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Abstract

Quantum phase transitions occur strictly at zero temperature and are accessed by varying a physical
parameter such as a magnetic field or chemical potential. While these transitions themselves are ex-
perimentally inaccessible, the existence of a zero temperature quantum critical point has remarkable
effects on the dynamical properties of interacting quantummany-body systems at finite tempera-
tures. In this thesis, we study dynamics in four strongly interacting many-body systems near quan-
tum critical points in the context of NMR relaxation, quantum quenches, many-body quantum
chaos, and charge diffusion.

In chapter 1, we begin by revisiting the issue of NMR relaxation in the quantum disordered
phase of Ising spin chains. We find that the imaginary part of the spin susceptibility at low fre-
quences is dominated by rare quantum processes which leads to an NMR relaxation rate that scales
as 1/T1 ∼ exp(−2Δ

T ) near the quantum critical point rather than the previously conjectured
1/T1 ∼ exp(−Δ

T ). These results resolve certain discrepancies between the energy scales measured
with different experimental probes in the quantum disordered paramagnetic phase of the Ising
chain system CoNb2O6.

In chapter 2, we study the non-equilibrium dynamics of Sachdev-Ye-Kitaev (SYK) models with q
body interactions after a quantum quench, considering a quench protocol which drives the system
from an initial state with long-lived quasiparticle excitations to a final state lacking any long-lived
quasiparticle excitations. For q = 4, we find that the timescale for the system to locally thermalize
τeq ∼ h̵

kBT and for q→∞we find that the system thermalizes instantaneously.
In chapter 3, we study the real time dynamics of quantum electrodynamics in 2+1 dimensions

withNf flavors of fermions. We focus on thermalization and the onset of many-body quantum
chaos and compute the quantum Lyapunov exponent in a 1

Nf
expansion. We briefly comment on

chaos, locality, and gauge invariance.
Finally, in Chapter 4 we consider whether the butterfly velocity - a speed at which quantum in-

formation propagates - may provide a fundamental bound on diffusion constants in dirty incoher-
ent metals by computing the charge diffusion constant and the butterfly velocity in charge-neutral
holographic matter with long wavelength “hydrodynamic” disorder. In this limit, we find that the
butterfly velocity does not set a sharp lower bound for the charge diffusion constant.
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Poets say science takes away from the beauty of the stars -

mere globs of gas atoms. I too can see the stars on a desert

night, and feel them. But do I see less or more?

Richard P. Feynman

0
Introduction

0.1 Emergent Phenomena and Universality

The overarching goal of condensed matter physics is to understand how interactions of microscopic

degrees of freedom on the lattice level can lead to macroscopic phenomena which has a simplified

description. To achieve this understanding, it is not enough to know how the individual micro-

scopic degrees of freedom interact with each other. At each level of complexity, new interactions

1



and symmetries emerge which lead to more and richer phenomena6. In BCS superconductors, the

charge carriers are no longer single electrons but Cooper pairs which are formed via attractive in-

teractions mediated by the lattice vibrations. In CoNb2O6 structures, the low energy excitations

can be described in terms of spinless free fermions which are formed from nonlocal collections of

locally interacting spin degrees of freedom119. In spin liquids, fractionalization of the electron leads

to chargeless spinon excitations with interact with each other via an emergent gauge field. Finally, in

the “strange metal” phase of cuprate superconductors, the emergent low energy excitations have no

single particle description at all and behave like a highly entangled quantum fluid.

The study of critical phenomena has led to the development of many tools which allow us to

systematically identify the relevant collective degrees of freedom from the microscopic physics. As

a system approaches criticality, fluctuations persist throughout the entire system leading to a loss

of microscopic scales. Through a coarse graining procedure, the low energy description of a system

can often by described via a continuum field theory and the symmetries of this field theory strongly

constrain scaling forms of correlations, susceptibilities, and other quantities. Many theories with

vastly different microscopic degrees of freedom are described by the same continuum theory leading

to identical scaling behavior, known as “universality”. While the concept of universality class was

first introduced to explain the scaling of static quantities such as spin susceptibility, it extends to the

description of dynamic quantities and responses of systems near criticality97,111.

In summary, the study of condensed matter shows us that more is different but more is also the

same112. This dichotomy is especially pronounced in the study of quantum critical phenomena

where strong quantum fluctuations provide new phenomena that may also be conceptually sim-

ilar to the dissipative dynamics of classical black holes. This thesis will focus on universal dynam-

ics of systems in the vicinity of a quantum critical point. In this regime, characteristic timescales

emerge from the interplay of quantum and thermal fluctuations and their dependence on micro-

scopic properties of the system is constrained to fixed scaling forms.

2



In the rest of this chapter, we will provide a general overview of quantum phase transitions and

relevant background on the four examples of quantum critical matter that will be addressed in this

thesis. The first two examples are lattice models start while the latter two are start directly from a

universal continuum description. We will end by summarizing the organization of this thesis.

0.2 Quantum Phase Transitions

A general definition of a phase transitions is a change in the state of a thermodynamic system from

one phase to another accompanied by a non-analyticity in the thermodynamic free energy. In first

order phase transitions, the non-analyticity is manifested in a latent heat and in second order phase

transitions it is manifested in a diverging susceptibility. At finite temperatures, phase transitions

occurring in equilibrium are most often driven by thermal fluctuations reflected in a balancing of

energetic and entropic contributions to the free energy.

By contrast, quantum phase transition are transitions between different quantum states of matter

at zero temperature and are driven by varying a physical parameter such as a magnetic field. In the

infinite lattice limit, quantum phase transitions are characterized by a non-analyticity in the ground

state energy of the system in which an excited state becomes the ground state.

We will focus on second order quantum phase transitions in which low energy fluctuations are

characterized by an energy scale denoted as Δ. To illustrate generic scaling behaviors, we consider a

Hamiltonian of the formH = H0 + gH1 which can be driven through a quantum phase transition by

tuning the dimensionless coupling g to a critical value gc. In most cases of interest, we find that the

energy scale Δ vanishes as

Δ ∼ J∣g − gc∣zν (1)

where J is a microscopic coupling scale and the quantity zν is a critical exponent and z is called the

dynamical critical exponent. Like classical phase transitions, quantum phase transitions also have a

3



diverging characteristic length scale ξ which is given by

ξ−1 ∼ Λ∣g − gc∣ν (2)

where Λ is an inverse length scale defined by the inverse lattice spacing i.e. Λ ∼ 1
a . The divergence of

ξ can be related to the disappearance of the energy scale Δ as

Δ ∼ ξ−z (3)

Strictly speaking, quantum phase transitions occur only at zero temperature. In fact, for many of

the most interesting quantum critical systems, such as the transverse Ising chain, there is no phase

transition at finite temperature meaning there is no long range order and the correlation length re-

mains finite at values of the coupling. Furthermore, if there is a finite temperature phase transition,

the scaling behavior of the transition can be obtained by a purely classical description at nonzero

temperatures. Naively, one may think that unique signatures of quantum phase transitions are ex-

perimentally inaccessible or only accessible at very low temperatures. Throughout this thesis, we

will see that this is not the case. In fact, the most interesting consequences of quantum critical points

are reflect in the dynamics of quantummany body systems at finite temperature, in which the com-

petition between thermal and quantum fluctuations produces profound phenomena completely

absent in classical systems.

While much of the progress studying of quantum phase transitions is fairly recent, the study of

classical phase transitions has a rich and celebrated history within the field of statistical physics218,220,219.

It turns out that many of the tools used to study critical phenomena in classical systems can be ap-

plied (with limitations) to the study of quantum criticality. We can formalize this correspondence

by introducing a quantum/classical mapping between the imaginary time Feynman path integral
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and the partition function. This results in an “equivalence” of the partition function of a classical

system inD = d+ 1 spatial dimensions to the partition function of a quantum system with Hamilto-

nianHQ in d spatial dimensions

Z ∼ Tr [e−
HQ
kBT ] (4)

This quantum/classical mapping works as follows: if we consider evolution of the quantum state in

imaginary time, we see that the quantum partition function is equivalent to imaginary time evolu-

tion over a period of length Lτ.

Lτ =
h̵

kBT
(5)

The periodicity in time turns the sum over histories in the path integral into the sum over states in

the partition function. In the classical model, τ is viewed as another dimension on equal footing

with spatial dimensions (neglecting anisotropy in the couplings). So a quantummodel at temper-

ature T in d spatial dimensions is equivalent to a classical model in d + 1 spatial dimensions. The

additional spatial dimensional in the classical model corresponds to the τ dimension in the quan-

tummodel. This dimension is distinct from the other spatial dimensions and is periodic with finite

length Lτ.

While the quantum-classical mapping proves useful in studying thermodynamic properties of

quantum phase transitions, it is inadequate for studying the dynamical properties of quantum crit-

ical phenomena177,205. Unlike many-body classical systems, quantum systems are inherently dy-

namical. The state of a closed quantum system undergoes unitary time-evolution generated by its

Hamiltonian and as a consequence, quantum fluctuations and conservation laws are both encoded

in the emergent dynamics of quantummany-body systems. By contrast, the nature of equilibrium

dynamics in classical systems in not fully specified by the Hamiltonian. Instead, one must specify

transition rates between states and conservation of laws must be put in by hand through restricting

allowed transitions.

5



At finite temperatures, systems near quantum criticality are characterized by a new intrinsic

timescale that emerges from their microscopic dynamics. This timescale τϕ is called the phase co-

herence time and is a measure of the timescale the wavefunction of a many-body quantum systems

retains memory of its phase. In most cases, τϕ is closely related to the local thermal equilibration

time τeq, which is the characteristic time in which thermal equilibrium is established in the absence

of globally conserved quantities. τϕ can also be interpreted as a lifetime of local “quasiparticle ex-

citations”, where a quasiparticle is defined as a collective single particle excitation with the same

quantum numbers as the bare particles composing the system.

The manner in which τϕ → ∞ as T → 0 characterizes the dynamical properties of different

regimes in the vicinity of a quantum critical point. In general, there are two relevant energy scales

determining the behavior of τϕ, the microscopic energy scale Δ and kBT. In the two regimes where

∣Δ∣ > kBT, we find that τϕ ≫ h̵/kBT implying the low energy dynamics become effectively semi-

classical: quantum interference effects occur on a longer timescale than thermal fluctuations. This

allows us to describe the dynamics in terms of long-lived quasiparticle excitations.

For Δ≪ T, known as the “quantum critical” regime, the microscopic scale Δ disappears from the

dynamics and τϕ is given by

τϕ ⩾ C
h̵

kBT
(6)

where C is anO(1) number independent of any microscopic couplings. We see from Eqn. 6 that

τϕ ∼ Lτ. This casts major doubt on the validity of applying the quantum classical mapping to

study dynamics in real time. Since quantum fluctuations occur on the same timescale as the period

of imaginary time evolution, it is essentially impossible to construct longtime correlations for the

quantum system from the corresponding classical problem. In other words, analytic continuation

from imaginary to real time does not commute with perturbative expansion in a control parameter

with errors being increasingly amplified for longer time scales. Furthermore, describing the dynam-
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ics in terms of single particle excitations is simply incorrect as these excitations decay on the same

timescale as thermal equilibration.

Given the breakdown of the quantum/classical mapping in the quantum critical regime, one may

wonder if there are other ways to study dynamics of quantum critical systems. The answer is yes,

but only in specific settings can we obtain potentially reliable results. For example, if a system is in-

tegrable we can obtain exact results for correlators in imaginary time and analytically continue them

to real time without any issues. In other cases, one may introduce a system withN flavors of a field

making it possible to do a perturbative expansion about a free theory in powers of 1
N . However, the

physicality of the largeN limit is unclear. A more general strategy is to compute dynamic observ-

ables directly in real time using the Keldysh formalism. However, this has its own complications

and is generally limited to perturbative expansions about a free theory. In the past decade, several

techniques have been developed within the framework of the AdS/CFT correspondence which al-

low direct computations of real-time observables in the gravity dual. While this direction may be

promising, it raises as many questions as it answers.

While the dissipative dynamics of quantum critical systems make them difficult to study using

conventional techniques, they lead to very rich physical phenomena, some of which will be dis-

cussed in the rest of this thesis. We will now introduce four distinct description of quantum systems

near criticality. The first is the tranverse field Ising chain (TFIC) a one dimensional lattice model of

Ising spins with ferromagnetic exchange interactions in a transverse magnetic field. The second is

the Sachdev-Ye-Kitaev model, a 0 + 1 dimensional model of Majorana fermions with random all-

to-all interactions. The third is quantum electrodynamics in 2 + 1 dimensions withNf flavors of

fermions. Finally, we provide an overview of how insights from AdS/CFT correspondence can be

applied to study universal properties of strongly interacting quantummatter.
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0.3 The Transverse Field Ising Chain: Free Fermions in Disguise

The transverse field Ising chain is a one dimensional chain of ferromagnetically interacting Ising

spins with an on-site transverse field. The Hamiltonian can be written in terms of spin operators as

HI = −J
L
∑
i=1
[σzi σzi+1 + hσxi ] (7)

where σxi ’s and σzi ’s are represented by the Pauli matrices and obey the usual commutation relations.

J > 0 is a ferromagnetic exchange constant setting the microscopic energy scale and h > 0 is a

dimensionless coupling used to tune the system across the quantum phase transition. Physically,

the first term inHI represents a ferromagnetic interactions between neighboring spins on a one

dimensional chain and the second term represents an onsite magnetic field perpendicular to the

direction of the exchange interaction. CoNb2O6 provides an almost ideal material realization of

such a system.

When h = 0,HI is diagonal in the eigenbasis of σzi and has two ground states:

∣↑⟩ =∏
i
∣↑⟩i , or ∣↓⟩ =∏

i
∣↓⟩i (8)

which are related by globalZ2 symmetry, i.e. flipping all of the spins. This is the ferromagnetic

ground state. When h > 0, the Hamiltonian contains terms proportional to σxi which does not

commute which σzi . As a consequence, the introduction of a finite transverse field introduces quan-

tummechanical tunneling events which flip the orientations of spins in the lattice and persist at zero

temperature in the absence of any thermal fluctuations. In the large field limit, i.e. h ≫ 1, to leading

order in 1
h , the ground state ofHI is

∣0⟩ =∏
i
∣→⟩i (9)
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This state has unbrokenZ2 symmetry and is called the quantum paramagnetic state.

At zero temperature, the TFIC exhibits a phase transition from an ordered state withZ2 symme-

try to a quantum paramagnetic with unbrokenZ2 symmetry. This transition is in the same univer-

sality class as the d = 2 classical Ising model which can be shown directly using the quantum classical

mapping introduced in Section 0.2. The continuum theory of the TFIC near the quantum critical

point is a theory of free fermions with the following Lagrangian

LI = Ψ†∂Ψ
∂τ
+ c
2
(Ψ†∂Ψ†

∂x
−Ψ∂Ψ

∂x
) + ΔΨ†Ψ (10)

Here Ψ and Ψ† are complex Grassman fields in imaginary time and the coupling constants Δ and c

are given by

Δ = 2J(1 − g), c = 2Ja (11)

At finite temperature, the TFIC does not have a ferromagnetic phase. Any long range order will be

destroyed by thermal fluctuations as in the classical Ising chain. However, despite the absence of a

phase transition, we can identify three regimes of the phase diagram (shown in Fig. 1) from the na-

ture of the dynamics as characterized by the phase decoherence time τϕ. These regimes are called

“renormalized classical”, the “quantum disordered”, and “quantum critical” regime and are sepa-

rated by smooth crossovers instead of sharp phase boundaries. In each regime, τϕ can be extracted

from time dependence of the two-point correlation function of the order parameter σzℓ defined as

C(xℓ, t) = ⟨σz(xℓ, t)σz(0,0)⟩ =
1
Z
Tr [e−βHIeiHItσzℓe

−iHItσz0] (12)

In the continuum limit near the critical point, the two-point correlator admits the following scaling

form

C(x, t) = ZT
1
4ΦI (

Tx
c
,Tt,

Δ
T
) (13)
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We can identify the universal dynamical behavior of C(x, t) for each of the three regimes by consid-

ering the nature of the dominant low energy excitations.

In the “renormalized classical” or quantum ordered regime T≪ Δ and the low energy excitations

above the ground state are domain walls between ordered regions181,177. For finite h these domain

walls are mobile excitations and can be viewed as fermionic particles whose mean separation is much

larger than their de Broglie wavelength, which is found by equating their kinetic energy with the

thermal energy using classical equipartition. The energy of each fermionic particle in the low mo-

mentum limit is εk = Δ + c2k2
2Δ and their density ρ can be obtained via classical Boltzmann statistics

We can compute the two point correlator C(x, t) in a semiclassical limit of the first-quantized

Feynman path integral. The stationary phase approximation of this integral simply selects the for-

ward and backward classical trajectories. In the dilute limit, we only consider collisions between two

particles. Due to momentum conservation before and after collisions, the classical trajectories re-

main straight lines. Each collision must be treated quantummechanically and is characterized by a

two particle Swith matrix elements given by Sk1k2 = −1 for all momenta k1, k2. Consequently the

net phase factor factor for each collision is just ∣Sk1k2 ∣ = 1. This implies that the classical trajectories

are just independently distributed straight lines with uniform density ρ and slope vk = dεk
dk , where

vk’s are the velocities of the particles. After averaging over trajectories C(x, t) can be written in the

form

C(x, t) = ⟨σz⟩2T=0R(x, t) (14)

where ⟨σz⟩T=0 is the zero temperature magnetization andR(x, t) is a relaxation function which is

defined as

R(x, t) ≡ exp(−∫
dk
2π

e−εk/T∣x − vkt∣) (15)
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The equal-time and equal-space forms ofR(x, t) can be written as

R(x,0) = e−∣x∣/ξc (16)

R(0, t) = e−∣t∣/τϕ (17)

where ξc = 1
2ρ is the correlation length and τϕ is the phase decoherence time

τϕ =
πh̵
2kBT

e
Δ

kBT (18)

From Eqn. 15,R(x, t) satisfies the following scaling form

R(x, t) = ΦR (
x
ξc
,
t
τϕ
) (19)

where we can obtain the following closed form expression for ΦR

lnΦR(x, t) = −xerf(
x

t
√
π
) − te−

x2

πt2 (20)

The Fourier transform of C(x, t) is the dynamic structure factor S(k, ω). For T = 0, S(k, ω) con-

tains a delta function at ω = 0 and at finite temperatures, this delta function broadens on a fre-

quency scale of order τ−1ϕ .

In the quantum disordered or quantum paramagnet regime, T ≪ ∣Δ∣where Δ < 0. The low

energy excitations are spin flips opposing the direction of the transverse field. These excitations are

created and annihilated by the operator σz. This operator can be represented in terms of operators

ψ(x, t)which create and annihilate single particle excitations above the ground state

σz(x, t) = (2cZ∣Δ∣
1
4 )

1
2 (ψ(x, t) + ψ†(x, t) + . . . ) (21)

11



where the ellipses represent multiparticle creation or annihilation terms. We can compute the two

point correlator C(x, t) in a semiclassical limit as we did in the quantum ordered regime if we ignore

these terms. As we will show in Chapter 1, the semiclassical approach produces incorrect results for

the NMR relaxation rate as the dominant contributions to the spin susceptibility actually comes

from rare fermion decay processes at low frequencies.

The semiclassical calculation of the phase decoherence time on the quantum disordered side

is quite similar in spirit to the calculation on the ordered side. However, there are a few key dif-

ferences. There is a special trajectory where particles are created at (0,0) and annihilated at (x, t)

which each contributed a zero temperature propagator ⟨σz(x, t)σz(0,0)⟩. This trajectory occurs

only forward in time. If a particles collides with thermally excited particle before it is annihilated, it

accumulates a factor of the Smatrix element Sk1k2 at each collision. All other collisions from other

trajectories occur both forward and backwards and give factors of one. Averaging over trajectories,

we find C(x, t) can be written in the form

C(x, t) = ⟨σz(x, t)σz(0,0)⟩T=0R(x, t) (22)

where ⟨σz(x, t)σz(0,0)⟩T=0 is the zero temperature correlator andR(x, t) is the same relaxation

function in Eqn. 15 and the only change is in the sign of Δ. This implies that the phase coherence

time is given by

τϕ =
πh̵
2kBT

e
∣Δ∣
kBT (23)

Similarly, at finite temperature, we see a broadening of S(k, ω) on frequency scales ω ∼ τ−1ϕ .

The final regime in Fig. 1 is the quantum critical regime in which Δ ≪ T. In this regime, there

is no effective classical model describing the dynamics. The de Broglie wavelength of the particles

in the same order as their spacing. To analyze the time dependence of C(x, t), we can start from the

continuum theory in Eqn. 10. For Δ = 0, this is a conformal field theory of free fermions. In con-

12



formal field theories, two-point functions for primary operstors are highly constrained by conformal

symmetry. Since σz is a primary operator, the zero temperature Euclidean correlator C(x, τ)must

take the form

C(x, τ) ∼ 1
(τ2 + x2/c2)2Δσz

(24)

where Δσz is the scaling dimension of the operator σz. By evaluating C(x,0), it can be shown that

Δσz =
1
8

(25)

We can obtain C(x, τ) at finite temperature from Eqn. 24 via a conformal mapping

C(x, τ) ∼ T
1
4

1
[sin(πT(τ − ix/c)) sin(πT + ix/c))]

1
8

(26)

We obtain the dynamic susceptibility χ(k, ω) by Fourier transforming Eqn. 26 and analytically

continuing fromMatsubara frequencies by sending ωn → ω + iε. At zero temperature χ(k, ω)

has a branch cut . At finite temperature we can understand the low frequency structure of χ(k, ω),

by expanding χ−1(k, ω) in powers of k and ω. This has the form177

χ(k, ω) =
χ(0)

1 − i(ω/ω1) + k2ξ
2
− (ω/ω2)2

(27)

where ω1 ∼ T, ω2 ∼ T and ξ ∼ c/T, and χ(0) = χ(k = 0, ω = 0) ∼ T−
7
4 . Here ω1 characterizes the

frequency of damping. More generally, we can define the relaxation rate ΓR as

Γ−1R ≡ iχ(0)
∂χ−1(0, ω)

∂ω
∣
ω=0

(28)
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Figure 1: Finite temperature phase diagram of the transverse field Ising model.

Using the low frequency form of χ(k, ω) in Eqn. 27 we see that ΓR = ω1. We identify ΓR as a phase

coherence time and conclude

τϕ ∼
h̵

kBT
(29)

which is independent of the microscopic scale Δ and of the same order as thermal fluctuations.

0.4 The Sachdev-Ye-KitaevModel: A SystemWithout Quasiparticles

The most general form of the Sachdev-Ye-Kitaev model is a Hamiltonian ofNMajorana fermions

with q body interactions in 0+1 dimensions. This is a variant of a model first introduced by Sachdev

and Ye in180 and later discussed by Kitaev in the context of holography121. This model exhibits

novel scaling behavior indicating a non-Fermi liquid state.

The Hamiltonian (using conventions from Ref.145) can be written as

H = (i)
q
2 ∑
1⩽i1<i2<...<iq⩽N

ji1i2...iqψi1ψi2 ...ψiq (30)
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where ψi are Majorana fermions on sites i = 1 . . .N obeying

{ψi,ψj} = δij (31)

and ji1i2...iq are independent Gaussian random variables with zero mean and variance

⟨j2i1...iq⟩ =
J2(q − 1)!
Nq−1 = 2q−1

q
J 2(q − 1)!

Nq−1 (32)

In the largeN limit (for q > 2) the SYKmodel is exactly solvable model of quantummatter without

quasi-particles.

We can define the Euclidean propagator as

G(τ1, τ2) ≡ ⟨Tτψ(τ1)ψ(τ2)⟩ (33)

For a free Majorana fermions the propagator is

G0(τ1, τ2) = G(τ1 − τ2) =
1
2
sgn(τ1 − τ2) (34)

G0(ω) = ∫
β

0
dτeiωτG0(τ) = −

1
iω

(35)

where at finite temperature ω are fermionic Matsubara frequencies, i.e. ω = 2(n+ 1
2 )

β . Using the free

propagator, we can obtain the full propagatorG(τ1, τ2) by summing diagrams in a perturbative

expansion in powers of 1
N . To leading order,

1
N only the “melon” diagrams survive. We obtain the

following Schwinger-Dyson equation

G−10 (τ1, τ2) −G−1(τ1, τ2) = Σ(τ1, τ2) (36)

Σ(τ1, τ2) = J2[G(τ1, τ2)]q−1 (37)
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Figure 2: Diagramma c depic on of the Schwinger-Dyson equa on for the q = 4 SYK model to leading order in the
largeN limit

which is shown diagrammatically in Fig. 2. For time independent couplings ji1i2...iq ,G(τ1, τ2) =

G(τ1 − τ2) and we can write Eqn. 36 in frequency space as

G(ω)−1 = −iω − Σ(ω) (38)

For q = 2, these equations can be solved exactly as

G(ω) = 2
iω + isgn(ω)

√
J2 + ω2

(39)

One can see from Eqn. 39 that the spectral density A(ω) = −2 ImG(ω + iε) produces a semicircular

density of states as discussedWigner in the context of nuclear physics217.

