+ 1)
(V −∆T )

d/2+1Θ(V −∆T ) (7.26)

192



Chapter 7. Probing excitations in insulators via injection of spin currents

As expected, there is a threshold at V = ∆T , as energy conservation implies that no

triplons can be excited when V is less than the triplon gap. Above the cutoff, the spin

current has a power law behavior with voltage with an exponent that depends on the

dimensionality d of the system. For instance, in d = 3, the exponent is 5
2 .

7.4.2 Spin liquids with spinon excitations

We first approach the problem analytically by using a low energy effective theory to

calculate the two-spinon structure factor. We use a mean-field approach where the spinons

are free quasiparticles in the system, and have negligible coupling to other excitations

which do not carry spin (like visons, which are vortices of the emergent gauge field). For

a given spinon dispersion ϵk, the free-spinon Green’s function in imaginary time is given

by

Gs(k, iωn) =
1

iωn − ϵk
(7.27)

where ωn is a Matsubara frequency which is determined by bosonic or fermionic statistics

of the spinons. We can calculate the structure factor from the dynamic susceptibility χ−+,

given by

χ−+(q⊥, iωn) = − 1

βV
∑
k,iΩn

Gs(−k,−iΩn)Gs(k + q⊥, iΩn + iωn)

=

∫
d2k

(2π)2

(
1 + nB(ϵk) + nB(ϵk+q⊥)

−iωn + ϵk + ϵk+q⊥

)
(for bosonic spinons)

T→0→
∫

d2k

(2π)2
1

(−iωn + ϵk + ϵk+q⊥)
(7.28)

which, in turn, leads to the following result for the zero-temperature limit of the dynamic

structure factor

S−+(q⊥, ω) =
1

1− e−βω
Im[χ−+(q⊥, iωn → ω + iη)]

T=0,ω>0→ lim
T→0

Im[χ−+(q⊥, iωn → ω + iη)] = π

∫
d2k

(2π)2
δ
(
ω − ϵk − ϵk+q⊥

)
(7.29)
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Intuitively, this follows from the fact that spinons are always excited in pairs and they

share the momentum transferred from the electron at the interface. At T = 0, the spin

liquid is initially in its ground state, so we only have contributions from two spin-up

spinons that have center of mass momentum q⊥. Equation (7.29) is the main result of

this section, which we shall use to find the forms of the spin current for certain spin-

liquids with free-spinon bands in the mean-field picture, and then figure out how the spin

current scales with the spin-accumulation voltage V for arbitrary spinon dispersions and

dimensionality of the system.

Gapped spinons with quadratic bands

Let us consider the case of gapped spin liquids in 2 dimensions with a spinon-gap ∆s,

where the lowest spinon band has a quadratic dispersion about a minima at k = Q⊥ with

an effective mass of m∗, so that the spinon Green’s function is given by

Gs(k, iωn) =
1

iωn −∆s − (k−Q⊥)2

2m∗

(7.30)

This is true for several ansatz spin liquid ground states[167, 176], including, for instance,

the Q1 = Q2 state of the Z2 spin liquid state on the Kagome lattice[250], where the gap

and the effective mass are given in terms of the mean-field parameters λ and Q, and the

antiferromagnetic coupling between nearest neighbors JAF by

∆s =
√
λ2 − 3J2

AFQ
2, and 1

m∗ =
3J2

AFQ
2

2∆s
(7.31)

Equation (7.29) now leads to the following expression for the structure factor

S−+ (q⊥, ω) =

∫
d2k

(2π)2
δ

(
ω − 2∆s −

(k −Q⊥)
2

2m∗ − (k + q⊥ −Q⊥)
2

2m∗

)
=

m∗

4
Θ

(
ω − 2∆s −

q 2
⊥

4m∗

)
(7.32)

In general, we may have several spinon bands with minima at different Q⊥ with the same

gap ∆s, so we sum over all of them to find the net spin current via equation (7.14) in the
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T → 0 limit.

Ispin =
πJ2A⊥ν(ϵF )

2

∑
Q⊥

fang(kF /Q⊥)

∫
dω

2π

dd−1q⊥
(2π)d−1

(V − ω)S−+ (q⊥, ω)

=
ηJ2A⊥ν(ϵF )(m

∗)2

48π2

∑
Q⊥

fang(kF /Q⊥)

 (V − 2∆s)
3 Θ(V − 2∆s)

= η2 (V − 2∆s)
3 Θ(V − 2∆s) (7.33)

where we have absorbed all constant pre-factors in η2 to explicitly show the dependence on

V . As expected, there is a cutoff at twice the spinon gap, i.e, no spin current for V ≤ 2∆s,

and a power law behavior above the threshold.

Note that in the calculation above, we assume that both spinons come from bands that

have minima at identical Q⊥. However, even if they come from different bands, say one

with minima at Q⊥,1 and the other with Q⊥,2, they will just contribute to add extra

pre-factors of fang
(
kF /(|Q⊥,1 +Q⊥,2|)

)
in the expression for the spin current, but would

not change either the threshold or the power law behavior. However, if the bands have

different spinon-gaps, say ∆s,1 and ∆s,2 then we expect the spin current to show a second

threshold when the spin-accumulation voltage V crosses ∆s,1 + ∆s,2, as the scattering

process then now excite spinons from both bands.

Gapless spinons at Dirac points

Let us consider spin liquids described by gapless fermionic spinons at discrete Dirac points

{Q⊥} in the Brillouin zone. The spinon dispersion is then given in terms of the spinon

velocity v at a Dirac point at Q⊥ by

Gs(k, iωn) =
1

iωn − v|k −Q⊥|
(7.34)

This is again conjectured to be true for certain spin-liquid ansatz, for example, the π-flux

state[1] of the Heisenberg antiferromagnetic Hamiltonian on a 2d square lattice, which

has been argued to be stable against U(1) gauge fluctuations[115]. We again use equation
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(7.29) to evaluate the structure factor.

S−+ (q⊥, ω) =

∫
d2k

(2π)2
δ (ω − v|k| − v|k + q⊥|)

=
1

8πv2
ω2 − v2q2⊥/2√
ω2 − v2q2⊥

Θ(ω − v|q⊥|) (7.35)

We now use equation (7.14) to find the net spin current for T → 0.

Ispin =
J2A⊥ν(ϵF )

480π2v2
V 5 = η1 V

5 (7.36)

where we have again absorbed all pre-factors in η1 to make the V -dependence explicit. The

current takes non-zero value for any V > 0, as there is no gap to a two-spinon excitation.

We have evaluated the current for a single Dirac point, although extensions to multiple

Dirac points with different velocities can be done in an exact analogy with the previous

subsection, and will not affect the threshold or the exponent in the power law.

Generic spinon dispersions and spatial dimensions

In this subsection, we are going to generalize the above results for given spinon dispersion

in d = 2 to generic dispersions and arbitrary space dimensions d−1 of the metal-insulator

boundary using scaling arguments. Although this approach does not give us the exact-

prefactors, it is sufficient to find out the characteristic dependence Ispin on V . We would

require that the lowest spinon-band has minima at discrete points in the Brillouin zone,

which are well-separated from each other. We start off with gapless spin liquids with

power law dispersions, and find that the exponent of V is directly related to the power

law in the dispersion and the dimensionality of the system. Our results easily generalize

to gapped spin liquids.

Let the spinons have a dispersion given by

ϵ(k) = vα|k|α (7.37)

The two-spinon structure factor is proportional to an integral over the allowed phase space
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consistent with energy conservation.

S−+(q⊥, ω) ∼
∫
kd−2dk dΩd−2 δ(ω − vα|k|α − vα|k + q⊥|α) (7.38)

The solutions for k (when the delta function is non-zero) can be written in terms of a

dimensionless scaling function Φ(vαq
α
⊥/ω) as

k = q⊥ Φ(vαq
α
⊥/ω) (7.39)

The delta function in ω can be rewritten as a delta function in k as follows (in terms of

another dimensionless function Φ1 which comes from the Jacobian)

δ(ω − vα|k|α − vα|k + q⊥|α) = δ(k − q⊥ Φ(vαq
α
⊥/ω))/

[
vαq

α−1
⊥ Φ1(vαq

α
⊥/ω)

]
(7.40)

Now we can see how the dynamic structure factor scales without explicitly evaluating the

integral.

S−+(q⊥, ω) ∼ qd−1−α
⊥ Ψ(vαq

α
⊥/ω) (7.41)

The dimensionless scaling function Ψ must involve a theta function of the form Θ(ω −

ζvαq
α
⊥), where ζ is some arbitrary numerical constant that depends upon the exact dis-

persion. This follows from the fact that a large center of mass momentum will inevitably

result in a large energy for the spinon pair which is precluded by energy conservation.

Here, we are assuming that ω is small enough so that both the spinons come from the

bottom of the band(s).

Finally, we turn to the T → 0 limit of equation (7.14) again to find the spin current.

Ispin ∼
∫ V

0
(V − ω)dω

∫
dq⊥ qd−2

⊥ dΩd−2S−+(q⊥, ω) (7.42)

Because of the Θ function in S−+(q⊥, ω), the momentum integral is restricted to q ≤

(ω/vα)
1/α, so dimensional analysis tells us that

∫
dq⊥ qd−2

⊥ dΩd−2S−+(q⊥, ω) ∼ (ω/vα)
(2d−2−α)/α (7.43)

The integral over ω scales as V 2, so the final result after putting all this information
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together is

Ispin ∼ V 2 × V (2d−2−α)/α = V 1+2(d−1)/α (7.44)

As a check, let us see if the scaling matches the previous two exact calculations. In both

cases, we have d − 1 = 2. For the gapped Z2 spin liquid in the limit of the gap ∆s → 0,

we have α = 2 and hence, Ispin ∼ V 1+2(3−1)/2 = V 3. For the gapless U(1) spin liquid with

α = 1, we have Ispin ∼ V 1+2(3−1)/1 = V 5.

For generalizing to gapped spin liquids with a spin gap of ∆s, all we need to do is make

the following replacement in all the previous calculations:

ω → ω − 2∆s (7.45)

This in turn tells us that the spin current is given by

Ispin ∼ (V − 2∆s)
1+2(d−1)/α Θ(V − 2∆s) (7.46)

Equation (7.46) is the main result of this section. It shows that by measuring the spin

current as a function of voltage, it is possible to deduce both the nature of the spin gap

as well as the effective dispersion of the low energy excitations. Note that at the level of

low-energy effective field theory, the current does not depend on the detailed structure of

the lattice, but only on the effective continuum dispersion, as expected.

7.4.3 Numerical results for a model Z2 spin liquid state on the Kagome
lattice

In this section, we extend the previous results for a gapped Z2 spin liquid state via numer-

ical calculations. As a model state, we choose the Q1 = Q2 ground state on the Kagome

lattice, described by Ref. [250]. The reason for choosing this state for further investiga-

tion is that the dynamical structure factor measured in neutron scattering experiments on

Herbertsmithite single crystals[106] is in good qualitative agreement with the calculations

in the Q1 = Q2 ground state by Punk et. al[229].

Following Ref. [250], we use a large N expansion technique based on the symplectic

group Sp(N). To generalize of S−
i S

+
j to Sp(N), we just extract the part of the Sp(N)
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invariant scalar product Si · Sj [250] that corresponds to 1
2S

−
i S

+
j . In terms of the flavor

indices m of the Schwinger bosons that make up the spins, it can be written as

S−
i S

+
j =

1

2N2

∑
m1,m2

(
b†im1↓bim2↑b

†
jm2↑bjm1↓ + b†im1↓bim2↑b

†
jm1↑bjm2↓

)
(7.47)

Note that this reduces exactly to S−
i S

+
j of SU(2) when we have a single flavor. To simplify

the expression, we note that the N flavors are decoupled in the N = ∞ mean-field theory,

and each of the N flavors has an identical Hamiltonian. Therefore, each flavor gives the

same contribution, which just cancels off the extra factor of N2, and we just need to

calculate each term for a single flavor. The spinon operators that diagonalize the mean

field Hamiltonian are linear in the b and b† operators, hence the correlation function

factorizes as follows

⟨S−
i S

+
j ⟩ =

1

2

(
⟨b†i↓bj↓⟩⟨bi↑b

†
j↑⟩+ ⟨b†i↓b

†
j↑⟩⟨bi↑bj↓⟩

)
(7.48)

Moving to Fourier space and keeping only terms that give contributions to ω > 0 after

analytic continuation, we find that the dynamic susceptibility is given by

χ−+(q⊥, iωn) =
1

2Ns

∑
k,iΩn

[Ujl(−k)Vjm(k + q⊥) + Vjl(−k)Ujm(k + q⊥)]U
∗
il(−k)V ∗

im(k + q⊥)

×Gl(−k,−iΩn)Gm(k + q⊥, iωn + iΩn) (7.49)

where q⊥ belongs to the extended Brillouin zone, Ns is the total number of sites, U, V

are the Bogoliubov matrices that diagonalize the mean-field Hamiltonian, and we have

implicitly summed over all sublattice indices {i, j, l,m}. We are going to use equation

(7.49) to numerically evaluate the exact mean-field structure factor. As a side note, we

mention that in the low energy limit, where k is close to the bottom of a spinon band

Q⊥, and q⊥ is also small, so that the sum of the two spinon energies satisfies the energy

constraint, we can approximate the elements of the U and V by their values at Q⊥, and

then we recover the dynamic structure factor evaluated in equation (7.32).

We first plot the momentum-integrated structure factor S−+(ω) = 1
Ns

∑
q S−+(q, ω)

as a function of energy ω in Fig. 7.3. We assume mean-field parameters λ = 0.695 and
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Figure 7.3: Momentum integrated structure factor for the Q1 = Q2 ground state of the
Z2 spin liquid on the Kagome lattice

Q1 = Q2 = 0.4 in the units of JAF , which are not self-consistently determined, and lead

to a spinon gap of ∆s ≈ 0.5.

We note two specific features, the jump at ω ≈ 0.75 and the peak at ω ≈ 1.3. Both

these features can be understood using the band structure of the spinons for this ground

state. The spinon spectra has a flat band with ϵk = λ, and once we have ω ≥ λ+∆s, we

can excite two spinons, one of them being at any momentum on the flat band. The second

peak presumably comes from both spinons coming from the flat band, but is slightly

smeared out by the Bogoliubov matrices and the finite width Lorenzian approximation for

the delta function in the numerics. If we go up to energy scales of V ≈ JAF ≪ ϵF (this is

reasonable as JAF ≈ 200K for Herbertsmithite[111], but typical ϵF ≈ 104K), we now can

have contributions to the current at large values of δqx and q⊥. In order to investigate the

contributions properly, we need to numerically evaluate the spin current starting with the

T → 0 limit equation (7.6).

We next plot the spin current, evaluated numerically, in Fig. 7.4 as a function of the

spin accumulation voltage V . The Fermi liquid parameters chosen for the plot below are

kF = 2 (units of inverse lattice spacing), and ϵF /JAF = 100.

As expected, we observe the effects of the two features in the dynamic structure factor

on the spin current, which is roughly an integral over the structure factor. The step-like

jump in the structure factor leads to a change in slope in the current around V ≈ 0.7, and
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Figure 7.4: spin current as a function of spin accumulation voltage for the Q1 = Q2 ground
state of the Z2 spin liquid on the Kagome lattice

the spike leads to a step-like jump around V ≈ 1.3, after which the current saturates. The

observation of these two distinct features in the spin current would be strong evidence in

favor of the Q1 = Q2 Z2 spin liquid on the Kagome lattice. We note that the Q1 = −Q2

ground state[250] does not have any flat spinon band, and is hence not expected to show

any such feature in the spin current.

7.5 Conclusions

In summary, we proposed the use of spin currents as a gateway to probe the nature of

excitations in magnetic insulators. Measurement of the spin current as a function of the

spin-accumulation voltage can throw light on the dispersion of the low-lying excitations

and gap above the ground state. In particular, we showed at that in the zero temperature

limit, the threshold and scaling of spin current with voltages may be used effectively

to search for spin liquid ground states in magnetic insulators. Finally, we focused on a

particular spin liquid ground state, which is a candidate state for Herbertsmithite[229],

and identified some broad features in the spin current which can help to identify that

state.

The spin current is a valuable probe, because once injected into the insulator, the

total spin is conserved in absence of spin-orbit coupling and random field impurities. We

anticipate that it may be interesting to study how the presence of disorder in the interface,
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or the presence of non spin-carrying low-lying excitations in the insulator, which couple

to the mobile spin-carrying modes, (for example, visons coupling to spinons[229] in spin

liquids) affect the spin current.

In Ref. [48], the authors suggest measuring spin currents to detect gapless spin liquids

with Fermi-surfaces or Dirac cones. Although we use a different tool for our calculations,

our results agree with theirs at T = 0 for Dirac spin liquids. For collinear antiferromagnets,

we find that they have missed the elastic contribution which will dominate the spin current

at low temperatures, and our inelastic contributions are the same. We present additional

exact calculations and scaling arguments for gapped and gapless spin-liquids for different

spinon dispersions and different dimensions, as well as for VBS states. We also numerically

investigate an attractive experimental candidate and go beyond low energy scalings to

identify specific features in the spin current at higher voltages comparable to the spinon

bandwidth.
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It is only slightly overstating the case to say that
physics is the study of symmetry.

Philip W. Anderson

8
Signatures of fractionalization from interlayer thermal transport

8.1 Introduction

Quantum spin liquids (QSLs) are phases of matter with intrinsic topological order, which

cannot be characterized by local order parameters as typically used in symmetry-breaking

phases. Instead, their primary characteristic is the emergence of excitations with fractional

quantum numbers [7, 8, 15, 162, 260, 333]. The presence of these excitations is related

to the existence of long-range entanglement in ground states of such systems [144, 166].

In addition, the excitations are accompanied by an emergent gauge field leading to a low-

energy description in terms of gauge theories. The relevant gauge group can be discrete

(e.g., Z2) or continuous (e.g., U(1)). The matter excitation spectrum may be gapped (as

in a gapped Z2 phase [128, 147, 200, 201, 250, 254, 266]) or gapless (as in a gapless Z2

[18, 143] or U(1) [4, 125, 163, 164, 204, 206, 209, 226, 269] QSL).

Several materials have been proposed as candidates for spin liquids; these three dimen-

sional materials are often layered compounds of frustrated 2D lattices, such as kagome

and triangular lattices. For example, members of the iridate family [38, 50, 127, 173]

have been proposed to display QSL gapless Z2 behavior; the triangular organic salt

EtMe3Sb[Pd(dmit)2]2 has been proposed to have a spinon Fermi surface, while κ −

(ET )2Cu2(CN)3 is believed to be a gapped QSL[318–321]. In addition, the material Her-

bertsmithite is thought to be either a gapless or a small gap QSL, with its class not yet
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known [29, 69, 87, 105, 106, 111, 112, 130, 193, 217, 224, 278]. The excitations of QSLs can

carry fractional quantum numbers corresponding to global symmetries possessed by the

system [146, 266, 336] and also possess fractional (anyonic) statistics [10, 146, 233, 254].

There have been numerous proposals to detect these fractional quantum numbers and

statistics in QSL materials [19, 43, 146, 202, 207, 213, 267, 268]. The presence of fraction-

alization itself has primarily been deduced through a diffuse scattered intensity seen in

inelastic neutron scattering experiments on various candidate spin liquids at temperatures

much smaller than the relevant exchange coupling [58, 106]. The absence of sharp features

in the neutron scattering intensity is attributed to the presence of a multi-particle contin-

uum [229]. However, such broadening can also arise due to other factors such as disorder

and it would be useful to have additional signatures of fractionalization.

In this work, we propose the inter-plane thermal conductivity κc as a probe for frac-

tionalization in a system of weakly coupled layers of two dimensional gapless QSLs 1. The

in-layer thermal conductivity κab in these materials is dominated by the low-energy frac-

tionalized excitations pertinent to the type of QSL in question; in contrast, the thermal

current between the planes must be carried by a gauge invariant excitation with integer

quantum numbers. This is because the emergent gauge charge carried by fractionalized

excitations is conserved separately in each layer, and therefore a single spinon cannot move

from one layer to the next. Moreover, a non-gauge invariant fractionalized excitation, such

as a spinon, is highly non-local in space (it is composed of a long “string” of local spin

operators). This implies that the matrix element of a local operator to transfer pairs of

spinons from one layer to another decays exponentially with the spatial separation be-

tween the two spinons. Therefore, only pairs of nearby spinons can hop between adjacent

layers.

The situation is depicted schematically in Fig. 8.1, where a single spinon is deconfined

and may propagate freely in each plane, while only pairs of spinons may hop between

planes. Therefore, κc in a gapless QSL is expected to be qualitatively different from the
1Here, we assume that the inter-layer coupling does not destabilize the layered QSL phase. This is

certainly the case for a Z2 QSL with a Dirac spectrum, since the inter-layer coupling is irrelevant. For the
case of a QSL with a Fermi surface, the inter-layer coupling is marginal at tree level; we assume that we
are at temperatures above the (exponentially small) temperature of any possible instability
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Table 8.1: In-plane and c-axis thermal conductivity for several types of QSL. Z2 Dirac
refers to a Z2 QSL with a Dirac spectrum of fermionic fractional excitations. Z2 FS is a Z2

QSL with a Fermi surface of fractional excitations. U(1) refers to a spinon Fermi surface
coupled to a U(1) fluctuating gauge field. α = 6∆A/(π+∆A), with ∆A the (dimensionless)
time-reversal preserving disorder strength [see Eq. (8.11)]. The results for the clean Z2 FS
case are correct up to logarithmic factors.

In-plane c-axis
Clean Disordered Clean Disordered

Z2 Dirac T [72] T T 5 T 5−α

Z2 FS 1/T T T 3 T 2

U(1) T 1/3 [208] T [208] T 5/3 T 2

in-layer thermal conductivity, and obey a different power law at low temperatures 2. An

experimental detection of such a parametrically large anisotropy in ratio κab/κc at low

temperatures will be a strong indication of the existence of fractionalized excitations and

hence a QSL state.

Our findings are summarized in Table 8.1. We have considered three cases: a gapless

Z2 QSL with either a Dirac spectrum or a spinon Fermi surface, and U(1) QSL with a

spinon Fermi surface. In all cases, the in-plane and c-axis thermal conductivity follow

qualitatively different behavior as a function of temperature, for both clean and mildly

disordered systems. In all QSLs we consider, the inter-plane thermal conductivity follows

a power law behavior in temperature, with an exponent which is larger than for the

corresponding intra-plane behavior. Interestingly, in some cases, the exponent of the inter-

plane thermal conductivity is smaller than 3, and therefore it is parametrically larger than

the phonon contribution (proportional to T 3) at sufficiently low temperatures.

8.2 Clean Z2 quantum spin liquid

We begin by considering a layered system where each layer forms a Z2 QSL with gapless

fermionic excitations. The fermions may either have a Dirac spectrum, or form a Fermi

surface. As a concrete example of the gapless Z2 QSL, one may consider the gapless
2A similar mechanism can provide evidence for fractionalization in the c−axis electrical transport in

a metallic resonating valence bond state. See: P. W. Anderson and Z. Zou, Phys. Rev. Lett. 60, 132
(1988); N. Nagaosa, Physical Review B 52, 10561 (1995).
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Figure 8.1: A schematic representation of the difference between in-plane and interplane
transport. In each QSL plane, the spinons are deconfined and may travel freely. However,
transport between the planes is only possible via gauge-invariant excitations, such as
spinon pairs.

phase of the Kitaev honeycomb model [143], which consists of spin-1/2s interacting in

an anisotropic manner on a two-dimensional hexagon lattice. We will use this model to

facilitate our discussion; our conclusions are generic to any gapless Z2 QSL.

The low energy theory of the Kitaev QSL phase may be described either as two linearly

dispersing Majorana fermions, or equivalently as a single complex Dirac theory. Here, we

consider a three-dimensional layered generalization of the Kitaev model. The low-energy

effective Hamiltonian of each layer is given by

HZ2
l =

∫
d2k

(2π)2
ψ†
l (k)

[
vσ · k+mσz +∆σ0

]
ψl(k), (8.1)

where l is the layer index, and ψ†
l (k) =

(
ψA†l (k), ψB†

l (k)
)
is a spinor of complex fermionic

spinon creation operators in layer l, with A,B denoting the sublattice. σ is a vector of

Pauli matrices, k = (kx, ky) is measured relative to the corner of the honeycomb lattice

(the K point), and v the Fermi velocity. m and ∆ describe a mass gap and an effective
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chemical potential, respectively. Throughout the Chapter we have set ℏ = 1. In Ap-

pendix G.1 we show an explicit microscopic spin Hamiltonian that leads to low-energy

effective Hamiltonian in Eq. (8.1). The m and ∆ terms arise from time reversal-breaking

three spin interactions. On the honeycomb lattice, in the presence of time reversal (TR)

symmetry, m = ∆ = 0, and the Fermi energy is at the Dirac point. Breaking time

reversal symmetry [18], or considering generalizations of the Kitaev model to other lat-

tices [20, 113, 114, 150, 214, 324], allows for a stable Fermi surface. In all Z2 QSLs we

consider, the fermionic excitations (“spinons”) are gapless, which corresponds to |∆| ≥ |m|.

The fluxes of the Z2 gauge field (“visons”) are gapped.

Although the in-plane theory is described by fractional excitations, inter-plane transport

must be mediated by gauge-invariant excitations. The most relevant interlayer coupling

terms which are allowed by symmetry are given by

HZ2
⊥ = J⊥

∑
⟨l,l′⟩

∑
α=0,1,2,3

Fα

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2
ψ†
l (k)σ

αψl(k+ q)ψ†
l′(k

′)σαψl′(k
′ − q)

+ J⊥
∑
⟨l,l′⟩

F4

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2

[
ψA†l (k)ψB†

l (−k− q)ψAl′ (k
′)ψBl′ (k

′ − q) + h.c.
]
,

(8.2)

where ⟨l, l′⟩ are neighboring layers, σα are the Pauli matrices (with σ0 the identity ma-

trix), J⊥ is the strength of the inter-plane coupling, and F0,...,4 are dimensionless coupling

constants. In Sec. G.1.4 we argue that generically, J⊥ is proportional to the microscopic

spin-spin inter-layer interactions.