At low energies the SYKmodel has an emergent time-reparameterization symmetry. One can

see this by neglecting the first term on the right hand side of Eqn. 36, giving us the following two

Schwinger-Dyson equations

∫ dτ′G(τ1, τ′)Σ(τ′, τ2) = −δ(τ1 − τ2), Σ(τ1, τ2) = J2[G(τ1, τ2)]q−1 (40)

We see that the equations in 40 are invariant under reparameterizations in time τ → f(τ) providedG
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and Σ transform as follows

G(τ1, τ2) = [f′(τ1)f′(τ2)]ΔG(f(τ1), f(τ2)) (41)

Σ(τ1, τ2) = [f′(τ1)f′(τ2)]Δ(q−1)Σ(f(τ1), f(τ2)) (42)

where Δ = 1
q is the scaling dimension of the fermions. We refer to the solution of Eqns.40 as the

“conformal” Green’s function, which takes the form

Gc(τ) =
b
∣τ∣2Δ

sgn(τ) J2bqπ = ( 1
2
− Δ) tanπΔ (43)

For finite temperatures, the Green’s function for ω ≪ T can be obtained from Eqn. 43 from apply-

ing the reparameterization

f(τ) = tan τπ
β

(44)

The power law form of Eqn. 43 implies a spectral density A(ω) ∼ ω2Δ−1, which is singular for

q ⩾ 4. This mysterious low energy behavior of the spectral function and local spin susceptibility is

what first sparked interest in the original SY model, which corresponds to q = 4 and replacing the

Majorana fermions with complex fermions180,65. In these studies, it was shown that the SY model

has an extensive zero temperature entropy, which can be evaluated using the low energy conformal

Green’s function. The extensive ground state entropy implies that the level spacing at low energies

is δE ∼ e−Ns0 for largeNwhere s0 is the zero temperature entropy density. A tenet of Fermi liquid

theory is the Landau energy functional

E = E0 +∑
α
δnαεα +∑

αβ
Fαβδnαnβ + . . . (45)

which expresses the change in the total energy of the system after a weak perturbation as an expan-
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sion in terms of smalls changes in quasiparticle occupation numbers δnα and εα is just the energy of

an isolated quasiparticle46,155. Eqn. 66 implies that for a generic system with a quasiparticle descrip-

tion, the energy is a sum of terms polynomial inN. This is impossible for the SYKmodel: the level

spacing implies that there are exponentially many low energy states. Thus, we conclude that there is

no quasiparticle description for the q ⩾ 4 SYKmodel.

The key to understanding the many exotic properties of the SYKmodel lies in its emergent

reparameterization invariance and its breaking. While the full Green’s function is invariant un-

der arbitrary reparameterizations f(τ), we note that the conformal solution is only invariant under

f(τ) ∈ SL(2,R) i.e.

f(τ) = aτ + b
cτ + d

, ad − bc = 1 (46)

We can view the reparameterization invariance of the low energy equations of motion in Eqn. 41

and Eqn. 42 as an emergent symmetry of the theory in the infrared which is spontaneously broken

by the conformal solutionGc. However, if one naively usesGc to compute higher order correla-

tors such as the four point function, one finds unphysical divergences. To account for the full low

energy properties of the SYKmodel, one must consider both implicit and explicit breaking of the

reparameterization symmetry. This is easiest to see by starting directly from the fermionic path in-

tegral and obtaining an effective action. We can do this by integrating over disorder introducing the

bi-local fieldG(τ1, τ2)with a Lagrange multiplier Σ that imposes the equality

G(τ1, τ2) =
1
N∑i

ψi(τ1)ψi(τ2) (47)
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After integrating out the fermions, we obtain the following nonlocal effective action

S
N
= − 1

2
log det(∂τ) +

1
2 ∫

dτ1dτ2 [Σ(τ1, τ2)G(τ1, τ2) −
J2

q
G(τ1, τ2)q] (48)

This saddle point equations for this action reproduce the equations of motion in Eqns.36 and 37.

At low energies, if we insert the conformal solutionsG = Gc and Σ = Σc and drop the first term in

Eqn. 48, we find that the action is zero. If we include the leading non-conformal correction to the

action and evaluate fluctuations about the saddle point, we find that finite reparameterizations f(τ)

obtain the action

S = −NαS
J ∫

dτ{f, τ} (49)

where {f, τ} is the Schwarzian derivative defined as

{f, τ} ≡
f′′′

f′
− 3
2
(
f′′

f′
)
3

(50)

Eqn. 49 is known as the Schwarzian action which describes “nearly conformal quantummechanics”

(NCFT1) and in very near extremal black holes which develops a “nearly NAdS2” (NAdS2) hori-

zon. The Schwarzian effective action controls the dominant fluctuations of the Majorana fermions

in the SYKmodel at low temperatures and is responsible for many of its remarkable properties in-

cluding it’s specific heat, maximal chaos exponent, and local thermalization behavior out of equilib-

rium, which we will explore in Chapter 2. Many of these exotic properties persist in extended SYK

models with spatial structure82,193,49,158. Recently, analysis of a model of a doped random quantum

Heisenberg magnet originally introduced in156 in the largeM limit identified a possible deconfined

critical point or phase at finite doping with SYK criticality in spin correlations down to zero tem-

perature110.203 applied this limit to the Hubbard model and argued that the deconfined critical
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point provides an understanding of the electron and spin spectral functions at the metal-insulator

transition found in the numerical study39. Most notably, this study found the presence of linear

resistivity down to the lowest numerically accessible temperature. The presence of SYK criticality

suggests that the reparameterization soft mode offers a promising and generic mechanism for linear

resistivity in strange metals84.

0.5 QED3: An Emergent Description ofMetallic QuantumCritical States

We now introduce a 2 + 1 dimensional gauge theory with aU(1) gauge field coupled toNf flavors of

massless fermions (QED3). The Lagrangian is given by

L = − 1
4
F2 +

Nf

∑
a=1

iψaγ
μDμψa (51)

where γμ = (σz, iσx, iσy) are the gamma matrices,Dμ = ∂μ − ieAμ is the covariant derivative, and

ψa’s are two component spinors. This Lagrangian in Eqn. 51 is superrenormalizable. The coupling

e2Nf is dimensionful and provides the only scale. WhenNf is taken to infinity, fluctuations of the

gauge field are completely suppressed and we have a theory of free fermions. As a result QED3 can

be treated perturbatively in a 1
Nf

expansion. At high temperatures, 3+1 dimensional quantum chro-

modynamics (QCD3) can be dimensionally reduced to a 2+1 dimensional gauge theory (QCD3).

In the largeNf limit of QCD3, non-Abelian interactions are suppressed by
1
Nf

leading to some re-

semblance between QED3 at largeNf to four dimensional gauge theories at high temperatures11. In

fact, QED3 was the first gauge theory beyond two dimensions that permitted a systematic analysis of

dynamical chiral-symmetry breaking and has been a useful theoretical tool used to gain insight into

dynamical symmetry breaking in four-dimensional theories12,160,9.

Due to the scaling of the gauge coupling, any mass scale that is generated dynamically will be a

pure number times e2. In the 1
Nf

expansion, this mass will be suppressed by a power of 1
Nf
. It has
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been shown that dynamical mass generation occurs only if the number of fermion flavors is be-

low some critical valueNc. In10 it was shown in calculations to leading order in 1
Nf

thatNc ⩾ 32
π2 .

However, there is no general consensus on the value ofNc due to the breakdown of the perturbative

expansion103.

Recently, QED3 has been studied in the context of several condensed matter systems including

U(1) spin liquids, systems near deconfined quantum critical points, transitions between quantum

hall states, and surface states of three dimensional topological insulators163,189,188,108,73. In these

systems, the fermions are not fundamental particles but emergent low energy excitations coupled

to an emergent gauge field associated with fractionalization of the order parameters. QED3 displays

many novel metallic phases in the presence of disorder which have been studied pertubatively in

the largeNf limit at zero temperature206,67. It is reasonable to expect that these phases also occur in

condensed matter systems in which the universal low energy physics is described by QED3 and the

1
Nf

expansion gives us a controlled setting to study them.

To compute quantities perturbatively for largeNf, it is useful to implement the following rescal-

ing of the gauge field

Aμ →
1

e
√
Nf

Aμ

It is often convenient to work in Euclidean spacetime to compute thermodynamic quantities at

finite temperature. By convention, we use only lower indices. The Euclidean action is then given by

SE = ∫ d2xdτ
⎡⎢⎢⎢⎢⎣

1
4e2Nf

F2 −
Nf

∑
a=1

ψaγ̃μDμψa

⎤⎥⎥⎥⎥⎦
(52)

whereDμ = ∂μ −
iAμ√
Nf

and the Euclidean Dirac matrices are γ̃μ = (σ
z, σx, σy)with γ̃μ = γ̃μ. The free
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fermion propagator is

GE(/P) =
−ĩγμPμ

P2
(53)

where P = (ω, ppp) is a Euclidean four momentum. To obtain the bare Euclidean photon propagator,

we must add a gauge fixing term Sgf to the action in Eqn. 52. The standard local gauge fixing term is

Sgf = ∫ dτd2x
1

2e2Nf

1
ξ
(∂μAμ)2 (54)

which gives us the following bare Euclidean photon propagator

D0
μν =

Ne2

P2
(δμν − (1 − ξ)

PμPν
p2
) (55)

We can also choose to add a non-local gauge fixing term43

Sgf =
1

32(ξ − 1) ∫
d3P
(2π)3

PμPν
∣P∣

Aμ(P)Aν(−P) (56)

Resulting in the propagator

D0
μν =

Ne2

P2
(δμν −

PμPν
P2
) + 16(ξ − 1)

∣P∣
PμPν
P2

(57)

Since the kinetic term for the gauge field is suppressed by 1
Nf

in the action in Eqn. 52, one must in-

clude the resummation of fermion polarization bubble diagrams in the propagator. The fermion

polarization bubble Πμν(P) can be obtained used the free fermion propagator in Eqn. 53, includ-
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ing factors of
γ̃μ√
Nf

for each interaction vertex. At zero temperature Πμν(P) evaluates to

Πμν(P) =
∣P∣
16
(δμν −

PμPν
P2
) (58)

As we see, Πμν(P) isO(1) in 1
Nf

and hence a nonperturbative object. The full resummed photon

propagator can be written as

Dμν(P) = ((D0
μν(P))−1 +Πμν(P))

−1
(59)

For the local gauge fixing term in Eqn. 54, the propagator becomes

Dμν(P) = −(δμν −
PμPν
P2
) 1

P2
e2N2

f
− ∣P∣16

+
ξe2NfPμPν

P2
(60)

For perturbative calculations at zero temperature, it is often convenient to choose the non-local

gauge fixing condition so one can take the limit e → in the beginning of the calculation without

choosing a specific value of ξ to specify a gauge. In the limitNf →∞with the nonlocal gauge fixing

condition in 56,Dμν(P) becomes

Dμν(P) =
16
∣P∣
(δμν − ξ

PμPν
P2
) +O(P

2

e2
) (61)

The full propagator in Eqn. 60 isO(1) in 1
Nf
. Since e is a relevant coupling, the term ofO (P2e2 ) in

Eqn. 60 are suppressed in the infrared.

At finite temperature, τ ∈ [0, β] and the frequency ω is replaced by the discrete Matsubara fre-

quency pn = 2nπ
β . The introduction of a thermal medium breaks Lorentz invariance, and the pho-

ton polarization bubble no longer takes the simple form in Eqn. 58. We note that current conserva-
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tion requires that Πμν be transverse, i.e.

PμΠμν = 0 (62)

which allows us to write it in the following form

Πμν(pn, ppp) =
ppp2

P2
Π00(pn, ppp)PLμν +Πyy(pn, ppp)PTμν (63)

where PLμν and PTμν are given by

PTμν ≡ δμiδνj (δij −
PiPj
ppp2
) (64)

PLμν ≡ (δμν −
PμPν
P2
) − PTμν (65)

and the full propagator is determined by the two components Π00 and Πyy. The full propagator in

Landau gauge (ξ = 0) can then be written in the form

Dμν(pn, ppp) = −
1

P2
e2Nf
− ppp2

P2Π00(pn, ppp)
PLμν −

1
P2
e2Nf
−Πyy(pn, ppp)

PTμν (66)

where Π00(pn, ppp) and Π00(pn, ppp)must be computed numerically. At finite temperature, QED3

exhibits many typical thermodynamic and dynamic properties of a quantum critical theory. We

will study some of these dynamic properties in Chapter 3. If we also consider theories which also

containNb bosons that also interact with theU(1) gauge field, we can obtain for different values of

the ratio Nb
Nf

115.
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0.6 Holographic QuantumMatter: Insights from BlackHoles

The AdS/CFT correspondence as it was originally proposed, is a duality between a theory of quan-

tum gravity in anti-de-Sitter (AdS) space and a class of strongly coupled quantum field theories

living on the boundary143. For quantum field theories containing rankNmatrix fields, the gravity

dual behaves classically in the limitN → ∞. The radial dimension of behaves like an energy scale

and movement from the boundary into the interior of the bulk can be interpreted as a renormaliza-

tion group flow between ultraviolet and infrared fixed points.

In many ways, the AdS/CFT correspondence appears to be quite far removed from condensed

matter physics. On the microscopic lattice level condensed matter systems have many broken sym-

metries which differentiate them from the largeN supersymmetric SU(N) gauge theories originally

studied in the correspondence7. However, while the microscopic nature of these gauge theories is

obviously very different from the microscopic description of a metal, there are several compelling

reasons to expect that the the emergent macroscopic phenomena may be qualitatively similar134.

In practice, the AdS/CFT correspondence allows us to study strongly coupled quantummatter in

regimes where perturbative methods are known to fail. So while there are many valid reasons to be

sceptical, there are equally many reasons to take a further look into this new direction, also known as

AdS/CMT.

Perhaps the most promising application of AdS/CMT is the study of the universal properties

of the anomalous “strange metal” phase of high temperature superconductors, occurring at tem-

peratures above Tc near optimal doping in the cuprates, pnictides and other related compounds.

It is thought that the presence of the strange metal phase is a manifestation of a zero temperature

quantum critical point underneath the superconducting dome at optimal doping179. The transport

properties of the strange metal strongly deviate from the predictions of Fermi liquid theory and defy

any long-lived quasiparticle description as seen in spectral probes, implying that local equilibration
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occurs on timescale τϕ that saturates the bound proposed in Eqn. 6177. Remarkably, fast relaxation

is a property shared by strange metals and black holes,98,211 whose thermodynamic and dissipative

behavior appears even at the classical level17,18. The holographic approach has shed light on several

more surprising properties shared by strongly coupled quantum systems and classical black hole

horizons and led to the development of several useful tools to study transport in condensed mat-

ter systems87,230,92. AdS/CMT has also led to a resurgence in the study of hydrodynamic transport

beyond the setting of the correspondence137,141,140.

To apply the AdS/CFT correspondence to the study of condensed matter, one must know how

to relate observables in the boundary quantum field theory to the bulk gravitational theory. In the

largeN limit when the gravitation theory becomes classical, there exists a set of operatorsOi in the

quantum field theory which exhibit no fluctuations to leading order in largeN. These are called

single trace operators and there is a one to one mapping identifying eachOi to a dynamical field

φi in the bulk gravitational theory. This mapping is often called the AdS/CFT “dictionary”. The

most important entries for our purposes are summarized in Table 1. The dynamics of the bulk fields

φi are governed by the action of the gravitational bulk theory. One can identify this action by ei-

ther a “top-down” or “bottom-up” approach230. In a top-down approach, one starts with the full

string theory description of the bulk and performs a consistent truncation of this theory to lead to

a particular AdS action with essentially no free parameters. In a bottom up approach, one instead

constructs a gravitational action using a combination of symmetry principles and consistency re-

quirements of general relativity. This construction is similar in spirit to Landau-Ginzburg theory

in that the structure of the interactions are constrained by emergent symmetries, but the coupling

constants themselves depend on the unspecified microscopic origin of the theory. It has been explic-

itly shown in most cases of interest that the actions obtained in the bottom-up construction match

the truncated action obtained from the top down construction, so it is unnecessary to start directly

from the complete string theory to study universal phenomena and scaling properties. One can sim-
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AdS/CFTDictionary

Boundary: field theory Bulk: gravity

Partition function Partition function

Order parameter/operator (scalar or fermion) Bulk field (scalar or Dirac)

Source of operator Boundary value of field

Conformal dimension of operator Mass of field

Spin/charge of operator Spin/charge of bulk field

Global spacetime symmetry Local isometry

Global internal symmetry Local gauge symmetry

Energy momentum tensor Tμν Metric field gμν
Global internal symmetry current Gauge field

Finite temperature Hawking temperature or radius of Euclidean time circle

Charge density/chemical potential Boundary values of the electrostatic potential At

Free energy On-shell value of the action

Entropy Area of black-hole horizon

Table 1: The AdS/CFT dic onary adapted from230.
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ply construct the bulk action by identifying each relevant quantity in the field theory and translate

it into a bulk action using the AdS/CFT dictionary. Once we have obtain a bulk action, the GPKW

rule, proposed independently by Gubser, Klebanov, and Polyakov in83 andWitten in222 provides a

means of obtaining Green’s functions in the quantum field theory by conjecturing an equivalence

between the partitions functions of the quantum field theory and the effective gravitational theory

evaluated at the boundary of spacetime. Formally, it identifies the partition function of a quan-

tum field theory in the presence of source hwith the partition function of a bulk gravitional theory,

where the assymptotically anti-de Sitter boundary value of the fields φ are equated with the sources

h i.e.

⟨ei∑i ∫ dDxh(x)O(x)⟩ = ∫ DφeiSbulk[φ(x,r=0)→h(x)] (67)

where we have chosen the boundary to be located at r = 0. We can use the GKPW rule to calculate

correlation functions in the quantum field theory by evaluating the on-shell bulk action with the

boundary values of the field equal to the source in the quantum field theory. We start with the bulk

action of the metric for pure AdSwith radius L

S[g] = 1
2κ2 ∫

dd+2x√−g(R + d(d + 1)
L2 ) (68)

where κ =
√
8πGN is the surface gravity. Placing the boundary at r = 0, the simplest solution to the

Einstein equation is

ds2 = L2 (−dt
2 + dr2 + dxxx2

r2
) (69)

Ignoring any back-reaction of the metric, we consider the following bulk action of a massive free
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scalar field φ

S[φ] = −∫ dd+2x√g( 1
2
(∇φ)2 + m2

2
φ2) (70)

The equation of motion for φ in the bulk is

∇μ∇μφ = m2φ (71)

where∇μ is the covariant derivative in AdSd+2. The bulk action can be divided into a “bulk” and

“boundary” contribution. The bulk contribution will vanish on the equations of motion, but the

boundary contribution with give a nonzero contribution. To evaluate it, we can write the solution

for φ in a series expansion for r→ 0

φ(r→ 0) =
φ(0)

L
d
2
rd+1−Δ + ⋅ ⋅ ⋅ +

φ(1)

L
d
2
rΔ + . . . (72)

Δ(Δ − d − 1) = mL2 (73)

We can identify φ(0), the coefficient of the leading term of the expansion in Eqn. 72 as the boundary

value of the field, i.e. the “source” h in the field theory. Since h couples linearly to the field theory

operatorO, we find from rescaling symmetry that Δ is the scaling dimension ofO. After suitable

regularization of UV divergences, we find the expectation value ofO in the presence of source h is

given by

⟨O⟩h = i
δ
δh

Sbulk [φ(x, r = 0)→ h(x)] = 2Δ − d − 1
2L

φ(1) (74)

where we can identify φ(1), the coefficient of the subleading term of the expansion in Eqn. 72, as the

“response”. The retarded Green’s function can be written as a ratio of the response and source and

29



takes the form

GR(ω, kkk) = ⟨O⟩h
h
= 2Δ − d − 1

2L
φ(1)

φ(0)
∼ (k2 − ω2)Δ−(d+1)/2 (75)

Eqn. 75 takes the form we expect for conformal field theory. Higher order correlation functions can

be compute using a technique called “Witten” diagrams222. Finally, we note that some quantities

such asDC conductivities, can be computed in an effective low energy description of the system

that does not refer to the boundary degrees of freedom at all. In a black hole, the low energy be-

havior is determined by the near-horizon dynamics. In many situations, for a uniform boundary

source (corresponding to h), we find that the resulting bulk current (corresponding to ⟨O⟩h) is radi-

ally conserved. In a black hole geometry, this current can be evaluated at at the horizon rather than

the boundary at r = 0 allowing it to be expressed completely in terms of “horizon data”102,53. In

Chapter 4, we will use this prescription to calculate charge diffusion coefficients in with holographic

matter containing long-wavelength disorder.

The simplest model that can describe quantummatter for generic temperature and chemical

potential is Einstein-Maxwell theory describing coupling of the metric g to aU(1) gauge field A

S = ∫ dd+2x√−g [ 1
2κ2
(R + d(d + 1)

L2 ) − 1
4e2

F2] (76)

The solution to the equations of motion is called the Reissner-Nördstrom black brane. A black

brane is analogous to a black hole in flat space, but with a metric is asymptotically AdS far away
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from the horizon. The metric and gauge potential At of the black brane are given by

ds2 = L2

r2
(−f(r)dt2 + dr2

f(r)
+ dxxx2) (77)

At = μ (1 − (
r
r+
)
d−1
) (78)

f(r) = 1 +Q2r2d −Mrd+1 (79)

f(r) is called an emblackening factor with horizon located at f(r+) = 0. The total massM and total

electric chargeQ are given by

Q =
μ

rd−1+ γ
(80)

M = r−d−1+ +Q2rd−1+ (81)

where γ is defined as

γ =
√

d
d − 1

eL
κ

(82)

Note that At(0) = μ as expected from the AdS/CFT dictionary. At vanishes at the horizon r+,

which is required for non-singular behavior. The Hawking temperature and entropy density of the

black brane are

T =
∣f′(r+)∣
4π

= 1
4πr+

(d + 1 −
(d − 1)μ2r2+

γ2
) (83)

s = 2πLd

κ2rd+
(84)

At low temperatures we find that s ∼ μd, meaning that the entropy is extensive at T = 0 in violation

of the third law of thermodynamics. Defining r∗ as the zero temperature horizon location, at low
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temperatures, we can perturb r+ about r∗ as follows

r+ = r∗ (1 −
2πT
μ2r∗
) ≡ r∗(1 − δ) (85)

Defining the new coordinate ζ as

ζ = 1
r∗(1 − δ(d − 1)/d) − r

r2∗
d(d + 1)

(86)

we find that the near-horizon metric takes the form

ds2 ≈ L2

ζ2
(−f2(ζ)dt2 +

dζ2

f2(ζ)
+ L2

r2∗
dxxx2) (87)

f2(ζ) = 1 −
ζ2

ζ2+
(88)

ζ+ ≡
1

2πT
(89)

At low temperatures, this metric isRd times an AdS2-Schwarzchild black brane. At low tempera-

tures and energies i.e. ω,T ≪ μ, the physics of the boundary quantum theory is controlled by the

near horizon geometry of the black brane. At T = 0, the near horizon geometry is simply AdS2×Rd,

which is invariant under a new emergent symmetry: reparameterizations in time. This implies that

the dynamical critical exponent z → ∞, a property called local criticality. Such behavior was first

observed in marginal Fermi liquids209. Nearly AdS2 geometries were also found to match the low

energy effective action of reparameterization modes in SYKmodels with Majorana or complex

fermions121,146,106,49,174. In the complex SYKmodel, the ground state entropy per charge exactly

matches the Bekenstein Hawking entropy of the Reissner-Nördstrom black brane178. With some

slight modifications of the action in Eqn. 76 one can access a full zoo of holographic phases with

parallels to Fermi liquids, strange metals, and superconductors135,47,89. These states share much in
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common with their solid state counterparts, the extent of which is still an active area of research.

0.7 Organization of Thesis

In this thesis, we study dynamics in four strongly interacting many-body systems near quan-tum

critical points in the context of NMR relaxation, quantum quenches, many-body quantum chaos,

and charge diffusion

The rest of this thesis explores dynamical aspects of quantum criticality in the four distinct quan-

tummany-body states discussed in the previous sections. In Chapter 1 we revisit the issue of NMR

relaxation in the quantum paramagnet phase of an Ising spin chain and resolve a discrepancy in

the determination of the TFIC spin gap using data obtained from different experimental probes.

We examine the low frequency spin susceptibility of the paramagnetic phase of the quantum Ising

chain in transverse field at temperatures well below the energy gap. We find that the imaginary part

is dominated by rare quantum processes in which the number of quasiparticles changes by an odd

number. We obtain exact results for the NMR relaxation rate in the low temperature limit for the

integrable model with nearest-neighbor Ising interactions, and derive exact universal scaling results

applicable to generic Ising chains near the quantum critical point. We find that the NMR relaxation

rate near the quantum critical point is 1/T1 ∼ exp(−2Δ
T ) rather than the previously conjectured

1/T1 ∼ exp(−Δ
T ). These results resolve certain discrepancies between the energy scales measured

with different experimental probes in the quantum disordered paramagnetic phase of the Ising

chain system CoNb2O6.