For simplicity, we will mostly focus on the case where only F0 = F is nonzero. A

derivation of such a coupling term from a microscopic spin-spin interaction is given in

the Appendix G.1. We believe that the particular form of the interlayer coupling is not

important; the contribution to the thermal conductivity from other terms give the same

parametric dependence on temperature. The crucial point is that the inter-plane coupling

term must contain an even number of fermion operators from each layer, as a single

fractional excitation may not hop from one layer to another.
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In a generic Z2 QSL, there are also short-range intra-plane interactions between the

fermionic spinons. However, for most of the following discussion we may ignore such

interactions, as they are irrelevant in the Dirac case, and lead to a Landau Fermi liquid

state with well defined quasiparticles in the Fermi surface case.

For a clean Z2 QSL, whose low energy theory is described by weakly interacting fermions,

the interlayer thermal conductivity may be calculated to lowest order in J⊥ using Fermi’s

golden rule. We work in the basis of the eigenvalues of the in-plane Hamiltonian; we there-

fore revert from the sublattice (α = A,B) to the band (λ = ±1) basis, and consider the

transformed function F λ1...λ4k,k′,q in this basis. In the case of a Dirac spectrum, the eigenstates

of the in-plane Hamiltonian are given by aλ=±
l (k) = [ψAl (k)±eiϕkψBl (k)]/

√
2, with energy

ϵλk = λvk; here ϕk = atan(ky/kx). In this basis, F λ1...λ4k,k′,q = 1
4

[
1 + λ1λ2e

i(ϕk−ϕk+q)
] [

1 + λ3λ4e
i(ϕk′−ϕk′−q)

]
.

Energy is transported between layers by the excitation of spinon pairs; thus, if a temper-

ature difference δT is applied between two adjacent layers l and l′, the rate with which

energy transfer occurs, for the specific momenta k,k+ q,k′,k′ − q, is

ΓEk,k+q,k′,k′−q =
2π

Z
J2
⊥
∑
λ1...4

|F λ1...λ4k,k′,q |2
∑

il,il′ ;fl,fl′

[
exp

(
−

Ei,l
T + δT

−
Ei,l′

T

)
− exp

(
−

Ef,l
T + δT

−
Ef,l′

T

)]
×
∣∣⟨fl|⟨fl′ |aλ1†l (k)aλ2l (k+ q)aλ3†l′ (k′)aλ4l′ (k

′ − q)|il⟩|il′⟩
∣∣2

×(Ei,l − Ef,l)δ(Ei,l + Ei,l′ − Ef,l − Ef,l′) (8.3)

where |il⟩ ,|fl⟩ are the initial and final many-body states of layer l (which are eigenstates

of the J⊥ = 0 Hamiltonian), with energies Ei,l and Ef,l, respectively, and similarly for

layer l′. Z is the partition function.

The thermal conductivity is then given by (here JQ is the thermal current)

κc =
∂JQ

∂δT
=

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2
∂

∂δT
ΓEk,k+q,k′,k′−q (8.4)

= 2π
J2
⊥
T 2

∑
λ1...4

∫
dϵ1dϵ2dϵ3(1− nF (ϵ1))nF (ϵ2)(1− nF (ϵ3))nF (ϵ1 − ϵ2 + ϵ3)× (ϵ1 − ϵ2)

2

×
∫

d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2
|F λ1...λ4k,k′,q |2δ(ϵ1 − ϵλ1k )δ(ϵ2 − ϵλ2k+q)δ(ϵ3 − ϵλ3k′ )δ(ϵ1 + ϵ3 − ϵ2 − ϵλ4k′−q),
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where nF (ϵ) is the Fermi function.

For the case of a Z2 QSL with a Dirac spectrum, the dependence of the integral on tem-

perature can be evaluated easily by rescaling ϵ⇒ ϵ/T and {k,k′,q} ⇒ {k/vT,k′/vT,q/vT}.

This gives the result

κc ∼
J2
⊥
v6
T 5 (clean Z2 with Dirac spectrum). (8.5)

The case of a Z2 QSL with a Fermi surface corresponds to∆ ̸= 0 in Eq. (8.1). To simplify

the calculation, we set the mass term in (8.1) such that ∆ > m but |∆−m| ≪ m. In this

limit, the eigenstates of the band which crosses the Fermi energy simplify to a(k) = ψA(k),

with a non-relativistic dispersion ϵk = k2/2m∗ − µ, with µ = ∆ − m, and m∗ = m/v2.

The result should not depend on this choice.

The evaluation of the integrals in Eq. (8.4) for the case of a Fermi surface is described

in Appendix G.2. After integrating over k, k′, and ϵ1,2,3, κc has the form:

κc ∼ J2
⊥T

3
∫ d2kd2k′d2q

(2π)6
δ(ϵk)δ(ϵk+q)δ(ϵk′)δ(ϵk′−q)

∼ J2
⊥
ν4

k2F
T 3
∫ 2kF
0 dq 1q

1
1−q2/4k2F

, (8.6)

where ν = m∗/2π is the density of states on the Fermi energy, and kF =
√
2m∗µ. This

integral is logarithmically divergent; this is similar to the divergence of the electronic self

energy in a Fermi liquid in two dimensions [93]. As in a Fermi liquid, intralayer short-range

interaction between the spinons lead to a finite spinon lifetime τ ∝ 1/T 2. The associated

broadening of the spinon spectral function provides an infra-red cutoff for the logarithm

[251], giving

κc ∼ J2
⊥
ν4

k2F
T 3 log (Λ/T ) (clean Z2 with FS) (8.7)

with Λ a high-energy cut-off, of the order of the Fermi energy (which is proportional to

the exchange coupling between the original spins).

The in-plane thermal conductivity of the Z2 QSL with a Fermi surface is given, using

the Einstein relation, by κab ∼ cV v
2
F τ/2, where cV = π2νT/3 is the specific heat of the

system at low temperatures, vF = kF /m
∗ is the Fermi velocity, and τ is the spinon lifetime.
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In a perfectly clean crystal, the lifetime comes from weak short-range interaction between

the spinons mediated by the gapped gauge field (assuming that Umklapp processes are

available to relax the total momentum of the scattering spinons). The lifetime is given by

τ−1 ∼ T 2 log(Λ/T ) as discussed earlier, and therefore we have:

κab ∼ [T log (Λ/T ) ]−1 (8.8)

8.3 Disordered Z2 quantum spin liquid

As we shall now show, quenched disorder changes the low-temperature inter-plane trans-

port in a qualitative way. The effects of disorder depend crucially on the type of disorder,

which is subject to the symmetry of the problem. Consider, for example, the case of

the honeycomb Kitaev model with time reversal symmetry. Then, disorder can take the

form of a random bond strength, that translates to a random vector potential [312] in the

low-energy Dirac Hamiltonian, Eq. (8.1). Breaking time reversal symmetry can induce

random scalar potential and mass terms, as well (see Appendix G.3.1 for a demonstration

of how such terms arise in a disordered version of the Kitaev model).

Here, we will focus on random vector and scalar potentials; a random mass term is

important at the transition between different gapped spin liquid states, a case we will not

consider in the present work. The disordered part of the low-energy effective Hamiltonian

in layer l is given by:

Hdis
l =

∫
d2kd2k′

(2π)4
ψ†
l (k) (Vk−k′ + vAk−k′ · σ)ψl(k′),

(8.9)

where Vk−k′ and Ak−k′ are random scalar and vector potentials, respectively. We assume

that the disordered potentials in different layers are statistically independent.

First, we study the case of a Dirac QSL with time reversal symmetry, in which only

a random vector potential term is allowed, Vk−k′ = 0. The effects of a vector potential

disorder on a system with a Dirac dispersion were studied extensively in Ref. [179], where

it was shown that such a term leads to a line of fixed points, characterized by scaling

exponents which depend continuously on the disorder strength. Using the methods intro-
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duced in Ref. [179], we can find the scaling form of correlation functions at this fixed point,

as described in detail in Appendix G.3.2. This allows us to show that vector potential

disorder results in a modification of the exponent of the thermal conductivity, which is

given by

κz ∼ T 5−α (disordered Z2 with Dirac spectrum), (8.10)

with α = 6∆A/(π +∆A), ∆A being the disorder strength:

(2π)2δ(q+ q′)∆A = ⟨AqAq′⟩dis, (8.11)

and the average is over disorder configurations. We consider smooth disorder, such that

ψ†ψ† terms (corresponding to intervalley scattering in the Majorana model) are negligible.

Next, we consider the effect of disorder on a Z2 QSL with a Fermi surface, corresponding

to ∆ ̸= 0 in Eq. (8.1). In this case, since time reversal symmetry is broken, both scalar and

vector disorder potentials are allowed. To simplify the computation, we will neglect the

vector potential in this case, and assume that the scalar potential is short range correlated

in space: ⟨VqVq′⟩dis = δ(q + q′)/(2πντ), where ν is the density of states at the Fermi

level, and τ is the mean free time of quasi-particles at the Fermi surface. Moreover, we

will again set the mass term in Eq. (8.1) such that ∆ > m but |∆−m| ≪ m. We expect

none of the qualitative aspects of the solution to depend on these choices.

In the presence of disorder, the calculation of the thermal conductivity is most conve-

niently done using the Luttinger prescription [182, 183, 276]. The thermal conductivity is

written as

κ =
−1

T
lim
ω→0

ℑ [Π(ω)]

ω
, (8.12)

where Π(ω) is the retarded thermal current-thermal current correlation function,

Π(ω) =
⟨
JQ(iωn)J

Q(−iωn)
⟩
|iωn→ω+iδ. (8.13)

The c-axis thermal current operator can be derived using the energy continuity equation:

JQc (iωn) = limqc→0
iωnh(qc)

qc
, where h(qc) is the energy density operator at wavevector qc.
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An explicit calculation to leading order in J⊥ using Eq. (8.2) gives (see Appendices G.4.1,

G.4.2)

JQc (iωn) =
1

32
J⊥F0

∑
l,η=±1

η

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2
1

β3

∑
νn,νm,Ωn

Ωn

× ψ†
l (k, iνn)ψl(k+ q, iνn + iΩn + iωn)ψ

†
l+η(k

′, iνm)ψl+η(k
′ − q, iνm − iΩn)(8.14)

Here, we have suppressed the eigenstate indices λ1,...,4, since in the non-relativistic

limit |∆ − m| ≪ m, the wavefunctions of states at the Fermi surface are confined to a

single sublattice. Similarly, we have suppressed the eigenstate indices in F0, which is now

momentum-independent. Note that, similarly to the inter-plane coupling, the thermal

current operator in our model is quartic in the fermionic operators, corresponding to the

fact that energy is carried between the plane by the hopping of fermion pairs.

The diagrams describing the leading-order contribution to κc are shown in Fig. 8.2.

The computation is lengthy but straightforward, and we will only describe the main steps

here, deferring the details to Appendix G.4.5. We assume that the disorder is weak, such

that kF ℓ ≫ 1, where kF is the Fermi momentum and ℓ = kF τ/m is the mean free path.

Under these conditions, we may use the self-consistent Born approximation 3, equivalent

to summing only non-crossed diagrams [3].

A key object is the disorder averaged four-point correlator within a single layer, Υ,

depicted in Fig. 8.2(b):

Υ(k,k′,q; iνn, iνm)

=
⟨
ψ†
l (k, iνn)ψl(k+ q, iνm)ψ

†
l (k

′ + q, iνm)ψl(k
′, iνn)

⟩
dis
.

(8.15)

The thermal current correlation function, Eq. (8.13), is then given as a convolution of two
3Here, we neglect weak localization corrections, which are beyond the Born approximation. We assume

that we are at not too low temperatures, such that weak localization effects are unimportant.
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k1 k'1

k+q1 k'+q1

k2 k'2

k'-q2k'-q2

(a)

= +

+ +...

k k'

k+q k'+q

(b)

Figure 8.2: (a) The thermal current-thermal current correlation diagram. The Green’s
functions on the top, which are functions of momentum k1, are related to layer l, while
those on the bottom are from layer l′. Note that the current vertex consists of four Green’s
functions, two from each layer. (b) The disorder averaged four point correlator within each
layer, Υ(k,k′,q). The black lines denote fully dressed fermion propagators, dashed lines
represent the effects of disorder, the squiggly lines are the bare thermal current vertex,
while the green area stands for the fully renormalized two-particle vertex. We work in the
self-consistent Born approximation, applicable for kF ℓ ≫ 1, where only ladder diagrams
are taken into account. We suppress the frequency dependence for clarity.

four-point correlation functions of two adjacent layers:

Π(iωn) =
1

64
J2
⊥

1

β3

∑
νn,νm,Ωn

∫
k
F 2
0

× Ω2
nΥ(k1,k

′
1,q; νn, νn +Ωn)

× Υ(k2,k
′
2,−q; νm + ωn, νm − Ωn).

(8.16)

Here,
∫
k =

∫ d2k1d2k2d2k′1d
2k′2d

2q
(2π)10

.

The clean, free fermion limit of this expression, with the correlatorΥ(k1,k
′
1,q; iνn, iνm) =

δ(k1−k′
1)G(k1, iνn)G(k1 + q, iνm), reproduces the Fermi golden rule calculation, Eq. (8.4).

In the presence of disorder, the computation of Υ for small q (such that qℓ≪ 1) involves
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a summation over a ladder series (see Appendix G.4.5); this results in

Υ(k,k′,q; iνn, iνm) ≈ G(k, iνn)G(k+ q, iνm)

×
{
δ(k− k′) + 1/(2πντ2)

× [|νn − νm|+Dq2]−1G(k′, iνn)G(k
′ + q, iνm)

} (8.17)

where D the diffusion constant D = v2τ/2, with τ the disorder induced single particle

lifetime, and

G(k, iνn) =
1

iνn − ϵk + isgn(νn)/2τ
. (8.18)

Note the appearance of the diffusion kernel in Eq. (8.17); this is related to the diffusive

behavior of the dynamical charge correlation function in a disordered system.

The computation of the sums in Eq. (8.16) is described in Appendix G.4.5. The domi-

nant contribution comes from low frequencies and momenta, where the four-point corre-

lator takes the form (8.17). At low temperatures, T < 1/τ , the result is

κc ∼ J2
⊥
ν2

D
T 2(disordered Z2 with Fermi surface). (8.19)

At higher temperatures, T ≳ 1/τ , κc crosses over to the clean form, Eq. (8.7). Eq. (8.19)

can also be derived from scaling arguments, assuming that the intra-plane density-density

correlation function has a diffusion form; see Appendix G.3.2.

In Appendix G.4.6, we show that the F4 pair hopping inter-layer term results in the

same power law, κc ∼ T 2.

8.4 U(1) quantum spin liquid

We further study the case of a layered U(1) QSL with a spinon Fermi surface. In addition

to the fermionic spinons, there exist gapless gauge field photons, which also contribute to

transport. The low energy sector of each layer is described by the Lagrangian density [125,
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163, 164, 204, 206, 226, 269]

Ll =
∑
σ=↑,↓

ψ†
l,σ (∂t − ia0 − µ)ψl,σ

+
1

2m
ψ†
l,σ (−i∇− a)2 ψl,σ. (8.20)

where ψ†
l,σ creates a spinon at layer l with spin σ, (a0,a) is the U(1) gauge field, µ is

a chemical potential that sets the size of the spinon Fermi surface and m is the spinon

effective mass. A “Maxwell” term for aν , 1
2g

∑
νλ f

νλfνλ where g is a coupling constant

and fνλ = ∂νaλ − ∂λaν , is also allowed by symmetry; however, it gives rise to sub-leading

contributions at low momenta and frequencies, and hence we will drop it in the following.

Under the random phase approximation (RPA), the clean system is described by a

strong-coupling fixed point, with the retarded gauge boson and spinon propagators (DR(q, ω)

and GR(k, ω), respectively) given by

DR
αβ(q, ω) = Pαβ(q)

[
−iγ ω

q
+ χq2

]−1

(8.21)

GR(k, ω) =
[
c(−iω)2/3 − ξk

]−1
, (clean U(1) QSL)

with ξk = k2/m− µ the spinon energy, γ = kF /π, χ = 1/(12πm), c = (kF /m)χ−2/3k
−1/3
0

and Pαβ(q) = δαβ − qαqβ/q
2, with k0 of the order of kF =

√
2mµ, the Fermi momentum.

The use of the RPA has been formally justified in a large-N expansion, where N is the

number of fermion flavors [226], but this has been shown to be problematic [165]. Ad-

ditional expansion parameters have been proposed, that essentially reproduce the RPA

results [66, 205]. We shall use the RPA approximation, assuming it is pertinent to at least

some area in parameter space.

In a layered U(1) QSL, heat may be transferred between the layers both by spinon and

photon excitations. The most relevant inter-layer interaction term of each sector is given
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by

H
U(1)
⊥ = Jsp⊥

∑
⟨l,l′⟩

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2
F
σ1,...,4
sp (k,k′,q)

× ψ†
lσ1

(k)ψlσ2(k+ q)ψ†
l′σ3

(k′)ψl′σ4(k
′ − q)

+ Jph⊥

∫
d2k

(2π)2
k2Fph(k)a

T
l (k)a

T
l′ (k). (8.22)

where aT is the transverse part of the gauge field. The coupling functions Fsp and Fph

depend on the spatial structure of the inter-layer coupling; their explicit form is unimpor-

tant. In real space, the gauge invariant term ∇×a is related the chirality of the underlying

spin degrees of freedom [163], and therefore the Jph⊥ term corresponds to an interaction

between the chiralities of the spin textures in the two layers. Micropically, this term may

be small compared to Jsp⊥ , since it is of higher order in the inter-plane Heisenberg exchange

coupling. However, as we shall see below, in a clean case, it gives a dominant contribution

to κc at asymptotically low temperatures.

The calculation of the spinon-mediated inter-plane thermal conductivity proceeds in a

similar fashion as in the Z2 QSL case. κc is given by a similar expression to Eq. (G.56)

(with the replacement F → Fsp). It is given by

κc,sp ≈ (Jsp⊥ )2
ν2

v2
T 3 log

(
T

(W/c)3/2

)
. (8.23)

where W is an appropriate UV cut-off (see Appendix G.5).

However, in the clean case, the dominant source of low-T thermal transport turns out

to be the exchange of gauge fluctuations; this contribution may also be calculated by the

Kubo formula, and is given by (see Appendix G.5 for details)

κc,ph =
(Jph⊥ )2

T

∫
d2k

(2π)2
k4
∫ ∞

0
dϵA2

ph(k, ϵ)ϵ
2∂ϵnB(ϵ)

∼ (Jph⊥ )2γ2/3χ4/3T 5/3 (Clean U(1) QSL). (8.24)

Here Aph(k, ϵ) = −2ℑDR(k, ϵ) = γ |ϵ|k
χ2k6+γ2ϵ2

is the photon spectral function.

Thus, at sufficiently low temperature, κc,ph ≫ κc,sp. Note that the thermal conductivity

can be written as κc,ph ∼ T 2−1/z, where z = 3 is the dynamical critical exponent of the
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fixed point described by RPA.

The introduction of disorder to the U(1) theory is likely to destabilize the z = 3 fixed

point, leading instead to diffusive behavior, similar to that of a disordered Fermi liquid.

In the RPA approximation, the propagators of the disordered theory are given by [91]

DR
αβ(q, ω) = Pαβ(q)

[
−iω +Dq2

]−1 (8.25)

GR(k, ω) = [ω − ξk + i/(2τ)]−1 (disordered U(1) QSL)

with D a diffusion constant and τ the disorder-induced finite lifetime. The calculation of

the c-axis thermal conductivity is then similar to the disordered Z2 QSL case. Inserting

Eq. (8.25) in the Kubo formula for the c-axis conductivity leads to

κc ∝ T 2(disordered U(1) QSL) (8.26)

for both spinon and photon contribution.

8.5 Experimental considerations

In this section, we discuss possible experimental candidate systems where thermal con-

ductivity provides a gateway to observing QSL physics. In order to observe the magnetic

contribution to the inter-layer thermal conductivity, one has to be able to separate it

from the phonon contribution. Since the phonon contribution scales as T 3, the magnetic

contribution in certain QSLs dominates at sufficiently low temperatures. This happens in

QSLs with a disordered spinon Fermi surface and in strongly disordered Dirac QSLs (see

Table 8.1). Below, we provide a rough estimate the order of magnitude of the temperature

T∗ at which the magnetic contribution exceeds the phonon one as a function of system

parameters (such as the strength of the inter-plane coupling, the Debye temperature, and

the disorder strength). As we elaborate below, this estimate indicates that at least in some

material candidates, the crossover to magnetically dominated thermal transport may occur

at accessible temperatures.

We base our estimate of T∗ on the case of a QSL with a spinon FS, whose magnetic

c-axis thermal conductivity is given by Eq. (8.19).
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We set the unit of length to be the lattice spacing a, and estimate ν ∼ 1/J , D =

1
2vF ℓsp ∼ 1

2Jℓsp, where J is the in-plane exchange coupling, and ℓsp is the spinon mean-

free path in the plane. This gives

κsp ∼
2J2

⊥T
2

J3ℓsp
. (8.27)

Next, we estimate the contribution of the phonons. The acoustic phonon specific heat

is cv ∼ (T/ΘD)
3, where ΘD is the Debye frequency. The (three-dimensional) phonon

diffusivity is Dph = 1
3cℓph ∼ 1

3ΘDℓph. Therefore, by the Einstein relation,

κph ∼ T 3

3Θ2
D

ℓph. (8.28)

The temperature below which the spinon contribution to the thremal conductivity becomes

larger than the phonon contribution is given by equating (8.27) to (8.28). The result is

T∗ =
6J2

⊥Θ
2
D

J3ℓphℓsp
. (8.29)

Eq. (8.29) highlights the parameters that control T∗: T∗ is higher the stronger the disorder,

the higher is ΘD, and the smaller is J . [Note that Eq. (8.27) is only valid for T ≪ J ;

therefore, T∗ in Eq. (8.29) cannot exceed J ].

As an illustrative example, we roughly estimate the crossover temperature T∗ for kapel-

lasite, a kagome gapless QSL candidate [79]. This is a polymorph of Herbertsmithite;

however, the in-plane exchange coupling is about an order of magnitude smaller. The ex-

change couplings of kapellasite have been estimated from from first-principle calculations

[130]: J ≈ 10K, J⊥ ≈ 0.5K. We assume that kapellasite has a spinon Fermi surface, and

that the Debye temperature is ΘD ∼ 300K. The mean free paths of the spinons and the

phonons are not known. However, disorder in the planes is believed to be substantial. To

get a rough estimate of the order of magnitude of T∗, let us assume a strongly disordered

sample, such that ℓsp = 20a and ℓph = 200a. This gives

T∗ ≈ 6
0.52 · 3002

103 · 20 · 200
≈ 35mK. (8.30)
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Kapellasite does not order magnetically at least down to 20mK [79]. Thus, for sufficiently

strong disorder, we get that the crossover temperature is within experimental reach.

Let us discuss other QSL candidate materials where the spinon contribution to κc

may be measurable. A promising candidate material is the recently discovered 2d spin-

orbit coupled iridate H3LiIr2O6, which has been observed to be paramagnetic to very

low temperatures, and hosts gapless excitations [284, 288]. Compared to other similar

compounds like Na2LiO3 and Li2IrO3 (which order at low temperatures), in H3LiIr2O6

the interlayer distance is smaller due to replacement of Li by smaller H atoms in between

layers, which increases J⊥. Further, the in-plane bond length is also larger which reduces

the scale of in-plane exchange interactions J . As per Eq. (8.29), both these factors are

conducive to a larger crossover temperature T∗ where the magnetic contribution becomes

large.

Additional candidate materials are magnetic insulators with strong spin-orbit coupling,

where the Kitaev interaction is the dominant term. Some of these materials, like α−RuCl3,

are believed to be proximate to a QSL phase [16]. Further, the magnetic order can be

suppressed by doping, making such materials an interesting playground for observing spin-

liquid physics [152], although the nature of the field-induced QSL phase is still unclear.

In the layered organic insulators [333], the inter-plane exchange coupling is estimated

to be three orders of magnitude below the intra-plane coupling 4, and therefore it is

likely that phonons dominate the c-axis thermal transport at accessible temperatures.

Herbertsmithite [333] is believed to have a gapped QSL ground state [87], although the

spin gap seems to be quite small (∆gap ≲ 10K [87, 107]). An applied magnetic field

can induce a finite spinon density of states at zero energy, opening the way to measure

the spinon contribution to κc. However, the in-plane exchange coupling J is about an

order of magnitude larger larger than in kapellasite, while the ratio J⊥/J is comparable

in the two systems [130]. Therefore, we expect T∗ in Herbertsmithite to be smaller than

in kapellasite.

Finally, we discuss a few techniques can be used to isolate the magnetic contribution to

the thermal conductivity from that of phonons.
4M. Yamashita, private communication.
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(i) In gapless spin liquid candidates where the magnetic contribution is a power law

of the form T θ with θ < 3, one can isolate the magnetic contribution from the phononic

one (which scales as T 3), since the magnetic contribution is dominant at low sufficiently

low temperature. Plotting a curve of κ/T θ vs. T 3−θ, the slope of the curve gives us the

phonon contribution, while the intercept gives us the magnetic contribution to the thermal

conductivity. This is possible as long as the sample temperature is not much higher than

T∗.

(ii) In addition, in some materials an applied magnetic field may be used to establish

long range order, suppressing the spinon contribution to the thermal conductivity, while

weakly affecting the phonon contribution. Contrasting the measurements of the c-axis

thermal conductivity in the presence and absence of such a field may enable us to isolate

the spinon contribution.

8.6 Conclusions

We have studied the thermal conductivity in layered, gapless QSLs. The key observation

is that the mechanisms of in-plane and out-of-plane thermal transport are qualitatively

different: the former is carried by fractionalized excitations, while the latter is carried

by gauge-neutral, non-fractionalized excitations. Thus, in all the cases we have studied,

κab and κc follow different power law dependences at low temperature; in particular, the

anisotropy κab/κc diverges in the limit T → 0. This property is a clear hallmark of

a fractionalized, layered system. A large number of layered QSL candidates have been

proposed in the last few years, and inter-plane thermal conductivity can serve as an

unambiguous probe for fractionalization in these experimental candidates.
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A.1 Derivation of the bosonic PSG

To derive the solution, we note a few things. First, if we apply a gauge transformation G

to the ansatz, then the gauge transformed ansatz is invariant under

GGXXG
−1 = GGXXG

−1X−1X =⇒ GX → GGXXG
−1X−1 (A.1)

This implies that the phase ϕX under a gauge transformation transforms as (except when

X is the anti-unitary time-reversal operator)

ϕX(r) → ϕG(r) + ϕX(r)− ϕG[X
−1(r)] (A.2)

Since we can choose a particular gauge to work in, we shall use this to later simplify our

PSG classification.

Let us find the constraints imposed by the structure of the rectangular lattice symmetry

group. Consider a string of space group operators which combine to identity in the lattice

symmetry group. Then in the PSG, these must combine to an element of the IGG Z2,

which means it is ±1. Therefore, for each such string, we shall define an integer pn (defined

modulo 2) which will denote how the symmetry fractionalizes in the PSG. It is sufficient

to consider the strings in Eqs. (2.4a), because any other string can be reduced to one such
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string by normal ordering the strings using the same commutation/anticommutation rela-

tions. We can then use these constraints to find the gauge operations GX , or equivalently,

their phases ϕX(r), in terms of the pn’s. Note that all the following equations for the

phases are true modulo 2π. For notational convenience, we also introduce discrete lattice

derivatives ∆xϕX = ϕX(x+ 1, y)− ϕX(x, y), and ∆yϕX = ϕX(x, y + 1)− ϕX(x, y).

Let us start by looking at the commutation relation between the translations. We have,

from Eq. (2.4)

(GTxTx)
−1(GTyTy)(GTxTx)(GTY Ty)

−1 = (T−1
x GTxTx)(T

−1
x GTyTx)(T

−1
x TyGTxT

−1
y Tx)(G

−1
Ty) = ±1 = (−1)p1

(A.3)

Since Y −1GXY : ϕX(r) → ϕX [Y (r)], we have the following constraint equation for ϕTx
and ϕTy

−ϕTx [Tx(x, y)] + ϕTy [Tx(x, y)] + ϕTx
[
T−1
y Tx(x, y)

]
− ϕTy(x, y) = p1π (A.4)

Now we assume we are defining the system on open boundary conditions, so that we

can use the gauge freedom in Eq. (A.2) to set ϕTx(x, y) = 0. We also assume, following

Ref. [303] that we can set ϕTy(0, y) = 0. Then we can write down the solution as

∆xϕTy(x, y) = p1π =⇒ ϕTy(x, y) = p1πx+ ϕTy(0, y) = p1πx (A.5)

Now we consider Px and its commutations with Tx and Ty. FromGTxTxP
−1
x G−1

Px
GTxTxGPxPx =

±1 = (−1)p2 , we get

ϕPx(x, y)− ϕPx [TxPx(x, y)] + ϕTx [Px(x, y)] + ϕPx [Px(x, y)] = p2π =⇒ ∆xϕPx = p2π

From G−1
Ty
TyP

−1
x G−1

Px
GTyTyGPxPx = ±1 = (−1)p4 , we get

−ϕTy [Ty(x, y)]− ϕPx [PxTy(x, y)] + ϕTy [TyPx(x, y)] + ϕPx [Px(x, y)] = p4π

=⇒ ∆yϕPx − p1π(−x) + p1π(−x) = p4π =⇒ ∆yϕPx = p4π (A.6)
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Using the above two equations, we can write down

ϕPx(x, y) = p2πx+ p4πy + ϕPx(0, 0) (A.7)

ϕPx(0, 0) is now found out using (GPxPx)
2 = ±1 = (−1)p6 , which implies 2ϕPx(0, 0) = p6π

ϕPx(x, y) = p2πx+ p4πy +
p6
2
π (A.8)

In an exactly analogous way, we find that

ϕPy(x, y) = p3πx+ p5πy +
p7
2
π (A.9)

Finally, let us consider time-reversal T . From the commutations of T with Tx and Ty, we

find the following two equations

∆xϕT = p8π, ∆yϕT = p9π (A.10)

Solving the above gives us ϕT (x, y) = p8πx + p9πy + ϕT (0, 0). The commutations with

Px and Py do not yield any new relation. Finally, we note that under a global gauge

transformation G : brσ → eiθbrσ, due to the anti-unitary nature of T , we have ϕT (x, y) →

ϕT (x, y) + 2θ. We can use this freedom to set θ = −ϕT (0, 0)/2, and we therefore have

ϕT (x, y) = p8πx+ p9πy (A.11)

Note that this gauge transformation does not affect the ϕX corresponding to a spatial

symmetry X, as these are unitary and follow Eq. (A.2).

A.2 PSG corresponding to the nematic bosonic ansatz

The phases ϕX corresponding to the symmetry operations X can be fixed by demanding

that the ansatz remain invariant under GXX. First, we note that the ansatz itself is

translation invariant (see Fig. A.1a), so both GTx and GTy must be trivial. This implies

that our ansatz is consistent with our trivial gauge choice for GTx , and p1 = 0.
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(a) The original translation
invariant ansatz

(b) The ansatz under Px :
(x, y) → (−x, y)

(c) The ansatz under Py :
(x, y) → (x,−y)

Figure A.1: Transformations of the anstaz under reflections; the arrow from r to r′ indi-
cates the orientation for which Qrr′ > 0.

Px Py

Q(x,y)→(x+1,y) → Q(x+1,y)→(x,y) =
−Q(x,y)→(x+1,y)

Q(x,y)→(x+1,y) → Q(x,y+1)→(x+1,y+1) =
Q(x,y)→(x+1,y)

Q(x,y)→(x,y+1) → Q(x+1,y)→(x+1,y+1) =
Q(x,y)→(x,y+1)

Q(x,y)→(x,y+1) → Q(x,y+1)→(x,y) =
−Q(x,y)→(x,y+1)

Q(x,y)→(x+1,y+1) → Q(x+1,y)→(x,y+1) =
Q(x,y)→(x+1,y+1)

Q(x,y)→(x+1,y+1) → Q(x,y+1)→(x+1,y) =
−Q(x,y)→(x+1,y+1)

Q(x+1,y)→(x,y+1) → Q(x,y)→(x+1,y+1) =
Q(x+1,y)→(x,y+1)

Q(x+1,y)→(x,y+1) → Q(x+1,y+1)→(x,y) =
−Q(x+1,y)→(x,y+1)

Table A.1: Transformation of link variables Qrr′

Let us now consider Px. Using translation invariance, we have Px(Qr,r+x̂) = Qr+x̂,r =

−Qr,r+x̂. By definition, GPxPx(Qr,r+x̂) = Qr,r+x̂, and this implies that ϕPx [Px(r)] +

ϕPx [Px(r + x̂)] = π, which in turn gives us p2 + p6 = 1. The nearest-neighbor y bond is

unaffected by Px, whereas the diagonal bonds are swapped and effectively not affected as

they have the same value in this ansatz. We get the following equations from demanding

that GX acts trivially on these bonds: p4 + p6 = 0, and p2 + p4 + p6 = 0. Solving these

we find that p2 = 0, p4 = p6 = 1 (modulo 2).

Similarly, acting Py changes the sign on all bonds except the x bonds, and we have

the following equations: p3 + p7 = 0, p5 + p7 = 1, and p3 + p5 + p7 = 1. Solving gives us
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p3 = p7 = 0, p5 = 1. The transformations of the Ansatz under reflections are schematically

described in Table A.1.

Finally, we look at time-reversal. Since all the bond variables are real (which we assume

is consistent with our gauge choice), we have p8 = p9 = 0.

A.3 Alternate derivation of the vison PSG

In this section, we present an alternate derivation of the vison PSG, based on the critical

modes of the vison as one approaches vison condensation. We assume a soft spin formula-

tion, which is reasonable from coarse graining near a critical point. We replace the Ising

variables τ zRs in the vison Hamiltonian by real fields ϕR ∈ R, and describe the kinetic

term by a conjugate momentum πR to ϕR and mass m, so that the Hamiltonian becomes

Hsoft =
1

2

∑
R

(
π2R +m2ϕ2R

)
+
∑
RR′

JRR′ ϕR ϕR′ (A.12)

In our gauge choice (recall Fig. 2.1), we have a two-site unit cell with primitive vectors

a1 = x̂ + ŷ and a2 = 2ŷ (setting lattice spacings = 1). Neglecting the kinetic term

(which is inessential to the study of vison condensation transitions), the Hamiltonian in

the momentum space for this extended unit cell is given by

Hsoft =
∑
k

H(k), with H(k) = 2

 0 cosky + i sinkx

cosky − i sinkx 0

 (A.13)

Diagonalizing this leads to the following two bands

ω±(k) = ±2
√

cos2ky + sin2kx (A.14)

The inequivalent minima of this band structure lie at K1,2 = ±(π/2, 0) in the reduced BZ,

and the corresponding eigenvectors are v1 = (−eiπ/4, 1)T and v2 = (−e−iπ/4, 1)T , where

the superscript T indicates transposition. Later, we shall write out the vison field in terms

of these soft modes.

Now, we analyze the PSG of the visons. Since the Hamiltonian is invariant under sym-

metry transformations only up to a gauge transformation, we identify, for each symmetry
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generator X in the space group of the rectangular lattice, an element GX ∈ Z2 such that

Jrr′ = JX[r]X[r′]GX [X(r)]GX [X(r′)]. These symmetry operations for the rectangular lat-

tice, and their associated gauge transformations are listed below. We denote sublattice

s = (1, 2) at the unit cell r = ma1 + na2 by (m,n)s.

Tx :


(m,n)1 → (m+ 1, n− 1)2

(m,n)2 → (m+ 1, n)1

Ty :


(m,n)1 → (m,n)2

(m,n)2 → (m,n+ 1)1

Px :


(m,n)1 → (−m− 1,m+ n)2

(m,n)2 → (−m− 1,m+ n+ 1)1

Py :


(m,n)1 → (m,−n− 1)2

(m,n)2 → (m,−n− 1)1

(A.15)

The associated gauge transformations can be found out by figuring out appropriate gauge

transformations to leave the Hamiltonian invariant. As discussed in the main text, all

operations except Px exchange the x bonds with different signs, and hence need a gauge

transformation which adds an extra sign to bring the Hamiltonian back to itself. The y

bonds are invariant under any of these operations.

GTx(m,n)s = (−1)m

GTy(m,n)s = (−1)m

GPx(m,n)s = 1

GPy(m,n)s = (−1)m (A.16)

Next, we outline to find the general procedure to find the representation of the PSG in

the order parameter space, and subsequently apply it to our situation. We first define the
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order parameter by expanding the vison field in terms of the N soft modes as follows:

ϕs(R) =

N∑
n=1

ψnv
n
s e

iqn·R (A.17)

Here, R is the unit cell index, s = (1, 2) is the sub lattice index, N is the number of soft

modes and the complex number ψn is the vison order parameter corresponding to the nth

soft mode at momentum qn with eigenvector vn of Hsoft. Now, we can figure out how

the order parameters ψn transform into each other under different symmetry operations

GXX which leave the Hamiltonian Hsoft invariant. This can be found from solving the

following equation, which gives us the desired representation in form of the N ×N matrix

OX defined below [with (R′, s′) = X(r, s)]:

GXX[ϕs(R)] =

N∑
n=1

ψnv
n
s′e

iqn·R′
GX [R

′, s′]

=

N∑
n=1

ψ′
nv

n
s e

iqn·R

=
N∑
n=1

(
N∑
m=1

OX,mnψn

)
vns e

iqn·R. (A.18)

With nearest neighbor interactions of the soft spins in the fully frustrated dual Ising model,

we earlier found that there are two minima at Q1,2 = ±Q = (±π/2, 0) with associated

eigenvectors v1 and v2. Since the order parameter ϕ is real, we can write it (in form of a

vector with two sub lattice indices)ϕ1
ϕ2

 = ψ

−eiπ/4

1

 eiQ·R + ψ∗

−e−iπ/4

1

 e−iQ·R. (A.19)

We work out the results for Tx explicitly, and just quote the other ones. All of these can

be obtained by following the general procedure outlined above. For r = (m,n), we have
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Q ·R = πm/2, so we get

ϕ1(R) = −ψeiπ/4eiπm/2 − ψ∗e−iπ/4e−iπm/2

=⇒ GTxTx[ϕ1(R)] =
[
ψ(1)eiπ/2(m+1) + ψ∗(1)e−iπ/2(m+1)

]
(−1)m

= ψ eiπ/2e−iπm/2 + ψ∗ e−iπ/2eiπm/2

= −ψ′eiπ/4eiπm/2 − ψ′∗e−iπ/4e−iπm/2. (A.20)

Since the above is true for all m, we have ψ′ = −ψ∗e−i3π/4 = eiπ/4ψ∗. Therefore, in the

matrix form, we can write ψ′

ψ′∗

 =

 0 eiπ/4

e−iπ/4 0


 ψ

ψ∗

 . (A.21)

Thus the matrix representation of OTx in the order parameter space (in our chosen gauge)

is given by

OTx =

 0 eiπ/4

e−iπ/4 0

 . (A.22)

The matrix representations of the other operators are worked out identically, here we just

list the results.

OTy =

 0 −e−iπ/4

−eiπ/4 0

 , (A.23)

OPx =

 0 eiπ/4

e−iπ/4 0

 , (A.24)

OPy =

 0 −e−iπ/4

−eiπ/4 0

 . (A.25)

The fractionalization of the commutation relations can now be obtained from these ma-
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trices.

OTxOTyO
−1
Tx
O−1
Ty

= −1, (A.26a)

OTxOPxOTxO
−1
Px

= 1, (A.26b)

OTxOPyO
−1
Tx
O−1
Py

= −1, (A.26c)

OTyOPxO
−1
Ty
O−1
Px

= −1, (A.26d)

OTyOPyOTyO
−1
Py

= 1, (A.26e)

OPxOPx = 1, (A.26f)

OPyOPy = 1, (A.26g)

OPxOPyO
−1
Px
O−1
Py

= −1. (A.26h)

A more complicated analysis including fourth-nearest-neighbor interactions [325] (done

on the square lattice, but works for rectangular lattices as well) also leads to matrix

representations of the operators with identical crystal symmetry fractionalization.

In order to check how the symmetries involving time-reversal fractionalize, we follow

Ref. [177]. We look at the edge modes and require that they are not symmetry protected,

or, in other words, we have a gapped boundary. The edge modes of a Z2 spin liquid can

always be fermionized with the same number of right and left movers (branch denoted by

index n),

Ledge,0 =
∑
n

iψ†
L,n(∂t − v∂x)ψL,n − iψ†

R,n(∂t + v∂x)ψR,n. (A.27)

In general, we would expect a gapped edge due to backscattering terms below, unless these

are forbidden by symmetry.

Ledge,1 =
∑
m,n

ψ†
L,mMm,nψR,n + ψ†

L,m∆m,nψR,n +H.c (A.28)

The above mass terms correspond to condensing spinons or visons at the edge. Since

condensing spin-half spinons would break SU(2) symmetry, we would need to condense

visons to get gapped edges with all symmetries intact. This can only take place if the

vison PSGs allow a vison condensate at the edge. If the symmetries act non-trivially on

the vison field ϕ, then the vison condensate will break the symmetry. Therefore, if we want
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to preserve the symmetry at the edge with gapped edge modes (non-zero mass terms), the

symmetries at the edge cannot have a non-trivial action on ϕ.

Consider the square lattice on a cylinder with open boundaries parallel to x̂. Then the

remaining symmetries are Tx, Px and time-reversal T . If there are no symmetry-protected

gapless edge states on the boundary, then these symmetries must act trivially on the

visons. Hence, we have

O−1
Tx
O−1

T OTxOT = 1, O−1
Px
O−1

T OPxOT = 1 (A.29)

We can apply an analogous argument for a cylinder with open boundaries parallel to ŷ,

to find

O−1
Ty
O−1

T OTyOT = 1, O−1
Py
O−1

T OPyOT = 1 (A.30)

A.4 Derivation of the fermionic PSG

To derive the general solutions to the fermionic PSG, we note that the PSGs of two

gauge-transformed ansatz are related (similar to the bosonic case). Recall that the PSG

is defined as the set of all transformations GXX that leave the ansatz unchanged.

GXX(Urr′) = GX
(
UX[r]X[r′]

)
= Urr′ , where GX(Urr′) = GX [r]Urr′G

†
X [r

′] (A.31)

Under a local gauge transformation Ũrr′ =WrUrr′W
†
r′ , therefore

GX → G̃X =WrGXW
†
X(r) (A.32)

We can use this gauge freedom to choose GTx = τ0. Now, consider the commutation of

Tx and Ty.

(GTxTx)(GTyTy)(GTxTx)
−1(GTyTy)

−1 = ηTxTyτ
0

=⇒ GTy(r− x̂)G−1
Ty

(r) = ηTxTyτ
0 (A.33)

In an appropriate gauge, we can choose the solution as GTy(x, y) = (ηTxTy)
xτ0. This choice

of gauge, where both GTx and GTy are proportional τ0, is referred to as the uniform gauge
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[308] as it preserves the translation invariance of SU(2) flux through any loop.

Next, consider the commutations of time-reversal T with Tx and Ty. We find that

GT (r− x̂)GT (r)
−1 = ηT Txτ

0 , GT (r− ŷ)GT (r)
−1 = ηT Tyτ

0 (A.34)

Hence we can write the solution as GT (x, y) = (ηT Tx)
x(ηT Ty)

ygT , where gT ∈SU(2). The

added constraint G2
T = ηT τ

0 yields g2T = ηT τ
0.

Let us consider the commutations of Px with Tx, Ty.

(GPxPx)(GTxTx)(GPxPx)
−1(GTxTx) = ηPxTxτ

0 =⇒ GPx(r)GPx(r+ x̂)−1 = ηPxTxτ
0

(GPxPx)(GTyTy)(GPxPx)
−1(GTyTy)

−1 = ηPxTyτ
0 =⇒ GPx(r)GPx(r− ŷ)−1 = ηPxTyτ

0(A.35)

The solution is GPx(x, y) = (ηPxTx)
x(ηPxTy)

ygPx , where gPx ∈ SU(2) satisfies g2Px
= ηPxτ

0

since G2
Px

= ηPxτ
0.

Similarly, for Py we find that GPy(x, y) = (ηPyTx)
x(ηPyTy)

ygPy , where gPy ∈ SU(2)

satisfies g2Py
= ηPyτ

0 since G2
Py

= ηPyτ
0.

Finally, we need to look at commutations of Px and Py with time-reversal T , and

between themselves.

(GPxPx)(GT T )(GPxPx)
−1(GT T )−1 = ηT Pxτ

0 =⇒ gPxgT g
−1
Px
g−1
T = ηT Pxτ

0,

(GPyPy)(GT T )(GPyPy)
−1(GT T )−1 = ηT Pyτ

0 =⇒ gPygT g
−1
Py
g−1
T = ηT Pyτ

0,

(GPxPx)(GPyPy)(GPxPx)
−1(GPyPy)

−1 = ηPxPyτ
0 =⇒ gPxgPyg

−1
Px
g−1
Py

= ηPxPyτ
0. (A.36)

The full fermionic PSG on a rectangular lattice with time-reversal T is thus given by the

following equations, together with the constraints set by Eq. (A.36).

GTx(x, y) = τ0, (A.37a)

GTy(x, y) = (ηTxTy)
xτ0, (A.37b)

GPx(x, y) = (ηPxTx)
x(ηPxTy)

ygPx , gPx ∈ SU(2), g2Px
= ηPxτ

0, (A.37c)

GPy(x, y) = (ηPyTx)
x(ηPyTy)

ygPy , gPy ∈ SU(2), g2Py
= ηPyτ

0, (A.37d)

GT (x, y) = (ηT Tx)
x(ηT Ty)

ygT , gT ∈ SU(2), g2T = ηT τ
0. (A.37e)
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A.5 Trivial and non-trivial fusion rules

Consider a unitary symmetry operation X2 = 1 which is realized projectively on the

anyons. To detect the symmetry fractionalization corresponding toX, we follow Ref. [231].

We act X once on an excited state containing two anyons, whose positions are swapped by

X. The symmetry action on an anyon is accompanied by additional gauge transformations,

so we have

X |ar⟩ = Ur |aX(r)⟩ , X |aX(r)⟩ = UX(r) |ar⟩ , =⇒ X2 |ar⟩ = UrUX(r) |ar⟩ (A.38)

Then, the phase factor we get on acting X twice is given by UrUX(r), which is nothing

but eiϕa , the phase corresponding to the anyon a.

First, consider acting X on a physical wave-function |Ψ⟩ = f †rf
†
X(r) |G⟩, with two

fermionic spinons at r and X(r). Assuming that the ground state |G⟩ is symmetric,

we have

X |Ψ⟩ = (Xf †rX
−1)(Xf †X(r)X

−1) |G⟩ = UrUX(r)f
†
X(r)f

†
r |G⟩ = −UrUX(r) |Ψ⟩ = −eiϕf |Ψ⟩

(A.39)

This extra minus sign comes from reordering of the fermionic spinons under X, which is

crucially dependent on the statistics of the fermion.

Now, the same state can be thought of a pair of bound states of a bosonic spinon and

a vison, i.e,

|Ψ⟩ = b†rϕ
†
rb

†
X(r)ϕ

†
X(r) |G⟩ . (A.40)

Applying X on this state, there is no fermion reordering sign, and we get

X |Ψ⟩ = eiϕbeiϕv |Ψ⟩ . (A.41)

Hence, comparing the two relations we find that in such cases, the fusion rule is non-trivial

and carries an extra twist factor of −1, i.e,

eiϕbeiϕv = −eiϕf . (A.42)
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For the rectangular lattice, we want to figure out which symmetry fractionalization

quantum numbers have non-trivial fusion rules. First, consider the reflections Px and Py,

and the inversion I = PxPy. All of these square to identity, implying the relations P 2
x = 1,

P 2
y = 1 and (PxPy)

2 = 1 have non-trivial fusion rules. Now we use following the algebraic

identity

(PxPy)
2 = (PxPyP

−1
x P−1

y ) · P 2
x · P 2

y (A.43)

Since the PSGs associated with P 2
x , P 2

y and (PxPy)
2 have non-trivial fusion rules, the

fusion rule for PxPyP−1
x P−1

y must be non-trivial as well.

Next, note that the identity P−1
x TxPxTx = 1 can also be written as P−2

x Y 2 = 1, where

Y = PxTx. Now, P 2
x and Y 2 both have non-trivial fusion rules, so the fusion rule for

P−1
x TxPxTx = 1 is trivial. Identical arguments show that P−1

y TyPyTy = 1 has a trivial

fusion rule.

Now consider P−1
x T−1

y PxTy and its counterpart x ↔ y. In this case, it is sufficient to

act on single anyons, and we find that the spinon string has cut the vison string an even

number of times under any of these operations, as illustrated in Fig. A.2. Therefore,

these commutation relations have a trivial fusion rule. An analogous argument shows that

T−1
x T−1

y TxTy = 1 has a trivial fusion rule.

Finally, let us consider time reversal symmetry. We know that both bosonic and

fermionic spinons have half-spin with T 2 = −1, whereas the vison is a spin-singlet with

T 2 = 1, so the fusion rule for T 2 must be trivial.

To derive the fusion rules of R−1T −1RT , where R = Px or Py, we follow Ref. [177]. We

first consider the anti-unitary operator squared (T R)2. If we act R2 on a pair of spinons

and visons on the reflection axis, the spinon and vison strings cross. This implies that the

phase picked up by a bosonic spinon relative to the bound state of a fermionic spinon and

a vison, is ±i for the single reflection R. This is offset by the anti-unitary time reversal

operator, which complex conjugates the wave function. Hence, the net relative phase is

(±i)∗ × (±i) = 1, as illustrated in [177]. So, (T R)2 has a trivial fusion rule. Now, we use
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�

�

�

Figure A.2: Crossing of spinon (red blob) strings, represented by dashed red lines, and
vison (blue cross) strings, represented by dotted blue lines, under TyPxT−1

y P−1
x

the algebraic identity

(T R)2 = (R−1T −1RT ) · T 2 ·R2 (A.44)

Since the PSGs associated with T 2 and (T R)2 have a trivial fusion rule, whereas that of

R2 obeys a non-trivial fusion rule, the PSGs of R−1T −1RT must also have a non-trivial

fusion rule.

Finally, we consider the PSGs of T−1
x T −1TxT . We again consider a similar setup as

the previous case, with two spinons and two visons. Under Tx followed by T−1
x , there is

no crossing of the spinon and vison strings - so there is no phase factor acquired by an

indvidual bosonic spinon relative to the bound state of the fermionic spinon and the vison.

Therefore, this commutation relation has a trivial fusion rule, and so does T−1
y T −1TyT .

A.6 Solution for the fermionic ansatz

We need to find an ansatz Urr′ such that GXX(Urr′) = Urr′ for all symmetry operationsX,

where the gauge transformation GX corresponding to a symmetry operation X has been

derived from the fusion rules. Note that under time-reversal (slightly modified version as

described in Ref. [308]), we have T (Urr′) = −Urr′ , so gT must be non-trivial ( ̸= τ0) so
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that GT T (Urr′) = Urr′ , and therefore we require ηT = −1 for non-zero solutions.

GTx(x, y) = τ0 (A.45a)

GTy(x, y) = (−1)xτ0 (A.45b)

GPx(x, y) = gPx , g
2
Px

= τ0 (A.45c)

GPy(x, y) = (−1)x+ygPy , g
2
Py

= −τ0 (A.45d)

GT (x, y) = gT , g
2
T = −τ0 (A.45e)

where the SU(2) matrices gPx , gPy and gT are satisfy the following (anti-)commutation

relations.