In Chapter 2 we study the non-equilibrium dynamics of the Sachdev-Ye-Kitaev (SYK) model

after a quantum quench. Our quench protocol drives the system from an initial state with a quasi-

particle description to a final state lacking any long-lived quasiparticle excitations. The Kadanoff-

Baym equations show that the final state is thermal, and their numerical analysis is consistent with
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a thermalization rate proportional to the absolute temperature of the final state. We also obtain an

exact analytic solution of the quench dynamics in the large q limit of a model with q fermion inter-

actions: in this limit, the thermalization of the fermion Green’s function is instantaneous.

In Chapter 3, we study the real time dynamics of quantum electrodynamics in 2+1 dimensions

withNf flavors of fermions to leading order in a 1/Nf expansion. We focus on thermalization and

the onset of many-body quantum chaos which can be diagnosed from the growth of initally anti-

commuting fermion field operators. We compute such anti-commutators in this gauge theory to

leading order in 1/Nf. We find that the anti-commutator grows exponentially in time and compute

the quantum Lyapunov exponent. We briefly comment on chaos, locality, and gauge invariance.

Finally, in Chapter 4 we consider whether the butterfly velocity - a speed at which quantum in-

formation propagates - may provide a fundamental bound on diffusion constants in dirty inco-

herent metals. We analytically compute the charge diffusion constant and the butterfly velocity in

charge-neutral holographic matter with long wavelength “hydrodynamic” disorder in a single spatial

direction. In this limit, we find that the butterfly velocity does not set a sharp lower bound for the

charge diffusion constant.
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1
NMRRelaxation Rates in Ising Spin

Chains

1.1 Introduction

The transverse field Ising chain is an ideal setting to study the dynamics of quantum criticality177

as many observable properties can be computed either exactly, or reliably in a semiclassical ap-
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proach181,61,101. In recent years, there have been several experimental realizations of the transverse

Ising chain that make theoretical predictions testable45,20. For instance, it has been found that

CoNb2O6 is for many purposes an almost ideal realization of the one-dimensional ferromagnetic

Ising chain. Experiments have studied properties of the transverse Ising chain across the different

regimes of the phase diagram as a function of transverse field and temperature45,35,119,152,131,170. In

this chapter, we revisit the issue of the nuclear magnetic resonance (NMR) relaxation in an Ising

spin chain in its gapped state without ferromagnetic order (the ‘quantum disordered’ regime of

Fig. 1.1). A recent NMR experiment on CoNb2O6
119 studied the NMR relaxation rate, 1/T1, in all

three regimes near the quantum critical point of the phase diagram in Fig. 1.1. Experimental results

agreed quantitatively with theoretical predictions in the ‘renormalized classical’ and ‘quantum crit-

ical’ regimes. While there were no firm theoretical predictions in the quantum disordered regime,

it was conjectured119 that the low temperature (T) behavior was 1/T1 ∼ exp(−Δ/T), where Δ is

the energy gap to single spin flips. However, other experiments probing the large field transverse

paramagnetic regime show discrepancies with the energy scales probed by NMR. The NMR ex-

periments119 measured an activation energy that was approximately two times larger than the gap

inferred from heat capacity131, neutron scattering170, and THz/infrared experiments210.

Here we will show that near the critical point the behavior of the NMR relaxation rate is in fact

1/T1 ∼ exp(−2Δ/T), and compute the precise prefactor for the integrable nearest-neighbor Hamil-

tonian. We find that the result is compatible with the universal relativistic quantum field theory,

and obtain the universal behavior of 1/T1 at T ≪ Δ for a generic Ising Hamiltonian. We begin by

recalling some exact results on the nearest-neighbor Ising chain in Section 2.4.4. In particular, the

lattice form factors computed in Ref.101 will be crucial ingredients in our results. The computation

of the NMR relaxation rate of the nearest-neighbor Ising chain appears in Section 1.4. Section 1.5

describes the universal behavior of the NMR relaxation rate across the quantum critical point. The

experimental situation is discussed in Section 1.6.
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Figure 1.1: Crossover phase diagram of the Ising chain in a transverse field, h. There is a quantum cri cal point at T = 0
and h = hc (for the Hamiltonian in Eq. (1.1), hc = 1) between a ferromagne c (h < hc) which breaks the Ising symmetry,
and a paramagne c phase. This chapter focuses on the “quantum disordered” regime above the paramge c phase for
h > hc. The other regimes were described in Ref. 119.

1.2 Exact Spectrum of the Quantum Ising chain

Wework with the integrable Ising chain Hamiltonian

H = −J
L
∑
ℓ=1
[σzℓσ

z
ℓ+1 + hσ

x
ℓ] (1.1)

where σαℓ with α = x, y, z are Pauli matrices acting on the 2-state spins on site ℓ. For h < 1, this model

has a ferromagnetic ground state with ⟨σzℓ⟩ = N0 ≠ 0. We are interested in the low T behavior in the

paramagnetic state for h > 1, where ⟨σzℓ⟩ = 0 at T = 0.

The spectrum ofH can be computed exactly by a Jordan-Wigner transformation which maps it

onto a theory of spinless fermions. Defining σ±ℓ =
1
2(−σ

z
ℓ ± iσ

y
ℓ), we can define spinless fermion

creation and annihilation operators by

cℓ = (∏
ℓ′<ℓ

σxℓ′) σ
+
ℓ (1.2)

c†ℓ = ci (∏
ℓ′<ℓ

σxℓ′) σ
−
ℓ (1.3)
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The spin operators σxℓ and σ
z
ℓ can be written in terms of the fermion operators as

σxℓ = 1 − 2c
†
ℓcℓ (1.4)

σzℓ = −∏
ℓ′<ℓ
(1 − 2c†ℓ′cℓ′) (cℓ + c

†
ℓ) (1.5)

where {c†ℓ, c
†
ℓ′} = {cℓ, cℓ′} = 0 and {cℓ, c

†
ℓ′}. This allows us to write the Hamiltonian in terms of the

fermion operators as follows

H = −J
L
∑
ℓ

((c†ℓ − cℓ)(cℓ+1 + c
†
ℓ+1) − 2hc

†
ℓcℓ + h) (1.6)

In general we must treat the cases of even and odd fermions separately as they will impose different

boundary conditions. More details are included in37. Here, we work in the infinite lattice limit

L→∞ so we can neglect boundary conditions.

Setting the lattice spacing equal to one, we can write the fermions in Fourier space as

cp =
1√
L
∑
ℓ

cℓeipℓ (1.7)

The Hamiltonian becomes

HI = J∑
p
(2(g − cos p)c†pcp + i sin p(c†−pc†p + c−pcp − g) (1.8)

Since this Hamiltonian is quadratic in the fermion operators, we can diagonalize it via the following

Bogoliubov transformation on cp, c†−p

γp = upcp − ivpc
†
−p (1.9)
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where u2p + v2p = 1, u−p = up, v−p = −vp and the γp’s satisfy the same fermion anticommutation

relations as the cp’s. We write up = cos
θp
2 and vp = sin

θp
2 to ensure the above conditions hold.

Demanding conservation of the γ fermions i.e. all γγ and γ†γ† terms vanish, we find

tan θp =
sin p

g − cos p
(1.10)

The final form of the Hamiltonian is

HI =∑
p
εp(γ†pγp −

1
2
) (1.11)

with single particle dispersion

εp = 2J
√
1 + h2 − 2h cos(p) (1.12)

as a function of crystal momentum −π < p < π. This dispersion implies an energy gap

Δ = 2J∣h − 1∣ . (1.13)

The complete set of excited states are described by n fermion states ∣p1, p2, . . . , pn⟩, where all fermion

momenta must be unequal.

1.3 Form Factors

Remarkably, all matrix elements of the ferromagnetic order parameter, σzℓ, between all many-body

states have been computed exactly by Iorgov et al.101. For our purposes, we need the matrix ele-
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ments in the limit L→∞, which can be written as

⟨q1, . . . , q2n∣ σzℓ ∣p1, . . . , pm⟩ =
(4J2h)(m−2n)2/4

Ln+m/2 ∣1 − h2∣1/8i⌊n+m/2⌋e−iℓ[∑
2n
j=1 −∑

m
l=1 pl]

×
2n
∏
j=1

1
√
εqj

m
∏
l=1

1
√
εpl

2n
∏
j<j′=1

2 sin(qj − qj′)
εqj + εqj′

m
∏
l<l′=1

2 sin(pl − pl′)
εpl + εpl′

2n
∏
j=1

m
∏
l=1

εqj + εpl
2 sin(qj − pl)

,(1.14)

wherem is even (odd) for h < 1 (h > 1). We will be able to compute the NMR relaxation rate in the

T→ 0 limit for h > 1 by a direct application of Eq. (1.14) in the Lehmann spectral representation.

1.4 NMR relaxation rate

The NMR relaxation rate is determined by the low frequency behavior of local spin susceptibility.

We define the imaginary time (τ) susceptibility by

χ(τ) = ∫
1/T

0
dτ ⟨σz0(τ)σz0(0)⟩ . (1.15)

After a Fourier transform and analytic continuation to real frequencies (ω), we obtain the NMR

relaxation rate from119

1
T1
= lim

ω→0

2T
ω
∣ahf∣2Imχ(ω) , (1.16)

where ahf is the hyperfine coupling between the nuclei and the Ising spins.

1.4.1 Low-temperature expansion

We are interested in the retarded two-point order parameter autocorrelator

χ(ω) = ∫
1/T

0
dτeiωτ

1
Z
Tr [e−H/Tσzj (τ)σzj ]

RRRRRRRRRRRω→η−iω

, (1.17)
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whereZ is the partition function. The idea of Ref.61 is to develop a linked cluster expansion for this

quantity. The starting point is the Lehmann representation

χ(ω) = 1
Z

∞
∑

n,m=0
Cn,m(ω) , (1.18)

where

Cn,m(ω) =
1
n! ∑
{k1,...kn}

1
m!

∑
{p1,...,pm}

∣⟨k1⋯kn∣σz0∣p1⋯pm⟩∣2
e−E({pi})/T − e−E({kj})/T

ω + iη − E({pi}) + E({kj})
.(1.19)

Here η is a positive infinitesimal. The expansion of the partition function reads

Z = 1 +∑
p∈R

e−εp/T + ∑
p1<p2∈NS

e−[εp1+εp2 ]/T + . . . ≡
∞
∑
n=0
Zn. (1.20)

By construction the contributionZn scales with system size as Ln. Here the subscripts refer to Ra-

mond and Neveu-Schwartz boundary conditions, which will not matter in the infinite L limit we

take. The individual terms Cn,m(ω) in the expansion (1.18) diverge with the system size L because

the matrix elements (1.14) become singular when kr → ps. Ref.61 re-casts the expansion in terms

of linked clusters, which are finite in the thermodynamic limit. The linked clusters relevant for a

low-temperature expansion of χ(ω) are

C2n+1,0(ω) = C2n+1,0(ω) , C0,2n+1(ω) = C0,2n+1(ω) ,

C1,2n(ω) = C1,2n(ω) −Z1C0,2n−1(ω) ,

C2,2n+1(ω) = C2,2n+1(ω) −Z1C1,2n(ω) − (Z2 −Z2
1 )C0,2n−1(ω) ,

C3,2n(ω) = C3,2n(ω) −Z1C2,2n−1(ω) − (Z2 −Z1)2C1,2n−2(ω) . (1.21)
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In terms of the linked clusters we have

Im χ(ω) =
∞
∑

n,m=0
ImCn,m(ω) . (1.22)

The leading terms at low temperatures and ω ≈ 0 are

C1(ω) = C1,2(ω) +C2,1(ω) ,

C2(ω) = C2,3(ω) +C3,2(ω) ,

C3(ω) = C1,4(ω) +C4,1(ω) +C3,4(ω) +C4,3(ω) . (1.23)

As εk > Δ = 2J∣h − 1∣ the formal temperature dependence of these terms at T≪ Δ is

Cn(ω) = O(e−(n+1)Δ/T). (1.24)

As we are interested in the NMR relaxation rate we focus on the quantities

cn(T) = limω→0

Im(Cn(ω))
ω

. (1.25)

Leading term

We begin with some qualitative considerations on the physical processes which lead to the dominant

contributions to Eq. (1.16) as T → 0 for h > 1. A thermal excitation with energy Ei will appear with

a probability e−Ei/T as an initial state in the relaxation process. We should focus on the states with

the lowest possible Ei. Because of the ω → 0 limit, the final states will also have an energy Ef = Ei

and are reached by the action of the σz0 operator. We notice from Eq. (1.14) that for h > 1 the matrix

element is non-zero only between states with distinct parities in the number of fermions. Therefore
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the initial and final states must differ by an odd number of fermions which places strong constraints

on the ranges of allowed values of Ei and Ef.

We first consider the process 1 → 2, from an initial state with one fermion to a final state with 2

fermions. This process (and its inverse) will dominate as T → 0. The single fermion excitations are

in the energy range (εmin, εmax) ≡ 2J(h − 1, h + 1). In the most optimal conditions, both fermions

in the 2 particle state will have energy close to εmin. So for a 1 → 2 particle process to be allowed, we

need εmax > 2εmin or h < 3. This process will have probability exp(−2εmin/T).

For h > 3 we need to consider processes with larger numbers of fermions to obtain the leading

contribution. In general, the n → m process is allowed for h < (m + n)(m − n), wherem > n and

m − n is odd. Such a process occurs with probability exp(−mεmin/T). Thus for 3 < h < 5 the most

probable process is 2 → 3 with probability exp(−3εmin/T). There are also processes at smaller h,

such as 1→ 4 for h < 5/3 with probability exp(−4εmin/T).

We now consider the 1 → 2 process which has a prefactor of exp(−2Δ/T). Importantly for

ω ≈ 0 and in the limit η → 0 we have

lim
η→0
[ImC1(ω)] = limη→0

Im[C1,2(ω) + C2,1(ω)] (1.26)

i.e. the “disconnected” contributionsZ1C01(ω) andZ1C10(ω) vanish in the limit η → 0. This is

related to the fact that the kinematic poles in the form factors do not contribute to the momentum

sums by virtue of the energy-conservation delta function. Using the explicit expression for the form

factors (1.14) and turning momentum sums into integrals in the L→∞ limit we have

Im(C1(ω)) =
Jπ
4
[h2(h2 − 1)]

1
4 ∫

π

−π

dp1dp2dq
(2π)3

[δ(ω + εp1 + εp2 − εq) − δ(ω − εp1 − εp2 + εq)]

×
(εp1 + εq)2(εp2 + εq)2 sin2 (

p1 − p2
2
)

εp1εp2εq(εp1 + εp2)2 sin2 (
p1 − q
2
) sin2 (

p2 − q
2
)
[e−(εp1+εp2)/T − e−εq/T] .(1.27)
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Carrying out one of the integrals using the energy conservation delta-function we obtain

c1(T) =
J
2T
[h2(h2 − 1)]

1
4 ∫

π

−π

dp1dp2
(2π)2

ΘH(2J(h + 1) − εp1 − εp2)
e−(εp1+εp2)/T

∣ε′p0 ∣

×
(2εp1 + εp2)2(εp1 + 2εp2)2 sin2 (

p1 − p2
2
)

εp1εp2(εp1 + εp2)3 sin2 (
p1 − p0

2
) sin2 (

p2 − p0
2
)
, (1.28)

where

p0 = arccos

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 + h2 − (
εp1 + εp2

2J
)
2

2h

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (1.29)

In the low-temperature limit T ≪ 2J(h − 1) and h < 3 we can carry out the remaining two integrals

as follows. The integration will be dominated by small p1,2 ∼
√
T. For these small p, we can expand

the dispersion as

εp = Δ +
p2

2m
+ . . . (1.30)

where Δ = 2J(h− 1) andm = (h− 1)/(2hJ). Expanding the rest of the integrand around p1 = p2 = 0

we obtain

c1(T) =
J
T
e−2Δ/T

81[h2(h2 − 1)]
1
4

64∣ε′q0 ∣Δ sin4(q0/2)
∫

π

−π

dp1dp2
(2π)2

e−
p21+p

2
2

2mT (p1 − p2)2 ,

= 81m2TJ[h2(h2 − 1)]
1
4

64πΔ sin4(q0/2)∣ε′q0 ∣
e−2Δ/T , (1.31)

where we have defined

q0 = arccos [
1 + h2 − 4(h − 1)2

2h
] . (1.32)
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Using Eq. (1.16), we obtain our main result

1
T1
= ∣ahf∣2 [

81Jm2[h2(h2 − 1)]1/4

32πΔ∣v∣ sin4(q0/2)
]T2e−2Δ/T , 1 < h < 3 , T≪ Δ . (1.33)

Note that Eq. (1.33) does not require Δ to be much smaller than J.

Subleading term

We now turn to the term of order e−3Δ/T. For 1 < h < 3 this will be smaller than the e−2Δ/T term

computed in Sec. 1.4.1, while for 3 < h < 5 this turns out to be the largest non-zero term.

We will evaluate

c2(T) = limω→0

Im(C2(ω))
ω

. (1.34)

This can be cast in the form

c2(T) = limη→0
[c2(T, η) −Z1c1(T, η) − (Z2 −Z2

1 )c0(T, η)] , (1.35)

where we have defined

cn(T, η) = lim
ω→0

Im [
Cn,n+1(ω) + Cn+1,n(ω)

ω
] , n = 0, 1,2 , (1.36)

andZn are the contributions of n-particle states to the partition function

Z1 =∑
p∈R

e−εp/T , Z2 = ∑
p1<p2∈NS

e−[εp1+εp2 ]/T . (1.37)
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The explicit expressions for cn(T, η) are

c0(T, η) = ∑
q
∣⟨q∣σz0∣0⟩∣2 [1 − e−εq/T]

4ηεq
[ε2q + η2]2

,

c1(T, η) = ∑
p1<p2
∑
q
∣⟨p1, p2∣σz0∣q⟩∣2 [e−εq/T − e−(εp1+εp2)/T]

4η(εp1 + εp2 − εq)
[(εp1 + εp2 − εq)2 + η2]2

,

c2(T, η) = ∑
p1<p2<p3

∑
q1<q2
∣⟨p1, p2, p3∣σz0∣q1, q2⟩∣2 [e−(εq1+εq2)/T − e−(εp1+εp2+εp3)/T]

×
4η(εp1 + εp2 + εp3 − εq1 − εq2)

[(εp1 + εp2 + εp3 − εq1 − εq2)2 + η2]2
, (1.38)

where the form factors are given in Eqn (1.14). Note that c0(T, η) → 0 as η → 0 because it is

not possible to satisfy the energy conservation delta function. Also in this limit, c1(T, η) → c1(T)

computed in Eq. (1.28). On the other hand c1(T) vanishes for 3 < h < 5 which implies that in

this range of magnetic fields no “disconnected” contributions arise in Eq. (1.35) and we simply have

c2(T) = limη→0 c2(T, η). It is then straightforward to turn sums into integrals and we examine

some properties of the resulting expression for c2(T) in Appendix A.1. By contrast, for 1 < h < 3

c2(T, η) diverges with system size and the disconnected contributions in (1.35) need to be taken

into account in order to obtain a finite expression. In principle it is possible to obtain a multiple

contour integral representation for c2(T), but here we confine ourselves to a numerical evaluation

of the momentum sums. We proceed as follows:

1. We evaluate cn(T, η) for several values of η and system sizes up to L = 256. We require η

to be sufficiently large so that the finite-size corrections are negligible for our largest system

sizes. We find that η ≈ 0.1 is an appropriate order of magnitude.

2. We numerically extrapolate our results to η = 0 using a third order polynomial.

A useful check on this procedure is obtained by carrying it out for c1(T) and comparing it to the

numerically evaluated expression (1.28), which is the result in the thermodynamic limit at η → 0.
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Figure 1.2: c1(T) for h = 1.5 and several temperatures. The thermodynamic limit result (blue dots) is seen to be in good
agreement with the extrapola on of numerical results for L = 192 and 0.1 ⩽ η ⩽ 0.115 (yellow dots).

Results for c2(T) for h = 1.5 are shown in Fig. 1.3, where we compare extrapolations for system

sizes L = 144 and L = 192.

1.5 Quantum criticality

In this section we consider the approach to the quantum critical point at h = 1 in Fig. 1.1. It is useful

to first review the analysis on the ferromagnetic side, h < 1, which was presented in Ref.119. Then as

Δ≪ J, the 1/T1 rate obeys the universal scaling form

1
T1
= ∣ahf∣2

Z
T3/4Φ1(Δ/T) , h < 1 , T,Δ≪ J , (1.39)

where Z is a non-universal constant, while Φ1 is a universal function describing the crossovers be-

tween the quantum critical and renormalized classical regions. For the nearest-neighbor Ising model

in Eq. (1.1) we take Z = J−1/4 for our normalization of Φ1. While other microscopic models will

have different values of Z, the function Φ1(Δ/T) is independent of the specific microscopic Hamil-
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Figure 1.3: c2(T) for h = 1.5 and several temperatures. The results of extrapola ng numerical results for 0.1 ⩽ η ⩽
0.115 and L = 144 are in good agreement with those for L = 192.

tonian. The limiting forms for Φ1 in the two regimes are known exactly:

Φ1(Δ/T) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

2.1396 . . . , Δ≪ T≪ J

π(Δ/T)1/4eΔ/T , T≪ Δ≪ J

. (1.40)

Furthermore, these theoretical predictions were found to be in good agreement with experimental

observations119.

Now let us examine the paramagnetic phase h > 1. As in Eq. (1.39), the scaling form is

1
T1
= ∣ahf∣2

Z
T3/4Φ2(Δ/T) , h > 1 , T,Δ≪ J , (1.41)

is expected to describe the crossovers in the NMR relaxation between the quantum disordered and

quantum critical regimes. Matching with Eq. (1.39) in the quantum critical regime we have

Φ2(Δ/T) = 2.1396 . . . , Δ≪ T≪ J . (1.42)
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For the form of Φ2 in the quantum disordered regime, we examine only the leading term in Eq. (1.33)

in the limit T≪ Δ≪ J. In this limit, the fermion dispersion in Eq. (1.12) takes a relativistic form

εp =
√

Δ2 + c2p2 (1.43)

with c = 2J. We evaluate the other parameters introduced above Eq. (1.33) for this dispersion and

find

m = Δ/c2 , p0 =
√
3Δ/c , v =

√
3c/2 . (1.44)

Finally, inserting in Eq. (1.33) we obtain

1
T1
= ∣ahf∣2

3
√
3T2

2πJ1/4Δ11/4 e
−2Δ/T , T≪ Δ≪ J, h > 1 (1.45)

This result is compatible with the scaling form in Eq. (1.41), and we have

Φ2(Δ/T) =
3
√
3

2π
(T
Δ
)
11/4

e−2Δ/T , T≪ Δ≪ J . (1.46)

Note that the result in Eq. (1.46) applies to a generic ferromagnetic quantum Ising chain near its

transverse field quantum critical point, and not just the nearest-neighbor model.

1.6 Experiments

As mentioned above CoNb2O6 has been discovered to be an almost ideal realization of a 1D ferro-

magnetic Ising chain45. It is quasi-1Dmaterial characterized by zig-zag chains of Co+2 ions with

effective spin 1/2 moments. The spins lie in the ac plane at an angle of ±31○ to the c−axis95,123 with

the chains extending along the c−direction. A dominant ferromagnetic exchange between nearest-

neighbor Co+2 ions along the c axis cause strong 1D ferromagnetic correlations to develop below
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Figure 1.4: Phase diagram and energy scales of the Ising chain system CoNb2O6 as a func on of transverse field. Energy
scales from different experimental probes as well as the transi on temperature of the 3D incommensurate Neel order
are given. The transi on is to a state with ferromagne c chains that are ordered an ferromage cally in the b. On the
paramagne c side of the transi on, one can see an excellent agreement between various spectroscopic probes (THz
absorp on 210 and inelas c neutron sca ering 170 and heat capacity 131). In contrast one can see clearly that the gap
extracted from the temperature dependence of the NMR spin relaxa on me is approximately twice as large119.
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∼25 K86. At zero transverse field, weak AF inter-chain exchange interactions stabilize an incom-

mensurate spin-density waves at 2.95 K along the b-direction with a temperature-dependent or-

dering wave vectorQ, and then a commensurate spin-density wave at 1.97 K. But at temperatures

above these scales at zero field (and at temperatures much lower near the 1D quantum critical point

(QCP)), the system can be described as a 1D Ising system. The effective 1D phase transition to a

quantum disordered phase has been inferred to be at the relatively modest critical transverse field of

5.2 T in the b direction. Note that the 3D phase is believed to extend out slightly past the effective

1DQCP, a feature necessary for the observation of “kink” bound states in the spectrum near the

critical point45.