[gPx , gT ] = {gPy , gT } = [gPx , gPy ] = 0 (A.46)

In order to work with real hopping and pairing amplitudes in our ansatz, we follow

Ref. [174] and choose gT = iτ2. Since gPx commutes with both gT and gPy , if gPy is

non-trivial, then gPx = τ0. We assume that this is the case, and choose gPy = iτ3 to get

the solutions in Eq. (2.31), also listed below:

GTx(x, y) = τ0, (A.47a)

GTy(x, y) = (−1)xτ0, (A.47b)

GPx(x, y) = τ0, (A.47c)

GPy(x, y) = (−1)x+yiτ3, (A.47d)

GT (x, y) = iτ2. (A.47e)

Note that gPy = iτ3 is a gauge choice, we could have as well chosen gPy = iτ1, or any

properly normalized linear combination given by gPy = i(cosθ τ3 + sinθ τ1). However, all

these choices lead to gauge-equivalent ansatz. Noting that eiθτ2τ1e−iθτ2 = cos(2θ)τ1 +

sin(2θ)τ3, a mean-field matrix Urr′ proportional to τ1 can be rotated to τ3 by a gauge

transformation Wr = eiθτ
2 with θ = π/2. Therefore, we work with the first choice for

convenience.

First, we note from [2.24] that iUrr′ ∈ SU(2) upto a normalization constant in order to

236



Appendix A. Appendices to Chapter 2

preserve spin-rotation symmetry, so we can expand in the basis of Pauli matrices as

Urr′ =

3∑
µ=0

αrr′
µ τµ, where iαrr′

0 , αrr′
1,2,3 ∈ R (A.48)

GT (Urr′) = −Urr′ =⇒ {Urr′ , τ
2} = 0 =⇒ αrr′

2 = 0 for all bonds ⟨rr′⟩. Since the

ansatz (not the spin-liquid) must break translational symmetry in the y direction due to

non-trivial GTy , we choose the following forms for the ansatz (upto third nearest neighbor):

Ur,r+x̂ = ux(−1)y, Ur,r+ŷ = uy, Ur,r+x̂+ŷ = (−1)yux+y, (A.49)

Ur,r−x̂+ŷ = (−1)yu−x+y, Ur,r+2x̂ = u2x, Ur,r+2ŷ = u2y.

(A.50)

Now we just apply the parity relations to each of the bonds in the ansatz. For the NN

bonds

GPxPx(Ur,r+x̂) = Ur,r+x̂ =⇒ u†x = ux, GPyPy(Ur,r+x̂) = Ur,r+x̂ =⇒ τ3uxτ
3 = −ux,

GPxPx(Ur,r+ŷ) = Ur,r+ŷ =⇒ uy = uy, GPyPy(Ur,r+ŷ) = Ur,r+ŷ =⇒ τ3u†yτ
3 = −uy.

(A.51)

Together, these imply that ux = ∆1x τ
1 and uy = ∆1y τ

1 where both the pairing ampli-

tudes are real. Similarly, we find that

GPxPx(Ur,r+x̂+ŷ) = Ur,r+x̂+ŷ =⇒ u−x+y = −ux+y, (A.52)

GPyPy(Ur,r+x̂+ŷ) = Ur,r+x̂+ŷ =⇒ τ3u†−x+yτ
3 = −ux+y.

(A.53)

Together, these imply that for the next-nearest neighbors

ux+y = u−x+y = ∆2τ
1. (A.54)
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Analogous calculations show that the next to next nearest neighbors have a hopping term

u2x = −t2xτ3, u2y = −t2yτ3. (A.55)

One can also check that an on-site chemical potential term proportional to τ3 is allowed

by the PSG. This ansatz describes a Z2 spin liquid, as it has both hopping and pairing

terms for the fermionic spinons in any choice of gauge.

Alternately, one can check that the SU(2) fluxes through different loops based at the

same point are non-collinear, which also implies that the effective theory has a gauge

group of Z2 [164, 308]. Explicitly, consider the following two loops based at r, LA : r →

r+ x̂+ ŷ → r+ ŷ → r and LB : r → r + x̂+ ŷ → r− x̂+ ŷ → r. The product of Urr′ on

LA is proportional to τ1, whereas that on LB is proportional to τ3, which clearly point in

different directions in SU(2) space.

A.7 Alternative derivation of the specific fermionic PSG

In this appendix, we present an alternative derivation of the fermionic PSG, which rep-

resents the same spin liquid state as the bosonic PSG in Eq. (2.11) and Appendix A.2.

Instead of calculating the fractional quantum numbers of the fermionic spinon using the

ones of the bosonic spinon and the vison, according to the fusion rules, here we derive this

by directly mapping the bosonic mean-field wave function to a fermionic mean-field wave

function, using the method introduced in the Supplemental Material of Ref. [322].

We start with the Schwinger-boson wave function in Eq. (2.7), and we choose the weights

to be ξrr′ = Qrr′ on the nearest-neighbor and next-nearest-neighbor bonds, and ξrr′ = 0

on other bonds, where the values of Qrr′ are shown in Fig. A.1a. With this choice, the

wave function in Eq. (2.7) belongs to the phase described by the PSG in Appendix A.2,

because the wave function is invariant under the transformations in Eq. (2.11). We notice

that although this wave function is constructed using the parameters of the mean-field

Hamiltonian in Eq. (2.6), it is not the ground state of that Hamiltonian. However, it

belongs to the same spin liquid phase as the ground state of that Hamiltonian.

Using the result in the Supplemental Material of Ref. [322], we can convert the Schwinger-
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boson wave function to the following Schwinger-fermion wave function,

|Ψf (s)⟩ =
∑
c

sδc
∏

(rr′)∈c

ζrr′f
†
r↑f

†
r′↓|0⟩, (A.56)

where c runs over all possible nearest-neighbor and second-nearest-neighbor dimer cover-

ings on the square lattice, ζrr′ = ζr′r are weights of the dimers, δc counts the number of

dimer crossings in the covering, and each crossing contributes an extra weight factor s

to the wave function. With s = −1, the wave function |Ψf (s = −1)⟩ exactly reproduces

the Schwinger-boson wave function in Eq. (2.7), if for every triangular plaquette p, the

fermionic weights ζrr′ satisfies

∏
(rr′)∈p

ζrr′ = −
∏

(rr′)∈p

ξrr′ , (A.57)

where on the right hand side, the bonds are oriented in the counterclockwise direction. In

other words, in each triangle, the flux in the fermionic model differs from the one in the

bosonic model by π. One choice of weights satisfying Eq. (A.57) is the following,

ζr,r+x̂ = (−1)yQ(0,0)→(1,0), ζr,r+ŷ = Q(0,0)→(0,1), ζr,r+x̂+ŷ = ζr,r−x̂+ŷ = (−1)yQ(0,0)→(1,1).

(A.58)

The Schwinger-boson wave function can only be mapped to a wave function with a

nontrivial weight of s = −1 for each pair of crossing bonds, which is different from the

ordinary Schwinger-fermion wave function,

|Ψf (s = +1)⟩ =
∑
c

∏
(rr′)∈c

ϵαβζrr′f
†
rαf

†
r′β|0⟩ = PG exp

[∑
rr′

ζrr′ϵαβf
†
rαf

†
r′β

]
|0⟩. (A.59)

However, assuming that the two wave functions |Ψf (s = ±1)⟩ can be smoothly connected

by varying s from −1 to +1 (along the real axis), the two wave functions belong to the

same phase, and the weights in Eq. (A.58) can be used to derive the fermionc PSG that

constructs the same phase as the original bosonic PSG.

In particular, one can check that the wave function constructed using the weights in

Eq. (A.58) is invariant under the lattice and time-reversal symmetries, if the fermionic

spinon operator fiα transforms according to the PSG in Eq. (2.31).
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We notice that this alternative derivation is not rigorous, as it depends on the assump-

tion of the absence of any singularity in |Ψf (s)⟩ when s varies between ±1. Nevertheless,

this serves as a consistency check for the results presented in Sec. 2.2, without the explicit

usage of the vison PSG and the fusion rules.

A.8 PSG for the site bosons and constraints on HB

We derive the transformation of the boson-tuplet Br under the projective transformations.

We first focus on spatial symmetry operations Xs, which acts linearly (not projectively) on

the c fermion, and therefore all additional projective phase must come from the f spinon.

Recall that the f fermion spinor transforms under a gauge transformation GX(r) as

ψ(r) =

fr↑
f †r↓

→ GX(r)ψ(r). (A.60)

In our gauge choice, GTx = GPx = τ0, so these will just map Br to itself. GTy(r) = eiπx ≡

e−iπx implies that GTyBr = eiπxBr. Finally, we have

GPyψr = eiπ(x+y+1/2)τ3ψr = eiπ(x+y+1/2)

1 0

0 −1


fr↑
f †r↓

 = eiπ(x+y+1/2)

 fr↑

−f †r↓

 .(A.61)

Therefore we see that underGPy , frσ → eiπ(x+y+1/2)frσ, and thereforeBr → eiπ(x+y+1/2)Br.

We conclude that the projective transformation under each spatial symmetry operation

Xs can be represented by just a phase ϕXs on each boson, which we have listed in the

main text in Eq. (2.41).

Finally, we come to time-reversal, which acts non-trivially on both the c and the f

fermions. Because on an additional gauge transformation GT = iτ2, we now have mixing

between the two bosons.

GT T [ψ(r)] =

 0 1

−1 0


 fr↑

−f †r↓

 =

−f †r↓
−fr↑

 . (A.62)

Therefore, we have fr↑ → −f †r↓, and fr↓ → −f †r↑, under time-reversal T combined with
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the gauge transformation GT . For the bosons, we find that

B1r → T (c†r↑)GT T (fr↑) + T (c†r↓)GT T (fr↓)

= c†r↓(−f
†
r↓) + (−c†r↓)(−f

†
r↑)

= ϵβαf
†
rαc

†
rβ = B†

2r . (A.63)

and similarly, B2r → b†Br. Imposing time-reversal symmetry on our hopping Hamiltonian

in Eq. (3.4) therefore leads to the following constraints:

T 11
rr′ = T 22

rr′ , T
12
rr′ = T 21

rr′ . (A.64)

Notably, these constraints do not restrict these hoppings to take real values, and we can

thus write down the hopping matrix as:

Trr′ = T drr′τ
0 + T odrr′τ

1, (A.65)

where T d and T od represent the diagonal and off-diagonal hopping matrix elements.
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B.1 Overestimation of carrier densities by nH for an elliptical pocket

We illustrate with a toy model that nH is overestimated for an elliptical pocket unless the

axes of the ellipse are exactly aligned along the measurement (x-y) axes. Consider the

following elliptical pocket with axes inclined at an angle α to the x-y axes, such that the

dispersion εk is given by:

εk =
(kx cos(α)− ky sin(α))2

2m1
+

(kx sin(α) + ky cos(α))2
2m2

(B.1)

= k2x

(
cos2(α)
2m1

+
sin2(α)
2m2

)
+ k2y

(
sin2(α)
2m1

+
cos2(α)
2m2

)
+ kxky sin(2α)

(
− 1

2m1
+

1

2m2

)
(B.2)

(B.3)
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We can now use Eqs. (3.20) and (3.21) to evaluate the conductivities exactly. Denoting

by nc the total number of carriers in the pocket (including spin degeneracy), we find that:

σxx = e2τ

(
cos2(α)
m1

+
sin2(α)
m2

)∑
k,σ

nF (εk)

 = e2τ

(
cos2(α)
m1

+
sin2(α)
m2

)
nc

(B.4)

σyy = e2τ

(
sin2(α)
m1

+
cos2(α)
m2

)
nc

σxy = −e3τ2
[(

cos2(α)
m1

+
sin2(α)
m2

)(
sin2(α)
m1

+
cos2(α)
m2

)
− sin2(2α)

(
− 1

2m1
+

1

2m2

)2
]
nc

(B.5)

Therefore, the Hall resistance RH is given by

RH =
σxy

σxxσyy
= − 1

nce

1− sin2(2α)
(
− 1

2m1
+ 1

2m2

)2(
cos2(α)
m1

+ sin2(α)
m2

)(
sin2(α)
m1

+ cos2(α)
m2

)


= − 1

nce

 1

1 +
(
µ− 1

µ

)2
sin2(α) cos2(α)

 , where µ =
m1

m2
(B.6)

Therefore, |eRH |−1 = nc only if µ = 1, i.e, m1 = m2, which corresponds to a circular

pocket, or if α = 0 or π/2, which corresponds to having elliptical pockets with axes aligned

along the measurement (x-y) axes. Otherwise |RH | is smaller, implying that |nH | =

|eRH |−1 is larger than nc, the true carrier density. An additional feature to note is that

the deviation is larger the more anisotropic the pocket is, as well as if the angle subtended

by the axes of the ellipse to the measurement axes is around π/4. Both of these features

are present in our Fermi pockets, which push up the value of nH we see in the numerics.
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Appendices to Chapter 4

C.1 Néel ordered d-wave superconductor and the phenomenon of
nodal collision
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Figure C.1: Local coordinate systems adapted to the nodes, defined about the four nodal
collision point (±π/2,±π/2). The blue portion is the reduced BZ used in our calculations.
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We take a more careful look at the nodes of the general dispersion described in Eq. (4.63)

for K = (π, π), with a bare fermionic dispersion ξk that pertains to the band structure

of the overdoped cuprates. To model this, we choose the nodes to lie along the diagonal

likes kx = ±ky at a distance kF from the origin. We assume that the node K0 in the first

quadrant of the BZ is separated from the (π/2, π/2) point by a small distance ko, following

Ref. [73]. The precise criteria is that the node lies quite close the center of the positive

quadrant of the BZ, and the distance ko = π/
√
2 − kF is much smaller than kF . Within

this approximation, we see the same phenomenon of nodal collision which gaps out the

nodal quasiparticles of the d-wave superconductors, as described for charge density waves

in Ref. [73]. The diagonally opposite nodes collide at the boundary of the reduced BZ

beyond a certain critical value of the order parameter A (which we determine below), and

this renders the spectrum fully gapped. Since we are mainly interested in the low-energy

excitations near the nodes, we choose local coordinate systems centered at (±π/2,±π/2)

adapted to each node, as shown in Fig. C.1.

For any A ̸= 0, it is evident that E+,k ̸= 0 for any k. The condition for E−,k = 0 can

be reduced by some algebra to

(
A2 − ξkξk+K −∆k∆k+K

)2
+ (ξk∆k+K − ξk+K∆k)

2 = 0 (C.1)

Defining a local coordinate system (k1, k2) about each of the collision points as shown in

Fig. C.1, to linear order in the momenta we find

ξk = vF (k0 + k1), ∆k = v∆k2, ξk+K = −vF (k1 − k0), ∆k+K = −v∆k2 (C.2)

where vF and v∆ are the Fermi velocity and gap velocity, respectively, at any node (they

are all identical due to the fourfold rotation symmetry). Substituting these in Eq. (C.1),

we find that it reduces to

(
A2 + v2Fk

2
1 + v2∆k

2
2 − v2Fk

2
0

)2
+ (2vF v∆ko)

2k22 = 0. (C.3)
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Thus, the nodes are located at

(k1, k2) =

(
±
√
k2o −A2/v2F , 0

)
, (C.4)

where the minus sign corresponds to the node within the reduced BZ, and the plus sign

corresponds to the shadow node in the 2nd BZ. From this expression, it is obvious that

no nodes exist for spiral order parameters A beyond a critical value Ac = vFko. One can

visualize this as the node and the shadow note approaching each other and annihilating

at (k1, k2) = (0, 0), resulting in a gap in the quasiparticle spectrum for A ≥ Ac. Note that

this nodal collision leads to a half-filled insulator.

C.2 Derivation of thermal conductivity for co-existing Néel order
and superconductivity in the clean limit

For K = (π, π) we note that vF (k+K) ≈ −vF (k), up to O(k20), and v∆(k+K) = −v∆(k).

The velocity matrix Vk can hence be simplified to:

Vk =

v1k 0

0 v2k

 , where v1k = vF (k)τ3 + v∆(k)τ1, and v2k = −vF (k)τ3 + v∆(k)τ1

(C.5)

This allows to rewrite the trace in Eq. (4.68) in terms of Gden, defined in Eq. (4.66) (again,

using labels 1 for k and 2 for k+K) at each nodal collision point,

Tr
[
G′′
R(k, 0)VkG

′′
R(k, 0)Vk

]
= 2Γ2

[
(A2 + Γ2 + ξ21 +∆2

1)
2 + (A2 + Γ2 + ξ22 +∆2

2)
2

]
(vFvF + v∆v∆) /G

2
den

− 4A2Γ2

[ (
(ξ1 + ξ2)

2 − (∆1 +∆2)
2
) ]

(vFvF − v∆v∆) /G
2
den

(C.6)

Defining a local coordinate system (k1, k2) about each of the collision points as shown

in Fig. C.1, we linearize the different terms in the Hamiltonian:

ξ1 = vF (k0 + k1), ∆1 = v∆k2, ξ2 = −vF (k1 − k0), ∆2 = −v∆k2 (C.7)
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Note that the numerator in Eq. (C.6) is proportional to Γ2, which goes to zero in the clean

limit. Therefore, the most important contributions come from the region of k space where

the denominator also goes to zero. In the linearized approximation described above, we

find that:

Gden =
(
A2 + v2Fk

2
1 + v2∆k

2
2 − v2Fk

2
0

)2
+ (2vF v∆ko)

2k22 +O(Γ2
o) (C.8)

Therefore, one can see that Gden = 0 in the clean limit, only when k2 = 0 and k21 =

k2o − A2/v2F . Therefore, beyond a critical strength of the AF order amplitude, i.e, for

A > Ac = vFko, there is no solution. With regards to the spectrum, this corresponds to

the scenario with gapped quasiparticles in the commensurate case, and therefore in the

clean limit the conductivity is equal to zero at T = 0. In the dirty limit when Γ ≳ ∆, this

is not the case as the disorder induced self-energy modifies quasiparticle spectral weights

and closes the gap.

As Γ2
0 → 0, the terms in O(Γ4

0) in the integral can be safely neglected, and the terms

proportional to Γ2
0 can be replaced by their values at the point where the denominator

vanishes, i.e, k2 = 0 and k21 = k20 −A2/v2F . Within this approximation, we obtain

Tr
[
G′′
R(k, 0)VkG

′′
R(k, 0)Vk

]
= Γ2 2A

2
c(A

2
c −A2) (vFvF + v∆v∆)−A2A2

c (vFvF − v∆v∆)

[Γ2A2
c + f ]2

,

where f =

(
A2 + v2Fk

2
1 + v2∆k

2
2 −A2

c

)2
4

+A2
cv

2
∆k

2
2 (C.9)

In the following we evaluate the diagonal conductivity and pick the ith component of the

velocities, i ∈ {x, y}. Since in the coordinate system chosen, vF and v∆ are parallel to

either k̂1 or k̂2, so we have:

2 (vFvF ± v∆v∆)ii = v2F ± v2∆ (C.10)

Rescaling the momenta by defining q̃1 = vFk1 and q̃2 = v∆k2, and multiplying by a factor

of four for the four pairs of nodal points in the BZ (every point has the same contribution),
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we obtain

κii(Ω → 0, T )

T
=

k2B(v
2
F + v2∆)

3vF v∆

∫
d2q̃

2π

Γ2A2
c(A

2
c −A2/2)(

Γ2A2
c + (A2 + q̃2 −A2

c)
2 /4 +A2

c q̃
2
2

)2
−
k2B(v

2
F − v2∆)

3vF v∆

∫
d2q̃

2π

Γ2A2
cA

2/2(
Γ2A2

c + (A2 + q̃2 −A2
c)

2 /4 +A2
c q̃

2
2

)2(C.11)
for the diagonal conductivity. The integrals in Eq. (C.11) can be analytically evaluated in

the clean limit. We first cast the integrals in terms of dimensionless variables γ = Γo/Ac,

qi = q̃i/Ac and α = A/Ac, measuring energy in units of Ac = k0vF .

I1 =

(
1− α2

2

)∫
d2q

2π

γ2(
γ2 + (1 + q2 − α2)2 /4 + q22

)2 ≡
(
1− α2

2

)
I3

I2 =
α2

2

∫
d2q

2π

γ2(
γ2 + (1 + q2 − α2)2 /4 + q22

)2 ≡ α2

2
I3 (C.12)

Now we change variables to q1 = 1 + x cos θ, and q2 = x sin θ. Then the denominator of

the integral can be written as:

γ2 +
(
1 + q2 − α2

)2
/4 + q22 = γ2 + x2 +

(
x2 + α2

2

)2

+ x(x2 + α2) cos θ

=
(
γ̃2 + 1 + h2 + 2h cos θ

)
x2, where γ̃ = γ/x, h =

x2 + α2

2x

(C.13)

Plugging this back into the integral and shifting θ → θ + π, we find:

I3 =

∫ ∞

0

dxx

2π

∫ π

−π
dθ

γ̃2x2

x4 (γ̃2 + 1 + h2 − 2h cos θ)2

=

∫ ∞

0

dxx

π

∫ π

0
dθ

γ̃2x2

x4 (γ̃2 + 1 + h2 − 2h cos θ)2

=

∫ ∞

0

dx

πx
I4 (C.14)
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where

I4 ≡
∫ π

0
dθ

γ̃2

(γ̃2 + 1 + h2 − 2h cos θ)2

=
2π(1 + h2)

(1 + h)3
D(h− 1, γ̃2), with D(u, v) ≡ v2/2

(u2 + v2)3/2
(C.15)

where we have already used γ̃ → 0 to simplify the integral. Note that D(u, v) vanishes in

the limit of v → 0 for all u expect u = 0, where it diverges. Moreover, it also satisfies:

∫ ∞

−∞
duD(u, v) = 1 (C.16)

Therefore, in the Γo → 0 limit, which also corresponds to the second argument γ̃2 → 0,

we can replace D(h− 1, γ̃2) by δ(h− 1). In this limit, we have:

I4 =
2π(1 + h2)

(1 + h)3
D(h− 1, γ̃2)

γ̃2→0−→ π

2
δ(h− 1) (C.17)

Finally, we can plug back I4 into I3 and evaluate the sum over the delta-function:

I3 =

∫ ∞

0

dx

πx

π

2
δ

(
x2 + α2

2x
− 1

)
=

1

2

∫ ∞

0
dx

[
δ(x− x+)√

1− α2
+
δ(x− x−)√

1− α2

]
, where x± = 1±

√
1− α2

=
1√

1− α2
provided α < 1, and 0 otherwise (C.18)

Putting all of this together, we arrive at the finite expression of the static diagonal thermal

conductivity in the clean limit for coexisting Néel order and superconductivity:

κii(Ω → 0, T )

T
=

k2B
3vF v∆

[√
1− α2 v2F +

1√
1− α2

v2∆

]
Θ(1− α), where α =

A

Ac
(C.19)

C.3 Particle-particle bubble in spiral antiferromagnet or algebraic
charge liquid

In this paper, as well as in Refs. [287, 317], it was assumed that Cooper pairs in a spiral

antiferromagnetic state have vanishing total momentum. In order to substantiate this

assumption, we compute the particle-particle bubble in a spiral state. Its momentum
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Figure C.2: Momentum dependence of the d-wave particle-particle bubble for t′ = −0.35,
A = 0.51, η = 0.08 and p = 0.09.

dependence at vanishing bosonic frequency is given by

LPP(q) =−
∫

d3k

(2π)3

{
f(k + q

2 )
2G++(k0,k)G−−(−k0,k +Q) (C.20)

+ f(k + q
2 )f(k +Q+ q

2 )G+−(k0,k)G−+(−k0,k +Q)
}
.

where Gij are the components of Eq. (4.33). This result can be rewritten as

=−
∫

d3k

(2π)3

{
f(k + q

2 )
2G++(k0,k)G++(k0,k)

∗ (C.21)

+ f(k + q
2 )f(k +Q+ q

2 )G+−(k0,k)G+−(k0,k)
∗
}

by exploiting the definition of the components of the propagator. Evaluation of the fre-

quency integral yields

=−
∫

d2k

(2π)2

∑
i=±,j=±

ϵiϵj
1− nF (Ek+q,i)− nF (Ek,j)

(Ek+q,i + Ek,j)(Ek+q,+ − Ek+q,−)(Ek,+ − Ek,−)

×
{
f(k + q

2 )
2(Ek+q,i − ξk+q+Q)(Ek,j − ξk+Q) + f(k + q

2 )f(k +Q+ q
2 )A

2
} (C.22)

where ϵ± = ±1. In Fig. C.2 we show numerical results for the particle-particle bubble in

the d-wave channel. It is very strongly peaked at q = 0, as assumed in Refs. [287, 317].

This is already suggested by the functional form of LPP(q) when written as in Eq. (C.21).

The momentum dependence does not possess a four-fold rotation symmetry, as expected

in a spiral state.
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D.1 Momentum space

This appendix presents a few expressions from Section 5.3 in momentum space. These

expressions were used for our numerical computation.

The momentum space form of the electron dispersion in Eq. (3.3) is

Hc = −2
∑
k,ρ

tρ cos(k · vρ)c†k,αck,α − µ
∑
k

c†k,αck,α +Hint. (D.1)

The Hamiltonian for the ψ fermions is obtained from Eqs. (5.27) and (5.31) (we have

set λ = −1)):

Hψ =
∑
k

ψ†
k,+

(
−µ+Θz − 2

∑
ρ

wρ

[
cos(θρ) cos(k · vρ)− ℓzρ sin(θρ) sin(k · vρ)

])
ψk,+

+
∑
k

ψ†
k+Q,−

(
−µ−Θz − 2

∑
ρ

wρ

[
cos(θρ) cos((k+Q) · vρ) + ℓzρ sin(θρ) sin((k+Q) · vρ)

])
ψk+Q,−

+
∑
k

ψ†
k,+ψk+Q,−

(
Θx − iΘy +

∑
ρ

wρ sin(θρ)(ℓ
x
ρ − iℓyρ)

[
−iei(k+Q)·vρ + ie−ik·vρ

])
+H.c..