A number of measurements have been been made of the various energy scales on both sides of

the transition of the 1DQCP in CoNb2O6. We will concentrate on the paramagnetic regime. As

shown in Fig. 1.4 neutron scattering170 and THz absorption210 experiments have given evidence for

a q = 0 (or symmetry equivalent) mode which increases in energy roughly linearly with field from

the critical point. This may be identified straightforwardly with the zone center excitation described

by Eq. 1.12. Heat capacity experiments have also been performed131 and data fit to the nearest-

neighbor Ising model. As seen in Fig. 1.4, the extracted gap scale from heat capacity is in excellent

agreement with the spectroscopic probes. In contrast to these experiments, the scale of the lowest

energy excitation extracted from the temperature dependence of the 1/T1 in NMR is greater by ap-

proximately a factor of two than the other probes. As explained above, this data was fit to a activated

functional form which was effectively 1/T1 ∼ exp(−ΔNMR/T). However, we have shown here that

near the critical point the expectation is in fact 1/T1 ∼ exp(−2Δ/T). This means that the activa-

tion energy scale from 1/T1 will be double that extracted from the other probes. This is precisely

as observed experimentally. Also note that the differences between energy scales are far bigger than

anything that could be explained by inter-chain couplings or 1D vs. 3D regimes of behavior. The

coupling in the transverse b direction has been found to be smaller than 1/60 of J35. At low temper-
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ature on the paramagnetic side of the transition, this gives a minimum of the dispersion at finite qb,

but except very near the critical point this band width in directions perpendicular to the chain is a

very small fraction of Δ35. The third direction has frustrated antiferromagnetic couplings and has

even smaller effect on the dispersions (although it is presumably responsible for stabilizing different

magnetically ordered states at low transverse field128). The scenario put forward in the current work

comes with a distinct prediction. At fields three times the critical field 1/T1 should crossover to a

form that goes as exp(−3Δ/T) e.g. a much faster dependence. This is at fields greater than 15.6 T in

CoNb2O6 and should be easily testable.

1.7 Conclusions

The quantum Ising chain has been an essential model to understand the low frequency, non-zero

temperature dynamics of a strongly interacting system181,61,37. The integrability of the model al-

lows for exact solutions, and yet many local observables exhibit generic dissipative dynamics at long

times. Here we have examined the NMR relaxation rates in the quantum disordered region. It is

given by the imaginary part of the local spin susceptibility, at frequencies far below the quasiparticle

gap, Δ. Therefore it is not directly amenable to a quasi-classical computation involving collisions of

a dilute gas of quasiparticles181. Instead, we showed here that it is dominated by rare processes in

which one quasiparticle has sufficient energy to decay into two quasiparticles (and vice versa) near

the nucleus. Consequently we found that the NMR relaxation is suppressed by a thermal Boltz-

mann factor of exp(−2Δ/T) for not too large a transverse field, 1 < h < 3 (the suppression is

stronger for larger h). We also computed the precise prefactor of this exponential for the nearest-

neighbor Ising chain, and its universal form near the quantum critical point. Finally we compared

our results to the experimental probes. The scenario put forth here is in excellent agreement with

the experimental results. Spectroscopic and thermodynamic probes show agreement as to the size of
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the gap, whereas 1/T1 fromNMR shows an activation energy, which is approximately twice as large.
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2
Non-equilibriumDynamics in the

Sachdev-Ye-Kitaev Model

2.1 Introduction

One of the great remaining challenges in condensed matter physics is to understand how universal

phenomena can emerge in many body systems out of equilibrium. A further challenge is to extend
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this understanding to the quantum regime where quantum fluctuations provide yet another source

of novelty. Identifying universal non-equilibrium behaviors in strongly interacting quantum sys-

tems is important for understanding a large variety of phenomena in particle cosmology207, heavy

ion collisions at large hadron colliders148, and pump and probe experiments68 in condensed matter

systems.

An interesting way to probe the dynamics of an isolated quantum system is to do a quantum

quench. A quantum quench is a protocol in which one starts the system in a pure or thermal state

evolving unitarily under one Hamiltonian and then starts evolving the system unitarily under a

different Hamiltonian over some timescale which is short compared to the energy gap to the first

excited state36. A long time after the quench, we expect the system to end in a steady state. The

nature of this state will depend on both interactions and conserved quantities and can be analyzed

by looking at the time dependence of macroscopic observables and response functions.

In the long time limit, if time averages of macroscopic observables coincide with expectation val-

ues in the microcanonical ensemble, the system has thermalized. The equivalence of time averages

and microcanonical expectation values provides us with a notion of quantum “ergodicity” that is

in some ways analogous to its classical counterpart161. However, for many reasons, the interpre-

tation of quantum thermalization is much more subtle and appears to contradict the constraints

of unitary time evolution. This can be resolved as follows: while unitary time evolution preserves

full information about the initial state of the system, the spreading of entanglement delocalizes this

information so that it becomes inaccessible at long times. The final state of the system can be com-

pletely described by a small number of parameters, one for each extensive conserved quantity154,66.

In other words, each subsystem looks like it is in thermal equilibrium with a reservoir characterized

by temperature T, chemical potential μ, etc. with the reservoir being the rest of the isolated system.

Likewise, we expect response functions to be related by KMS conditions and fluctuation dissipation

relations as expected in thermal equilibrium.

55



In weakly coupled quantummany body systems, thermalization is typically controlled by locally

conserved quantities. If a system contains few locally conserved quantities, it will quickly thermal-

ize. By contrast, if there is an extensive number of locally conserved quantities, a systemmay exhibit

non-ergodic behavior and fail to thermalize retaining memory of its initial conditions. However, re-

cent theoretical and experimental studies of strongly correlated quantum systems suggest the emer-

gence of new behaviors out of equilibrium which go beyond previous notions of ergodicity. For in-

stance, the emergence of a time-scale leading to a quasistationary (or ‘prethermal’) state118,19, which

has fundamentally different properties from true thermal equilibrium. Other examples, which go

beyond this naive categorization, are one dimensional systems close to integrability72, systems with

slow modes preventing the thermalization of fast modes185 or interacting disordered systems213.

The non-equilibrium dynamics of strongly interacting quantummany-particle systems are usu-

ally studied within the Schwinger-Keldysh formalism, which can describe evolution from a generic

initial state to a final state which reaches thermal equilibrium at long times114. The thermodynamic

parameters of the final state (e.g. temperature) are determined by the values of the conjugate con-

served quantities (e.g. energy). The Kadanoff-Baym equations obtained from this formalism de-

scribe the manner and rate by which this final thermal state is reached.

The Kadanoff-Baym equations are usually too difficult to solve in their full generality. Fre-

quently, a quasiparticle structure has been imposed on the spectral functions, so that the Kadanoff-

Baym equations reduce to a quantum Boltzmann equation for the quasiparticle distribution func-

tions. Clearly such an approach cannot be employed for final states of Hamiltonians which describe

critical quantummatter without quasiparticle excitations. The most common approach is then to

employ an expansion away from a regime where quasiparticles exist, using a small parameter such

as the deviation of dimensionality from the critical dimension, or the inverse of the number of field

components: the analysis is then still carried out using quasiparticle distribution functions48,172.

In this chapter, we will examine the non-equilibrium dynamics towards a final state without

56



quasiparticles. We will not employ a quasiparticle decomposition, and instead provide solutions of

the full Kadanoff-Baym equations. We can obtain non-equilibrium solutions for the Sachdev-Ye-

Kitaev (SYK) models180,121,145 with all-to-all and random interactions between qMajorana fermions

onN sites. Using conventions from using conventions from Ref.145, these can be written as

H = (i)
q
2 ∑
1⩽i1<i2<...<iq⩽N

ji1i2...iqψi1ψi2 ...ψiq (2.1)

where ψi are Majorana fermions on sites i = 1 . . .N obeying {ψi,ψj} = δij and ji1i2...iq are indepen-

dent Gaussian random variables with zero mean and variance

⟨j2i1...iq⟩ =
J2(q − 1)!
Nq−1 (2.2)

These models are solvable realizations of quantummatter without quasiparticles in equilibrium

and here we shall extend their study to non-equilibrium dynamics. In Section 2.2, we begin with

an overview of the closed-time-path-integral formalism for Majorana fermions and construct the

Kadanoff-Baym equations for a time depedent generalization of the SYKmodel with time depen-

dent q = 2 and q = 4 interactions from the disorder averaged partition function. See also the related

analysis in193. In Section 2.3 we present numerical solutions of the Kadanoff-Baym equations for

the fermion Green’s function for different quench protocols. These protocols are specified by the

time dependence in the q = 2 and q = 4 interactions in the Hamiltonian. The most interesting

results appear for a quench which starts in a thermal state with both q = 2 and q = 4 interactions

in which the q = 2 interaction is instantaneously turned off. We find that the numerical solution

for the Green’s function post quench shows thermalization (of the two-point correlator) in a time

of order the inverse final temperature: this thermalization rate is in accord with the fastest possible

rate expected in non-quasiparticle systems177. In Section 2.4, we obtain exact analytic solutions of
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the Kadanoff-Baym equation in the limit of large q (no quasiparticles are present in this limit) for a

Hamiltonian which contains time dependent q and 2q body interactions. The large q solution relies

on a remarkable exact SL(2,C) invariance. We find the surprising result that thermalization of the

two-point correlator is instantaneous: the interpretation of this result is not fully clear from our re-

sults, but it could be an indication of a prethermal state appearing at q = ∞. Finally, in Section 2.5

we note connections between the large q solution to quantum gravity on AdS2 with the Schwarzian

effective action175,176,5,121,145,106,59.

2.2 Preliminaries

2.2.1 Keldysh Formalism forMajorana Fermions

We are interested in studying quenches in which a system starts out in an equilibrium state and is

driven out of equilibrium by a change in the HamiltonianH(t) . The density matrix ρ̂(t) of the

system evolves according to the Von Neumann equation and the full time evolution operator is

defined as

U(t1, t2) = T exp(−i∫
t1

t2
dtH(t)) (2.3)

In the Schrodinger picture, we can write an expectation value of an observableO(t) as

⟨O⟩(t) ≡
Tr[Oρ̂(t)]
Tr[̂ρ(t)]

=
Tr[U(−∞, t)OU(t,−∞)̂ρ(−∞)]

Tr[̂ρ(t)]
(2.4)

where the trace is over the many-body Hilbert space. The quantity inside the trace involves both

forward and backward evolution in time114.

For an interacting system in equilibrium at zero temperature, we account for the time depen-

dence by starting from the ground state of a non-interacting system ∣0⟩ in the far past adiabatically

turning on the interaction then and adiabatically turning it off in the distant future. Then the final
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Figure 2.1: Schema c of the closed me contour C adapted from 114.

state is U(∞,−∞) ∣0⟩ = eiφ ∣0⟩, which differs from the initial state by only a phase factor. So in

equilibrium we only need to consider forward evolution in time as backward evolution is completely

contained in the phase factor eiφ. Out of equilibrium, there is no guarantee that the system will re-

turn its initial ground state. In general, the quantity U(∞,−∞) ∣0⟩ is a superposition of excited

states, so backward evolution cannot be eliminated.

To properly account for the backward evolution, one can use the group properties of the unitary

time evolution operator and rewrite Eqn. 2.10 as

⟨O⟩(t) =
Tr[U(−∞,∞)U(∞, t)OU(t,−∞)̂ρ(−∞)]

Tr[̂ρ(−∞)]
(2.5)

where we note that the trace of ρ̂ is preserved under unitary operations. Eqn. 2.5 describes evolution

along the closed time contour C whereO is inserted at a time t along the forward branch of the

contour. Equivalently

⟨O⟩(t) =
Tr[U(−∞, t)OU(t,∞)U(∞,−∞)̂ρ(−∞)]

Tr[̂ρ(−∞)]
(2.6)

describes evolution on the backward branch of the contour. In the Schwinger-Keldysh formalism,

observables are computed by evolving the initial state both forward and backwards along C which

is most conveniently done by taking half the sum of Eqn. 2.5 and 2.6. We define the time evolution
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operator along C as

UC = U(−∞,∞)U(∞,−∞) (2.7)

For a time dependent Hamiltonian which is different along the top and bottom legs of C, UC ≠ 1.

To calculate obervables, we can modify the Hamiltonian on the by adding the source term

HJ(t) ±OJ(t) (2.8)

where the +(−) sign refers to the forward(backward) part of the contour. We define the generating

functional as

Z[J] ≡
Tr[UC ρ̂(−∞)]
Tr[̂ρ(−∞)]

(2.9)

From equation Eqn. 2.9, we see that Z[0] = 1 because ρ̂(−∞) is the density matrix in the distant

past before interactions are turned out. This allows us to compute expectation values of observables

directly from derivatives of Z[J]

⟨O⟩(t) = i
2
δZ[J]
δJ(t)

∣
J=0

(2.10)

Since one can compute disorder averaged quantities directly from the disorder averaged generating

function, one does not need to introduce replicas in systems with quenched disorder.

In general we will be interested in using this formalism to study the time evolution of the Green’s

function of interacting Majorana fermions with quenched disorder out of equilibrium. We start

by constructing the path integral for non-interacting Majorana fermions from the familiar complex

fermion path integral186 by expressing the complex fermions Ψ in terms of two real fermions ψ and

χ i.e. Ψ = ψ + iχ. Since χ is just a spectator which does not appear in the Hamiltonian, we can
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disregard its contribution. Starting from the expression for Z in Eqn. 2.9, we can divide the contour

into 2(N − 1) discrete time intervals and insert a complete set of fermionic coherent states at each

step114. In the continuum limit, we can write the path integral representation of the generating

function as

Z = ∫ DψeiS[ψ] (2.11)

where the action is given by

S[ψ] = ∫
C
dt

i
2
ψ∂tψ = ∫

∞

−∞
dt{ i

2
(ψ+∂tψ+ − ψ−∂tψ−)} (2.12)

On the right hand side of Eqn. 2.12, we have separated the the fields ψ into a component ψ+ lying

on the forward part of the contour and a component ψ− lying on the backward part of the contour.

These fields are not independent due to the presence of terms coupling the time interval fromN to

N + 1 and from 2N to 1 We define the contour-ordered Green’s function

iG(t1, t2) = ⟨TCψ(t1)ψ(t2)⟩ = ∫ Dψψ(t1)ψ(t2)eiS[ψ] (2.13)

where S[ψ] is the action in Eqn. 2.12. We can also consider two point functions of the fields ψ±

fields

⟨ψ±(t1)ψ±(t2)⟩ = ∫ Dψψ±(t1)ψ±(t2)eiS[ψ] (2.14)

These define a matrix of Green’s functions. Of these, we will be interested in the Majorana fermion
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greater(lesser) Green’s functionsG>(<)(t1, t2) defined as follows

iG>(t1, t2) ≡ ⟨ψ−(t1)ψ+(t2)⟩ (2.15a)

iG<(t1, t2) ≡ ⟨ψ+(t1)ψ−(t2)⟩ (2.15b)

For free Majorana fermions, the greater and lesser Green’s functions are given by

G>0(t1, t2) = −
i
2

(2.16)

G<0(t1, t2) =
i
2

(2.17)

In general Majorana fermions obey the following property

G>(t1, t2) = −G<(t2, t1) (2.18)

This condition continues to hold even out of equilibrium14. This conveniently allows us to directly

study a single component of the Green’s function and then use Eq.(2.18) to construct all other

Green’s functions.

2.2.2 Kadanoff-Baym equations from the path integral

The time evolution of the greater Green’s function is governed by the Kadanoff-Baym equations

derived from the non-equilibriumDyson equation obtained from the generating function. We will

study the non-equilibrium dynamics of the SYKmodel by solving the Kadanoff-Baym equations for

the greater Green’s function and tracking it’s evolution after a quantum quench.
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Wewill consider the following time-dependent generalization of the SYKHamiltonian

H(t) = i∑
i<j

j2,ijf2(t)ψiψj − ∑
i<j<k<l

j4,ijklf4(t)ψiψjψkψl (2.19)

where j2,ij and j4,ijkl are random variables as described in Eq. (32), and f2(t) and f4(t) are arbitrary

functions of time. We will use f2(t) and f4(t) to specify the quench protocol by using them to turn

on(off) or rescale couplings. We write the path integral representation for this Hamiltonian of Majo-

rana fermions as

Z = ∫ Dψ∫ Dj2,ij∫ Dj4,ijklP2(j4,ijkl)P1(j2,ij)eiS[ψ] (2.20)

with the action

S[ψ] = ∫
C
dt{ i

2∑i
ψi∂tψi − i∑

i<j
j2,ijf2(t)ψiψj + ∑

i<j<k<l
j4,ijklf4(t)ψiψjψkψl} (2.21)

Here, the Majorana fields ψi live on C, and Z is normalized to one. The probability distributions of

j2,ij and j4,ijkl are given by

P1(j2,ij) =
√

N
2J22π

exp ( − N
2J22
∑
i<j

j22,ij) (2.22)

P2(j4,ijkl) =

¿
ÁÁÀ N3

12J24π
exp ( − N3

12J24
∑

i<j<k<l
j24,ijkl) (2.23)

The normalization of Z allows us to directly average over disorder by performing the j2,ij and j4,ijkl
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integrals. This gives us the following path integral

Z = ∫ Dψ exp{ − 1
2 ∫C

dt1∑
i
ψi∂t1ψi −

J22
4N∑i,j

∫
C
dt1∫

C
dt2f2(t1)f2(t2)ψi(t1)ψi(t2)ψj(t1)ψj(t2)

−
3J24
4!N3 ∑

i,j,k,l
∫
C
dt1∫

C
dt2f4(t1)f4(t2)ψi(t1)ψi(t2)ψj(t1)ψj(t2)ψk(t1)ψk(t2)ψl(t1)ψl(t2)

(2.24)

where the action is bi-local in time. We introduce the bi-linear fieldG (the Green’s function)

G(t1, t2) = −
i
N∑i

ψi(t1)ψi(t2) (2.25)

and impose Eq. (2.25) by a Lagrange multiplier Σ (which will turn out to be the self energy). This

leads to the following partition function

Z = ∫ Dψ∫ DG∫ DΣ exp{− 1
2 ∫C

dt1∑
i
ψi∂t1ψi +

J22N
4 ∫C

dt1∫
C
dt2f2(t1)f2(t2)G(t1, t2)2

−
3J24N
4! ∫C

dt1∫
C
dt2f4(t1)f4(t2)G(t1, t2)4 +

i
2 ∫C

dt1∫
C
dt1Σ(t1, t2)[G(t1, t2) +

i
N∑i

ψi(t1)ψi(t2)]}

Rescaling integration variables as Σ→ iNΣ and integrating out the fermion yields

Z =∫ DG∫ DΣ exp{iS[G,Σ]} (2.26)

with the action written in terms ofG and Σ

S[G,Σ] = − iN
2

tr log[−i(G−10 − Σ)] −
iJ22N
4 ∫

C
dt1∫

C
dt2f2(t1)f2(t2)G(t1, t2)2

+
3iJ24N
4! ∫C

dt1∫
C
dt2f4(t1)f4(t2)G(t1, t2)4 +

iN
2 ∫C

dt1∫
C
dt2Σ(t1, t2)G(t1, t2)

(2.27)
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whereG0 is the free Majorana Green’s function andG−10 (t1, t2) = i∂tδC(t1, t2). Varying the action

with respect to Σ andG yields the Schwinger-Dyson equations for the Green’s function and self-

energy:

G−10 (t1, t2) −G−1(t1, t2) = Σ(t1, t2) (2.28)

Σ(t1, t2) = J22f2(t1)f2(t2)G(t1, t2) − J24f4(t1)f4(t2)G(t1, t2)3 (2.29)

Note that the time arguments are with respect to the closed time contour making the matrix struc-

ture of the full Green’s function implicit. The bare greater and lesser Green’s functions for the Ma-

jorana fermions are given by Eqns. 2.16 and 2.17. We now useG> andG< to define the retarded,

advanced and Keldysh Green’s functions:

GR(t1, t2) ≡ Θ(t1 − t2)[G>(t1, t2) −G<(t1, t2)] (2.30a)

GA(t1, t2) ≡ Θ(t2 − t1)[G<(t1, t2) −G>(t1, t2)] (2.30b)

GK(t1, t2) ≡ G>(t1, t2) +G<(t1, t2) (2.30c)

Similarly, we introduce retarded and advanced self-energies

ΣR(t1, t2) ≡Θ(t1 − t2)[Σ>(t1, t2) − Σ<(t1, t2)] , (2.31)

ΣA(t1, t2) ≡ −Θ(t2 − t1)[Σ>(t1, t2) − Σ<(t1, t2)] (2.32)

For more details on the Schwinger-Keldysh formalism and the saddle point approximation we refer

to Refs.14,114,145.
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To obtain the Kadanoff-Baym equations, we rewrite the Schwinger-Dyson equations in (2.28) as

∫
C
dt3G−10 (t1, t3)G(t3, t2) = δC(t1, t2) + ∫C

dt3Σ(t1, t3)G(t3, t2) (2.33)

∫
C
dt3G(t1, t3)G−10 (t3, t2) = δC(t1, t2) + ∫C

dt3G(t1, t3)Σ(t3, t2) (2.34)

We can use Eqns. 2.33 and 2.34 to write a integro-differential equations forG>(t1, t2) by first noting

that for t1 = t2 G(t1, t2) = 0 and for t1 ≠ t2 G(t1, t2) is a convolution of two functions on C. For a

general function C(t1, t2) that can be expressed as a convolution of two functions on C i.e.

C(t1, t2) = ∫
C
dt3A(t1, t3)B(t3, t2) (2.35)

the Langreth rules described in Ref.197 allow us to write the greater (lesser) component C>(<)(t1, t2)

along the real axis as

C>(t1, t2) ≡ ∫
C
dt3A(t−1 , t3)B(t3, t+2 ) = ∫

∞

−∞
dt3{A>(t1, t3)BA(t3, t2) + AR(t1, t3)B>(t3, t2)}

(2.36)

C<(t1, t2) ≡ ∫
C
dt3A(t+1 , t3)B(t3, t−2 ) = ∫

∞

−∞
dt3{A<(t1, t3)BA(t3, t2) + AR(t1, t3)B<(t3, t2)}

(2.37)

where the +(−) superscript indicates that t+(−)1,2 lies on the forward (backward) part of the contour.

We can now use 2.36 to rewrite Eq. (2.33) and Eq. (2.34) on the real time axis as

∫
C
dt3Σ(t−1 , t3)G(t3, t+2 ) = ∫

∞

−∞
dt3 {ΣR(t1, t3)G>(t3, t2) + Σ>(t1, t2)GA(t2, t3)} (2.38)

∫
C
dt3G(t−1 , t3)Σ(t3, t+2 ) = ∫

∞

−∞
dt3 {GR(t1, t3)Σ>(t3, t2) +G>(t1, t2)ΣA(t2, t3)} (2.39)
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The last equation gives us the following equations of motion forG>

i∂t1G
>(t1, t2) = ∫

∞

−∞
dt3{ΣR(t1, t3)G>(t3, t2) + Σ>(t1, t3)GA(t3, t2)} (2.40)

−i∂t2G>(t1, t2) = ∫
∞

−∞
dt3{GR(t1, t3)Σ>(t3, t2) +G>(t1, t3)ΣA(t3, t2)} (2.41)

where

Σ>(t1, t2) = J22f2(t1)f2(t2)G>(t1, t2) − J24f4(t1)f4(t2)(G>(t1, t2))
3 (2.42)

and ΣR and ΣA are defined in Eq. (2.31) and Eq. (2.32). In Section 2.3, we will solve this system of

equations numerically. Analytic solutions for the generalization of this model in the large q limit

will appear in Section 2.4.

2.3 Kadanoff-Baym equations: Numerical Study

All of the quench protocols we considered are of the form

f2(t) = α1Θ(−t) + α2Θ(t)

f4(t) = γ1Θ(−t) + γ2Θ(t) (2.43)

where Θ(t) is the unit step function, and will be denoted by (J2,i, J4,i) → (J2,f, J4,f). Specifically, we

choose the following four protocols

A) (J2,i,0) → (J2,f,0) quench: the energy scale of the random hopping model gets suddenly

rescaled.

B) (0,0) → (0, J4,f) quench: the system is quenched from an uncorrelated state by switching

on the interaction of the SYKmodel.
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C) (J2,i,0) → (0, J4,f) quench: the system is prepared in the ground state of the random hop-

ping model and then quenched to the SYKHamiltonian.

D) (J2,i, J4,f) → (0, J4) quench: starting from a ground state with the quadratic and the quartic

terms present the quadratic term is switched off.

The numerical results for quenches A-C appear in Appendix B.4, while those for the most interest-

ing case of quench D appear below.

The Kadanoff-Baym equations for the SYKmodel (Eqs. (2.40) and (2.41)) are solved numeri-

cally for each quench protocol described above. The absence of momentum dependence will allow

us to explore dynamics at long times after the quench. We set the quench time to t1 = t2 = 0. For

t1 < 0 and t2 < 0, we are in thermal equilibrium and the time dependence of the Green’s function

is determined by the Dyson equation. When quenching the ground state of the random hopping

model, we can use the exact solution forG> as an initial condition. In all other cases, we solve the

Dyson equation self-consistently: for further details we refer to Appendix B.3. Using the boundary

conditions given by pre-quench state, we solve Kadanoff-Baym equation for t1 > 0 or t2 > 0, and ob-

tain the post-quench evolution ofG>. Integrals in the Kadanoff-Baym equation are computed using

the trapezoidal rule. After discretizing the integrals, the remaining ordinary differential equations

are solved using a predictor-corrector scheme, where the corrector is determined self-consistently

by iteration. For long times after the quench, the numerical effort is equivalent to a second-order

Runge-Kutta scheme, because the self-consistency of the predictor-corrector scheme converges very

fast. Using this approach right after the quench reduces numerical errors significantly.