(D.2)
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The average kinetic energy and current on each bond can be evaluated from

−
⟨
wρψ

†
i U

ρ(i)ψi+vρ

⟩
= −wρ

[
cos(θρ) + iℓzρ sin(θρ)

]∑
k

eik·vρ

⟨
ψ†
k,+ψk,+

⟩
−wρ

[
cos(θρ)− iℓzρ sin(θρ)

]∑
k

ei(k+Q)·vρ

⟨
ψ†
k+Q,−ψk+Q,−

⟩
−iwρ sin(θρ)(ℓxρ − iℓyρ)

∑
k

ei(k+Q)·vρ

⟨
ψ†
k,+ψk+Q,−

⟩
−iwρ sin(θρ)(ℓxρ + iℓyρ)

∑
k

eik·vρ

⟨
ψ†
k+Q,−ψk,+

⟩
. (D.3)

Note that the result is explicitly independent of the site i. The kinetic energy is twice

the real part of the result, while the current, Jρ in Eq. (5.41), is −vρ times the imaginary

part.

From the expression in momentum space, it is straightforward to see that the value of

⟨Jρ⟩ always obeys Bloch’s theorem. The Hamiltonian Hψ can be re-written in momentum

space in terms of a 2-component spinor χk as follows:

Hψ =
∑
k

χ†
k hk χk, where χk =

 ψk,+

ψk+K,−

 . (D.4)

The minimal coupling to an external electromagnetic gauge field A corresponds to a

transformation k → k−A in the momentum space Hamiltonian hk. The operator for the

net current J in any given direction is the negative of the derivative with respect to A at

A = 0, which can be recast as a derivative with respect to k:

∑
ρ

⟨Jρ⟩ =
∑
ρ

∫
d2k

(2π)2
⟨Jρ(k)⟩ =

∫
d2k

(2π)2
⟨χ†

k

∂hk
∂k

χk⟩ =
∫

d2k

(2π)2
∂

∂k
⟨χ†

khkχk⟩ = 0,(D.5)

where the last step uses the Feynman-Hellman theorem and periodicity in the Brillouin

zone.

D.2 Relation between loop currents and Higgs condensate

We show that a non-zero current necessarily requires a Higgs condensate. To do so, we

need an operator which reverses the current, and is a symmetry of the Hamiltonian only if

the Higgs condensate is absent. Consider the following anti-unitary operator T that leaves
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the Higgs field unchanged:

T ψs,k T
−1 = (−iτy)s,s′ ψs′,−k, T i T−1 = −i, T Hi T

−1 = Hi. (D.6)

Note that T is not equivalent to the physical time-reversal T defined earlier in Eq. (5.32),

which always leaves Hψ invariant. Rather, as we show below, T leaves the Hamiltonian

invariant only if the Higgs condensate is absent.

Under T , we find the following transformation of the Hamiltonian Hψ:

THψT
−1 = Hψ −

∑
k

χ†
k,sΘ̂s,s′ χk,s′ , where Θ̂ = 2

Θz Θ−

Θ+ −Θz

 = 2Θbτ b. (D.7)

Therefore, the Hamiltonian Hψ commutes with T when Θ̂ = 0. One can also show that

the charge current operator Jρ(i) is odd under T , i.e,

T Jρ(i)T
−1 = −Jρ(i). (D.8)

Therefore, when Θ̂ = 0, we can use the symmetry of Hψ under T to find that:

⟨Jρ(i)⟩ = ⟨T Jρ(i)T−1⟩ = −⟨Jρ(i)⟩ =⇒ ⟨Jρ(i)⟩ = 0. (D.9)

The physical content of the above equation is that current loop order cannot arise if all

the SU(2) gauge bosons are deconfined, but can possibly arise when a Higgs condensate

reduces the gauge group to U(1) or Z2.

D.3 Real space perturbation theory for current in presence of
large Higgs field

We consider the limit where the Higgs field Ha(i) is much larger compared to the hopping

matrix elements of the ψ± fermions, characterized by wρUi,i+vρ . In the |Hi| → ∞ limit,

the Hamiltonian has only on-site terms, and therefore there is no current on the links. In

this section, we perform a perturbation series expansion in 1/|Hi| to find an expression for

the current. Recall that the charge gap of the SU(2) lattice gauge theory is determined

by |Hi|, and so this is similar to a 1/U expansion in the underlying Hubbard model.
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We define a lattice Green’s function in imaginary time in the standard fashion:

Gij(τ) = −⟨Tτ (ψi(τ)ψ†
j(0))⟩. (D.10)

The Matsubara Green’s function in the bare limit, G0
i,n is diagonal in real space (we set

λ = −1):

G0
i,n = (iωn −Ha

i σ
a)−1 =

iωn +Ha
i σ

a

(iωn)2 −H2
i

. (D.11)

where we have set µ = 0 for convenience (it does not modify our conclusion). The Dyson

equation for the Green’s function in real space is given by:

Gij,n = G0
i,n δij +

∑
k

G0
i,nwkiUkiGkj,n

= G0
i,n δij +G0

i,nwjiUjiG
0
j,n +

∑
k

G0
i,nwkiUkiG

0
k,nwjkUjkG

0
j,n + ...

≡ G0
i,n δij +G

(1)
ij,n +G

(2)
ij,n + ... (D.12)

where wij = wρ is the hopping along the link ⟨i, j⟩ = ⟨i, i + vρ⟩. Recall that the current

operator on the link ⟨i, i+ vρ⟩ is given by:

Ji,i+vρ = −ivρwρ
(
ψ†
i Ui,i+vρ ψi+vρ

−H.c.
)
. (D.13)

Therefore, we can write the its expectation value in terms of the Green’s function defined

above as follows:

⟨Ji,i+vρ⟩ = −ivρwρ
[
Tr(Ui,i+vρGi+vρ,i)− Tr(Ui+vρ,iGi,i+vρ)

]
(τ → 0−). (D.14)

The lowest order term in 1/|Hi| corresponds to Gij = G0
i δij , which gives zero current

consistent with our expectations. To the next order in 1/|Hi|, we find that the forward

and backward currents exactly cancel and therefore the current is equal to zero to this
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order as well (via the cyclic property of the trace).

⟨J (1)
i,i+vρ

⟩ = −ivρwρ
[
Tr(Ui,i+vρG

(1)
i+vρ,i

)− Tr(Ui+vρ,iG
(1)
i,i+vρ

)
]

= −ivρwρ
[
Tr(Ui,i+vρG

0
i+vρ

Ui+vρG
0
i )− Tr(Ui+vρ,iG

0
iUi,i+vρG

0
i+vρ

)
]
= 0.

(D.15)

This exemplifies the importance of requiring non-nearest neighbor coupling for a non-zero

current on the nearest neighbor bonds, albeit in a large Higgs field limit.

The next term in the perturbation series, coming from G(2), gives us a non-zero current.

To be more specific, let us label the sites as in Fig. 5.4, and compute the current from

m to j. It involves all triangles consisting of m, j and a third site connected to both

by a non-zero hopping (for simplicity we consider only nearest neighbor and next nearest

neighbor hoppings ).

⟨J(2)
j,m⟩ = ivjmw

2
1w2Tr

[
UjmG

0
m

(
UmlG

0
lUlj + UmiG

0
iUij + UmnG

0
nUnj + UmkG

0
kUkj

)
G0
j

]
−ivjmw2

1w2Tr
[
UmjG

0
j

(
UjlG

0
lUlm + UjiG

0
iUim + UjnG

0
nUnm + U jkG0

kUkm

)
.G0

m

]
(D.16)

where w1, w2 are the nearest and next nearest neighbor hopping respectively. Note that

the second term is just the Hermitian conjugate of the first term. We now convert to

Matsubara Green’s functions and evaluate the frequency summation (for simplicity we

assume that Hi are different on each site). The eigenstates at site i have energy ±|Hi|,

therefore in the T = 0 limit only the negative energy eigenstates contribute to the current.

Since the contribution of all triangular plaquettes to the current are similar, we only

evaluate the contributions to the current by the first term in Eq. (D.16) and its Hermitian

conjugate (corresponding to the triangular plaquette △jlm).

1

β

(∑
iωn

Tr
[
UjmG

0
mUmlG

0
lUljG

0
j

]
− Tr

[
UjmG

0
mUmlG

0
lUljG

0
j

])
=

Tr

[
Ujm

(
−|Hm|+Ha

mσ
a

−2|Hm|

)
Uml

(
−|Hm|+Ha

l σ
a

H2
m −H2

l

)
Ulj

(
−|Hm|+Ha

j σ
a

H2
m −H2

j

)]
+ (j → m→ l → j) + (j → l → m→ j)−H.c. (D.17)
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Using the unitarity of U and Uαβ = U †
βα, we can show quite generally that Tr(UjmUmlUlj) =

Tr(UjlUlmUmj), so the term without any Higgs field Ha
ασ

a for some site α cancels with the

contribution from the second line in Eq. (D.16). The terms with two Higgs fields of the

formHa
ασ

a also cancel out with their Hermitian conjugates for the same reason. Therefore,

we are left with two kinds of terms, both of which fall off as |Hi|−2. The contribution to

the current from this particular triangular plaquette can be written as:

J△jlm
∼ i

[(
Ha
mTr(Ujmσ

aUmlUlj) +Ha
l Tr(UjmUmlσ

aUlj) +Ha
j Tr(UjmUmlUljσ

a)
)
f(|H|) +

Ha
mH

b
lH

c
j Tr(Ujmσ

aUmlσ
bUljσ

c)g(|H|)−H.c.
]
, (D.18)

where f(|H|) and g(|H|) are scalar functions of the Higgs fields (invariant under all sym-

metry operations), given by:

f(|H|) =
1

2(|Hm|+ |Hl|)(|Hm|+ |Hj |)(|Hj |+ |Hl|)

g(|H|) = − |Hm|+ |Hl|+ |Hj |
2|Hm||Hl||Hj |(|Hm|+ |Hl|)(|Hm|+ |Hj |)(|Hj |+ |Hl|)

. (D.19)

We chose a particular set of terms, coming from △jlm and the three other triangles

related to it by reflection symmetries, as our order parameter Ojm in Fig. 5.4. The other

three contributions to the current on the link ⟨j,m⟩ in Eq. (D.16) may be obtained by

replacing the third vertex l of the triangle by that of the triangle under consideration

(i, k and n). The net result for the current therefore contains the expressions presented in

Fig. 5.4, along with three other expressions which can also serve as valid representations

of O.
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E.1 O(3) non-linear sigma model

We examined a semi-classical O(3) non-linear sigma model of quantum fluctuations of HJ ,

which expresses Ŝi in terms of the Néel field n(r, t) and the canonically conjugate uniform

magnetization density L(r, t)

Ŝi = Sηini

√
1− L2

i /S
2 + Li (E.1)

n2 = 1 , n · L = 0 , (E.2)

where ηi = ±1 on the two sublattices, ni ≡ n(ri, t) and similarly for Li. Inserting Eq. (E.1)

into Eq. (6.2), and performing an expansion to fourth order in spatial gradients and powers
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of L, we obtain HJ =
∫
d2rHJ (the lattice spacing has been set to unity):

HJ =
S2(J1 − 2J2 − 4J3 + 10J4)

2

[
(∂xn)

2 + (∂yn)
2
]

+4(J1 + 2J4 − 4KS2)L2

−(J1 − 2J2 − 4J3 + 10J4 − 8KS2)

2
L2
[
(∂xn)

2 + (∂yn)
2
]

−S
2(J1 − 2J2 − 16J3 + 34J4)

24

[
(∂2xn)

2 + (∂2yn)
2
]

−(J1 + 2J2 + 4J3 + 10J4 − 8KS2)

2

[
(∂xL)

2 + (∂yL)
2
]

(E.3)

+
S2(J2 − 8J4 − 2KS2)

2
(∂2xn) · (∂2yn)

−8KS2
[
(L · ∂xn)2 + (L · ∂yn)2

]
−KS4[(∂xn).(∂xn)][(∂yn).(∂yn)]

+2KS4[(∂xn).(∂yn)]
2 + 16K[L2]2 .

It is useful to extract the terms important for identifying the phases

HJ =
ρs
2
(∂an)

2 +
1

2χ⊥
L2 + C1(L

2)2 + C2(∂aL)
2 + . . . ;

In this expression, the stiffness of the Néel order is ρs, and χ⊥ is the uniform susceptibility

transverse to the local Néel order. The coefficients are

ρs = (J1 − 2J2 − 4J3 + 10J4)S
2

χ−1
⊥ = 8(J1 + 2J4 − 4KS2) (E.4)

C1 = 16K , C2 = −(J1 + 2J2 + 4J3 + 10J4 − 8KS2)

2
.

The quantum fluctuations of the spin S antiferromagnet are then described by the action

[251]

Sn =

∫
dtd2r

[
L · (n× ∂tn)−HJ

]
+ SB (E.5)

where SB is as in Eq. (6.11) but now associated with ‘hedgehog’ defects in n [102, 235, 236].

The theory Sn with only the first two terms in H is the same [236] as the original CP1

model in Eq. (6.11), and so displays the phases D′ (Néel) and D (VBS). Now consider
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the transition from D′ to the spiral phase B′: this occurs when increasing J2,3 turns ρs

negative, and we enter a state with ⟨∂an⟩ non-zero and spatially precessing; the pitch of

the spiral is determined by higher order terms in Eq. (E.3). Similarly, we transition from

state D′ to the canted state A′ when χ−1
⊥ turns negative with increasing K: the state A′

has ⟨L⟩ ̸= 0, with a value stabilized by the quartic term C1. Finally, the state C′ has

both ⟨∂an⟩ ̸= 0 and ⟨L⟩ ̸= 0, and the second constraint in Eq. (E.2) and C2 > 0 lead to a

conical spiral.

These considerations on the O(3) model can be connected to the CP1 analysis by the

important identity (which follows from n = z∗ασαβzβ and |zα|2 = 1)

(∂µn) · (∂νn) = 2(εαβzα∂µzβ)(εγδz
∗
γ∂νz

∗
δ ) + c.c. . (E.6)

From Eq. (6.12) we therefore have the correspondence

(∂an) · (∂bn) ∼ Q∗
aQb +QaQ

∗
b , (∂tn) · (∂tn) ∼ |P |2

(∂an) · (∂tn) ∼ Q∗
aP +QaP

∗ . (E.7)

Using also ∂tn ∼ n × L (from Eq. (E.5)), we can now see that the identifications, in the

previous paragraph, of the condensates in the O(3) model correspond to those of the CP1

model in Fig. 6.1a. The O(3) model analysis has located the phases of Fig. 6.1a in the

parameter space of the lattice model H, and we can also use it to estimate couplings in

the CP1 theory.

E.2 Spin density wave theory

In this appendix, we study the fermionic Hubbard model on the square lattice using a

mean-field approach, and show that metallic phases with all four spin-density wave orders

discussed in the main text show up close to half-filling. We start with the Hubbard

Hamiltonian for the electrons ci,α.

HU = −
∑
i<j,α

tijc
†
i,αcj,α − µ

∑
i,α

c†i,αci,α + U
∑
i

n̂i,↑n̂i,↓ (E.8)
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where α is a spin-index, tij = tp are the hopping parameters for p’th nearest neighbors

with tp ̸= 0 for p = 1, 2, 3 and 4, U is the Hubbard on-site repulsion and µ is the chemical

potential. We perform a mean-field decoupling of the interaction term as follows [11, 75,

123, 124]:

Un̂i,↑n̂i,↓ =
U

4
n̂2i − U(Ŝi · ui)2 → −ζin̂i − hi · Ŝi −

U

4
⟨n̂i⟩2 + U⟨Ŝi⟩2 (E.9)

where Ŝi =
1
2c

†
i,ασαβci,β is the electron spin operator, n̂i =

∑
α n̂i,α is the particle number

operator at site ri, ui is the unit-vector along the spin-quantization axis, ζi = −U
2 ⟨n̂i⟩ is

a renormalization of the chemical potential which is assumed to be translation invariant

and will henceforth be absorbed in µ, and hi = 2U⟨Ŝi⟩ is the mean magnetic field at site

ri.

We consider states which are translation invariant in the charge sector. Therefore the

charge density ⟨n̂i⟩ = n is the same on every site. We include the possibility of in-plane

Néel and spiral order, as well as ferromagnetic canting in the orthogonal (z) direction:

⟨
Ŝi

⟩
= N0 [cos (K · ri) cos(θ) êx + sin (K · ri) cos(θ) êy + sin(θ) êz] . (E.10)

We expect that having the largest possible magnetization at each site will be energetically

more favorable. Therefore, we have neglected the possibility of the collinear incommensu-

rate state (stripes) as that leads to a variation in particle number density. While the Néel

or spiral spin-density wave states can consistently explain the drop in Hall number and

longitudinal conductivities in the cuprates [47, 77, 286], stripes seem to be inconsistent

with the experimental data [42]. This provides additional motivation for restricting our

study to the states described by Eq. (E.10). The assumption of uniform charge density

also rules out phase separation into hole-rich and particle-rich regions, which are often

found in such mean-field treatments [123]. In principle, farther interactions beyond a sin-

gle on-site Hubbard repulsion can help avoid phase separation, but such physics cannot be

captured by a mean-field treatment. Finally, we also do not consider possible supercon-

ductivity since we are interested in metallic phases (which appear at temperatures above

the exponentially small superconducting Tc).
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The mean-field grand canonical Hamiltonian can then be written in terms of a 2-

component spinor Ψk, the dispersion ξk = −
∑

j ̸=i tije
ik·(ri−rj) − µ, and h = |hi| = 2UN0

as

HMF
U =

∑
k

C†
khkCk, where hk =

ξk − h
2 sin θ −h

2 cos θ

−h
2 cos θ ξk+K + h

2 sin θ

 and Ck =

 ck,↑

ck+K,↓

 .(E.11)

This can be diagonalized by a unitary transformation ck,↑

ck+K,↓

 =

 cosϕk sinϕk

− sinϕk cosϕk


αk

βk

 , where tan(2ϕk) =
h cos θ

ξk − ξk+K − h sin θ
(E.12)

The energies of the upper and lower Hubbard bands are given by (s = ±)

Ek,s =
1

2

(
ξk + ξk+K + s

√
(ξk − ξk+K − h sin θ)2 + h2 cos2 θ

)
. (E.13)

The free energy of the system in the canonical ensemble is given in the continuum limit

by (setting Ns to be the number of lattice sites)

EMF

Ns
=
∑
s=±

∫
d2k

(2π)2
Ek,s nF (Ek,s) + µn− Un2

4
+
h2

4U
,

where n = ⟨n̂i⟩ =
∑
s=±

∫
d2k

(2π)2
nF (Ek,s). (E.14)

We first tune µ to adjust the electron-filling n. At a fixed filling, we minimize the mean-

field free energy EMF (h, θ,K). The values of these parameters at the minima in turn

describe the magnetically ordered (or paramagnetic) phase for a given set of hopping

parameters tp and Hubbard repulsion U .

As shown in Fig. 6.2 in the main text and in Fig. E.1 in this appendix, at large U

we find exactly the 4 kinds of spin-density wave phases (D′) K = (π, π), θ = 0, (A′)

K = (π, π), 0 < θ < π/2, (B′) K incommensurate, θ = 0, and (C′) K incommensurate,

0 < θ < π/2. As expected, in the insulator (n = 1) the nearest neighbor Heisenberg

exchange J1 is dominant at large U , and we find the insulator to be always in the Néel

phase (D′). In the metallic states, the Néel phase only appears close to zero doping,
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Figure E.1: Phase diagrams from the spin-density wave analysis as a function of Hubbard
U and doping n at two different values of the hopping parameters, showing the Néel (D′),
canted Néel (A′), spiral (B′), conical spiral (C′) and ferromagnetic (F′) phases. As in
Fig. 6.2, solid (dashed) lines are used to represent second (first) order transitions.

while the other three antiferromagnetic phases appear contiguous to the Néel phase. The

presence of tp for p > 1 breaks particle-hole symmetry. It is interesting to note that the

canted phases appear only on the hole-doped side (n < 1) while the electron-doped side

has coplanar magnetic order (even at larger dopings not shown in Figs. 6.2 and E.1).

Finally, an additional ferromagnetic phase (F ′) with θ = π/2 also shows up at low enough

hole-doping, consistent with previous mean-field studies of the Hubbard model [75, 123].

E.3 SU(2) gauge theory

In this appendix, we derive the effective chargon Hamiltonian (6.9) from the Hubbard

model in Eq. (6.3) and study the symmetries, together with the associated current and

bond patterns, of the different Higgs-field configurations stated in the main text.

E.3.1 Effective chargon Hamiltonian

We write the Hubbard Hamiltonian HU as a coherent state path integral and decouple

the interaction using a Hubbard-Stratonovich field Φi. This yields the equivalent action

S = Sc + Sint + SΦ, where (β and τ denote inverse temperature and imaginary time,

respectively)

Sc =
∫ β

0
dτ

∑
i,α

c†i,α(∂τ − µ)ci,α −
∑
i<j,α

tijc
†
i,αcj,α

 (E.15)
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describes the hopping of the electrons on the square lattice; The electrons are coupled to

the Hubbard-Stratonovich field via

Sint =

∫ β

0
dτ
∑
i

c†i,ασαβci,β ·Φi (E.16)

and the action of Φi reads as

SΦ =
3

2U

∫ β

0
dτ
∑
i

Φ2
i . (E.17)

We next transform the electrons to a rotating reference frame as defined in Eq. (4.76).

To rewrite the action in terms of the new degrees of freedom, the chargon and spinon fields

ψi and Ri, let us first focus on Sc. The hopping terms assume the form

∑
α

tijc
†
i,αcj,α =

∑
s,s′,β

tijψ
†
i,s

(
R†
i

)
sβ

(Rj)βs′ ψj,s′ (E.18)

using α, β =↑, ↓ and s, s′ = ± as physical spin and SU(2)-gauge indices, respectively. To

make the quartic term accessible analytically, we perform a mean-field decoupling. Upon

introducing (Uij)ss′ = ⟨
(
R†
iRj
)
ss′

⟩ and (χij)ss′ = ⟨ψ†
i,sψj,s′⟩, Eq. (E.18) becomes

tij
∑
s,s′

(
ψ†
i,s (Uij)ss′ ψj,s′ + (χij)ss′

(
R†
iRj
)
ss′

)
. (E.19)

In the same way, we can rewrite and decouple the time-derivative and chemical potential

terms in Eq. (E.15).

Introducing the ‘Higgs’ field H i according to (cf. Eq. (6.5))

σ ·H i = R†
iσRi ·Φi, (E.20)

the remaining parts of the action, Sint and SΦ, can be restated as

Sint =

∫ β

0
dτH i ·

∑
i,s,s′

ψ†
i,sσss′ψi,s′ , (E.21)

SΦ =
3

2U

∫ β

0
dτ
∑
i

H2
i . (E.22)
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Taken together, the new action consists of three parts: The effective chargon action,

Sψ =

∫ β

0
dτ

[∑
i,s

ψ†
i,s(∂τ − µ)ψi,s −

∑
i<j,s,s′

tijψ
†
i,s (Uij)ss′ ψj,s′

+
∑
i,s,s′

H i · ψ†
i,sσss′ψi,s′

]
,

(E.23)

the spinon action (tr denotes the trace in SU(2) space),

SR =

∫ β

0
dτ tr

∑
i

χTiiR
†
i∂τRi −

∑
i,j

tijχ
T
ijR

†
iRj

 , (E.24)

which will be discussed in detail in Appendix D below, and the bare Higgs action in

Eq. (E.22).

Let us for now assume that Uij in Eq. (E.23) is trivial in SU(2) space, (Uij)ss′ = Zijδss′ .

This should be seen as the first step in or the ‘ansatz’ for an iterative self-consistent

calculation of χij and Uij where these two quantitities are inserted in and calculated from

the spinon and chargon actions until convergence is reached. At the end of this appendix,

we will show that there are no qualitative changes when the self-consistent iterations are

carried out.

For (Uij)ss′ = Zijδss′ , we recover the effective chargon Hamiltonian (6.9) stated in the

main text. Furthermore, the bare Higgs field action and the coupling of the Higgs to

the chargons is mathematically equivalent to the bare action of the Hubbard-Stratonovich

field Φi and its coupling to the electrons. For this reason, we can directly transfer the

results of the spin-density-wave calculation of Appendix B to the Higgs phase. The main

modification is an order-one rescaling of the hopping parameters from the bare electronic

values tij to those of the chargons Zijtij .

E.3.2 Symmetries and current patterns

Let us next analyze the symmetries of the effective chargon Hamiltonian (6.9) for the

different Higgs condensates parameterized in Eq. (6.8) of the main text.

As a consequence of the SU(2) gauge redundancy, a lattice symmetry g with real space

action i → g(i) is preserved if and only if there are SU(2) matrices Gi(g) such that the
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effective chargon Hamiltonian is invariant under

ψi,s →
∑
s′

(Gi(g))s,s′ ψg(i),s′ . (E.25)

To illustrate the nontrivial consequences of the additional gauge degree of freedom, let us

consider translation symmetry g = Tµ, µ = x, y, with Tµ(i) = i + êµ. We first note that

all configurations in Eq. (6.8) satisfy

⟨
Hi+eµ

⟩
=


R(Kµ)

0

0

0 0 1

 ⟨Hi⟩ , (E.26)

where R(φ) is a 2 × 2 matrix describing the rotation of 2D vectors by angle φ. As the

matrix in Eq. (E.26) belongs to SO(3) and the Higgs field transforms under the adjoint

representation of SU(2), we can always find Gi(Tµ) to render the chargon Hamiltonian

invariant; Translation symmetry is thus preserved in all Higgs phases discussed in the

main text.

To present an example of broken translation symmetry, let us consider the ‘staggered

conical spiral’, labeled by (E)(ηx,ηy)K , ηµ = ±1, in the following, where with ri = (ix, iy)

⟨Hi⟩ = H0

[
cos (K · ri) cos(θ) êx + sin (K · ri) cos(θ) êy + ηixx η

iy
y sin(θ) êz

]
, (E.27)

with at least one of ηx, ηy equal to −1, 0 < θ < π/2, and incommensurate K. We chose

Table E.1: Generators of the residual symmetry group of the Higgs phases with Z2 topo-
logical order shown in Fig. 6.1b of the main text. We use Θ to denote time-reversal, Cn
for n-fold rotation along the z axis. Ix (Iy) and I± are the reflections with action x→ −x
(y → −y) and at the plane spanned by x = ±y and the z axis, respectively.