To interpret the long time behavior Green’s functions, we briefly comment on properties of

thermal Green’s functions. In thermal equilibrium, all Green’s function only depend on the relatice

time t. The imaginary part of the Fourier transformed retarded Green’s function is given by the
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spectral function

A(ω) = −2 ImGR(ω) (2.44)

In thermal equilibrium, the Kubo-Martin-Schwinger (KMS) condition114 establishes a relationship

betweenG>(ω) andG<(ω)which is given by

G>(ω) = −eβωG<(ω) (2.45)

Using the definition ofGR, we can write the spectral function in terms ofG> as

A(ω) = G>(ω)(1 + e−βω) (2.46)

Similarly the Keldysh component of the fermionic Green’s function is related to the spectral func-

tion by

iGK(ω) = iG>(ω) + iG<(ω) = tanh(βω/2)A(ω) (2.47)

As the system approaches equilibrium, it is useful to characterize the correlators in terms of the

absolute and relative times given by

T = (t1 + t2)/2 , t = t1 − t2 (2.48)

Out of equilibrium, the Green’s we have defined functions depend on both τ and T . However, we

can still consider the Fourier transform with respect to t given by

GR(T , ω) = ∫
∞

0
dt e−δteiωtGR(T + t/2,T − t/2) (2.49)
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known as the Wigner transform. Using Eq. (2.49), we the express the spectral function out of equi-

librium in terms of T and ω as

(T , ω) = −2 ImGR(T , ω) (2.50)

We can compute the spectral function and the Keldysh component of the Green’s function by nu-

merically solving forG>(t1, t2). To investigate thermalization behaviour, at each T we fit

iGK(T , ω)
A(T , ω)

(2.51)

to

tanh(
βeff(T )ω

2
) (2.52)

at low ω and so determined a time-independent effective inverse temperature βeff(T ). By Eq. (2.47),

βeff(T ) is the actual inverse temperature, βf, in a thermal state reached as T →∞. The value of βf is

such that the total energy of the system remains the same after the quench at t = 0+.

2.3.1 Numerical results

We describe the results for quench D above, in which (J2,i, J4,i) → (0, J4,f) i.e. quenches from a

Hamiltonian with a quadratic and a quartic term to a Hamiltonian where the quadratic term has

been switched off. In the initial state, the q = 2 free fermion term dominates at low energies, and

hence we have Fermi liquid behavior at low temperatures. By contrast, the final Hamiltonian de-

scribes a non-Fermi liquid even at the lowest energies180. This quench results in nontrivial dynamics

of the two-point function.

To study thermalization, we can check the validity of the fluctuation-dissipation relation and the

behavior of the effective temperature Teff(T ) = β−1eff(T ) at times after the quench. The effective

temperature can either be obtained from the derivative of iGK(T , ω)/A(T , ω) at ω = 0, or as a fit
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Figure 2.2: The ra o of the Keldysh and spectral func on is shown before and a er a quench from a J2+J4 model to
a purely J4 model. Fits to this data allow determina on of the effec ve temperature as a func on of me a er the
quench, βeff(T ) using Eq. (2.52).
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Figure 2.3: Fits to the values of the effec ve temperature βeff(T ) = 1/Teff(T ) from results as in Fig. 2.2 to Eq. (2.53)
to allow determina on of the thermaliza on rate Γ for each quench.
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Figure 2.4: The values of the thermaliza on rate Γ obtained from Fig. 2.3 are shown as a func on of the final temper-
ature, Tf, for each quench. One of our main numerical results is the propor onality of Γ to Tf at small Tf ≪ J. At
low temperatures the relaxa on towards equilibrium is expected to be controlled by quantum and classical fluctua ons
and hence we expect an equilbra on rate propor onal to Tf. At higher temperatures Γ is of order J4 and since at high
temperatures the relaxa on is essen ally dominated by thermal fluctua ons the relaxa on rate is dominated by the
microscopic interac on energy-scale of the fermions.

of tanh[ω/(2Teff)] to that function to some frequency interval. As shown in Fig. 2.2, long after

the quench, the numerical results for iGK(T , ω)/A(T , ω) are well described by tanh[ω/(2Teff)],

indicating that the Green’s function has thermalized. At intermediate times, the low frequency

behaviour is still well described by this function. At high frequencies, deviations are visible, which

indicate that iGK(T , ω)/A(T , ω) is non-thermal at such times.

Long after after the quench, the value of Teff(T ) relaxes exponentially rapidly to Tf. From the

numerical analysis we can characterize the late time approach to equilibrium by

βeff(T ) = βf + α exp (−ΓT ) (2.53)

This defines a thermalization rate, Γ.

For large T we will use the Green’s functions to extract an effective temperature βeff(T ) and
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In Fig. 2.3 we show the time-dependence of the effective temperature, and a fit of T−1eff to

Γ = C/βf, βfJ4 ≫ 1 (2.54)

where C is a numerical constant independent of the initial state. The thermalization rate, Γ obtained

from such fits is shown in Fig. 2.4. This rate appears proportional to the final temperature Tf at

small final temperatures as noted in Eq. (2.54), and saturates at higher temperatures as is expected

for systems without quasiparticle excitations177. It is difficult to determine Γ numerically at large

Tf/J4, and this likely leads to the oscillatory behavior present in Fig. 2.4.

2.4 Kadanoff-Baym equations: Large q limit

In this section, we obtain exact analytic solutions of the Kadanoff-Baym equation in the limit of

large q (no quasiparticles are present in this limit), where q refers to the number of fermions in the

interaction in Eq. (30). This limit allows us to study corrections to the low temperature conformal

solution and obtain equations that are exactly solvable. The large q solution relies on a remarkable

exact SL(2,C) invariance, and has connections to quantum gravity on AdS2 with the Schwarzian

effective action175,176,5,121,145,106,59. For this limit, we will consider a model in which the t < 0

Hamiltonian has both a q-fermion interactionJ , and a pq fermion interactionJp. At t > 0, we

quench to only a q fermion interactionJ . We will show that the non-equilibrium dynamics of this

model are exactly solvable in the limit of large q taken at fixed p.

We will consider a model with a q fermion coupling J(t), and a pq fermion coupling Jp(t). For

now, we keep the time-dependence of both couplings arbitrary. In the large q limit, the Green’s

function can be written as145

G>(t1, t2) = −i ⟨ψ(t1)ψ(t2)⟩ = −
i
2
[1 + 1

q
g(t1, t2) + . . .] (2.55)
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where

g(t, t) = 0 (2.56)

and the Kadanoff-Baym equations in Eqs. (2.40), (2.41) and (2.42) forG>(t1, t2) now become

i
∂

∂t1
G>(t1, t2) = −iq∫

t1

−∞
dt3 J(t1)J(t3) [(G>)q−1(t1, t3) − (G<)q−1(t1, t3)]G>(t3, t2)

+ iq∫
t2

−∞
dt3 J(t1)J(t3)(G>)q−1(t1, t3) [G>(t3, t2) −G<(t3, t2)]

− ipq∫
t1

−∞
dt3 Jp(t1)Jp(t3) [(G>)pq−1(t1, t3) − (G<)pq−1(t1, t3)]G>(t3, t2)

+ ipq∫
t2

−∞
dt3 Jp(t1)Jp(t3)(G>)pq−1(t1, t3) [G>(t3, t2) −G<(t3, t2)] ,

−i ∂

∂t2
G>(t1, t2) = −iq∫

t1

−∞
dt3 J(t3)J(t2) [G>(t1, t3) −G<(t1, t3)] (G>)q−1(t3, t2)

+ iq∫
t2

−∞
dt3 J(t3)J(t2)G>(t1, t3) [(G>)q−1(t3, t2) − (G<)q−1(t3, t2)]

− ipq∫
t1

−∞
dt3 Jp(t3)Jp(t2) [G>(t1, t3) −G<(t1, t3)] (G>)pq−1(t3, t2) (2.57)

+ ipq∫
t2

−∞
dt3 Jp(t3)Jp(t2)G>(t1, t3) [(G>)pq−1(t3, t2) − (G<)pq−1(t3, t2)]

where we have defined

Jp(t) ≡ Jpf2(t) , J(t) ≡ Jf4(t) (2.58)

Also, recall that Eq. (2.18) relatesG> toG<.

We note a property of the Kadanoff-Baym equations in Eq. (2.57), connected to a comment in

Section 2.1 above Eq. (2.48). If we set Jp(t) = 0, then all dependence of Eq. (2.57) on J(t) can be

scaled away by reparameterizing time via

∫
t
J(t′)dt′ → t (2.59)

This implies that correlation functions remain in thermal equilibrium in the new time co-ordinate.
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However, when both Jp(t) and J(t) are non-zero, such a reparameterization is not sufficient, and

there are non-trivial quench dynamics, as shown in our numerical study in Section 2.3. Below, we

will see that the quench dynamics can also be trivial in the limit q → ∞, even when both Jp(t) and

J(t) are both non-zero. This result arises from fairly non-trivial computations which are described

below, and in particular from an SL(2,C) symmetry of the parameterization of the equations.

In the large q limit, we assume a solution of the form in Eq. (2.55). Inserting Eq. (2.55) into

Eq. (2.57), we obtain to leading order in 1/q

∂

∂t1
g(t1, t2) = 2∫

t2

−∞
dt3J (t1)J (t3)eg(t1,t3) − ∫

t1

−∞
dt3J (t1)J (t3) [eg(t1,t3) + eg(t3,t1)]

+ 2∫
t2

−∞
dt3Jp(t1)Jp(t3)epg(t1,t3) − ∫

t1

−∞
dt3Jp(t1)Jp(t3) [epg(t1,t3) + epg(t3,t1)]

∂

∂t2
g(t1, t2) = 2∫

t1

−∞
dt3J (t3)J (t2)eg(t3,t2) − ∫

t2

−∞
dt3J (t3)J (t2) [eg(t3,t2) + eg(t2,t3)](2.60)

+ 2∫
t1

−∞
dt3Jp(t3)Jp(t2)epg(t3,t2) − ∫

t2

−∞
dt3Jp(t3)Jp(t2) [epg(t3,t2) + epg(t2,t3)]

where

J 2(t) = qJ2(t)21−q , J 2
p (t) = qJ2p(t)21−pq (2.61)

Remarkably, these non-linear, partial, integro-differential equations are exactly solvable for our

quench protocol and all other initial conditions, as we will show in the remainder of this section.

The final exact solution appears in Section 2.4.4, and surprisingly shows that the solution is instan-

taneously in thermal equilibrium at t = 0+.

The key to the exact solution is to take derivatives of either equation in Eq. (2.60) to obtain

∂2

∂t1∂t2
g(t1, t2) = 2J (t1)J (t2)eg(t1,t2) + 2Jp(t1)Jp(t2)epg(t1,t2) (2.62)
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Figure 2.5: The regions in the t1-t2 plane.

Wewill look at the case whereJp(t) is non-zero only for t < 0, whileJ (t) is time independent:

Jp(t) = JpΘ(−t) , J (t) = J (2.63)

This is the analog of the protocol D in Section 2.3. In this case, Eq. (2.62) is the Lorentzian Liou-

ville equation
∂2

∂t1∂t2
g(t1, t2) = 2J 2 eg(t1,t2) (2.64)

in three of the four quadrants of the t1-t2 plane (labeled as in Fig. 2.5). The most general solution of

Eq. (2.64) in these quadrants is

gα(t1, t2) = ln [
−h′α1(t1)h′α2(t2)

J 2(hα1(t1) − hα2(t2))2
] , for α = A, Ã,B,D (2.65)

where h1(t1) and h2(t2) are arbitrary functions of their arguments. Eq. (2.65) will also apply for
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α = CwhenJp = 0. Eq. (2.56) implies that the functions hA1(t) and hA2(t) obey

h′A1(t)h′A2(t) = −J 2(hA1(t) − hA2(t))2 (2.66)

and similarly

h′Ã1(t)h
′
Ã2(t) = −J

2(hÃ1(t) − hÃ2(t))
2 (2.67)

A crucial feature of Eq. (2.65) is that gα(t1, t2) remains invariant under the SL(2,C) transforma-

tion which maps both hα1 and hα2 by the same transformation

h(t)→ a h(t) + b
c h(t) + d

(2.68)

where a, b, c,d are complex numbers obeying ad − bc = 1. This transformation can be performed for

each region α in the t1,t2 plane.

Given the symmetries of Eq. (2.60) and the thermal initial conditions, we look for solutions

which obey

g(t2, t1) = [g(t1, t2)]∗ (2.69)

This property can be related to the causality of the Kadanoff-Baym equations as is explained in Ap-

pendix B.5. We can satisfy Eq. (2.69) in quadrants A, B, D by the relations

hÃ1(t) = h∗A2(t)

hÃ2(t) = h∗A1(t)

hD1(t) = h∗B2(t)

hD2(t) = h∗B1(t) (2.70)
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The solution in Eq. (2.65) applies in all but the C quadrant of Fig. 2.5. In quadrant C, the sys-

tem is in thermal equilibrium, and so the Green’s function depends only upon time differences.

We describe this equilibrium solution in Appendix B.6. In the following subsections, we describe

the results of inserting the parameterization in Eq. (2.65) back into Eq. (2.60) to obtain ordinary

differential equations for hα1 and hα2 in the remainder of the t1-t2 plane.

2.4.1 Quadrant B

From Eq. (2.60), we obtain for t1 < 0 and t2 > 0

− ∂

∂t1
gB(t1, t2) = −J 2∫

∞

−∞
dt′ egC(t

′) sgn(t′ − t1) − 2J 2∫
t2

0
dt3 egB(t1,t3)

−J 2
p ∫

∞

−∞
dt′sgn(t′ − t1)epgC(t

′)

∂

∂t2
gB(t1, t2) = 2J 2∫

t1

−∞
dt3 egB(t3,t2) −J 2∫

0

−∞
dt3 [egB(t3,t2) + egD(t2,t3)]

−J 2∫
t2

0
dt3 [egA(t3,t2) + egÃ(t2,t3)] (2.71)

Inserting Eq. (2.65) in Eq. (2.71) leads to

−
h′′B1(t1)
h′B1(t1)

= −J 2∫
∞

−∞
dt′ egC(t

′) sgn(t′ − t1) −
2h′B1(t1)

hB1(t1) − hB2(0)

−J 2
p ∫

∞

−∞
dt′sgn(t′ − t1)epgC(t

′) (2.72)

h′′B2(t2)
h′B2(t2)

= −
2h′B2(t2)

hB1(−∞) − hB2(t2)
(2.73)

−
h′B2(t2)

hB1(0) − hB2(t2)
+

h′B2(t2)
hB1(−∞) − hB2(t2)

−
h∗′B2(t2)

h∗B1(0) − h∗B2(t2)
+

h∗′B2(t2)
h∗B1(−∞) − h∗B2(t2)

−
h′A2(t2)

hA1(t2) − hA2(t2)
+

h′A2(t2)
hA1(0) − hA2(t2)

−
h∗′A2(t2)

h∗A1(t2) − h∗A2(t2)
+

h∗′A2(t2)
h∗A1(0) − h∗A2(t2)
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We also have the compatibility condition at the boundary between regions B and C, which is

gC(t1) = ln [
−h′B1(t1)h′B2(0)

J 2(hB1(t1) − hB2(0))2
] (2.74)

taking the derivative of this equation we obtain precisely the first equation in Eq. (2.72) after using

Eq. (B.24). This reassures us that the system of equations are not overdetermined. We can easily

integrate Eq. (2.74) to obtain

h′B2(0)
hB1(t1) − hB2(0)

−
h′B2(0)

hB1(−∞) − hB2(0)
= J 2∫

t1

−∞
dt egC(t) (2.75)

2.4.2 Region A

Now t2 > t1 > 0. From the second Eq. (2.60) we obtain

∂

∂t2
gA(t1, t2) = 2J 2∫

0

−∞
dt3 egB(t3,t2) + 2J 2∫

t1

0
dt3 egA(t3,t2) −J 2∫

0

−∞
dt3 [egB(t3,t2) + egD(t2,t3)]

−J 2∫
t2

0
dt3 [egA(t3,t2) + egÃ(t2,t3)] (2.76)

Inserting Eq. (2.65) into Eq. (2.76) results in

h′′A2(t2)
h′A2(t2)

=
2h′B2(t2)

hB1(0) − hB2(t2)
−

2h′B2(t2)
hB1(−∞) − hB2(t2)

−
2h′A2(t2)

hA1(0) − hA2(t2)
(2.77)

−
h′B2(t2)

hB1(0) − hB2(t2)
+

h′B2(t2)
hB1(−∞) − hB2(t2)

−
h∗′B2(t2)

h∗B1(0) − h∗B2(t2)
+

h∗′B2(t2)
h∗B1(−∞) − h∗B2(t2)

−
h′A2(t2)

hA1(t2) − hA2(t2)
+

h′A2(t2)
hA1(0) − hA2(t2)

−
h∗′A2(t2)

h∗A1(t2) − h∗A2(t2)
+

h∗′A2(t2)
h∗A1(0) − h∗A2(t2)
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The first Eq. (2.60) is given by

− ∂

∂t1
gA(t1, t2) = −J 2∫

0

−∞
dt3 egD(t1,t3) −J 2∫

t1

0
dt3 egÃ(t1,t3) − 2J 2∫

t2

t1
dt3 egA(t1,t3)

+J 2∫
0

−∞
dt3 egB(t3,t1) +J 2∫

t1

0
dt3 egA(t3,t1) (2.78)

Inserting Eq. (2.65) into Eq. (2.78) leads to

−
h′′A1(t1)
h′A1(t1)

=
2h′A1(t1)

hA2(t1) − hA1(t1)
(2.79)

−
h∗′B2(t1)

h∗B1(0) − h∗B2(t1)
+

h∗′B2(t1)
h∗B1(−∞) − h∗B2(t1)

+
h′B2(t1)

hB1(0) − hB2(t1)
−

h′B2(t1)
hB1(−∞) − hB2(t1)

+
h′A2(t1)

hA1(t1) − hA2(t1)
−

h′A2(t1)
hA1(0) − hA2(t1)

−
h∗′A2(t1)

h∗A1(t1) − h∗A2(t1)
+

h∗′A2(t1)
h∗A1(0) − h∗A2(t1)

From Eqs. (2.77) and (2.79) we conclude

h′′A1(t)
h′A1(t)

+
h′′A2(t)
h′A2(t)

= 2(
h′A1(t) − h′A2(t)
hA1(t) − hA2(t)

) (2.80)

This is precisely the logarithmic derivative of the Majorana condition in Eq. (2.66). The compatibil-

ity condition at the boundary of region A and region B is

h′A1(0)h′A2(t2)
(hA1(0) − hA2(t2))2

=
h′B1(0)h′B2(t2)

(hB1(0) − hB2(t2))2
(2.81)

This can be integrated to

h′A1(0)
hA2(t2) − hA1(0)

=
h′B1(0)

hB2(t2) − hB1(0)
+ c4 (2.82)

where c4 is a constant of integration.
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2.4.3 Combined equations

We adopt a simple choice to solve Eq. (2.82)

hB2(t) = hA2(t)

hB1(0) = hA1(0)

h′B1(0) = h′A1(0) (2.83)

Then we find that Eqs. (2.73) and (2.77) are consistent with each other. Collecting all equations, we

need to solve

−
h′′A1(t)
h′A1(t)

= −
2h′A1(t)

hA1(t) − hA2(t)
+

h∗′A2(t)
h∗B1(−∞) − h∗A2(t)

−
h′A2(t)

hB1(−∞) − hA2(t)

+
h′A2(t)

hA1(t) − hA2(t)
−

h∗′A2(t)
h∗A1(t) − h∗A2(t)

, t ⩾ 0 (2.84)

h′A1(t)h′A2(t) = −J 2(hA1(t) − hA2(t))2, t ⩾ 0 (2.85)

h′B2(0)
hB1(t) − hB2(0)

=
h′B2(0)

hB1(−∞) − hB2(0)
+J 2∫

t

−∞
dt′ egC(t

′), t ⩽ 0 (2.86)

hA1(0) = hB1(0) (2.87)

h′A1(0) = h′B1(0) (2.88)

hA2(0) = hB2(0) (2.89)

It can be verified that all expressions above are invariant with respect to SL(2,C) transformations of

the hα1 and hα2 fields. Given the values of hB1(−∞), hB2(0), h′B2(0), and gC(t), Eqs. (2.86-2.89)

determine the values of hA1(0), h′A1(0), and hA2(0). Then Eqs. (2.84,2.85) uniquely determine

hA1(t) and hA2(t) for all t ⩾ 0. Because of the SL(2,C) invariance, final result for gA(t1, t2)will be

independent of the values chosen for hB1(−∞), hB2(0), h′B2(0).
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2.4.4 Exact solution

A solution of the form in Eq. (B.38) does not apply to Eqs. (2.84-2.89) in region A because it does

not have enough free parameters to satisfy the initial conditions. However, we can use the SL(2,C)

invariance of Eqs. (2.84-2.86) to propose the following ansatz:

hA1(t) =
a eσt + c
c eσt + d

(2.90)

hA2(t) =
a e−2iθeσt + b
c e−2iθeσt + d

(2.91)

We can now verify that Eq. (2.91) is an exact solution of Eqs. (2.84-2.89). This solution is charac-

terized by 4 complex numbers a, b, c, d and two real numbers θ, σ. These are uniquely determined

from the values of hB1(−∞), hA1(0), h′A1(0), and hA2(0) by the solution of the following 6 equa-

tions

ad − bc = 1

σ = 2J sin(θ)

e−4iθ =
(b − dhB1(−∞))(a∗ − c∗ h∗B1(−∞))
(b∗ − d∗ h∗B1(−∞))(a − c hB1(−∞))

hA1(0) =
a + b
c + d

hA2(0) =
a e−2iθ + b
c e−2iθ + d

h′A1(0) =
2 sin(θ)
(c + d)2

(2.92)

Inserting Eq. (2.91) into Eq. (2.65) we obtain the exact solution for the Green’s function in re-

gion A

gA(t1, t2) = ln [
−σ2

4J 2 sinh2(σ(t1 − t2)/2 + iθ)
] (2.93)
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As expected from SL(2, C) invariance, this result is independent of the values of a, b, c,d. Moreover,

as stated in Section 2.1, the surprising feature of this result is that it only depends only upon the rela-

tive time t, and is independent of T = (t1 + t2)/2. Indeed Eq. (2.93) obeys a KMS condition156,145

for an inverse temperature

βf =
2(π − 2θ)

σ
(2.94)

we can verify the value in Eq. (2.94) by taking a Fourier transform of Eq. (2.93) and comparing with

Eq. (2.45). So we obtain our main result of the large q limit: all of quadrant A is in thermal equilib-

rium at the temperature βf. We also numerically integrated Eqs. (2.84-2.89), starting from generic

initial conditions, and verified that the numerical solution obeyed the expressions in Eqs. (2.91) and

(2.92). The equations in Eq. (2.92) determine the values of σ and θ in the final state, and hence the

value of the final temperature via Eq. (2.94). In general, this will be different from the value of the

initial temperature in quadrant C.

Eqs. (2.91) and (2.92) also determine the solutions in the other quadrants via the expressions

specified earlier. The solutions in region Ã follow from the conjugacy property in Eq. (2.70). In

quadrant B, we have hB2(t) = hA2(t) in Eq. (2.83), while hB1(t)was specified in Eq. (2.75) using

the initial state in quadrant C. Note that the solution in quadrant B is not of a thermal form, as

hB1 and hB2 are not simply related as in Eq. (2.91). The solution in quadrant D follows from that

in quadrant B via the conjugacy property in Eq. (2.70). Finally, the initial state in quadrant C was

described in Appendix B.6.

Note also that in the limit βfJ ≫ 1, we have θ≪ 1 and then

σ = 2π
βf

(2.95)

Then Eqs. (2.55) and (2.93) describe the 1/q expansion of the low temperature conformal solu-

tion156 describing the equilibrium non-Fermi liquid state (see Appendix B.2). And the value of σ
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in Eq. (2.95) is the maximal Lyapunov exponent for quantum chaos144. This chaos exponent ap-

pears in the time evolution of h1,2(t). However, in the large q limit, it does not directly control the

rapid thermalization rate. We note that recent studies of Fermi surfaces coupled to gauge fields, and

of disordered metals, also found a relaxation/dephasing rate which was larger than the Lyapunov

rate159,157.

2.5 Conclusions

Quantummany-body systems without quasiparticle excitations are expected to locally thermalize

in the fastest possible times of order h̵/(kBT) as T → 0, where T is the absolute temperature of the

final state177. This excludes e.g. the existence of systems in which the local thermalization rate is

given by Γ ∼ Tp as T→ 0 with p < 1, and no counterexamples have been found.

In this chapter we examined SYKmodels, which saturate the more rigorous bound on the Lya-

punov exponent characterizing the rate of growth of chaos in quantum systems144. Our numerical

study of the model with a final Hamiltonian with q = 4 showed that this system does thermalize

rapidly, and the thermalization rate is consistent with Γ = CT at low Twhere C is dimensionless

constant, as indicated in Eq. (2.54) and Fig. 2.4.