Higgs Phase Residual generators
(A) Tµ, C4, Iy, Θ

(B)(k,π)/(B)(π,k) Tµ, C2, Iy, Θ
(B)(k,k)/(B)(k,−k) Tµ, C2, I+, Θ
(C)(k,π)/(C)(π,k) Tµ, ΘC2, Iy/x
(C)(k,k)/(C)(k,−k) Tµ, ΘC2, I+/−
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this particular example since we have found the associated magnetically ordered phase as

the ground state in the classical analysis of the spin model in Eq. (6.2). It is not visible in

Fig. 6.2(a)–(c) as it only appears for larger values of J2. For this configuration, the 1 in

the matrix in Eq. (E.26) has to be replaced by ηµ. If ηµ = −1, the matrix in Eq. (E.26)

has determinant −1 and, hence, does not belong to SO(3). Consequently, translation

symmetry along µ is broken if ηµ = −1. Note that ΘTµ, with Θ denoting time-reversal, is

still a symmetry since the Higgs field is odd under Θ.

Similarly, time-reversal and all other lattice symmetries of the effective chargon Hamilto-

nian can be analyzed. The result is summarized in Table E.1 where the residual symmetries

of all the phases with Z2 topological order discussed in the main text are listed. Note that

time-reversal-symmetry breaking necessarily requires a non-coplanar Higgs phase since,

otherwise, H i → −H i can be undone by a global gauge transformation (a global rotation

of the Higgs field).

A complementary and physically insightful approach of detecting and visualizing broken

symmetries is based on calculating the (time-reversal symmetric) kinetic energies Kij and

the (time-reversal odd) currents Jij on the different bonds (i, j) of the lattice in the ground

state of the chargon Hamiltonian. These two quantities are defined as and calculated from

Kij = −2ReTij and Jij = 2ImTij where

Tij = Zijtij
∑
s

⟨
ψ†
i,sψj,s

⟩
⟨Hi⟩

. (E.28)

Here ⟨. . . ⟩⟨Hi⟩ denotes the expectation values with respect to the ground state of the

chargon Hamiltonian Hψ in Eq. (6.9) for a given Higgs condensate H i → ⟨H i⟩. The

kinetic energies Kij (black solid and dashed lines) and, if finite, the currents Jij (black

arrows) along the different bonds are illustrated in Fig. 6.1(b) for the three different

phases (A)–(C) with Z2 topological order focussing on a model where only the nearest t1

and next-to-nearest neighbor hopping t2 are non-zero.

For completeness, we also illustrate the current patterns for the staggered conical spiral

phases in Fig. E.2. Here, four unit cells of the square lattice are shown as translation by

one lattice site Tµ is broken if ηµ = −1 while T 2
µ is preserved.
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Figure E.2: Bond currents (arrows) are shown for the different (symmetry inequivalent)
staggered conical spiral Higgs field configurations that allow for finite currents in a model
with only nearest and next-to-nearest neighbor hopping on the square lattice (dots).

Three comments on the staggered conical spiral configurations are in order. We first

note that the (magnetic) point symmetries of (E)(ηx,ηy)(k,π) and (E)(η,η)(k,k) are the same as those

of (C)(k,π) and (C)(k,k), given in Table E.1, while (E)(η,−η)(k,k) only has ΘC2 symmetry. Sec-

ondly, the nearest neighbor current operator Ji,i+êµ must be zero if ηµ = −1 since the

residual symmetry ΘC2 implies Ji,i+êµ = Ji−êµ,i while ΘTµ leads to Ji,i+êµ = −Ji−êµ,i.

For the same reason, we conclude that the diagonal currents must vanish if ηxηy = −1.

Third, notice that the configuration (E)(+,−)
(π,k) cannot support finite currents in the model

with nearest and next-to-nearest-neighbor hopping since the (magnetic) point symmetries

and the (magnetic) translations are only consistent with Jij = 0 along all bonds of the

lattice (Finite currents are possible in the presence of third-nearest-neighbor hopping. The

associated current pattern is not shown in Fig. E.2).

Finally, let us come back to the issue of calculating Uij (and χij entering the spinon

action) self-consistently. While we had used the ansatz of diagonal Uij for the itera-

tion, recalculating Uij from the spinon action will in general also yield non-vanishing

off-diagonal components; However, the symmetry analysis we discussed above is not af-

fected since symmetries are preserved in the iteration process. To see this, assume that

the chargon Hamiltonian Hψ[H i, U
(0)
ij ] with a certain Higgs field configuration H i and

gauge connection Uij = U
(0)
ij (e.g., U (0)

ij = Zijσ0 in the first iteration) is invariant under a

symmetry operation g, i.e., invariant under (E.25). This implies that the χij calculated

from Hψ[H i, U
(0)
ij ] satisfy χij = G∗

i (g)χg(i)g(j)G
T
j (g). Consequently, the spinon action in
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Eq. (E.24) is symmetric under Ri → Rg−1(i)Gg−1(i)(g), where g−1 denotes the inverse of g.

The ‘new’ or ‘updated’ gauge connection Uij = U
(1)
ij as obtained from the spinon action

thus satisfies

U
(1)
g(i)g(j) = G†

i (g)U
(1)
ij Gj(g) (E.29)

and, hence, the ‘new’ chargon Hamiltonian Hψ[H i, U
(1)
ij ] is still invariant under (E.25).

This means that the symmetries and the qualitative form of the bond as well as current

patterns discussed above are unaffected by replacing Uij = U
(0)
ij = Zijσ0 by the, gen-

erally non-diagonal, self-consistent solution Uij obtained via iteration. The off-diagonal

components in Uij should be seen as additional corrections to the energetics of the spin-

density-wave analysis of Appendix B and, hence, are expected to only lead to small changes

in the phase boundaries in Fig. 6.2d-f.

E.4 Derivation of CP1 theory from SU(2) gauge theory

To derive the CP1 actions for the different phases in Fig. 6.1b from the SU(2) gauge theory,

it is convenient to use the gauge where the Higgs field is given by

⟨Hi⟩ = (−1)ix+iyH0 êz, (E.30)

i.e., the Higgs field has the form of the spin configuration of an antiferromagnet. Choosing

the ‘antiferromagnetic gauge’ in Eq. (E.30) is possible for all configurations in Eq. (6.8)

or, more generally, in Eq. (E.27), since the Higgs field transforms under the adjoint rep-

resentation of SU(2) and | ⟨Hi⟩ | = H0.

In this gauge, the relation between the CP1 fields zi = (zi↑, zi↓) and the spinons Ri is

given by Eq. (6.10) for all Higgs configurations. This is verified by noting that Eq. (6.5)

with Ŝi = (−1)ix+iyni and ni = z†iσzi will hold for Ri given in Eq. (6.10) if the Higgs field

has the form (E.30). As Ri transforms nontrivially under SU(2) gauge transformations,

see Eq. (6.6), the relation between zi and Ri is generally different in a different gauge.

Inserting the parameterization (6.10) into Eq. (E.24) and writing χss′ij = (χij)ss′ yields
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the general form

Sz =
∫ β

0
dτ

[∑
i

(
(χ++

ii − χ−−
ii )z†i ∂τzi + χ−+

ii εαβzi,α∂τzi,β − χ+−
ii εαβz

∗
i,α∂τz

∗
i,β

)
−
∑
i<j

tij

(
(χ++

ij + χ−−
ji )z†i zj + (χ−+

ij − χ−+
ji )εαβzi,αzj,β + c.c.

)]
,

(E.31)

of the CP1 action. We already notice (the lattice form of) the charge-2 terms εαβzα∂τzβ

and εαβzα∂azβ, a = x, y, coupling to the Higgs fields P and Qa in Eq. (6.13).

Depending on the symmetries of the chargon Hamiltonian, some of the terms in Eq. (E.31)

have to vanish as we will discuss next. This corresponds to the absence of condensation

of one or both of the Higgs fields P and Qa in the phases (A), (B), and (D).

Since this has already been discussed for the case of phase (D) in Ref. [261], we focus here

on the other three cases. To begin with phase (B), we apply the gauge transformation

Vi = e−iπσy/4eiδK·riσx/2, where δK = K − (π, π), to bring the associated Higgs field

configuraton in the form of Eq. (E.30). In the resulting ‘antiferromagnetic gauge’, the

chargon Hamiltonian reads as

H(B)
ψ = −

∑
i<j,s,s′

tijZijψ
†
i,s

(
eiδK·(rj−ri)

σx
2

)
ss′
ψj,s′−µ

∑
i,s

ψ†
i,sψi,s−H0

∑
i,s

(−1)ix+iysψ†
i,sψi,s .

(E.32)

We see that K ̸= (π, π), i.e., δK ̸= 0, is required to have off-diagonal matrix elements

in SU(2) space (s ̸= s′) in the Hamiltonian. These are necessary for charge-2 terms

in the CP1 action as otherwise χs,−sij = 0 and, hence, the prefactors of εαβzi,α∂τzi,β and

εαβzi,αzj,β vanish in Eq. (E.31). Alternatively, this can also be seen by noting that RiV †
i =

Ri|zi→zieiξ for the global gauge transformation Vi = e−iξσz and that all terms in the chargon

Hamiltonian H(B)
ψ are invariant under this gauge transformation, ψi → Viψi, except for

the contributions of finite δK to the hopping term. This means that the effective CP1

action must be invariant under zi → zie
iξ in the limit δK = 0, i.e., the charge-2 terms

can only arise if δK ̸= 0.

To see which of the two possible charge-2 terms in Eq. (E.31) can be non-zero, let us

analyze the symmetries of the chargon Hamiltonian H(B)
ψ for non-zero δK. We first note
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that H(B)
ψ is invariant under ψi,s → ψi+êµ,−s leading to

χss
′

ij = χ−s−s′
i+êµj+êµ

= χss
′

i+2êµj+2êµ . (E.33)

From this follows

χ++
ii − χ−−

ii = χ++
ii − χ++

i+êµi+êµ
= (−1)ix+iyχτ . (E.34)

The constant χτ can be shown to be real: The Hamiltonian H(B)
ψ commutes with the

antiunitary operator Θ̃ defined by Θ̃ψj,sΘ̃
† = iσzψj,s. This implies

χss
′

ij = ss′
(
χss

′
ij

)∗
= ss′χs

′s
ji . (E.35)

This not only leads to χτ ∈ R, but can also be used to rewrite

χ++
ij + χ−−

ji = χ++
ij + χ++

i+êµj+êµ
= χti−j ∈ R, (E.36a)

χ−+
ij − χ−+

ji = χ−+
ij + χ−+

i+êµj+êµ
= χQi−j = −χQj−i ∈ iR, (E.36b)

where we have also taken advantage of Eq. (E.33).

We finally consider the symmetry of H(B)
ψ under the unitary transformation ψj,s →

iσzψ−j,s which, together with Eq. (E.33), leads to

χ+−
ii = −χ+−

−i−i = −χ+−
ii = 0. (E.37)

Consequently, the terms εαβzi,α∂τzi,β and εαβz∗i,α∂τz∗i,β are absent in Eq. (E.31) for phase

(B).

Taken together, the CP1 action Sz in Eq. (E.31) assumes the form

S(B)
z =

∫ β

0
dτ

[∑
i

(−1)ix+iyχτ z
†
i ∂τzi −

∑
i<j

tij

(
χti−j z

†
i zj + χQi−j εαβzi,αzj,β + c.c.

)]
.

(E.38)

For concreteness, let us focus on nearest-neighbor hopping (t = ti,i+êµ) and δQx = δQy

(corresponding to phase (B)(k,k)). Using that χt,Qêx = χt,Qêy ≡ iχQ,t, treating the constraint
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z†i zi = 1 on average by introducing the Lagrange multiplier λ, and rewriting

ziα ∼ zα(ri) + (−1)ix+iyπα(ri), (E.39)

where z(r) and π(r) are assumed to be slowly varying continuum fields, a gradient ex-

pansion of Eq. (E.38) yields (a denotes lattice spacing)

S(B)
z ∼

∫ β

0
dτ

∫
d2r

a2

[
χτ (z

†∂τπ + π†∂τz) + (λ− tχt)z†z + (λ+ tχt)π†π

+ tχta2
∑
µ=x,y

(∂µz
†)∂µz + 2tχQa

∑
µ=x,y

(εαβzα∂µzβ + c.c)
]
.

(E.40)

In Eq. (E.40) spatial derivatives up to second (zeroth) order of zα (πα) are kept as these

gives rise to the terms of the CP1 action we are interested in. Indeed, integrating out the π

field, we recover the CP1 theory of the main text with Higgs condensates ⟨Qx⟩ = ⟨Qy⟩ ̸= 0

and ⟨P ⟩ = 0.

In a similar way, the remaining phases, (A) and (C), can be analyzed and one finds the

CP1 action with Higgs condensates summarized in Fig. 6.1b.
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F.1 Details of spin current calculations

We begin with the linearized energy transfer ω(n̂, q⊥, δqx) in equations [7.9], and write

the spin current from equation [7.6] as

Ispin,↑ =
πJ2A⊥
2m

∫
k1x>0

ddk1
(2π)d

∫
qx>k1x

ddq

(2π)d

[
nF (ϵk1) (1− nF (ϵk1 + V − ω(n̂, q⊥, δqx)))

× qx S−+ (q⊥, ω(n̂, q⊥, δqx))

]
(F.1)

The integral over |k1| can now be evaluated, as everything else depends only on the

direction n̂ of the initial momentum, and the momentum transfer q. Assuming that the

density of states ν(ϵF ) is approximately a constant close to the Fermi surface, we have

∫
k1x>0

ddk1
(2π)d

nF (ϵk1) (1− nF (ϵk1 + V − ω(n̂, q⊥, δqx)))

≈ ν(ϵF )

∫
n̂·x̂>0

dΩ

Sd−1

V − ω(n̂, q⊥, δqx)

1− e−β(V−ω(n̂,q⊥,δqx))
(F.2)

We can further simplify equation [F.1] by getting rid of qx in favor of ω. For given q⊥ and

n̂, dω = vF (n̂ · x̂)d(δqx) and qx ≈ 2kF (n̂ · x̂), implying

dqx qx
m

≈ −d(δqx)2kF (n̂ · x̂)
m

= −2 dω (F.3)

272



Appendix F. Appendices to Chapter 7

This is independent of the direction of initial momentum n̂. Further, note that the con-

straint qx > kF (n̂ · x̂) is guaranteed to be satisfied by energy conservation, which requires

small δqx. By our assumption that S−+(q⊥, ω) is insignificant for large |q⊥|, a change of

energy due to large δqx cannot be offset by another due to large |q⊥|. The only problem

arises when n̂ · x̂ is very small, but those are insignificant portions of the phase space that

we can neglect. Therefore, all dependences of the q-integral on n̂ are removed, and this

enables us to do the angular integral. Using
∫
n̂·x̂>0

dΩ
Sd−1

= 1
2 , we recover the simplified

expression stated in equation [7.10]

Ispin,↑ =
πJ2A⊥ν(ϵF )

2

∫
dω

2π

dd−1q⊥
(2π)d−1

(V − ω)

1− e−β(V−ω) S−+ (q⊥, ω) (F.4)

The calculation for Ispin,↓ (equation [7.11]) is analogous, with the only change coming

from the different occupancies of the initial and final states.

We now discuss the case when the dynamic structure factor has a minima at large

transverse momentum Q⊥. The trick is to note that although the momentum transfer

can be large, the energy transfer at low temperatures is always small, i.e, ω ≲ V ≪ ϵF .

Therefore, we can expand in small parameters about the point of elastic scattering. To do

so, we first solve for a longitudinal momentum transfer qx0 which satisfies ϵk1 = ϵk1−Q,

where Q = qx0x̂+Q⊥.

ϵk1 − ϵk1−Q = 2kF (Q⊥ · n̂+ qx0(n̂ · x̂))− (Q2
⊥ + q2x0) = 0

=⇒ qx0 = kF (n̂ · x̂) +
(
k2F (n̂ · x̂)2 + 2kF (Q⊥ · n̂)−Q2

⊥
)1/2 (F.5)

The contraint qx0 ≥ kF (n̂ · x̂), required for reflection, implies that only the positive square

root can contribute. As qx is real, only some values of n̂ are relevant. Specifically, we

require

k2F (n̂ · x̂)2 + 2kF (Q⊥ · n̂) ≥ Q2
⊥ (F.6)

We need to evaluate the angular integral over angular regions of the Fermi surface con-

sistent with the above constraint. If Q⊥, the magnitude of the transverse scattering wave

vector, is too large compared to the Fermi momentum kF , then there is no scattering con-

sistent with energy conservation, and hence there is no spin current due to this process.
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Now, we can expand about the solution for elastic scattering for small ω, and keep only

linear terms in δqx and q⊥.

q = (qx0 − δqx)x̂+Q⊥ − q⊥

ω =
1

m
[(qx0 − kF (n̂ · x̂)) δqx + (Q⊥ − kF n̂) · q⊥] +O(δq2x, q

2
⊥)

where we used 2kF (Q⊥ · n̂+ qx0(n̂ · x̂))− (Q2
⊥ + q2x0) = 0 (F.7)

We revert to our previous formalism, and replace the integral over qx by an integral

over ω, with the only change being in the pre factor appearing the angular integral. For

fixed q⊥ and n̂, dω = 1
m (qx0 − kF (n̂ · x̂)) δqx, and qx ≈ qx0, implying that

dqx qx
me

≈ −d(δqx)qx0
me

= dω

(
qx0

kF (n̂ · x̂)− qx0

)
= −

(
1 +

kF (n̂ · x̂)(
k2F (n̂ · x̂)2 + 2kF (Q⊥ · n̂)−Q2

⊥
)1/2

)
dω

Note that for |Q⊥| ≪ kF , we get back our previous result which corresponds to scattering

at Q⊥ = 0. This acts as a check on the above calculation, and also shows that the

calculation can be generalized as long as we have low energy excitations in the spin-

system about a set of isolated points in momentum space which are well-separated in the

Brillouin zone.

The factor multiplying dω will change the result of the angular integral over initial

momenta, but the remaining calculation remains unchanged, and we have

I
Q⊥
spin,↑ =

πJ2A⊥ν(ϵF )

2

∫
k2F (n̂·x̂)2+2kF (Q⊥·n̂)≥Q2

⊥

dΩ

Sd−1

(
1 +

kF (n̂ · x̂)(
k2F (n̂ · x̂)2 + 2kF (Q⊥ · n̂)−Q2

⊥
)1/2

)

×
∫
dω

2π

dd−1q⊥
(2π)d−1

(V − ω)

1− e−β(V−ω) S−+ (q⊥, ω)

=
πJ2A⊥ν(ϵF )

2
fang(kF /Q⊥)

∫
dω

2π

dd−1q⊥
(2π)d−1

(V − ω)

1− e−β(V−ω) S−+ (q⊥, ω) (F.8)

where fang(kF /Q⊥) is the angular integral referred to in equation [7.13]. Typically, kF

and Q⊥ have the same order of magnitude, and then the angular integral is an overall

factor of O(1) (the exact value is determined by the constraints set by the ordering wave

vector Q⊥).

Taking into account that there can be multiple such minima in the dynamic structure
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factor at large finite momenta {Q⊥}, and scattering to momenta patches around these

minima are independent as long as the minima are well-separated, we arrive at equation

[7.12], stated below for the sake of completeness.

Ispin,↑ =
πJ2A⊥ν(ϵF )

2

∑
Q⊥

fang(kF /Q⊥)

∫
dω

2π

dd−1q⊥
(2π)d−1

(V − ω)

1− e−β(V−ω) S−+ (q⊥, ω) (F.9)

The expression for Ispin,↓ follows in exact analogy to the above calculation.

F.2 Dynamic spin structure factor for an antiferromagnetic inter-
face

We evaluate the dynamic structure factor for a Neel-ordered state on a d-dimensional cubic

lattice using the Holstein-Primakoff transformation. First, let us consider the case when

the Neel vector points parallel to the spin-quantization axis in the metal (chosen to be ẑ).

We have up-spins on sub lattice A and down-spins on sub lattice B, with total number

of spins being be 2N , and the coordination number of each spin is z = 2d. Therefore we

define

i ∈ A, S−
i = a†i (2S − a†iai)

1/2; S+
i = (2S − a†iai)

1/2 ai, and Szi = S − a†iai

i ∈ B, S+
i = b†i (2S − b†ibi)

1/2; S+
i = (2S − b†ibi)

1/2 bi, and Szi = −S + b†ibi (F.10)

and do an expansion in 1/S. The Heisenberg Hamiltonian HAF = JAF
∑

<ij> Si · Sj can

be written in terms of the Holstein Primakoff bosons as

HAF = −JAFNS2z+JAFSz
∑
k

[a†kak+b
†
kbk+γk(akb−k+a

†
kb

†
−k)]+O(S0), where γk =

1

z

∑
δ∈n.n

eik·δ

(F.11)

This can be diagonalized by a Bogoliubov transformation, using

ak = ukαk + vkβ
†
−k , bk = ukβk + vkα

†
−k

with uk = u−k = cosh(θk), vk = v−k = sinh(θk) and tanh(2θk) = −γk (F.12)
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The Hamiltonian is diagonal in terms of the Bogoliubov quasiparticles,

HAF = −JAFNS2z − JAFNSz +
∑
k

Ek(α
†
kαk + β†kβk + 1), Ek = JAFSz

√
1− γ2k

S−+(q⊥, ω) may now be calculated from definition using the expression for the spin oper-

ators in terms of in terms of the quasiparticle creation and annihilation operators. After

some algebra, we find

S−+(q⊥, ω) = 2πS(uq⊥ + vq⊥)
2
[
δ(ω − Eq⊥)(1 + n(βq⊥)) + δ(ω + Eq⊥)n(α−q⊥)

]
(F.13)

At T = 0, only the delta function with positive ω contributes to the spin current as there

are on quasiparticles initially in the system. For low momenta, we have

Eq⊥ ≈ vs|q⊥|, and (uq⊥ + vq⊥)
2 = cosh(2θq⊥) + sinh(2θq⊥) =

√
1− γq⊥

1 + γq⊥

=
q⊥

2
√
d

(F.14)

which leads to the following expression for the dynamic structure factor for the T = 0

antiferromagnet

S−+(q⊥, ω) =
πSq⊥√

d
δ(ω − vsq⊥) (F.15)

For the case when the Neel order is perpendicular to the spin quantization axis in the

metal, we assume that spins on sub lattice A are pointing in the ŷ direction and the spins

on sub lattice B are pointing in the −ŷ direction. In this case, we can still use the Holstein-

Primakoff representation of spins after doing a π/2 rotation of our coordinate system with

respect to the x axis. In the rotated coordinate system XY Z we have X = x, Y = −z,

and Z = y. Remembering that our original definitions of S± were with respect to the old

axes, let us denote our spin operators by Σ in the new set of axes. Then

S± = Sx ± iSy = ΣX ± iΣZ (F.16)
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We can now express these in terms of the usual Holstein Primakoff bosons, and after some

algebra, find the following dynamic structure factor in the large-S approximation

S−+(q⊥, ω) =
2πS

4
(uq⊥+vq⊥)

2
[
δ(ω − Eq⊥)(2 + n(αq⊥) + n(βq⊥)) + δ(ω + Eq⊥)(n(α−q⊥) + n(β−q⊥))

]
(F.17)

Using the low momentum limit from [F.14] and taking T → 0, we arrive at the expression

in equation [7.20].
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G.1 Layered Kitaev honeycomb model

G.1.1 Intra-layer Hamiltonian

We model the layered Z2 QSL system as layers of the Kitaev honeycomb model, coupled by

a weak inter-layer interaction. The Kitaev honeycomb model [143] is an exactly solvable

model of interacting spin-1/2s. It is composed of a honeycomb lattice of spins interacting

via direction-dependent exchange interactions,

H0 = −J
∑
⟨j,k⟩

S
αjk

j S
αjk

k , (G.1)

where j, k are nearest neighbors on the hexago lattice, and Sαjk are the x, y, or z component

of the spin operator, depending on the type of link between j and k. The links are denoted

x, y, or z, based on their orientation, as shown in Fig. G.1. Each of the spins is represented

in terms of Majorana fermions bxi , b
y
i , b

z
i , ci as Sαi = ibαi ci; however, the representation in

terms of these fermions spans a larger Fock space, and must be restricted to the physical

Hilbert space of the spins by the gauge Di = bxi b
y
i b
z
i ci = 1. On each α-direction link,

uαij = ibαi b
α
j is conserved, and a theorem by Lieb [172] guarantees that the ground state is

in the sector where it is possible to set uαij = 1 (the flux-free sector). Thus, the ground
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state manifold is described by the free Majorana Hamiltonian

H0 =
1

2
iJ
∑
i,δ

AiBi+δ, (G.2)

with Ai and Bi+δ the ci Majorana on the A and B sublattice, respectively. The δs are the

three vectors connecting the even and odd sublattices, as shown in Fig. G.1.

In order to probe the Z2 QSL with a Fermi surface, we consider further two specific time-

reversal breaking terms, which result in a Fermi surface without creating vison excitations

that would take us out of the ground state manifold:

HTRB = J1
TRB

∑
plaquettes

[Sz1S
y
2S

x
3 − Sx2S

z
3S

y
4 + Sy3S

x
4S

z
5 − Sz4S

y
5S

x
6 + Sx5S

z
6S

y
1 − Sy6S

x
1S

z
2 ]

+ J2
TRB

∑
plaquettes

[Sz1S
y
2S

x
3 + Sx2S

z
3S

y
4 + Sy3S

x
4S

z
5 + Sz4S

y
5S

x
6 + Sx5S

z
6S

y
1 + Sy6S

x
1S

z
2 ] .

(G.3)

Here, the sites labeled 1...6 on each plaquette are shown in Fig. G.1.

In the ground state manifold, these terms are given by

= −iJ1
TRB

∑
plaquettes

[A1A3 −B2B4 +A3A5 −B4B6 +A5A1 −B6B2]

− iJ2
TRB

∑
plaquettes

[A1A3 +B2B4 +A3A5 +B4B6 +A5A1 +B6B2] . (G.4)

We comment that on different lattices, one can also obtain a QSL with a spinon Fermi

surface even in presence of TRS [20, 113, 114, 150, 214, 324].