We also studied a large q limit of the SYKmodels, where an exact analytic solution of the non-

equilibrium dynamics was possible. Here we found that thermalization of the fermion Green’s

function was instantaneous. Remarkably, the large q solution given by Eq. (2.65) and (2.91): also

has a direct connection with the Schwarzian. The Schwarzian was proposed as an effective La-

grangian for the low energy limit of the equilibrium theory of the SYKmodel. Consider the Euler-

Lagrange equation of motion of a Lagrangian,L, which is the Schwarzian of h(t)

L[h(t)] = h′′′(t)
h′(t)

− 3
2
(h
′′(t)
h′(t)

)
2

(2.96)
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with the equation of motion

[h′(t)]2 h′′′′(t) + 3 [h′′(t)]3 − 4h′(t)h′′(t)h′′′(t) = 0 (2.97)

It can now be verified that the expressions for h1,2(t) in Eq. (2.91) both obey Eq. (2.97), with the

parameter σ controlling the exponential growth of h1,2(t). (Note, however, that we did not obtain

Eq. (2.91) by solving Eq. (2.97): instead, Eq. (2.91) was obtained by solving the Kadanoff-Baym

equations for the large-q SYKmodel in Eq. (2.60).) The structure of h1,2(t) in Eq. (2.91) is inti-

mately connected to the SL(2,C) invariance and the instantaneous thermalization of the large q

limit. The connection with the Schwarzian here indicates that gravitational models175,176,5,121,145,106,59

of the quantum quench in AdS2, which map to a Schwarzian boundary theory, also exhibit instant

thermalization.

Indeed, the equation of motion of the metric in two-dimensional gravity5 takes a form identi-

cal to that for the two-point fermion correlator in Eq. (2.64). Studies of black hole formation in

AdS2 from a collapsing shell of matter show that the Hawking temperature of the black hole jumps

instantaneously to a new equilibrium value after the passage of the shell59,58. These features are

strikingly similar to those obtained in our large q analysis. There have been studies of quantum

quenches in AdS2, either in the context of quantum impurity problems60, or in the context of

higher-dimensional black holes which have an AdS2 factor in the low energy limit221; it would be

useful to analytically extract the behavior of just AdS2 by extending such studies.

The final question we must ask is the following: what do our results tell us about the overall ther-

malization process in the SYKmodel? In this chapter we have studied the thermalization of the

Green’s function, which is the simplest object we could have picked. We found that the thermaliza-

tion was instantaneous in the large q limit, but finite for general q. In order to reconcile the large q

limit with numerical results it will be necessary to study higher order corrections in 1/q to under-
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stand how this connects to the numerical q = 4 numerical solution: does the constant C → ∞ as

q → ∞, or (as pointed to us by Aavishkar Patel) is thermalization at large q a two-step process. In

such a two-step scenario, we have a very rapid pre-thermalization of the two point function com-

puted in this article, which is followed by a slower true thermalization of higher order corrections.

This pre-thermalization behavior was found in a study of entanglement entropy in an SYK chain

for a thermofield double initial state by Gu et al.81. In194 it was demonstrated that the SYKmodel

obeys eigenstate thermalization.124 studied aspects of thermalization of SYKmodels by very differ-

ent methods, along with connections to gravity in AdS2.

The 1
q2 correction to the SYK Green’s function was computed in202 and was found to improve

the approximation significantly. It would be interesting to see if this could be used to provide any

insight into the q dependence of the thermalization time. It would also be interesting if the meth-

ods used in this work could be adjusted to study non-equilibrium dynamics of observables in the

complex SYKmodel79.

86



3
Thermalization and chaos in a conformal

gauge theory

3.1 Introduction

A remarkable property of closed quantum system exhibiting chaotic dynamics is that they can act as

their own heat bath leading to an effective thermal state at late time50,195,204,166,227. One of the great
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challenges in condensed matter physics is to understand this process of thermalization in closed

many-body systems in the vicinity of interacting quantum critical points. Systems near quantum

criticality have fast dynamics and relax on a timescale set by the temperature, τϕ ∼ h̵
kBT . At early

times, the timescales of thermalization can be probed via the time dependence of simple local cor-

relation functions. At intermediate times, a process called “scrambling” spreads information about

the initial state or perturbation throughout the entire system191,94,187,99. Scrambling after local re-

laxation has occurred is not easily accessible in local correlation functions, as it must be described by

objects that probe degrees of freedom of the entire system.

In quantum systems with many degrees of freedom, the rate of scrambling can be characterized

by a quantum Lyapunov exponent which controls the onset of quantum chaos126,191,120. In clas-

sical systems, one aspect of chaos is the divergence of initially nearby phase space trajectories. This

gives a schematic definition for a classical Lyapunov exponent λL as

∣δxxx(t)∣ = eλLt∣δxxx(0)∣. (3.1)

An analogous notion in quantum systems is obtained from the behavior of an out-of-time-order

correlation function (OTOC)126,191,120. This object has an elegant description in AdS/CFT as the

correlation between two entangled black holes connected by a wormhole191,168. In fermionic sys-

tems, this object is contained in the regulated squared anti-commutator of two fermionic operators.

We denote this object asF(t, xxx)which is defined as follows

F(t, xxx) = ⟨{W(t, xxx),V(0)}{W(t),V(0)}†⟩β (3.2)

whereV andW are two fermionic operators separated in space-time.

The squared anti-commutator can be understood as characterizing the effect that one local mea-
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surements has on another. For spatially local systems, causality implies that initially separatedV and

Wmust have zero anti-commutator (since we are dealing with fermions). However, the squared

anti-commutator grows exponentially with time in systems with many local degrees of freedom,

and it saturates to its late time value after the “scrambling” time t∗. During this process, the anti-

commutator behaves like

F(t, xxx) ∼ εeλL(t−
∣xxx∣
vB
) (3.3)

where λL is identified as a Lyapunov exponent in analogy with classical chaos, and vB is called the

butterfly velocity which acts as an effective speed limit. We emphasize that this is expected to hold

when there are a large number of local degrees of freedom. More generally, it has been argued re-

cently that the exponential form above is modified by quantum fluctuations in a non-trivial way.

Here we focus for simplicity on the spatially averaged object, ∫ d2xF(xxx, t), which diagnoses scram-

bling within the local Hilbert space.

Quantum Lyapunov exponents have by now received intense scrutiny from several different an-

gles. They can be measured experimentally198,231,224,228,229,38,225,62,215,129,149, are related to operator

growth153,212,223,167,109,151,226,41, and can be computed numerically or analytically in many model

systems 120,153,212,223,180,82,142,29,96,132,162,117,116,127,192,3,199,78,157,200,57,150,184. In particular, chaos ex-

ponents have been computed for several interesting field theories including scalar matrix theory, the

O(N) model, the critical fermi surface, the diffusive metal, and graphene196,44,159,157,122. In this pa-

per, we study many-body chaos in QED3 withNf flavors of massless fermions in the largeNf limit.

This theory is described by the Lagrangian

L = − 1
4e2Nf

F2 +
Nf

∑
a=1

iψa(x)γ
μDμψa(x) (3.4)

where we define the covariant derivativeDμ = ∂μ −
iAμ√
Nf

and the Lorentzian Dirac matrices are given
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Figure 3.1: A represents the me ordered correla on func on on the two fold contour and B represents the OTOC. The
red represent Aμ and blue represents Aν . These are two of the terms in the squared commutator for the photon field.
There are two more mes, one which is me ordered and one which is out of me order.

by γμ = (σz, iσx, iσy) and we work in the + − − signature. QED3 appears throughout condensed

matter as the proposed low energy theory for several lattice systems such as the the Kagome antifer-

romagnet forNf = 2. It also relevant for a variety of quantum critical points115,206. While these

lattice models also contain monopole operators which can drastically modify the long-wavelength

physics, for large enoughNf these become irrelevant and the theory flows to a strongly coupled

renormalization group fixed point. It is known that the largeNf expansion breaks down below some

critical value ofNf, below which the theory is confining160,10,85,164. Below a second critical value of

Nf chiral symmetry breaking occurs30,105,130.

Our motivations for studying this model are the following. First, we wanted to understand possi-

ble subtleties in the quantum Lyapunov exponent story associated with gauge invariance. In partic-

ular, the anti-commutator by itself is not gauge invariant, although the squared anti-commutator is.

The anti-commutator can be made gauge invariant by attaching aWilson line, so this non-locality

might conceivably modify the chaos story. Second, it is interesting to understand how to detect fail-

ures of the largeNf expansion. One idea is that the chaos bound of Ref.144 might be in tension with

the largeNf result for λL, indicating a transition. Of course, the leading 1/Nf term is not reliable
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away from largeNf, but it might still be suggestive of an issue. Third, we wanted to compare chaos

in conventional and unconventional quantum critical points, for example, how does chaos in the

O(N) model compare to chaos in QED3?

To analyze chaos in QED3, we choose to study the index averaged squared anti-commutator

F(t, xxx) = 1
N2

f

Nf

∑
a,b=1

Tr[
√
ρ̂{ψa(t, xxx),ψb(0)}

√
ρ̂{ψa(t, xxx),ψb(0)}

†]. (3.5)

We restrict attention to the spatial average ofF to avoid issues associated with spatial propagation

and focus on chaos within the large local Hilbert space. However, our results could be easily ex-

tended to the compute the butterfly velocity at largeNf.

We briefly summarize our main results. We numerically calculate the photon polarization bub-

ble in real time and analyze analytically it in the limit of high temperature and the limit of low fre-

quency. We use it to numerically calculate the fermion decay rate which scales as

Γkkk ∼
T
Nf

(3.6)

and vanishes as kkk→ 0. The Lyapunov exponent takes the form

λL =
2πT
Nf
C (3.7)

with C ≈ 0.65. This form is analogous to the form of λL in the O(N) model with here the value

of C is slightly higher. Because C < 1, the chaos bound is satisfied for all values ofNf despite the

known breakdown of the largeNf expansion. Also, chaos is not significantly stronger in this un-

conventional quantum critical point as compared to the usual O(N) critical theory, at least at large

N.

Notation guide: Throughout we will use lower case letters to denote Lorentz vectors kμ =
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(k0, kkk)where the inner product is defined as

k2 = (k0)2 − kkk2 (3.8)

For Euclidean vectors we will use capital letterKμ = (kn, kkk) vectors and the Euclidean inner product

is defined as

K2 = k2n + kkk
2 (3.9)

Integrals in Minkowski space are defined as

∫
x
≡ ∫ dt∫

xxx
(3.10a)

∫
k
≡ ∫

dk0

2π ∫kkk
(3.10b)

Integrals and sums in Euclidean space are defined as are defined

∫
X
≡ ∫ dτ∫

xxx
(3.11a)

⨋
K
≡ 1
β∑kn
∫
kkk

(3.11b)

For Feynman slash notation /k ≡ γμkμ, we will use the shorthand /k0 = γ0k0, kkk/kkk = γiki and /k =

γ0k0 + γiki = γ0k0 − γ ⋅ kkkwhere γ = (iσx, iσy). In Euclidean time /K ≡ γ̃μKμ /K = γ̃0ikn + γ̃ikkki To go

from to /K back to /kwe have i /K→ /k. Further conventions are specified in the appendices.
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3.2 Preliminaries

In this section, we set up the formalism required to computeF(t, xxx) in a 1/Nf expansion The gener-

ating function corresponding to Eqn. 3.4 is

Z = ∫ DADψDψ exp (iSM) (3.12)

It will also be useful to consider the theory in Euclidean time. Setting it → τ and A0 → iAτ we

obtain the following Euclidean Lagrangian

LE =
1

4e2Nf
F2 −

Nf

∑
a=1

ψa(X)̃γμDμψa(X) (3.13)

where the Euclidean andMinkowski Dirac matrices are related by γ̃0 ≡ γ0 and γ̃i ≡ −iγi and γ̃i = γ̃i.

We will use repeated lower indices and capital letters when using the Euclidean metric This gives us

the generating functional

ZE = ∫ DADψDψ exp(−∫
X
LE) (3.14)

where ∫X ≡ ∫
β
0 dτ ∫xxx. In the limit e→∞ , we can neglect the Maxwell term in the action 3.14.

To compute F(t, xxx), we will need theWightman, Euclidean, and Euclidean propagators for the

fermions and the gauge field. For fermions these are defined as

G̃ab(t, xxx) = Tr [
√
ρ̂ψa(t, xxx)

√
ρ̂ψb(0,000)] (3.15a)

Gab
E (τ, xxx) = Tr [̂ρψa(τ, xxx)ψb(0,000)] (3.15b)

Gab
R (t, xxx) = −iTr [̂ρ{ψa(t, xxx),ψb(0,000)}θ(t)] (3.15c)
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In momentum space these propagators can be written in the spectral representation

GW(/k) =
/ρ(k)

2 cosh βk0
2

(3.16a)

GE( /K) = ∫
dω
2π
/ρ(K)
ikn − ω

(3.16b)

GR(/k) = ∫
dω
2π

/ρ(k)
k0 − ω + iε

(3.16c)

where we have defined the spectral function as

/ρ(k) = −2 Im[GR(/k)] (3.17)

For free fermions the spectral function is

/ρ(k0, kkk) =
π/k
Ekkk
[δ(k0 − Ekkk) − δ(k0 + Ekkk)] (3.18)

which gives us the retarded andWightman propagators

GW(/k) =∑
s

s/kδ(k0 − sEkkk)
2 cosh βEkkk

2

(3.19a)

GR(/k) =
/k

(k0 + iε)2 − E2kkk
(3.19b)

Similarly, for the gauge field we define the propagators as

Dμν
W(t, xxx) = Tr[

√
ρ̂Aμ(t, xxx)

√
ρ̂Aν(0,000)] (3.20a)

Dμν
E (τ, xxx) = iTr[̂ρA

μ(τ, xxx)Aν(0,000)] (3.20b)

Dμν
R (t, xxx) = −iTr[̂ρ [A

μ(t, xxx),Aν(0,000)] θ(t)] (3.20c)
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Figure 3.2: The fermion polariza on bubble is theO(1) contribu on to the gauge field propagator and dominates over
the bare term at low energies.

In the spectral representation we can write these as

Dμν
W(k) =

Aμν(k)
2 sinh βk0

2

(3.21a)

Dμν
E (K) = ∫

dω
2π
Aμν(ω, kkk)
ikn − ω

(3.21b)

Dμν
R (k) = ∫

dω
2π
Aμν(ω, k)
k0 − ω + iε

(3.21c)

(3.21d)

where we define the spectral function as

Aμν = −2 ImDμν
R (k)] (3.22)

The gauge field propagatorDμν isO(1) inNf and hence a non-perturbative object. Since the self

energy dominates at low energies andDμν completely in terms of the self energy.

At finite temperature, the choice of frame breaks Lorentz invariance. As a result, longitudinal

and transverse become distinct. In 2 + 1d, the photon has one longitudinal and one transverse polar-

ization with associated polarization vectors εμL(k) ε
μ
T(k). A thermal mass can appear in the longitu-

dinal component of the longitudinal part without violating gauge invariance. To make calculation

simpler we will use Coulomb gauge throughout with gauge fixing condition∇⋅AAA = 0. In this gauge,

we define the longitudinal polarization vector εμL(k) = uμ = (1,0,0), where uμ is the rest frame of

95



the medium. For kkk lying along the x axis we can write the transverse polarization vector as following

εμT(k) =
1
∣kkk∣
(0,−ky, kx) (3.23)

In this gauge, we can write the bare propagator in the following form

iDμν(k0, kkk) = −
ie2Nf

kkk2
uμuν −

ie2Nf

k2
Pμν
T (k) (3.24)

where Pμν
T (k) is a transverse projection tensor defined as

Pμν
T (k) = (δ

ij − kikj

∣kkk∣2
)gμi g

ν
j (3.25)

We can also write Pμν
T (k) as a tensor product of the transverse polarization vectors

Pμν
T (k) = εμT(kkk)ε

μ
T(kkk) (3.26)

For the self energy, current conservation requires

kμΠμν(k) = 0 (3.27)

This allows us to write it with the following tensor structure.

Πμν(k) = k2

kkk2
Π00(k)Pμν

L (k) +Π
yyPμν

T (k) (3.28)

where longitudinal projector is defined as

Pμν
L (k) = (−g

μν + kμkν

k2
) − Pμν

T (k) (3.29)
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Since the tensor 3.28 has only two independent components, we can calculate everything in terms of

the spatial components of the self energy Πxx(k0, kkk), Πyy(k0, kkk) and write Π00(k0, kkk) in terms of

these functions.

We start with the following expression for Πμν(K) in Euclidean time

Πμν(ikn, kkk) = ⨋
P
Tr [γ̃μ

−i/P
P2

γ̃ν
−i( /K − /P)
(K − P)2

] (3.30)

For For Euclidean gamma matrices we have

Tr[̃γμ /Pγ̃ν /Q] = −2(Pμ(Kν − Pν) + Pν(Kμ − Pμ) − δμν(P ⋅ (K − P)) (3.31)

which gives us

Πμν(K) = −2⨋
{P}
[
Pμ(K − Pν) + Pν(K − Pμ) − δμνP ⋅ (K − P)

P2(K − P)2
] (3.32)

We can simplify theKμPν +KνPμ terms by shifting P→ K − P in half of this term to get

Πμν(K) = −⨋
{P}
[
2δμν
P2
+
−K2δμν + 2KμKν − 4PμPν

P2(K − P)2
] (3.33)

We leave the rest of the calculation of the polarization bubble to appendix C.1.

We write the full photon propagator in terms of Π00(k0, kkk) and Πyy(k0, kkk) the as

iDμν(k) = − i
1

e2Nf
kkk2 −Π00(k0, kkk)

uμuν − i
1

e2Nf
k2 −Πyy(k0, kkk)

Pμν
T (k) (3.34)

Since the self energy isO(1), it will always dominate over the bare term. Thus we drop the bare term
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Figure 3.3: The imaginary and real parts of the full polariza on componentΠxx(k0, kkk) are plo ed against the high
temperature limits in A and B respec vely.

and write

iDμν(k) = i
Π00(k0, kkk)

uμuν + i
Πyy(k0, kkk)

Pμν
T (k) (3.35)

At finite temperature, a thermal massmthermal =
√
eT log 2
π will appear in the longitudinal part of

the propagator Π00. This does not violate gauge invariance and is due to the Debye screening of the

gauge field.

Next we consider the first correction to the fermion self energy. Since the fermion mass is 1/Nf

suppressed, to leading order the physical effects are controlled by the imaginary. This introduce a

damping rate Γk leading to a finite lifetime to the fermions. In terms of the photon and free fermion

spectral functions, we can write the self energy as

Σ( /K) = − 1
Nf
⨋
{P}
∫

dν
2π ∫

dω
2π

γ̃μ
/ρ(ω, ppp)
ipn − ω

γ̃ν
Aμν(ν, kkk − ppp)
ikn − ipn − ν

(3.36)

Doing the Matsubara sum gives us

Σ( /K) = 1
Nf
∫
ppp
∫

dν
2π ∫

dω
2π

γ̃μ/ρ(ω, ppp)̃γνAμν(ν, kkk − ppp)(
1 − nf(ω) + nb(ν)

ikn − ω − ν
) (3.37)
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Figure 3.4: The leading contribu on to the fermion self energy isO( 1
Nf
) so the correc on to the mass can be ne-

glected.

Analytically continuing back to real time and inserting the free fermion spectral function gives us

ΣR(/k) =
1
Nf
∫
ppp
∫

dν
2π ∫

dω
2π∑s=±

πsδ(ω − sEppp)γμ/pγν
Eppp

Aμν(ν, kkk − ppp)
1 − nf(ω) + nb(ν)

ikn − ω − ν

= 1
Nf
∫
p

dν
2π∑s=±

s
2Eppp

γμ/psγνA
μν(ν, kkk − ppp)

1 − nf(sEppp) + nb(ν)
k0 − sEppp − ν + iε

(3.38)

where ps = (sEppp, ppp) and Eppp = ∣ppp∣. Defining Γkkk as the imaginary part of the pole in the propagator, Γkkk

can be written in terms of the self energy as

Γkkk = −
1

2Ekkk
ImTr[/kΣR(/k)]∣

k0=Ekkk
(3.39)

Taking the imaginary part of Eq. 3.38 we have

ImΣR(/k)] = −
1
Nf
∫
ppp
∫

dν
2π∑s=±

πs
2Eppp

γμ/psγνA
μν(ν, kkk − ppp)δ(k0 − sEppp − ν)

(1 − nf(sEppp) + nb(ν))

= − 1
Nf
∫
ppp

s
4Eppp
∑
s=±
[γμ/psγνA

μν(k − ps)(1 − nf(sEppp) + nb(k0 − sEppp))] (3.40)

99



Expanding the photon propagator into its longitudinal and transverse components, this becomes

Γkkk = −
1

2Ekkk
ImTr[/kΣR(/k)]∣

k0=Ekkk

= 1
Nf
∫
ppp
∑
s=±
∑

λ=L,T

s
4EkkkEppp

Aλ(k − ps)(2(k ⋅ ελ(k − ps))(ps ⋅ ελ(k − ps)) − k ⋅ ps(ελ(k − ps) ⋅ ελ(k − ps)))

(1 − nf(sEppp) + nb(k0 − sEppp))∣
k0=Ekkk

(3.41)

We can evaluate Eq. 3.41 in Coulomb gauge by choosing the longitudinal polarization vector εμL =

uμ. The complete expression is given in Appendix C.2. We also note that this expression is consis-

tent with the finite temperature optical theorem. Implementing Γkkk as a shift in the pole, we can

write the retarded propagator as

GR(/k) =
1

2Ekkk
(
γ0Ekkk − γ ⋅ kkk
k0 − Ekkk + iΓkkk

−
−γ0Ekkk + γ ⋅ kkk
k0 + Ekkk + iΓkkk

). (3.42)

Note that the fermion 2-point function is not gauge invariant, so this decay rate is not manifestly

gauge invariant and is defined in the Coulomb gauge which we use. It is consistently used below in

the 1/NF expansion to compute gauge-invariant observables, and it presumably manifests in other

gauge-invariant response functions.

3.3 Diagrammatic expansion for the squared fermion anti-commutator

We now consider the diagrammatic expansion of the squared anti-commutator of two fermion op-

erators by expandingF(t, xxx) in the interaction on both time folds and keeping only diagrams to

order 1/Nf which are uncrossed. The rules are very similar to those summarized in ? except all of the

propagators and hence rungs have a matrix structure. In summary:

1. Vertex insertions are restricted to lie on real time folds
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Figure 3.5: A plot of the fermion decay rate Γkkk in units of temperature which vanishes as kkk→ 0.

2. Horizontal lines correspond to retarded or advanced photon or fermions propagators includ-

ing self energy corrections

3. Vertical lines correspond to full photon propagators or bare fermionWightman propagators

4. Each rung or pair of rails is a matrix in spinor space and can be written in terms of a tensor

product basis of gamma matrices. A rung or pair of rails is added to the ladder by matrix multiplica-

tion.

We now consider the two rungs at this order. The first rung involves a single photonWightman

function sandwiched between two gamma matrices. The whole rung can be giving us the following

expression

R1(k − k′) =
1
Nf

γμD
μν
W(k − k

′)γν

= 1
Nf

γμQb(k0 − k′0)Aμν(k − k′)γν (3.43)

where we defineQb(ω) = (2 sinh(
βω
2 ))

−1 for bosons andQf(ω) = (2 cosh(
βω
2 ))

−1 for fermions.
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We can write the longitudinal and transverse contributions toR1(k − k′) in terms of a tensor prod-

ucts of polarization vectors. In 2 + 1d, we can express the transverse projector Pμν
T (k) as the tensor

product of a single transverse polarization vector

Pμν
T (k) = ε

μ
T(kkk)ε

ν
T(kkk) (3.44)

where we define ενT(kkk) lying along the x axis as

εμT(kkk − kkk
′) = 1
∣kkk∣
(0,−ky, kx) (3.45)

Defining k = k − k′ as the relative momentum, we can write a general expression forR1(k)

R1(k) =
1
Nf
∑

λ=L,T
Qb(k

0)Aλ(k)(/ελ(k)/ελ(k)) (3.46)

where we have separated the longitudinal and transverse parts of the rung. Using the definitions of

the longitudinal and transverse polarization vectors this becomes

R1(k) =
Qb(k

0)
Nf

(AL(k)(γ0γ0) +AT(k)(γiγj)(δ
ij − k̂kk

i
k̂kk
j
)) (3.47)

The second rung is a box structure consisting of two fermionWightman functions and two retarded

photon propagators.