Lastly, we consider also the effect of disorder in the system via a term Hdis, the exact

form of which will be given later. Thus, the spin liquid we consider is described by

H = H0 +HTRB +Hdis, (G.5)

with HTRB = 0 in the TR invariant case.
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G.1.2 Inter-layer coupling

The most relevant interlayer coupling terms are those that leave each layer in its ground

state; that is, the interlayer coupling must commute with all the uαijs. A general form

of such a tunneling term in the language of the original spins will consist of spin opera-

tors from one layer coupled to spin operators from another. In order to maintain exact

solvability, we consider the interlayer coupling term

H⊥ = J⊥
∑

l,l′=l±1

∑
plaquettes

[
Sz1,lS

y
2,lS

x
3,l − Sx2,lS

z
3,lS

y
4,l + Sy3,lS

x
4,lS

z
5,l − Sz4,lS

y
5,lS

x
6,l + Sx5,lS

z
6,lS

y
1,l − Sy6,lS

x
1,lS

z
2,l

]
×
[
Sz1,l′S

y
2,l′S

x
3,l′ − Sx2,l′S

z
3,l′S

y
4,l′ + Sy3,l′S

x
4,l′S

z
5,l′ − Sz4,l′S

y
5,l′S

x
6,l′ + Sx5,l′S

z
6,l′S

y
1,l′ − Sy6,l′S

x
1,l′S

z
2,l′

]
.

(G.6)

In the Majorana representation this term is given by (again setting ûj,δ = 1)

H⊥ = J⊥
∑

l,l′=l±1

∑
plaquettes

[A1lA3,l −B2,lB4,l +A3,lA5,l −B4,lB6,l +A5,lA1,l −B6,lB2,l]

×
[
A1,l′A3,l′ −B2,l′B4,l′ +A3,l′A5,l′ −B4,l′B6,l′ +A5,l′A1,l′ −B6,l′B2,l′

]
. (G.7)

We have chosen this term as it allows for simple calculations, and in particular it reduces

to a “density-density” interlayer interactions [the F0 term in Eq. (8.2)] in the continuum

limit. We expect the exact form of the coupling term to be unimportant; the important

point is that it must have at least two spinon operators from each layer. This is because

only a spinon pair excitation can be transferred between different layers, and this requires

at least two spinon operators from each. We will comment on the case of a more generic

form of the inter-layer Hamiltonian, having on spin operator in each layer, in Sec. G.1.4

below.

G.1.3 Continuum Hamiltonian

Using fk =
∑

δ e
ik·δ, gk =

∑
i sin(k·ni), ψAl (k) = eiπ/4

∑
j A

l
je
ik·Rj , ψBl (k) = e−iπ/4

∑
j B

l
je
ik·Rj ,

∆k = 4J1
TRBgk, and mk = 4J2

TRBgk (where the vectors ni=1,2,3 are defined in Fig. G.1),

the disorder free Hamiltonian of each layer is given by
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5

1

3

6 2

4

δ1
δ2δ3

n3 n1

n2

x-link

x-link

y-link

y-link

z-link

z-link

Figure G.1: The honeycomb lattice. Each unit cell is composed of an A (blue) and B
(red) atom. Each atom in the A sublattice is connected to three B atoms via the vectors
δ, and to six A atoms via the n vectors. The interaction between neighbors is determined
by the link they share. On each plaquette, the sites are labeled as shown.

H l ≡ H l
0 +H l

TRB =
1

4

∫
d2k

(2π)2

(
ψA†l (k) ψB†

l (k)

) ∆k +mk Jfk

Jf∗k ∆k −mk


 ψAl (k)

ψBl (k)



H⊥ =
1

2
J⊥

∑
l,l′=l±1

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2
gk+k′

[
ψA†l (k)ψAl (k+ q) + ψB†

l (k)ψBl (k+ q)
]

×
[
ψA†l′ (k′)ψAl′ (k

′ − q) + ψB†
l′ (k′)ψBl′ (k

′ − q)
]

(G.8)

The low energy theory is centered near the Dirac points K,K′ = 2π
3

(
± 1√

3
, 1
)
. Near

these points, Jfk ≈ v(kx ± iky), with v = 3J/2. The low energy in-plane Hamiltonian

can thus be written as two Majorana theories with a Dirac dispersion. It is convenient to

consider an equivalent system, of complex fermions which reside only on half the Brillouin

zone; this makes use of the equivalence ψA(k) = ψA†(−k). The low energy theory of this

system is given by a single Dirac cone centered at K, and its in-plane Hamiltonian is given

by H l =
∫

d2k
(2π)2

ψl†kH(k)ψlk, with

H(k) = vσ · k +mσz +∆. (G.9)
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Here ψ†l
k = (ψA†l (k), ψB†

l (k)) is a spinor of complex fermions, σ = (σx, σy) a vector of

Pauli matrices, ∆ = ∆k=K, and m = mk=K. This is Eq. (8.1) in the main text.

In terms of the continuum theory, the inter-plane term in Eq. (G.7) is given by (ne-

glecting the variation of ∆k around the Dirac points)

H⊥ =
1

2
J⊥

∑
l,l′=l±1

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2

×
{
gk+k′

[
ψA†l (k)ψAl (k+ q) + ψB†

l (k)ψBl (k+ q)
] [
ψA†l′ (k′)ψAl′ (k

′ − q) + ψB†
l′ (k′)ψBl′ (k

′ − q)
]

+ gk−k′
[
ψAl (−k)ψAl (k+ q) + ψBl (−k)ψBl (k+ q)

] [
ψA†l′ (k′)ψA†l′ (−k′ + q) + ψB†

l′ (k′)ψB†
l′ (−k′ + q)

]
+ h.c.} (G.10)

We expand the gk form factors for small deviations away from the Dirac point K; we set

F0 = g2K, while the lowest order term in the expansion of gk−k′ away from the K point

vanishes, introducing additional factors of momentum. This will introduce additional

factors of temperature T in the contribution to the thermal conductivity, and we therefore

neglect the pair hopping term.

We work in the basis of the eigenstates of H l
0+H

l
TRB. In the TR symmetric case, where

∆ = m = 0, the eigenstates are given by aλ(k) = [ψA(k)+eiϕkψB(k)]/
√
2, where ϕk is the

angle between kx and ky, and their energies are ϵλk = λvk. For simplicity, in the analysis

of the Z2 QSL with a Fermi surface, we consider the regime ∆ > m > 0, m ≫ ∆ −m.

In this limit, the eigenstates with energy close to the Fermi surface are located almost

entirely on the A sublattice, and we may ignore the sublattice degree of freedom; these

eigenstaes are denoted by a(k) ∼ ψA(k). In this basis, the single layer Green’s functions

are G(k, iνn) = [iνn − k2/2m∗ + µ]−1, with µ = ∆−m, and m∗ = v2/m.

G.1.4 Generic inter-layer Hamiltonian

The inter-layer coupling term (G.6) is designed to maintain the exact solvability of the

model, and for computational convenience. However, generically, we expect the largest

components of the inter-layer coupling Hamiltonian to be quadratic in the spin operators.

Within the Kitaev model, a quadratic inter-layer coupling term (such as a Heisenberg

term, J ′
⊥
∑

α S
α
l S

α
l+1 with α = x, y, z) does not create a pair of spinon excitations in each
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layer. Rather, it creates a pair of spinons and a pair of gapped vison (flux) excitations. In

order to annihilate the pair of flux excitations and return to the low-energy subspace, we

have to apply the J ′
⊥ term again. Thus, it appears that the effective inter-plane interaction

in the low-energy effective Hamiltonian (8.2) is proportional to J⊥ ∼ (J ′
⊥)

2/∆v, where J ′
⊥

is the “microscopic” strength of the inter-layer coupling, and ∆v is the vison gap. One

may then worry that the effective inter-plane interaction J⊥ is too small to contribute

significantly to the inter-layer thermal conductivity.

However, we argue that for a generic intra-layer Hamiltonian that contains also non-

Kitaev terms (such that even the intra-layer Hamiltonian is not exactly solvable), this is

not the case; in fact, J⊥ ∝ J ′
⊥. This is because in the generic case, the vison excitations

are not static, even within the single-layer Hamiltonian. A pair of vison excitations can

annihilate each other without the need for another application of the inter-layer J ′
⊥ term.

To illustrate this, consider the case where there is an additional intra-plane interaction:

HΓ =
∑

⟨i,j⟩,l,α,β

ΓαβS
α
i,lS

β
j,l, (G.11)

where ⟨i, j⟩ denotes two nearest-neighbor sites i, j, and Γαβ is a 3× 3 symmetric matrix.

Such terms are present in real “Kitaev materials” [159].

Consider a quadratic inter-plane coupling term of the form J ′
⊥S

z
1,lS

z
1,l+1, where the

position of the site 1 is indicated in Fig. G.1. We can now derive the effective inter-plane

coupling J⊥ (that creates a pair of spinons in each layer and does not create any visons)

perturbatively in both J ′
⊥ and Γαβ. One can check explicitly that acting with the following

sequence of operators:

Sz1,l
(
Sx1,lS

x
2,l

)(
Sy1,lS

x
2,l

)
× (l → l + 1), (G.12)

amounts to acting c1,lc2,lc1,l+1c2,l+1 and not changing the number of visons in either layer.

The strength of this term is J⊥ ∼ J ′
⊥(ΓxxΓxy)2

∆4
v

. Thus, the term in the effective Hamiltonian

that creates a pair of fermionic spinons in each of the adjacent layers l, l+1 is proportional

to J ′
⊥. Generically, there is no reason to expect Γαβ to be much smaller in magnitude than

∆v, since both energy scales characterize the intra-plane Hamiltonian, and do not involve
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inter-layer coupling. We conclude that in a generic situation, J⊥ and J ′
⊥ are of the same

order of magnitude.

G.2 Evaluation of the integral in Eq. (8.4)

The calculation proceeds similarly to the computation of the lifetime of a quasi-particle

in a Fermi liquid. We integrate over k, k′ first, fixing q. Let us choose the axes such that

q is in the x direction. For q < 2kF , there are pairs of points on the Fermi surface that

are connected by q; we denote these points by k0, k0 + q. Then, we parametrize

k = k0 + δk,

k = −k0 + δk′. (G.13)

It is convenient to linearize the dispersion around the Fermi surface; then, to leading order

in δk,

ϵk = vδkx sin θ + vδky cos θ,

ϵk+q = −vδkx sin θ + vδky cos θ,

ϵk′ = −vδkx sin θ − vδky cos θ,

ϵk′−q = vδkx sin θ − vδky cos θ. (G.14)

Here, sin θ = q
2kF

(see Fig. G.2), and v = kF
m∗ is the Fermi velocity. The integrals over δk,

δk′ can now be performed easily, giving

κc = 2π
J2
⊥
T 2

∫
dϵ1dϵ2dϵ3(1− nF (ϵ1))nF (ϵ2)(1− nF (ϵ3))nF (ϵ1 − ϵ2 + ϵ3)× (ϵ1 − ϵ2)

2

×
∫

d2q

(2π)6
1

v4F cos2 θ sin2 θ
. (G.15)

The integral over ϵ1,2,3 can now be performed; by scaling, this integral is proportional
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to T 5. Substituting θ with q, we get that

κc ∝
J2
⊥
v4F
T 3

∫ 2kF

0
dq

k2F
q
[
1− q2/

(
4k2F

)] . (G.16)

Using ν = kF
2πvF

, we arrive at Eq. (8.4) in the text. The logarithmic divergence comes from

small q scattering, as well as from scattering with momentum transfer close to q = 2kF .

The inelastic lifetime of the quasi-particles in each layer, τ ∝ 1/T 2, is needed in order to

cut off this divergence. There is another contribution from q > 2kF ; this contribution is

parametrically the same as Eq. (G.16).

q

�q

✓

k0

�k0 �k0 � q

k0 + q

Figure G.2: Choice of k0 for a given q when integrating over k, k′ in Eq. (8.4). The blue
circle is the Fermi surface.

G.3 Disordered Z2 QSL

G.3.1 Possible forms of disorder

In a TR invraiant system, we consider disorder in the spin-spin couplings J :

Hdis =
∑
<j,k>

δJjkS
αjk

j S
αjk

k , (G.17)

where again j, k are nearest neighbors and αjk = x, y, z, according to the type of link. In

the Majorana fermion representation, this becomes

Hdis = −1

2
i
∑
i

δJi,i+δAiBi+δ = v

∫
d2kd2k′

(2π)4
ψ†
kAk,k′ · σψk′ , (G.18)

withAk,k′x = 1
J

∑
j,δ ℜ[e−ik

′δδJj,δe
i(k−k′)Rj ],Ak,k′y = 1

J

∑
j,δ ℑ[e−ik

′δδJj,δe
i(k−k′)Rj ]; thus,

the low energy, long-wavelength disorder is of the form of a random vector potential.

Disorder which affects the next nearest neighbor hopping results from three-spin in-
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teraction terms in the original spin model; these terms break time reversal symmetry.

Depending on the relative sign of the disorder between the A and B sublattices, just as in

Eq. (G.4), these terms will give a rise to a scalar potential term

Hdis =

∫
d2kd2k′

(2π)4
Vk,k′ψ†

kψk′ , (G.19)

or a random mass term

Hdis =

∫
d2kd2k′

(2π)4
ψ†
kMk,k′σzψk′ . (G.20)

G.3.2 Inter-layer thermal conductivity

To compute the c-axis conductivity in a disordered, layered Z2 QSL, we compute the rate

at which pairs of spinon excitations tunnel between planes. This can done using the Fermi

golden rule, analogously to Eq. (8.4), replacing the momentum eigenstates with eigenstates

of the disordered intra-plane Hamiltonian.

The general expression for the thermal conductivity is

κc =
2πJ2

⊥
ZT 2

∑
i,f

∑
l,l′

e−
Ei,l
T

−
Ei,l′
T (Ei,l − Ef,l)

2|⟨f |H⊥(l, l
′)|i⟩|2 × δ(Ei,l + Ei,l′ − Ef,l − Ef,l).

(G.21)

Here, H⊥(l, l
′) is the part of the inter-plane Hamiltonian that couples layers l and l′.

|i, f⟩ are the initial and final many-body eigenstates of the system with J⊥ = 0 (decoupled

planes), with corresponding energies Ei,l and Ef,l (at layer l). Since we neglect intra-plane

interactions, we can expand the fermionic spinon operators in the basis of the single-

particle eigenstates of each layer (which include the effects of disorder):

ψηl (x) =
∑
λ

φl,λ,η(x)fλ,l, (G.22)

where η = A,B labels the sublattice, and fλ,l annihilates an eigenstate with energy ξλ,l,

which has the wavefunction φl,λ,η(x).

As in the main text, we will mostly work with an inter-layer Hamiltonian of the “density-

density” form, H⊥(l, l
′) =

∑
η,η′
∫
d2xψη†l (x)ψηl (x)ψ

η†
l′ (x)ψ

η
l′(x), commenting along the
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way about other forms of H⊥. Using Eq. (G.22), we can write the disorder-averaged

c-axis thermal conductivity as

κc =
2πJ2

⊥
T 2

∑
λ1...4

∑
η1...4

nF (ξlλ1) [1− nF (ξlλ3)]nF (ξl′λ2) [1− nF (ξl′λ4)]

×(ξlλ1 − ξlλ3)
2δ (ξlλ1 + ξl′λ2 − ξlλ3 − ξl′λ4)

×
∫
d2x d2x′

⟨
φ∗
lλ1η1(x)φlλ3η1(x)φlλ1η2(x

′)φ∗
lλ3η2(x

′)φ∗
l′λ2η3(x)φl′λ4η3(x)φl′λ2η4(x

′)φ∗
l′λ4η4(x

′)
⟩
dis
,

(G.23)

where ⟨. . . ⟩dis represents disorder averaging.

We denote

gl(q, ε, ε
′) =

∑
λ1,2,η,η′

∫
d2x e−iq·x

⟨
φ∗
lλ1η(x)φlλ2η(x)φlλ1η′(0)φ

∗
lλ2η′(0)

⟩
dis
δ(ε−ξl,λ1)δ(ε′−ξl,λ2),

(G.24)

such that the thermal conductivity is given by

κc =
2πJ2

⊥
T 2

∫
dϵ1dϵ2dωnF (ϵ1) [1− nF (ϵ1 + ω)]nF (ϵ2) [1− nF (ϵ2 − ω)]ω2

×
∫
d2qgl(q, ϵ1, ϵ1 + ω)gl(−q, ϵ2, ϵ2 − ω). (G.25)

The remaining task is to compute the function gl(q, ε, ε
′) for a Z2 QSL with either a

Dirac spectrum or a Fermi surface.

Disordered Dirac

The properties of two-dimensional Dirac fermions coupled to a random vector poten-

tial, that corresponds to a disordered Z2 Dirac QSL with time reversal symmetry, has

been studied extensively in Ref. [179]. Here, we will briefly review some of the results of

Ref. [179], and use them to determine the scaling of the c-axis thermal conductivity with

temperature.

Since the problem is non-interacting, the actions for different frequency modes decouple

(before disorder averaging). The ω = 0 system is described by a fixed line of interacting

theories in d = 1+1 dimensions [179]. The frequency ω corresponds to a relevant operator

with scaling dimension 2 − z, where z = 1 + ∆A/π is the dynamical critical exponent,
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and ∆A is the disorder strength, defined in Eq. (8.11). I.e., under scaling, q → q′ = q/b,

ω → ω′ = ω/bz. The fixed line is characterized by ω/T scaling.

The function gl(q, ε, ε′) satisfies the scaling relation

gl(q, ε1, ε2) = b−ygl (bq, b
zε1, b

zε2) , (G.26)

where y is a critical exponent related to the scaling dimension of the fermion density

operator, which we compute below, and b is a rescaling factor. Choosing b = |ε|−1/z, we

get that gl can be written as

gl(q, ε1, ε2) = |ε1|y/zΦ
(

q

|ε1|1/z
,
ε2
|ε1|

)
, (G.27)

where Φ is a universal scaling function.

To determine y, we notice that gl is related to the density-density correlator:

χ(q, ωn) ≡ ⟨n(q, ωn)n(−q, ωn)⟩

=

∫
d2x e−iq·x

∑
η,η′

∑
α,γ

nF (εα)− nF (εγ)

iωn − εα + εγ

⟨
φ∗
lαη(x)φlγη(x)φlαη′(0)φ

∗
lγη′(0)

⟩
dis

=

∫
dεdε′

nF (ε)− nF (ε
′)

iωn − ε+ ε′
gl(q, ε, ε

′), (G.28)

where nF (ε) is the Fermi function. Using Eq. (G.27), this can be written as

χ(q, ωn) = T 1+y/z

∫
dξdξ′

nF (Tξ)− nF (Tξ
′)

iωn − ξ + ξ′
|ξ|y/zΦ

(
q

T |ξ|1/z
,
ξ′

|ξ|

)
. (G.29)

Here, we have used Eq. (G.27) and performed a change of variables, ε = Tξ, ε′ = Tξ′. On

the other hand, χ(q, ωn = 0) can be expressed as

χ(q, ωn = 0, T ) =

∫ β

0
dτ

∫
d2x e−iq·x⟨nl(x, τ)nl(0, 0)⟩

= T
∑
ν,ν′

∫
d2x e−iq·x⟨nl,ν(x)nl,ν′(0)⟩

= T
∑
ν,ν′

∫
d2x e−iq·xb−2(2−z)⟨nl,ν(x/b)nl,ν′(0)⟩

= b2(z−1)T χ(bq, ω = 0, bzT ). (G.30)
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Here, nl,ν(x) is the Matsubara frequency ν component of the density operator in layer l 1.

In the second to last line we have applied scaling to the correlation function ⟨nl,ν(x)nl,ν′(0)⟩,

using the fact that the scaling dimension of nl,ν(x) is 2− z.[179]

Choosing b = T−1/z in Eq. (G.30), we get that χ(q, ωn = 0, T ) = T
2−z
z Ψ(q/T 1/z), where

Ψ is a scaling function. Comparing this to Eq. (G.28), we can extract the exponent y:

y = 2(1− z). (G.31)

Now, we are in a position to find the scaling of the c-axis thermal conductivity with

temperature. Inserting Eq. (G.27) into Eq. (G.25) results in

κc =
2πJ2

⊥
T 2

∫
dε1dε2dω n(ε1) [1− n(ε1 + ω)]n(ε2) [1− n(ε2 − ω)]ω2

×
∫
d2q |ε1|y/zΦ

(
q

|ε1|1/z
,
ε1 − ω

|ε1|

)
|ε2|y/zΦ

(
− q

|ε2|1/z
,
ε2 − ω

|ε2|

)
(G.32)

Rescaling the integral, ω̃ = ω/T , ε̃1,2 = ε1,2/T , and q̃ = q/T 1/z, we get that

κc ∼
2πJ2

⊥
T 2

T 2/z
(
T 3
) (
T 2
) (
T 4(1−z)/z

)
∼ J2

⊥T
(6−z)/z. (G.33)

This result coincides with that of the clean case in the limit ∆A → 0 (i.e. z = 1+∆A/π →

1).

The analysis above has been done for an inter-plane interaction of the density-density

form. A similar analysis can be done for any quartic inter-plane interaction. The only

difference is the scaling dimension of the fermion bilinear operator that appears in the

interaction term, that can be determined using the methods of Ref. [179]. It turns out,

however, that for any∆A > 0, the density operator is the fermion bilinear with the smallest

scaling dimension. Hence a density-density interaction gives the dominant contribution to

κc at low temperatures.
1The factor of T in front of χ in Eq. (G.30) comes our convention of the Matsubara fermionic fields:

ψ(iνn) = T 1/2
∫ β

0
dτeiνnτψ(τ). In this convention, there are no factors of T in the quadratic part of the

action.
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Disordered FS

In the disordered FS case, we know that the density-density correlation function takes a

diffusive form at small q, ωn:

χ(q, ωn) = ν
Dq2

|ωn|+Dq2
. (G.34)

where D is the diffusion constant, and ν is the density of states at the Fermi level. Com-

paring this to Eq. (G.28), we deduce that gl(q, ε, ε′) should satisfy the following scaling

relation:

gl(q, ε, ε
′) = b2gl(bq, b

2ε, b2ε′). (G.35)

Hence, gl(q, ε, ε′) can be written as

gl(q, ε, ε
′) =

ν

Dq2
Ω

(
ε

Dq2
,
ε′

Dq2

)
, (G.36)

where Ω(ξ, ξ′) is a dimensionless scaling function.

We may now use this form in Eq. (G.25) to get:

κc =
2πJ2

⊥
T 2

∫
dε1dε2dω n(ε1) [1− n(ε1 + ω)]n(ε2) [1− n(ε2 − ω)]ω2

×
∫
d2q

ν2

D2q4
Ω

(
ε1
Dq2

,
ε1 − ω

Dq2

)
Ω

(
ε2
Dq2

,
ε2 − ω

Dq2

)
. (G.37)

Changing variables to ε̃1,2 = ε1,2/T , q̃ = q/
√
DT , we obtain

κc ∼ J2
⊥ν

2T
2

D
. (G.38)

This result coincides with the result of the Kubo formula calculation described in the main

text.

G.4 Kubo formula for the thermal conductivity

G.4.1 Thermal current operator

The systems we consider consist of layers of quasi-2D QSLs, described by the in-plane

Hamiltonian H l, and coupled by interplane hopping terms which may be written as sums
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of terms of the form H⊥ = J⊥O
lOl+1, where Ol is composed of operators of the l level

only. The energy density of a single layer l is thus (for a single term H⊥; the extension to

a sum of terms is straightforward)

El = H l +
1

2
J⊥

{
OlOl−1 +OlOl+1

}
. (G.39)

Its time derivative is then

Ėl = iJ⊥
{
[Ol,H l]Ol−1 + [Ol,H l]Ol+1 +

1

2
[H l, Ol]Ol−1 +

1

2
[H l, Ol]Ol+1

+
1

2
[H l−1, Ol−1]Ol +

1

2
[H l+1, Ol+1]Ol

}
+O(J2

⊥)

=
1

2
iJ⊥

{
[H l−1, Ol−1]Ol − [H l, Ol]Ol−1 + [H l+1, Ol+1]Ol − [H l, Ol]Ol+1

}
+O(J2

⊥)

=
1

2
J⊥

{
Ȯl−1Ol − ȮlOl−1 + Ȯl+1Ol − ȮlOl+1

}
+O(J2

⊥) (G.40)

where in the last equality we have used the fact that to lowest order in J⊥, Ȯl = i[H l, Ol].

The thermal current operator is given by [186]

JQ =
∑
l

lĖl, (G.41)

and therefore

JQ =
1

2
J⊥
∑
l

{
(l + 1)ȮlOl+1 − lȮlOl−1 + (l − 1)ȮlOl−1 − lȮlOl+1

}
+O(J2

⊥)

=
∑
l

JQl,l+1 +O(J2
⊥) (G.42)

with JQl,l+1 = 1
2J⊥

(
ȮlOl+1 −OlȮl+1

)
. This formula satisfies the continuity equation

JQl,l+1 − JQl−1,l = Ėl.