We can write this as

R2(k, k′) =
1
Nf
∫
p
γρGW(/p − /k′)γσγνGW(/k − /p)γμD

σν
R (p)D

μρ
R (q − p) (3.48)
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where pμ = (p0,p) Inserting the free fermion spectral functions, we get

R2(k, k′) =
1
Nf
∫
p
∑
ss′=±

π2ss′δ((p0 − k′0) − s′Ekkk′−ppp)δ((k0 − p0) − sEkkk−ppp)
Ekkk′−pppEkkk−ppp

Qf(p0 − k′0)Qf(k0 − p0)(γρ(/p − /k
′)γσγν(/k − /p)γμ)D

μρ
R (q − p)D

σν
R (p) (3.49)

defining the absolute Lorentz momentumK = k+k′
2 corresponding to the Lorentz vectorKμ =

(K0,KKK) and the relative momentum k = k − k′ corresponding to the Lorentz vector kμ = (k0, kkk).

Shifting p→ p +K, we define E± = Ekkk/2±ppp given by

E± =
√
∣kkk∣2/4 + ∣ppp∣2 ± ∣kkk∣∣ppp∣ cos θ (3.50)

where θ is the angle between kkk and ppp

This gives us

R2(k, k′) =
1
Nf
∫
p
∑
ss′=±

π2ss′δ(k0/2 + p0 − sE+)δ(k
0/2 − p0 − s′E−)

E+E−

Qf(−k
0/2 − p0)QF(k

0/2 − p0)(γρ(/k/2 + /p)γσγν(/k/2 − /p)γμ)D
μρ
R (q − p −K)D

σν
R (p +K)(3.51)

performing the p0 integral in Eq. 3.49, we get

R2(k,K) =
1
Nf
∫
ppp
∑
ss′=±

πss′δ(k0 − sE+ − s′E−)
2E+E−

Qf(s′E−)Qf(k
0 − s′E−)

(γρ(/k/2 + /̃p)γσγν(/k/2 − /̃p)γμ)D
σν
R (̃p +K)D

μρ
R (−p̃ −K) (3.52)

where p̃μ = (k0/2 − s′E−, ppp). In three dimensions γμγνγρ = gμνγρ − gμργν + gνργμ which allows us to
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write Eqn. 3.52 in terms of the polarization vectors as follows

R2,λλ′(k,K) =
1
Nf
∫
ppp
∑

λλ′=L,T
∑
ss′=±

πss′δ(k0 − sE+ − s′E−)
2E+E−

Qf(s′E−)Qf(k
0 − s′E−)

((k + 2̃p) ⋅ ελ′(−p̃ −K)/ελ(̃p +K) − (/k/2 + /̃p)ελ(̃p +K) ⋅ ελ′(−p̃ −K)

((k − 2̃p) ⋅ ελ(̃p +K)/ελ′(−p̃ −K) − (/k/2 − /̃p)ελ(̃p +K) ⋅ ελ′(−p̃ −K))

DRλ(̃p +K)DRλ′(−p̃ −K) (3.53)

Since the external momentum qqq isO ( 1
Nf
), the momenta of the two photon propagators are approx-

imately anti-parallel. Therefore, we only need to consider terms in the sum over λwhere λ = λ′.

We can now write the whole rung in the tensor product form

R2(k,K) =
1
Nf
∫
ppp
∑
ss′=±

∑
λ=L,T

πss′δ(k0 − sE+ − s′E−)
2E+E−

Qf(s′E−)Qf(k
0 − s′E−)

DR,λ(̃p +K)DR,λ(−p̃ −K) (R
(1)
2,λ(k,K, ppp)

μγμR
(2)
2,λ(k,K, ppp)

νγν) (3.54)

where we define the coefficients of γμ ⊗ γν as

Rμν
2 (k,K) =

1
Nf
∫
ppp
∑

πss′=±
∑

λ=L,T

ss′δ(k0 − sE+ − s′E−)
2E+E−

Qf(s′E−)Qf(k
0 − E−)

DR,λ(̃p +K)DR,λ(−p̃ −K)R
(1)
2,λ(k,K, ppp)

μR(2)2,λ(k,K, ppp)
ν (3.55)

The expressions for the matrix elements defined in 3.55 are contained in appendix.

We can do the integral over ∣ppp∣where the zeroes of the delta function are given by

∣ppp∣0 =
k0

2

¿
ÁÁÁÀ (k0)2 − ∣kkk∣2

(k0)2 − ∣kkk∣2 cos2 θppp
(3.56)
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where θppp is the angle between the loop momenta ppp and the relative momenta kkk.

For the root to be positive, we have condition (k0)2 < ∣kkk∣2 cos2 θ or (k0)2 > ∣kkk∣2, which occurs

for (s, s′) = (1, 1) and (s, s′) = (±1,∓1).

3.4 Bethe Salpeter equation and the Lyapunov exponent

Our diagrammatic expansion of the squared fermion anti-commutator will give us an integral equa-

tion we will solve to obtain the Lyapunov exponent and butterfly velocity. This equation is reminis-

cent of the original Bethe-Salpeter equations first used to study bound states in quantum electrody-

namics in64,182,183.

In matrix form, the equation for the ladder is basis dependent. However it, turns out that at long

times, we can take advantage of the matrix structure of this equation and turn it into two scalar

equations for components of a “wave-function” To illustrate this, we start define the Lorentz vectors

qμ = (ν, qqq) kμ = (k0, kkk) and the following on-shell projectors

Λ(i)± (kkk) =
Ekkk ± γ0γ ⋅ kkk

2Ekkk
(3.57)

where i = 1,2 refers to the particle index and γ ⋅ kkk = −γiki. These have the following properties

Λ(i)± (kkk)Λ
(i)
± (kkk) = Λ

(i)
± (kkk), Λ(i)± (kkk)Λ

(i)
∓ (kkk) = 0, Λ(i)+ (kkk) + Λ

(i)
− (kkk) = 1 (3.58)

The eigenvectors of Λ(i)± (kkk) are

u+(k) = (
Ekkk

ikx + ky
, 1) (3.59a)

u−(k) = (−
Ekkk

ikx + ky
, 1) (3.59b)

105



From Eqns. 3.59a and 3.59b we see u−(kkk) = u+(−kkk). Acting with the projectors on u±(kkk)we get

Λ±(kkk)u±(kkk) = u±(kkk) Λ∓(kkk)u±(kkk) = 0 (3.60a)

From this, we conclude that u±(kkk) are eigenvectors of Λ±(kkk)with eigenvalue one and u±(kkk) are

an eigenvectors of Λ∓(kkk)with eigenvalue zero. We define Λ(1)s (kkk)Λ(2)s′ (kkk) as the tensor product of

two projection operators. Eq. 3.58 gives us the additional four properties

(Λ(1)+ (kkk)Λ
(2)
+ (kkk) + (Λ

(1)
− (kkk)Λ

(2)
+ (kkk) + (Λ

(1)
+ (kkk)Λ

(2)
− (kkk)) + (Λ

(1)
− (kkk)Λ

(2)
− (kkk)) = 1 (3.61)

The eigenvectors of u(1,2)± . Λ(1)s (kkk)Λ(2)s′ (kkk) can be written as tensor products of the form

u(1,2)ss′ (kkk) = u
(1)
s (kkk)u

(2)
s′ (kkk) (3.62)

We can use the free fermion spectral function to write the retarded Green’s function in the form

/kgR(k).

G∗R(/k − /q)GR(/k) = (/k − /q)/kg∗R(k − q)gR(k) (3.63)

Consider the product g∗R(q − k)gR(k). Writing it explicitly in terms of momentum and frequency

arguments we have

g∗R(k − q)gR(k) = ∑
ss′=±

ss′

4EkkkEkkk−qqq
( 1
k0 − ν − sEkkk−qqq − iε

)( 1
k0 − s′Ekkk + iε

) (3.64)

Evaluating the k0 integral we have four poles: k0 = ν−sEkkk−qqq+iε and k0 = s′Ekkk−iεwhich give residues

proportional to ∼ (ν + sEkkk−qqq − s′Ekkk)−1. To get the longtime behavior, we keep only the contribution

from the most singular terms ∼ (ν±Ekkk−qqq∓Ekkk)−1 where we close the contour clockwise on the lower

half plane

106



In the end we have

g∗R(k − q)gR(k) → ∑
s=±
−πiδ(k

0 − sEkkk)
2Ekkk−qqqEkkk

[ 1
ν − s(Ekkk − Ekkk−qqq) + iε

] (3.65)

Note that for qqq = 0, these terms become proportional to ν−1. Assuming Γqqq−kkk ≈ Γqqq we can shift the

poles in 3.65 to get

g∗R(k − q)gR(k) → ∑
s=±

πiδ(k0 − sEkkk)
2Ekkk−qqqEkkk

[ 1
ν − s(Ekkk − Ekkk−qqq) + 2iΓkkk

] (3.66)

For small qqq, we can express Eqn. 3.65 in terms of projection operators as follows

G∗R(/k − /q)GR(/k) ≈ ∑
s=±

s2πiδ(k0 − sEkkk)
Λ(1)s (kkk)γ0Λ(2)s (kkk)γ0

ν − s(Ekkk − Ekkk−qqq) + 2iΓkkk
(3.67)

where we used using (γ0)2 = 1. Consider the first term in the ladder, which is the tensor product of

two retarded Green’s functions

F0(t, xxx) =
1
Nf
[GR(t, xxx)G∗R(t, xxx)] (3.68)

In momentum space we can define the object f(q, k) as

F(q) = 1
Nf
∫
k
f(q, k) (3.69)

And write the first term as

F0(q) =
1
Nf
∫
k
G∗R(/k − /q)GR(/k) (3.70)

107



=

+ )(= +1

= +

= +

Figure 3.6: A diagramma c picture of the square of the fermion an commutator. The lower rails and retarded propaga-
tors and upper rails are advanced propators and the rails are Wightman func ons.

We can now write the infinite ladder as

F(q) = 1
Nf
∫
k
G∗R(/k − /q)GR(/k) (1 + ∫

k′
R(k, k′)f(k, k′, q)) (3.71)

Where qμ = (ν, qqq), kμ = (k0, kkk) and k′μ = (k′0, kkk′), andR(k, k′) is the sum of the two rungs. It is

important to note that we have computed the two rungs in a different basis, and we would need to

use the Fierz identities to explicitly writeR(k, k′) in the correct matrix form.

Assuming exponential growth at long times, the ladder will remain invariant under the addition

of one rung. For qqq small, we can make the approximation Ekkk − Ekkk−qqq = δEqqq ≈ qqq ⋅ vkkk where vkkk = ∇kkkEkkk

is the group velocity. Dropping the constant term and inserting Eqn. 3.67 into 3.71, we get

(−iν + iδEqqq + 2Γkkk)f(q, k) =
1
Nf
∫
k′
∑
s=±
(Λ(1)s (kkk)γ0Λ(2)s (kkk)γ0)δ(k0 − Ekkk)R(k, k′)f(q, k′) (3.72)

Acting on both sides of Eqn. 3.72 with (Λ(1)s (kkk)γ0Λ(2)s (kkk)γ0), we see from Eqn. 3.61 that Eqn. 3.72

is just multiplied by one or zero. So instead of considering the matrix f(q, k), we can consider an

eigenvalue equation for a vector v(q, k)which is an eigenvector of the projection operators. We can

now propose the following on-shell form of v(q, k)

v(ν, qqq, kkk) =∑
s=±

Λ(1)s (kkk)Λ(2)s (kkk)δ(k0 − sEkkk)vs(ν, qqq, kkk) (3.73)

Since v±(ν, qqq, kkk) are eigenstates of Λ(1)± (kkk)Λ
(2)
± (kkk) for small qwe can write v(i)± (ν, qqq, kkk) in the
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form

v±(ν, qqq, kkk) = u(1,2)± (kkk)ψ±(ν, qqq, kkk) (3.74)

where ψ±(ν, qqq, kkk) is a scalar function. To write equations for ψ±(ν, qqq, kkk)we take the inner product

of both sides, defining a scalar kernel written in terms of both rungs and as

Kss′(kkk, kkk′) =
⟨u(1,2)s (kkk)∣γ0(1)γ

0
(2)(R1(skkk, s′kkk′) +R2(skkk, s′kkk′))∣u(1,2)s′ (kkk′)⟩

⟨u(1,2)s (kkk)∣u(1,2)s (kkk)⟩
(3.75)

Because inner product is basis independent, it does not matter that the rungs are written in different

bases.

(−iν + isδEqqq + 2Γkkk)ψs(ν, qqq, kkk) = ∑
s′=±

1
Nf
∫
kkk′
Kss′(kkk, kkk′)ψs′(ν, qqq, kkk

′) (3.76)

Eqns. 3.76 now looks like two coupled effective Dirac equations for a scalar wave function. We can

now define a kernel matrix in the ss′ indices as

K̂ss′ = Kss′ − 2NfΓkkkδss′ (3.77)

and Ψ(ν, qqq, kkk) = (ψ+(ν, qqq, kkk),ψ−(ν, qqq, kkk)
T

(−iνσ̂0 + iδEqqqσ̂z)Ψ(ν, qqq, kkk) =
1
Nf
∫
kkk′
K̂(kkk, kkk′)Ψ(ν, qqq, kkk′) (3.78)

In the time domain, this becomes

(∂tσ̂0 + iqqq ⋅ vkkkσ̂z)Ψ(t, qqq, kkk) =
1
Nf
∫
kkk′
K̂(kkk, kkk′)Ψ(t, qqq, kkk′) (3.79)
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3.5 Numerics

We define the Lyapunov exponent to be the largest eigenvalue of K̂ at qqq = 0 with eigenvector ψ1.

We assume ψ1 is rotationally symmetric so the eigenvalue equation can be simplified by projecting

both sides onto states with angular momentum l = 0. The resulting eigenvalue equation involves

a one dimensional integral transform, involving only the magnitude of the momentum. Below we

summarize the computational procedure, with further details in Appendix C.5.

First, we compute Πxx and Πyy numerically on a fine grid in (ω, ∣kkk∣) space and use these to con-

struct the full photon spectral function matrix. We then use these to calculate the fermion decay

rate and the matrix components of the rung functions. Since these quantitites effectively vanish

when the norms of their arguments greatly exceed T, we use a simple linearly spaced grid with a hard

momentum cutoff of order 10 T . The temperature is the only scale in the problem, so the entire

numerical computation is set up in terms of the scaled variables k = k/T andw = ω/T .

We can write λL in the form

λL =
2πT
Nf
C (3.80)

Numerics give C ≈ 0.65. λL takes the same form for the O(N) model with C = 0.51. For nonzero

qqqwe can also calculate a butterfly velocity vB which we expect to be vB ∼ 1. We do not give a precise

number as computing vB is more numerically involved and the spatial propagation is expected to be

significantly modified by higher order in 1
Nf

corrections223.

3.6 Discussion

In this work we studied thermalization and chaos in QED3 at finite temperature in a largeNf expan-

sion. We calculated the photon polarization tensor in real time numerically and also obtained exact

expressions in the limits of high temperature and high frequency. We numerically computed the
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Figure 3.7: We get four types of terms from expanding the squared current-current commutator to first order. The first
nontrivial diagrams can be divided into two groups and are shown above. The black dots are current inser ons. Each
group contains a diagram corresponding to each direc on of par cle flow. Only the diagrams with uncrossed rungs will
contribute to chaos.

fermion decay rate and obtained the Lyapunov exponent from a two-body Dirac-like equation for

the squared anti-commutator.

While the object we have computed,F(t, xxx), is gauge invariant, the fermion anti-commutator

by itself is not. Furthermore, because of their anti-commutation relations, fermions are inherently

non-local, thus the squared anti-commutator we are computing is actually a non-local object even

though the growth is causal.

We can compare the growth of the squared fermion anti-commutator with the growth of local

operators. The most natural local operator in QED3 is the fermion current. This is defined as

jμa(t, xxx) = ψa(t, xxx)γ
μψa (3.81)

We can consider the squared commutator of two current operators

C(t, xxx) = 1
Nf

δμρδνσTr[
√
ρ̂ [jμa(t, xxx), jνb(0,0)]

√
ρ̂ [jρa(t, xxx), jσb(0,0)]

† ] (3.82)

Another object we could have considered is the squared commutator for the gauge field. Due to

current conservation, we know that the photon and current correlation functions are related up to
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Figure 3.8: Terms contribu ng to the current current commutator at higher order.

contact terms which vanish on shell.

We expect composite operators will grow as fast as elementary operators44. However, it is not

guaranteed that these grow at the same rate. We can compare C(t, xxx) toF(t, xxx) by looking at the

structure of the ladder diagrams. The technical details are left to appendix C.4). We see that all of

the rungs inF(t, xxx) are also contained in C(t, xxx) as well as additional structures with crossed legs

and particle arrows oriented in opposite directions. The internal structure of this ladder contains

the same terms in the squared fermion anti-commutator as well as other pieces. If we expand C(t, xxx)

further, we obtain diagrams containing particle flows in opposing directions as shown in Fig. 3.8.

In principle, these can also occur in the ladder expansion forF(t, xxx). However, these terms are sup-

pressed by 1
Nf
, so they do not contribute to chaos to leading order. Thus, we argue that the diagrams

inF(t, xxx) are all contained in C(t, xxx), so chaos must grow at least as fast as the rate obtained from

F(t, xxx).

At smallNf, the fermions are expected to develop a dynamical mass through a chiral phase tran-

sition. In this situation, we expect an exponentially dilute gas of particles with an exponentially

long scattering time at temperature below the mass gap. This would correspond to a Lyapunov ex-

ponent λL ∼ e−m/T. It has also been proposed that QED3 exhibits an intermediate phase which
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is dominated by fluctuations in a vector channel and is characterized by a Lorentz-breaking vector

condensate30,105. It would be interesting to see how λL scales in this regime.

In the future it would be interesting to see if one could adapt a kinetic method such as described

in78 to simplify the calculation of chaos exponents in other gauge theories. It would also be inter-

esting to improve numerics so that the Lyapunov exponent can be calculated to higher accuracy

and get an estimate for the butterfly velocity. Our work also serves as a starting point to compute

other dynamical quantities in finite temperature QED3 such as the charge diffusion coefficient in

systems with disorder. While the decay rate we computed is not gauge invariant, it is the first step in

the computation of physical response functions.
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4
Bounding Transport in Disordered

Holographic Matter

4.1 Introduction

In conventional metals such as iron or aluminum, Fermi liquid theory predicts that the conductivity

σ ∼ T−2, and indeed at low temperatures this scaling can be confirmed for most metals13. However,
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there is a long-standing experimental puzzle in which certain “strange metals” instead have σ ∼

T−1 33. Unlike ordinary Fermi liquids, these strange metals are believed to be strongly correlated,

making it difficult to find controllable theoretical models for them201,179.

A few years ago, it was noted that one can use the classic Drude formula for quasiparticle trans-

port13 to define a relaxation time τ:

τ ≡ m
ne2

σ, (4.1)

with n the carrier density andm a quasiparticle effective mass (measured by quantum oscillations).

One finds that for many strange metals33:

τ ∼ h̵
kBT

. (4.2)

However, it is hard to take such a result seriously as a quasiparticle scattering time, because this time

scale has been argued for some time to be the fastest possible time scale characterizing the dynamics

in any interacting quantum system171,173,177. This has recently been revisited in144. If we take τ

seriously as some type of “relaxation time”, this time scale should not be faster than the “interaction

time scale” (4.2). However,88 pointed out that it would not be unreasonable to demand

τ ≳ h̵
kBT

, (4.3)

In the absence of quasiparticles,88 further noted that it is easier to postulate that diffusion constants

of charge and energy are related to a relaxation time τ:

D ≳ v2τ ≳ v2 h̵
kBT

, (4.4)

where v is a velocity scale. This formula is better than (4.1) since it does not depend on the existence
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of quasiparticles to make sense. If vwas independent of temperature, then sinceDχ = σ, with χ

the charge susceptibility,88 proposed that σ ∼ T−1 in strange metals because their charge diffusion

constant saturates the universal lower bound (4.4). The universality of such a bound is appealing,

but without a precise conjecture for how to compute v, such a bound is not useful. For example, if v

and/or χ has temperature-dependence, then (4.4) can be satisfied while σ does not scale as T−1.

Assuming a conjecture for what v is, one way to check such a bound rigorously is to use gauge-

gravity duality230,92. This technique allows us to access the physics of certain strongly interacting

finite temperature and density quantum systems by mapping their dynamics onto classical gravity.

Indeed, early results125 out of gauge-gravity duality suggested a universal viscosity bound relating

the shear viscosity η to the entropy density s:

η ≳ h̵s
kB

. (4.5)

A precise coefficient was found for the simplest holographic models125 and was conjectured to be

universal. Such a viscosity bound can be understood by the following chain of logic:

η ∼ ετ ≳ h̵ε
kBT
∼ h̵s
kB

. (4.6)

with ε the energy density. More recently, it has been shown that it is possible to parametrically vi-

olate these viscosity bounds32,31,165,147,104,93,2,34,133. Nonetheless, (4.5) qualitatively holds for a

large number of theories, and has not been meaningfully violated experimentally1. Hence, there is

hope that the original conjecture (4.5) is still an excellent frame for thinking about the viscosity of

strongly interacting quantum systems, even if it is not precise.

Given a sharp conjecture for what the velocity scale v is in (4.4) and the zoo of holographic mod-

els which are now routinely studied230, it is natural to use holographic approaches to test (4.4). For
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the remainder of the chapter, we will set c = h̵ = kB = 1 for simplicity; such units can straightfor-

wardly be restored with dimensional analysis.

4.1.1 Charge Diffusion and the Butterfly Effect

The recent papers23,24 have proposed that v should be interpreted as a velocity called the butterfly

velocity vb. Let us specialize to the study of charge diffusion in a locally charge neutral quantum

field theory. In this case,23 computedD in a large set of spatially homogeneous low temperature

scaling theories and, in many cases, found the simple relation:

D = C v
2
b
T
, (4.7)

with C an O(1) constant which depends on certain low energy scaling dimensions of the theory, but

not on further details. If v = vb, then (4.4) suggests we should find

D ≳ v2b
T

(4.8)

in more generic situations.

Before we discuss the extent to which (4.8) holds, let us introduce what the butterfly velocity

actually is. Let us consider a generic quantum field theory with operatorV, localized around x = 0

and t = 0, andW, localized around x = x0 and t = t0. If t0 = 0, then causality implies thatV andW

must be uncorrelated. At later times, this need not be the case. In strongly interacting systems, one

will generically find191,168

⟨V(0,0)W(x0, t0)V(0,0)W(x0, t0)⟩T
⟨V(0,0)V(0,0)⟩T⟨W(x0, t0)W(x0, t0)⟩T

= 1 − eλL(t0−t∗−∣x0∣/vb), (4.9)

where t∗ is a time scale called the “scrambling time”, and vb is a velocity scale called the butterfly
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velocity. When x0 = 0, this equation is reminiscent of chaos theory. In a chaotic system, a small

perturbation can grow exponentially large at late times, and so two nearly identical initial conditions

can lead to dramatically different outcomes: this is called the butterfly effect. λL, identified as a Lya-

punov exponent, tells us the rate at which the quantum system can become “scrambled” and lose

memory of its initial state. Recently,144 has pointed out that under plausible physical assumptions,

λL ⩽ 2πT. (4.10)

This gives a precise meaning to (4.3). When x0 ≠ 0, there is a further spatial delay in scrambling –

this is what is captured by the butterfly velocity. One can crudely think of it as the speed at which

quantum information can propagate through the system. More precisely,169 has suggested identi-

fying the butterfly velocity with an effective Lieb-Robinson velocity – this latter velocity scale has

been of great importance in quantum information theory for many years. For our purposes, the pre-

cise quantum information theoretic interpretation of vb is not important – as emphasized in23, we

focus on vb since it is a natural velocity scale to define in a strongly-coupled quantum system.

4.1.2 Breaking Translation Symmetry

Wewill test (4.8) in charge neutral theories without translation symmetry. There are two reasons

why such a test is important. Firstly, to the extent one can even define viscosity in such systems,

translation symmetry breaking parametrically spoils the celebrated viscosity bound (4.5)93,2,34,133. D

is well-defined in such theories as long as charge is conserved, but one might expect that translation

symmetry breaking can spoil any bound. Secondly, and more importantly, in a typical metal (which

is at finite charge density) the only reason that the charge diffusion constant is not infinite is be-

cause impurities or umklapp processes break translation invariance. When translation invariance is

weak91,136,141, σ andD are both parametrically large. Hence, translation symmetry breaking must be
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a non-perturbatively strong effect in order forD to have any chance of saturating a universal lower

bound such as (4.8). So although we will be studying charge neutral systems for computational sim-

plicity, where σ andD are finite even in homogeneous systems, it is crucial that (4.8) be robust to

translation symmetry breaking in order for it to be a sensible proposal.

There are some reasons to be optimistic about (4.8), at least in holographic models. It has re-

cently been shown that some classes of holographic models (in particular, the Einstein-Maxwell

theory in four bulk spacetime dimensions) admit sharp conductivity bounds75,76,100.* Such con-

ductivity bounds can be saturated by the predictions of simpler models of disorder such as massive

gravity28 or Q-lattice/linear axion models51,8,52,69. Hence, it may be the case that (4.8) is robust to

translation symmetry breaking. On the other hand, simple counterexamples to the conductivity

bounds suggested63 by these simple models can readily be generated100 even by simply changing the

spacetime dimension.