G.4.2 Inter-layer thermal current for layered Kitaev honeycomb model

For the Z2 system, the coupling term is given by Eq. (G.8)

H⊥ =
1

2
J⊥F0

∑
l,l′=l±1

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2
(G.43)

×
[
ψA†l (k)ψAl (k+ q)ψA†l′ (k′)ψAl′ (k

′ − q) + (Al → Bl) + (Al
′ → Bl′) + (Al → Bl & Al

′ → Bl′)
]
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and therefore

JQ =
1

2
J⊥F0

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2

∑
l

∂t

[
ψA†l (k)ψAl (k+ q)

]
(G.44)

×
[(
ψA†l+1(k

′)ψAl+1(k
′ − q)− ψA†l−1(k

′)ψAl−1(k
′ − q)

)
+ (Al → Bl)

+(Al
′ → Bl′) + (Al → Bl&Al

′ → Bl′)

]

Fourier transforming with respect to imaginary time results in

JQ(iωn) =
1

2
J⊥F0

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2
1

β3

∑
νn,νm,Ωn

Ωn
∑
l

[
ψA†l (k, iνn)ψ

A
l (k+ q, iνn + iΩn)

]
×
[(
ψA†l+1(k

′, iνm)ψ
A
l+1(k

′ − q, iνm − iΩn + iωn)− (l + 1) → (l − 1)
)

+ (Al → Bl) + (Al
′ → Bl′) + (Al → Bl&Al

′ → Bl′)
]

(G.45)

We again revert to the complex fermion representation, and consider states only near the

Dirac point K. Transforming to the eigenstates of H yields, for m = 0,

JQ(iωn) =
1

25
J⊥

∑
l,η=±1

η

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2

∑
λ1...λ4=±1

1

β3

∑
νn,νm,Ωn

Ωn (G.46)

× F λ1...λ4k,k′,q a
l†
λ1
(k, iνn)a

l
λ2(k+ q, iνn + iΩn + iωn)a

l+η†
λ3

(k′, iνm)a
l+η
λ4

(k′ − q, iνm − iΩn),

where F λ1...λ4k,k′,q corresponds to the transformation of F0 from the sublattice to the eigenstate

basis, while for the case ∆ > m > 0,m ≫ ∆ −m, we neglect the contribution of the the

B sublattice and get a simpler expression

JQ(iωn) =
1

25
J⊥F0

∑
l,η=±1

η

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2
1

β3

∑
νn,νm,Ωn

Ωn (G.47)

× al†(k, iνn)a
l(k+ q, iνn + iΩn + iωn)a

l+η†(k′, iνm)a
l+η(k′ − q, iνm − iΩn).

G.4.3 Thermal conductivity

The thermal conductivity is given by [182, 183, 276]

κ =
−1

T
lim
ω→0

ℑ [Π(ω)]

ω
, (G.48)
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where Π(ω) is the retarded thermal-current thermal-current correlation function. Using

Eq. (8.14), and an extended definition of the four point correlation function in Eq. (8.15)

(in the TR broken case, there is only a single band λ that crosses the Fermi surface)

Υλ1,λ2(k1,k
′
1,q; iνn, iνm)

=
⟨
a†λ1(k1, iνn)aλ2(k1 + q, iνm)a

†
λ2
(k′

1 + q, iνm)aλ1(k
′
1, iνn)

⟩
,

(G.49)

we get

Π(iωn) =
1

64
J2
⊥
1

β

∑
Ωn

Ω2
n

∫
d2q

(2π)2
1

β

∑
νn

∫
d2k1d

2k2
(2π)4

1

β

∑
νm

∫
d2k′1d

2k′2
(2π)4

(G.50)

×
[ ∑
λ1...λ4

F λ1,λ2,λ3,λ4
k1,k′

1,q
F λ2,λ1,λ4,λ3
k2,k′

2,−q
Υλ2,λ1(k1,k2,q;−iνn − iΩn − iωn,−iνn)

×Υλ3,λ4(k
′
1,k

′
2,−q; iνm, iνm − iΩn)

]

The function Υk(z, z + iΩn) (supressing the momentum and λ dependence for clarity)

has branch cuts for ℑ[z] = 0,ℑ[z] = −iΩn; using the usual contour integration method,

as explained in [186], for example, it can be shown that

1

β

∑
νn

Υ(z, z + iΩn) =

∫
dϵ1
2πi

nF (ϵ1)
[
Υk(ϵ

+
1 , ϵ1 + iΩn)−Υk(ϵ

−
1 , ϵ1 + iΩn)

]
(G.51)

+

∫
dϵ1
2πi

nF (ϵ1)
[
Υk(ϵ1 − iΩn, ϵ

+
1 )−Υk(ϵ1 − iΩn, ϵ

−
1 )
]

where ϵ± = ϵ ± iδ, with δ a positive infinitesimal. Performing first the summations

over νn and νm, which result in integrations over ϵ1, ϵ3, the summation over the bosonic

frequencies Ωn gives (again integrating along the branch cuts of the Υ functions)

Performing first the summations over νn and νm, which result in integrations over ϵ1, ϵ3,

the summation over the bosonic frequencies Ωn gives (again integrating along the brach
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cuts of the Υ functions)

Q(iωn) ≡
1

β3

∑
νn,νm,Ωn

Ω2
nΥk(iνn, iνn + iΩn)Υk′(iνm, iνm − iΩn + iωn) = (G.52)∫

dϵ1
2πi

∫
dϵ3
2πi

nF (ϵ1)nF (ϵ3)

∫
dϵ2
2πi

×

nB(x)x
2
[
Υk(ϵ

+
1 , ϵ

+
2 )−Υk(ϵ

+
1 , ϵ

−
2 )−Υk(ϵ

−
1 , ϵ

+
2 ) + Υk(ϵ

−
1 , ϵ

−
2 )
]
×[

Υk′(ϵ+3 ,−x+ ϵ3 + iωn)−Υk′(ϵ−3 ,−x+ ϵ3 + iωn) + Υk′(x+ ϵ3 − iωn, ϵ
+
3 )−Υk′(x+ ϵ3 − iωn, ϵ

−
3 )
]

−nB(−x)x2
[
Υk(ϵ

+
2 , ϵ

+
1 )−Υk(ϵ

+
2 , ϵ

−
1 )−Υk(ϵ

−
2 , ϵ

+
1 ) + Υk(ϵ

−
2 , ϵ

−
1 )
]
×[

Υk′(ϵ+3 , x+ ϵ3 + iωn)−Υk′(ϵ−3 , x+ ϵ3 + iωn) + Υk′(−x+ ϵ3 − iωn, ϵ
+
3 )−Υk′(−x+ ϵ3 − iωn, ϵ

−
3 )
]

+nB(y)(y + iωn)
2
[
Υk′(ϵ+2 , ϵ

+
3 )−Υk′(ϵ+2 , ϵ

−
3 )−Υk′(ϵ−2 , ϵ

+
3 ) + Υk′(ϵ−2 , ϵ

−
3 )
]
×[

Υk(ϵ
+
1 , ϵ1 + y + iωn)−Υk(ϵ

−
1 , ϵ1 + y + iωn) + Υk(ϵ1 − y − iωn, ϵ

+
1 )−Υk(ϵ1 − y − iωn, ϵ

−
1 )
]

−nB(−y)(−y + iωn)
2
[
Υk′(ϵ+3 , ϵ

+
2 )−Υk′(ϵ+3 , ϵ

−
2 )−Υk′(ϵ−3 , ϵ

+
2 ) + Υk′(ϵ−3 , ϵ

−
2 )
]
×[

Υk(ϵ
+
1 , ϵ1 − y + iωn)−Υk(ϵ

−
1 , ϵ1 − y + iωn) + Υk(ϵ1 + y − iωn, ϵ

+
1 )−Υk(ϵ1 + y − iωn, ϵ

−
1 )
]
,

with x = ϵ2 − ϵ1, y = ϵ2 − ϵ3.

Performing the analytical continuation by replacing iωn → ω + iδ and massaging the

expressions a bit results in

Q(ω) =

∫
dϵ1
2πi

∫
dϵ2
2πi

∫
dϵ3
2πi

×

nB(x)x
2 [nF (ϵ1)− nF (ϵ2)]

[
Υk(ϵ

+
1 , ϵ

+
2 )−Υk(ϵ

+
1 , ϵ

−
2 ) + c.c.

]
×[

nF (ϵ3)
(
Υk′(ϵ+3 , ϵ

+
3 − x+ ω)−Υk′(ϵ−3 , ϵ

+
3 − x+ ω)

)
+ nF (ϵ3 − x+ ω)

×
(
Υk′(ϵ−3 , ϵ

+
3 − x+ ω)−Υk′(ϵ−3 , ϵ

−
3 − x+ ω)

) ]
−nB(y)(−y + ω)2 [nF (ϵ3)− nF (ϵ2)]

[
Υk′(ϵ+3 , ϵ

+
2 )−Υk′(ϵ−3 , ϵ

+
2 )− c.c

]
×[

nF (ϵ1)
(
Υk(ϵ

+
1 , ϵ

+
1 − y + ω)−Υk(ϵ

−
1 , ϵ1 − y + ω)

)
+nF (ϵ1 − y + ω)

(
Υk(ϵ

−
1 , ϵ

+
1 − y + ω)−Υk(ϵ

−
1 , ϵ

−
1 − y + ω)

) ]
The imaginary part of the above expression is (using the fact thatΥk(ϵ

+
1 , ϵ

+
2 ) = Υk(ϵ

−
1 , ϵ

−
2 )

∗
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and Υk(ϵ
+
1 , ϵ

−
2 ) = Υk(ϵ

−
1 , ϵ

+
2 )

∗)

ℑ[Q(ω)] =

∫
dϵ1
2πi

∫
dϵ2
2πi

∫
dϵ3
2πi

×

2ℜ
[
Υk(ϵ

+
1 , ϵ

+
2 )−Υk(ϵ

+
1 , ϵ

−
2 )
]
×ℜ

[
Υk′(ϵ+3 , ϵ

+
3 − x+ ω)−Υk′(ϵ−3 , ϵ

+
3 − x+ ω)

]
×

[nF (ϵ3)− nF (ϵ3 − x+ ω)]× [nF (ϵ1)− nF (ϵ2)]nB(x)x
2

−2ℜ
[
Υk′(ϵ+3 , ϵ

+
2 )−Υk′(ϵ−3 , ϵ

+
2 )
]
×ℜ

[
Υk(ϵ

+
1 , ϵ

+
1 − y + ω)−Υk(ϵ

−
1 , ϵ

+
1 − y + ω)

]
×

[nF (ϵ1)− nF (ϵ1 − y + ω)] [nF (ϵ1)− nF (ϵ2)]nB(−y)(−y + ω)2

In the second line replace ϵ2 → ϵ1 − ϵ2 + ϵ3 + ω to get

ℑ[Q(ω)] =

∫
dϵ1
2πi

∫
dϵ2
2πi

∫
dϵ3
2πi

×

2ℜ
[
Υk(ϵ

+
1 , ϵ

+
2 )−Υk(ϵ

+
1 , ϵ

−
2 )
]
×ℜ

[
Υk′(ϵ+3 , ϵ1 − ϵ2 + ϵ+3 + ω)−Υk′(ϵ−3 , ϵ1 − ϵ2 + ϵ+3 + ω)

]
×

(ϵ2 − ϵ1)
2 [nF (ϵ1)− nF (ϵ2)]× [nF (ϵ3)− nF (ϵ3 − ϵ2 + ϵ1 + ω)] [nB(ϵ2 − ϵ1)− nB(ϵ2 − ϵ1 − ω)]

(G.53)

Therefore, using the identity

[nF (ϵ1)− nF (ϵ2)] [nF (ϵ3)− nF (ϵ3 − ϵ2 + ϵ1)]
∂

∂ϵ
nB(ϵ2 − ϵ1)

=
1

T
(1− nF (ϵ1))nF (ϵ2)(1− nF (ϵ3))nF (ϵ1 − ϵ2 + ϵ3),

(G.54)

we get

lim
ω→0

ℑ[Q(ω)]

ω
=

1

T

∫
dϵ1
2πi

∫
dϵ2
2πi

∫
dϵ3
2πi

×

2ℜ
[
Υk(ϵ

+
1 , ϵ

+
2 )−Υk(ϵ

+
1 , ϵ

−
2 )
]
×ℜ

[
Υk′(ϵ+3 , ϵ1 − ϵ2 + ϵ+3 + ω)−Υk′(ϵ−3 , ϵ1 − ϵ2 + ϵ+3 + ω)

]
×

(ϵ2 − ϵ1)
2 × (1− nF (ϵ1))nF (ϵ2)(1− nF (ϵ3))nF (ϵ1 − ϵ2 + ϵ3). (G.55)

Inserting this into the formula for κ, Eq. (8.12), and writing the momentum and band

dependence explicitly, results in
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κ ∼
J2
⊥
T 2

∫
d2k1
(2π)2

d2k2
(2π)2

d2k′1
(2π)2

d2k′2
(2π)2

d2q

(2π)2

∫
dϵ1
2π

∫
dϵ2
2π

∫
dϵ3
2π

∑
λ1...4

× F λ1,λ2,λ3,λ4
k1,k′

1,q
F λ2,λ1,λ4,λ3
k2,k′

2,−q

× ℜ[Υλ1λ2(k1,k2,q; ϵ
+
1 , ϵ

+
2 )−Υλ1λ2(k1,k2,q; ϵ

+
1 , ϵ

−
2 )]

× ℜ[Υλ3λ4(k
′
1,k

′
2,−q; ϵ+3 , ϵ1 − ϵ2 + ϵ+3 )−Υλ3λ4(k

′
1,k

′
2,−q; ϵ−3 , ϵ1 − ϵ2 + ϵ+3 )]

× (1− nF (ϵ1))nF (ϵ2)(1− nF (ϵ3))nF (ϵ1 − ϵ2 + ϵ3)× (ϵ1 − ϵ2)
2. (G.56)

G.4.4 Clean case

In this case, as Υλ1,λ2(k1,k2,q; ϵ
±
1 , ϵ

+
2 ) = δ(k1 − k2)G

R/A
λ1

(k1, ϵ1)G
R
λ2
(k1 + q, ϵ2), the for-

mula for the thermal conductivity is

κ =
J2
⊥
T 2

∫
d2k

(2π)2
d2k′

(2π)2
d2q

(2π)2

∫
dϵ1
2π

∫
dϵ2
2π

∫
dϵ3
2π

(ϵ1 − ϵ2)
2
∑
λ1...4

|F λ1,λ2,λ3,λ4k,k′,q |2

×Aλ1(k, ϵ1)Aλ2(k+ q, ϵ2)Aλ3(k
′, ϵ3)Aλ4(k

′ − q, ϵ1 − ϵ2 + ϵ3)

×(1− nF (ϵ1))nF (ϵ2)(1− nF (ϵ3))nF (ϵ1 − ϵ2 + ϵ3), (G.57)

with Aλ(k, ϵ) = −2ℑ[GRλ (k, ϵ)] the spinon spectral function, which is Aλ(k, ϵ1) = 2πδ(ϵ−

ϵλk) in the clean case. This results in the formula derived in the main text, Eq. (8.4).

G.4.5 Effects of potential disorder

For a Z2 QSL with a Fermi surface, we consider the effects of potential disorder. In the

self consistent Born approximation (SCBA), which is valid for weak disorder such that

kF ℓ≫ 1, the dressed Green’s function has the form

GRλ (k, ω) = GA∗λ (k, ω) =
1

ω − ϵ
λk + i/2τ

, (G.58)

where τ = ℓ/vF is the disorder-induced lifetime.

In calculating the 4-point correlation function

Υ(k,k′,q; iνn, iνm) =
⟨
ψ†
l (k, iνn)ψl(k+ q, iνm)ψ

†
l (k

′ + q, iνm)ψl(k
′, iνn)

⟩
dis
, (G.59)
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= +

+ +...

k k'

k+q k'+q

Figure G.3: In the self consistent Born approximation, which is valid when kF lmfp ≫ 1,
only ladder diagrams without crossed disorder lines contribute to the vertex function. In
this figure the full lines are renormalized electron propagators, and dashed lines represent
the effects of disorder.

we define the vertex function Γq(iνn, iνm) such that

Υ(k,k′,q; iνn, iνm) = δ(k− k′)G(k, iνn)G(k+ q, iνm) (G.60)

+ Γq(iνn, iνm)G(k, iνn)G(k+ q, iνm)G(k
′, iνn)G(k

′ + q, iνm)

In the SCBA, the vertex function is given by the set of ladder diagrams, which are schemat-

ically shown in Fig G.3. The sum of all ladder diagrams results in the following self

consistent equation for Γq(iνn, iνm):

Γλ,λ(k,k+ q; iνn, iνm) =
1

2πντ
+

1

2πντ
Γq(iνn, iνm)

∫
d2k

(2π)2
G(k, iνn)G(k+ q, iνm)

=
1

2πντ

1

1− 1
2πντ

∫
d2k
(2π)2

G(k, iνn)G(k+ q, iνm)

The important contribution to the thermal conductivity comes from the region of small

q and small frequencies (ϵ, vFq < T , with vF the Fermi velocity). In this region,

Γ(q; ϵ+1 , ϵ
−
2 ) ≈ 1

2πντ2
1

−i(ϵ2 − ϵ1) +Dq2
,

Γ(q; ϵ+1 , ϵ
+
2 ) ≈ 0 (G.61)

with D = vlmfp/2 the diffusion constant.

Starting from Eq. (G.56), we perform the Sommerfeld expansion with respect to ϵ1.
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The first non-vanishing contribution, in powers of T , occurs for the term:

κ ∼ J2
⊥

∫
d2k1
(2π)2

d2k2
(2π)2

d2k′1
(2π)2

d2k′2
(2π)2

d2q

(2π)2

∫
dϵ2
2π

∫
dϵ3
2π

× ℜ[Υ(k1,k2,q; 0
+, ϵ+2 )−Υ(k1,k2,q; 0

+, ϵ−2 )]

× ℜ[Υ(k′
1,k

′
2,−q; ϵ+3 ,−ϵ2 + ϵ+3 )−Υ(k′

1,k
′
2,−q; ϵ−3 ,−ϵ2 + ϵ+3 )]

× nF (ϵ2)(1− nF (ϵ3))∂ϵnF (−ϵ2 + ϵ3)× ϵ22,

where, at T ≪ EF , the last line becomes nF (ϵ2)(1 − nF (ϵ3))δ(−ϵ2 + ϵ3) × ϵ22 = δ(−ϵ2 +

ϵ3)T
∂
∂ϵ2
nF (ϵ2)ϵ

2
2. Here we have again set the form factor Fk,k′,q = 1 as we are dealing

with a single band which crosses the Fermi energy, which is localized on the A sublattice .

After substituting the SCBA result, Eq. (G.61), we are left with (neglecting terms with

all poles on the same side of the real axis, as these give subleading contributions, and the

vertex-less terms, which give a T 3 result)

κ ∼ J2
⊥T

∫
d2k1
(2π)2

d2k2
(2π)2

d2k′1
(2π)2

d2k′2
(2π)2

d2q

(2π)2

∫
dϵ

2π

× Γq(0
+, ϵ−)GR(k1, 0)G

A(k1, ϵ)G
R(k2, 0)G

A(k2, ϵ)

× Γq(ϵ
+, 0−)GR(k1, ϵ)G

A(k1, 0)G
R(k2, ϵ)G

A(k2, 0)

× ∂

∂ϵ
nF (ϵ)ϵ

2,

We are interested in the contribution at small q, which has the potential of being singu-

lar; we therefore set q → 0 and ϵ→ 0 in the Green’s functions, which results in (Using the

relationGR(k, ϵ)GA(k, ϵ) = A2(k, ϵ) ≈ τδ(ϵk−ϵ), and therefore
∫
d2k/(2π)2GR(k, 0)GA(k, 0) =

ντ , where ν is the density of states at the Fermi energy,

κ ∼ J2
⊥T

∫
dϵ

2π

∫
d2q

(2π)2
ℜ
[

ν

−iϵ+Dq2

]
ℜ
[

ν

iϵ+Dq2

]
∂

∂ϵ
nF (ϵ)ϵ

2

= J2
⊥ν

2T

∫
dϵ

2π

∫
d2q

(2π)2

(
Dq2

ϵ2 +D2q4

)2
∂

∂ϵ
nF (ϵ)ϵ

2

= J2
⊥
ν2

D
T

∫
dϵ

2π

∂

∂ϵ
nF (ϵ)|ϵ| ∼ J2

⊥
ν2

D
T 2
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G.4.6 Pair hopping term

We have ignored the pair hopping term in the paper and in the previous sections. This

is because its contribution is similar to that of the spinon-hole hopping term. Performing

the Matsubara summation for the pair hopping term results in

J2
⊥
T 2

∫
d2k1
(2π)2

d2k2
(2π)2

d2k′1
(2π)2

d2k′2
(2π)2

d2q

(2π)2

∫
dϵ1
2π

∫
dϵ2
2π

∫
dϵ3
2π

∑
λ1...4

×ℜ[Υ̃λ1λ2(k1,k2,q;−ϵ+1 , ϵ
+
2 )− Υ̃λ1λ2(k1,k2,q;−ϵ+1 , ϵ

−
2 )]

×ℜ[Υ̃λ3λ4(k
′
1,k

′
2,−q;−ϵ+3 , ϵ1 − ϵ2 + ϵ+3 )− Υ̃λ3λ4(k

′
1,k

′
2,−q;−ϵ−3 , ϵ1 − ϵ2 + ϵ+3 )]

×(1− nF (ϵ1))nF (ϵ2)(1− nF (ϵ3))nF (ϵ1 − ϵ2 + ϵ3)× (ϵ1 − ϵ2)
2, (G.62)

where Υ̃λ1λ2(k1,k2,q; iνn, iνm) = ⟨aλ1(−k1,−iνn)aλ2(k1 + q, iνm)a
†
λ2
(k2 + q, iνm)a

†
λ1
(−k2, iνn)⟩.

An analysis similar to that following Eq. (G.59) shows that

Υ̃λ1λ2(k1,k2,q;−ϵ+1 , ϵ
−
2 ) = δ(k1 − k2)G

R
λ1(−k1, ϵ1)G

A
λ2(k1 + q, ϵ2)

+ Γq(ϵ
+
1 , ϵ

−
2 )G

R
λ1(−k1, ϵ1)G

A
λ2(k1 + q, ϵ2)G

R
λ1(−k2, ϵ1)G

A
λ2(k2 + q, ϵ2)

Υ̃λ1λ2(k1,k2,q;−ϵ+1 , ϵ
+
2 ) = δ(k1 − k2)G

R
λ1(−k1, ϵ1)G

R
λ2(k1 + q, ϵ2),

(G.63)

with Γq(ϵ
+
1 , ϵ

−
2 ) =

1
2πντ2

1
−i(ϵ2−ϵ1)+Dq2 as before; this term therefore contributes the same

as the spinon-hole hopping term.

G.5 U(1) Quantum Spin Liquid

G.5.1 Clean spinon thermal conductivity

In this case, the interlayer coupling is given by Eq. (8.2)

H⊥,sp = Jsp⊥

∫
d2kd2k′d2q

(2π)6
ψ∗
l (k)ψl(k+ q)ψ∗

l′(k
′)ψl′(k

′ − q); (G.64)
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Plugging this into the formula for the thermal current operator Eq. (G.42), and using the

Kubo formula just as in Eq. ( G.50), results in

κsp =
Jsp2⊥
T 2

∫
d2kd2k′d2q

(2π)6

∫
dϵ1dϵ2dϵ3
(2π)3

A(k, ϵ1)A(k+ q, ϵ2)A(k
′, ϵ3)A(k

′ − q, ϵ1 − ϵ2 + ϵ3)×

(ϵ1 − ϵ2)
2nF (−ϵ1)nF (ϵ2)nF (−ϵ3)nF (ϵ1 − ϵ2 + ϵ3), (G.65)

with A(k, ϵ) the spinon spectral function

A(k, ϵ) =
2cϵ2/3

(ϵk − µ)2 + c2ϵ4/3
, (G.66)

A(k, ϵ = 0) = 2πδ(ϵk − µ),

and c = (kF /m)χ
−2/3
D k

−1/3
0 . [125, 163, 164, 204, 206, 226, 269] We consider the contribu-

tion of q ≪ kF , expanding ϵk+q ≈ vF |k+ q|; we then apply the Sommerfeld expansion

according to ϵ1, and the largest contribution at low T comes from the term where the

derivative is applied to nF (ϵ1 − ϵ2 + ϵ3)

κsp ≈ Jsp2⊥

∫
d2kd2k′d2q

(2π)6

∫
dϵ2dϵ3
(2π)2

A(k, 0)A(k+ q, ϵ2)A(k
′, ϵ3)A(k

′ − q,−ϵ2 + ϵ3)

× ϵ22nF (ϵ2)nF (−ϵ3)∂ϵnF (−ϵ2 + ϵ3),

(G.67)

which at low temperatures becomes

κsp ≈ Jsp2⊥ T

∫
d2kd2k′d2q

(2π)6

∫
dϵ2
2π

A(k, 0)A(k+ q, ϵ2)A(k
′, ϵ2)A(k

′ − q, 0)
∂nF (ϵ2)

∂ϵ2
ϵ22.

(G.68)

Using

∫
d2k

(2π)2
A(k, 0)A(k+ q, ϵ) = ν

∫
dθ

cϵ2/3

v2F q
2 cos2 θ + c2ϵ4/3

=
ν√

v2F q
2 + c2ϵ4/3

(G.69)

we find that

κsp ≈ Jsp2⊥ ν2T

∫
dϵ

2π

∂nF (ϵ)

∂ϵ

∫
d2q

(2π)2
ϵ2

v2F q
2 + c2ϵ4/3

≈
Jsp2⊥ ν2

v2F
T 3 log

(
T

(W/c)3/2

)
(G.70)
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where W is a UV cut-off.

G.5.2 Clean gauge photon thermal conductivity

In this case, the coupling of the interlayer gauge-fields is given by Eq. (8.22)

H⊥,ph = Jph⊥

∫
d2k

(2π)2
k2aTl (k)a

T
l′ (k

′), (G.71)

and therefore the thermal conductivity is

(Jph⊥ )2

T

∫
d2k

(2π)2
k4
∫ ∞

0
dϵA2

ph(k, ϵ)ϵ
2∂ϵnB(ϵ), (G.72)

where Aph(k, ϵ) = γ |ω|k
χ2k6+γ2ω2 is the photon spectral function. This results in

κ =
γ2(Jph⊥ )2

T

∫
d2k

(2π)2
k6
∫ ∞

0
dϵ

ϵ4

(χ2k6 + γ2ϵ2)2
∂ϵnB(ϵ) (G.73)

∼
γ2(Jph⊥ )2

T

(
γ

χ

)−4/3 ∫ ∞

0
dϵϵ8/3∂ϵnB(ϵ) ∼ (Jph⊥ )2γ2/3χ4/3T 5/3.

In our calculation of the interlayer thermal conductivity, we have neglected processes

which transfer a larger number of gauge-invariant excitations between the layers (for ex-

ample, two spinons and a photon). This is because their contribution to κc has a higher

power of T and is therefore negligible in the limit of low temperature.
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