In this chapter, we computeD and vb in inhomogeneous holographic matter coupled to a charge-

neutral scalar operatorO. If the fieldHwhich linearly couples toO varies on long (hydrodynamic)

spatial length scales ξ, we can construct the dual geometry and computeD and vb analytically. Our

computation demonstrates that there is no sharp lower bound for the charge diffusion constant,

even in our simple class of models. In fact, we find that in the same low temperature scaling regimes

studied in23:

D ≤ C v
2
b

2T
, (4.11)

with equality only holding in homogeneous backgrounds whereH is constant. Hence, (4.8) does

not generally hold with a precise constant prefactor. While we do not present an explicit example

*Such conductivity bounds must always be interpreted within the context of a specific holographic ac-
tion: namely, for any given theory, the disorder profile cannot reduce the conductivity below a minimal value.
It is possible to, in addition, modify the boundary theory by modifying the bulk action, to decrease the con-
ductivity further15,71. Since (4.8) contains theory dependent quantities on both sides of the inequality, there
is hope that it may be more general.

119



where the temperature dependence ofD differs from the temperature dependence of v2b/T at low

temperature, we also cannot rule this possibility out in exotic holographic matter.

The outline of this chapter is as follows. In Section 4.1.2 . In Section 4.2, we review the fluid-

gravity correspondence and describe the construction of the striped black holes we use to compute

vb andD. Sections 4.3 and 4.4 computeD and vb respectively. We find that bothD and vb admit, at

leading order in ξ−1, a simple hydrodynamic interpretation. In the low-temperature limit of23, we

demonstrate (4.11) in Section 4.5. Appendix D contains further technical details.

4.2 Striped BlackHoles

Wewill study asymptotically anti-de Sitter geometries in d+2 spacetime dimensions, dual to systems

with a UV conformal fixed point:

ds2(r→ 0) = gMNdxMdxN = dr2 − dt2 + dx2

r2
(4.12)

r is the bulk radial coordinate, and t and x represent time and space in the boundary field theory

directions. Without (yet) specifying the bulk matter content, we suppose that there is a scalar field

Φ, dual to a relevant operator of dimension Δ in the UV conformal field theory. We consider states

deformed by a spatially inhomogeneous source for the operator dual to Φ. The geometric interpre-

tation of this is that the boundary conditions for Φ are:

Φ(x, r→ 0) = 1
Ld/2H(x)r

d+1−Δ +⋯. (4.13)

We wish to find a background geometry dual to a state of the theory at finite temperature T, as-

suming charge neutrality (at least for the charge whose diffusion constant we are computing). For

simplicity, we will suppose that the functionH(x) only depends on a single coordinate, which we
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will label as (italic) x. To this charge neutral background, we then add a U(1) gauge field A, so the

total action of the bulk theory is:

S = Smatter − ∫ dd+2x√−gZ(Φ) F
2

4e2
, (4.14)

with F = dA. The diffusion constantDwe compute will be the diffusion constant associated with

the dual conserved charge.

In general, the construction of such inhomogeneous geometries cannot be done analytically.

However, suppose that the functionH(x) varies on long wavelengths ξ: i.e.

∂xH
H
∼ 1
ξ

(4.15)

and that the dimensionless parameter
1
ξT
→ 0. (4.16)

In what follows, we will often discuss the perturbative expansion in 1/ξ, and this will imply that

1/ξT is the small dimensionless parameter governing the expansion. In this case, we expect that the

field theory – deformed by a very long wavelength source – reaches local thermal equilibrium as

if it was in a homogeneous medium. This “hydrodynamic” disorder137,139 is particularly elegant

to treat holographically: the fluid-gravity correspondence22,21 allows us to analytically construct

inhomogeneous black hole backgrounds as a perturbative expansion in 1/ξ: see e.g.42. This will

allow us to analytically compute the charge diffusion constantD and butterfly velocity vb.

At leading order in 1/ξ, it is particularly simple to write down the inhomogeneous background

geometry, with our specified boundary conditions for Φ and gMN. To do so, one must find a co-

ordinate system which is regular at the horizon. In such a regular coordinate system, we first con-

struct the background geometry assuming thatH(x) = constant. One such coordinate system is
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Eddington-Finkelstein coordinates, where

ds2 = −2ã(r;H)dvdr − a(r;H)dv2 + b(r;H)dx2, (4.17a)

Φ = ϕ(r;H). (4.17b)

We have replaced here the standard time coordinate t, with a coordinate vwhich is constant along

in-falling light rays.† The functions a(r;H), ã(r;H) and b(r;H) are functions ofH, the boundary

condition on the scalar Φ, and also the temperature T of the horizon. Since black hole theorems

imply that Tmust be uniform across the horizon214, we only denote the explicit depenence onH,

which is allowed to be spatially varying shortly. Note that the coordinate rmay be reparameterized:

this implies that ã is not a true degree of freedom. For future reference, we note that the inverse

metric has components

grr = a
ã2

, grv = 1
ã
, gij =

ij

b
, (4.18)

with all other components vanishing.

Given a solution at temperature T > 0 to the bulk equations of motion, the fluid-gravity cor-

respondence asserts that given the inhomogeneous boundary conditions above, the bulk fields are:

ds2 = −2ã(r;H(x))dvdr − a(r;H(x))dv2 + b(r;H(x))dx2 +O( 1
ξ
) , (4.19a)

Φ = ϕ(r;H(x)) +O( 1
ξ
) . (4.19b)

The leading order solution can be found by simply gluing together a locally homogeneous solution.

†Amore standard metric choice might have been ds2 = gdr2 − fdt2 + hdx2. These are often called
Fefferman-Graham coordinates. One can get from this coordinate system to Eddington-Finkelstein co-
ordinates by defining dv = dt −

√
f/gdr. However, such metrics are not well-suited for the fluid-gravity

correspondence, as we will explain shortly.
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For our purposes, we can understand this result as follows. The metric is completely regular near the

horizon – namely, no component of gMN or gMN diverges near the horizon. Hence, one can check

that (for any reasonable norm)

∣RMN[g0] −
R[g0]
2
(g0)MN − Tmatter

MN [g0,Φ0, . . .]∣ = O(
1
ξ
) , (4.20)

where g0, Φ0 etc. are the metric and matter content given in (4.19). Furthermore, we can systemat-

ically correct g and Φ, order by order in ξ−1, in a local fashion. In contrast to Eddington-Finkelstein

coordinates (4.19), the standard Fefferman-Graham coordinates, in which the background met-

ric is diagonal, have a singular metric at the horizon, and so are not well-suited for the fluid gravity

correspondence.

For the purposes of this chapter, we will find it sufficient to work with the fluid-gravity expansion

at leading order – the key point is that this expansion is controllable and the perturbative limit ξ →

∞ is well-behaved.

4.3 Charge Diffusion

As in23 we will compute the charge diffusion constant via the ratio

Dxx ≡
σxx
χ
. (4.21)

Here σ and χ are the globally defined electrical conductivity and charge susceptibility, respectively;

these quantities are easier to compute holographically thanD. As our striped fluids are anisotropic,

bothD and σ are tensors, but for the remainder of the chapter we suppress their explicit indices

and focus on diffusion in the striped direction. (4.21) is called an Einstein relation, and its origin

is well understood in homogeneous media113. The common derivation of (4.21) in homogeneous
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media exploits translation invariance and so cannot be applied directly to inhomogeneous media.

Nonetheless, in Appendix D, we show that (4.21) remains correct in the inhomogeneous fluids of

interest in this chapter. Hence, we turn to the holographic computation of σ and χ.

4.3.1 Conductivity

We begin with the computation of the conductivity σ. To accomplish this, we employ the holo-

graphic membrane paradigm approach first developed in102, and expanded in55,54,16 to generalize

to inhomogeneous geometries. This technique becomes especially simple in our case, where the

translation symmetry is broken only in a single direction55.

In our model, this technique proves especially simple. TheMaxwell equations associated with the

bulk gauge field A in (4.14) are

∂M (
√−gZ(Φ)FMN) = 0. (4.22)

To compute σ, we turn on a perturbation

A = −Evdx + Ã. (4.23)

The first contribution above imposes a time-independent electric field at the boundary, and the

second contribution records the bulk response. Importantly, since only F = dA enters (4.22), Ã is

v-independent. As the background is charge neutral, Awill not couple to perturbations of any other

bulk fields. By symmetry, the only possible non-vanishing components of F are Frv, Frx and Fvx, and

they are functions of r and x alone. Hence we may write (4.22) whenN = r andN = x respectively
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as:

∂x (
√−gZFxr) = 0, (4.24a)

∂r (
√−gZFrx) = 0, (4.24b)

which immediately implies that

J = 1
e2
√−gZFxr (4.25)

is a constant. The standard AdS/CFT dictionary may be employed in the UV, and J can be recog-

nized as the expectation value ⟨Jx⟩. FromOhm’s Law,

σ = J
E
. (4.26)

At the horizon, grr vanishes and so employing our leading order fluid-gravity metric (4.19):

J = Z
e2
√−ggxxgrvFxv =

Z
e2
b

d−2
2 (E − ∂xÃv) . (4.27)

We now divide both sides of this equation by the object outside the parentheses, and perform a

spatial average, which we denote asE[⋯] = 1
Lx ∫ dx⋯, with Lx denoting the “length” of the theory

in the x-direction (possibly infinite). We find

σ = 1

E [ e
2

Z
b−

d−2
2 ]

. (4.28)

This equation can be understood through hydrodynamics137. The conductivity of a striped fluid
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with an inhomogeneous local conductivity σ̃(x) is simply

σ = 1

E [ 1
σ̃(x)
]
. (4.29)

The object inside the spatial average in (4.28) can be interpreted as the inverse conductivity of a

fluid, but if it was homogeneous. In our particular fluid-gravity limit, of course, a hydrodynamic

interpretation of σ is quite natural, but remarkably a hydrodynamic interpretation persists even

beyond the fluid-gravity limit75,139,54,16.

4.3.2 Susceptibility

We define the net charge susceptibility as

χ ≡ ∂E[n]
∂μ

, (4.30)

where n = ⟨Jt⟩ is the charge density of the boundary theory, and μ is the (spatially homogeneous)

chemical potential. To compute this holographically, we turn on an infinitesimal gauge field A as

before, but this time set the boundary conditions in the UV to be

A(r = 0, x) = μdv. (4.31)

In general, there is no elegant membrane paradigm technique to compute χ in terms of a horizon

quantity. Indeed, as we will see, χ will depend on details of the full bulk geometry. Still, let us press

ahead, working in a gauge where Ar = 0. The v-component of (4.22) reads

∂r (
√−gZFrv) + ∂x (

√−gZFxv) = 0. (4.32)
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As we will justify more carefully soon, the second term can be neglected in the fluid-gravity limit.

Hence, in our gauge, we obtain an “effective” radially conserved quantity at each x

n = − 1
e2
√−gZFvr = − 1

e2
b

d
2 ã−1Z∂rAv, (4.33)

which the AdS/CFT dictionary identifies as the boundary theory expectation value of ⟨Jt⟩. This

justifies why we have labeled this radially conserved quantity n, as it is the local charge density. Now,

we employ the following trick23: if the horizon is located at r = r+, since Av(r = r+) = 0 in order for

A to be well-defined,

n(x)
r+

∫
0

dr
e2ã

Zb
d
2
=

r+

∫
0

dr (−∂rAv) = μ, (4.34)

where we have employed the boundary conditions in the last step. We note that b ∼ ã ∼ r−2 as

r → 0, and that both b and ã are regular at the horizon; thus Av will be finite everywhere. Hence,

upon applying the uniform chemical potential μ, we see that

χ = ∂E[n]
∂μ

= E
⎡⎢⎢⎢⎢⎣

⎛
⎝

r+

∫
0

dr
e2ã

Zb
d
2

⎞
⎠

−1⎤⎥⎥⎥⎥⎦
. (4.35)

To confirm that this is the correct answer at leading order in ξ−1, we note that (4.33), together

with the value for n(x) in (4.34), gives us an approximate solution for Av at all r and x, which is

smooth everywhere and will not exhibit any singular behavior at finite T. By simply plugging this

“guess” into (4.32), we see that it is correct to leading order: regularity of Av, and the geometry,

ensures that all corrections in ξ−1 are subleading.

In the limit of hydrodynamic disorder, because n(μ,H, . . .) is a local quantity we expect that

χ = E [χ̃(x)] , (4.36)
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with χ̃(x) = ∂n(x)/∂μ a local susceptibility. Our holographic computation in the fluid-gravity

geometries confirms this explicitly.

To summarize, the diffusion coefficient can now be written in terms of spatial averages as

D = 1

E[b
2−d
2 Z(r;H(x))−1]E[( ∫

r+
0 drb−

d
2 ãZ(r;H(x))−1)

−1
]
. (4.37)

This result can essentially be understood through classical hydrodynamics. The reason that it is

nonetheless useful to do the computation holographically is that we now have an explicit formula

forD in terms of bulk quantities. It is not obvious that the butterfly velocity vb – which by defini-

tion probes quantum chaos – admits any classical interpretation. We will now be able to compare vb

toD.

4.4 Butterfly Velocity

Recall that the butterfly effect is a phenomena in chaotic systems in which an initially small pertur-

bation can grow exponentially large at later times. In the introduction, we captured this in terms of

a peculiar 4-point correlation function (4.9). Several recent works have pointed out that the holo-

graphic interpretation of the butterfly effect is a geometric shock wave, propagating along the hori-

zon191,168. We will not fully justify why here, only explain the basic idea. Black holes such as the

ones we have constructed can be maximally extended to “double-sided” geometries, which contain

two copies of the field theory, where time runs in opposite directions, along with a black hole and

a white hole214. This maximally extended geometry can be interpreted as two entangled copies of a

field theory in a particular excited and entangled state. We now imagine slightly perturbing the left

field theory (where we take time to run backwards) at a “late” time t = t0, by adding a small amount

of massless particles. This should set off the butterfly effect, and the geometry at time t = 0 should
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be very different than what it was without the perturbation.

To leading order, we might expect that this perturbation does nothing to the classical geometry

in the limitGN → 0. However, if t0 is large, then these massless particles will follow null trajectories

very close to the (past) horizon, where they become exponentially blue-shifted, analogous to parti-

cles falling into the classic Schwarzchild black hole. We then must solve Einstein’s equations in the

presence of a thin shell of energy associated with this in-falling blue-shifted matter56,190. The result-

ing geometry will contain a shock at the horizon (a sudden shift in the geometry), which allows us to

capture both λ and vb, as defined in (4.9).

4.4.1 Kruskal Coordinates

We have now outlined the computation of vb in words. The first thing to do is now to adopt a co-

ordinate system which completely covers the maximally extended black holes of interest, called

Kruskal coordinates. For simplicity, we begin with homogeneous black holes (corresponding to

the right side field theory in the maximally extended case), where

ds2 = 2A(UV;H)dUdV + B(UV;H)dx2. (4.38)

In terms of the null in-going coordinate v, and a null out-going coordinate

du ≡ −2ã
a
dr − dv, (4.39)

the Kruskal coordinatesU andV are defined as

U = Le2Tu, (4.40a)

V = Le2Tv. (4.40b)
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U = 0V = 0

trt t
t

h(x)

(a) (b)

Figure 4.1: (a) The global Kruskal geometry. The smooth black lines on the le /right side of the diagram denote the
“AdS” boundaries of the le /right field theories. The rough red lines at the top and bo om denote the singulari es
inside of a black hole and a white hole respec vely. The dashed purple lines denote event horizons atU = 0 andV = 0.
Blue arrows denote the direc on as well as the standard “bulk radial” coordinate r. Eddington-Finkelstein coordinates
only cover the regionV ≥ 0 in this diagram. The proper es of this black hole vary smoothly in the x direc on, which
runs out of the page. (b) The effect of the “geometric shockwave” is a shi h(x) between the horizons as one crosses
U = 0.

Hence,

A = 2a
(4T)2UV

, (4.41a)

B = b. (4.41b)

The event horizons are located atU = 0 and/orV = 0. Note that A and B are functions only of the

productUV, and that despite appearances, A is in fact regular atUV = 0. Figure 4.1(a) shows the

global spacetime in Kruskal coordinates.

Now, we return to the case whereH(x) is not a constant. In fact, to leading order in ξ−1, the

inhomogeneous black hole in Kruskal coordinates is given by:

ds2 = 2A(UV;H(x))dUdV + B(UV;H(x))dx2 +O( 1
ξ2
) , (4.42a)

Φ = φ(UV;H(x)). (4.42b)

We justify this claim more carefully in Appendix D. Kruskal coordinates are not commonly em-
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ployed for a “fluid-gravity” correspondence. In Eddington-Finkelstein coordinates, given time-

dependent fluid flows in the boundary theory, the bulk geometry may be constructed “tube-wise”:

namely, given data at a boundary spacetime point (t, x), one can construct the local geometry for all

r. In Kruskal coordinates,U andV both relate to time t, and so one would need dynamics for all t to

construct the bulk geometry on for any given x. However, since we are looking at static geometries,

we trivially know the boundary “fluid dynamics” for all times t. Furthermore, Kruskal coordinates

share the same key regularity property of Eddington-Finkelstein coordinates: both gMN and gMN

are completely regular atU = 0 orV = 0. Thus, it is guaranteed that (4.42) indeed solves the equa-

tions of motion at leading order in 1/ξ, and that the effects of perturbations are not singular. Hence,

we can use a local fluid-gravity expansion to construct an inhomogeneous static black hole, order-by-

order in 1/ξ, directly in Kruskal coordinates. We explicitly discuss the construction in Appendix D.

Our main result can be obtained from the leading order solution (4.42).

4.4.2 Shockwave Geometry

As we mentioned previously, we consider a small amount of matter thrown into the left-half of our

Kruskal black hole at an “early” time t = t0. For simplicity, we consider a thin shell of matter, located

at x = 0, and uniform in the d − 1 spatial directions perpendicular to x. As this matter falls towards

the horizon, it creates a very sharp distribution of energy which we approximate as

Tshock
UU = Ee2Tt(x)(U); (4.43)

all other components of the stress tensor vanish. The (x) is not a true function, but can be approx-

imated as such for studying long distance physics168 – at the end of this section, we will provide a

few more comments on this assumption. Here E is the (proper) energy density of the infalling shell

of matter, and e2Tt is a blue-shift factor as it falls towards the horizon. The solution to Einstein’s
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equations in the background of such a source has been known for some time in a homogeneous ge-

ometry190. The presence of this pulse of energy located at theU = 0 horizon creates a mismatch in

the location of the horizon as one passes from the left to the right side (see Figure 4.1(b)):

V→ V +Θ(U)h(x), U→ U, x→ x. (4.44)

Using (4.44), we see this results in the following backreacted metric

ds2 = 2A(UV;H(x))dUdV + B(UV;H(x))dx2 − 2A(UV;H(x))δ(U)dU2 +O( 1
ξ
) . (4.45)

The stress tensor is modified to

TMN = T(0)MN + T
(1)
MN (4.46)

where T(0)MN is the stress tensor without the shock wave, and the only non-zero component of T(1)MN

is (at leading order in ξ−1)

T(1)UU = Ee
2Tt0(U)(x) − 2h(x, t)(U)T0

UV. (4.47)

We have used the fact that on the background, T(0)VV = 0
190 in deriving this result. We discuss higher

order corrections to this shock wave geometry in Appendix D.2.

We now follow and compute vb by solving Einstein’s equations for h(x). This computation –

in the homogeneous caseH(x) = constant – is well-understood190,23,169, and so we focus on the

new effects coming from inhomogeneity. It is instructive to see how the shock wave affects the Ricci

tensorRMN. The only shock-dependent contributions toRMN coming from the metric (4.45) are

in theUU component, (keep in mind that further corrections are possible at O(ξ−2) due to fluid-
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gravity corrections to (4.45), as discussed in Appendix D.2):

R(1)UU = (U) [
A
B
∂2
x h +

1
B
∂x(∂xAh) +

d − 2
2

∂xB
B2

∂x(Ah) + 2h
∂UVA
A
+ d
2
h
∂UVB
B
] . (4.48)

To simplify these results, we have used the following equalities, which hold in the sense of distribu-

tions:‡

U(U) = U2(U) = U2(U)2 = 0, (U) = −U′(U). (4.49)

From (4.48) we see that x-derivatives do not enter the expression forR(1)UU in a singular way near

U = 0; similar calculations confirm this result for the remainder of Einstein’s equations. Assuming

that the matter content is also well-behaved (we give an explicit example where this is so in Appendix

D.2), we may take the ξ → ∞ limit smoothly. Using that, at order ξ0, the background Einstein

equations give190

8GNT
(0)
UV =

∂UVA
A
+ d
2
∂UVB
B

, (4.50)

one can show that the coefficient of (U) in theUU component of Einstein’s equations (with low-

ered indices) only vanishes when h(x) obeys the differential equation190

(∂2
x −m(x)2) h(x) = 8GN

B(0,0)
A(0,0)

(x)Ee2Tt, (4.51)

with the “mass”m is defined as

m(x)2 ≡ d
2A(0;H(x))

∂UVB(UV;H(x))∣
U=0

. (4.52)

We now solve for the profile h(x). This can be done using a standardWKB-like argument. Let us

‡A transparent way to see the last equality is to approximate (u) = ε−1f(u/ε)with ε → 0 and f a suitably
chosen function: e.g. f(x) = 1

2 e
−∣x∣. One finds ∫ du(u(u))2 ∼ ε which vanishes in the ε → 0 limit.
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define

h(x) ≡ exp
⎡⎢⎢⎢⎢⎣
−
RRRRRRRRRRRR

x

∫
0

dx′ m(x′)
RRRRRRRRRRRR

⎤⎥⎥⎥⎥⎦
h0(x), (4.53)

where h0(x) obeys the differential equation

∂2
x h0 − 2m(x)∂xh0 − h0∂xm(x) = 8GN

B(0,0)
A(0,0)

(x)Ee2Tt. (4.54)

If we demand, as is physically sensible, that h(x) vanish at x = ±∞, then (4.54) implies that ∂xh0 =

O(ξ−1). Thus, we conclude that at leading order in ξ, we may approximate (at large x):

h ≈ 8GN
B(0,0)
A(0,0)

Eeλ(t−∣x∣/vb), (4.55)

with λ given by (4.10) and
1
vb
≡ E [ 1

ṽb
] (4.56)

with
1
ṽb
≡ 1
2T

√
d

2A(0;H(x))
∂UVB(0;H(x)) (4.57)

Interestingly, the butterfly velocity in this inhomogeneous background can be interpreted in a

very simple classical picture. Imagine a “butterfly” moving through a medium with local velocity

ṽb(x). What would the effective velocity of the butterfly be? It is easiest to compute this effective

velocity vb by measuring the time it takes to travel a distance ℓ:

t(ℓ) = ∫ dt = ∫
dx

ṽb(x)
= ℓ E [ 1

ṽb
] ≡ ℓ

vb
, (4.58)

in agreement with our (leading order) holographic calculation (4.56). Although this simple clas-

sial picture is intuitive, it is worth keeping in mind that the butterfly velocity is a manifestation of
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quantum chaos.

The derivation above assumed that the influence of the “pulse” at the horizon was localized.

However, our derivation of the butterfly velocity is not particularly sensitive to this assumption.

As we have seen, h(x) obeys a linear differential equation. Even if h(x) is sourced by a source of fi-

nite width a, for distances x ≫ a, h(x) ∼ e−λx/vb by linearity, and so our derivation of the butterfly

velocity is unchanged.

4.5 Scaling Geometries

We now compareD and vb. It is instructive to begin with a simple Einstein-Maxwell-dilaton (EMD)

holographic models, with bulk action

S = ∫ dd+2x√−g [ 1
16GN

(R − 1
2
(∂Φ)2 − V(Φ)) − Z(Φ)

4
F2] . (4.59)

We have carefully checked the validity of the fluid-gravity expansion in Kruskal coordinates in Ap-

pendix D.1, as well as subleading corrections to vb in Appendix D.2, for this model.

Let us now consider the low-temperature scaling limit of our gravity theory40,92. Let us tem-

porarily assume thatH(x) = constant. For “generic” Liouville-like potentials:

V(Φ →∞) = V0eβΦ, (4.60)

one finds, at T = 0, the emergent IR geometry (in Eddington-Finkelstein coordinates, in a certain

gauge) is a hyperscaling-violationg geometry:

ds2 = L2

r2
(H

1
d+1−Δ r)

2θ
d c0 (2dvdr − dv2 + dx2) , (4.61)
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so long as θ < 0 (or θ > d, though this case may be unphysical ? ). This requirement follows from the

formula40?

β2 = 2θ
d(d − θ)

, (4.62)

and the fact that βmust be real. We emphasize that (4.61) is not the full geometry, and that this

approximation will fail for r ≲ ruv ∼ H
1

d+1−Δ – for smaller values of r, there is a UV completion to an

asymptotically AdS geometry, the details of which are unimportant to us. At low temperatures

T
H

1
d+1−Δ

≪ 1, (4.63)

the IR geometry is only modified from (4.61) in a simple manner. The IR emergent hyperscaling

geometry remains, but now with a planar black hole horizon. The metric is approximately given by

ds2 = L2

r2
(H

1
d+1−Δ r)

2θ
d c0 (2dvdr − fT(r)dv2 + dx2) , (4.64)

with emblackening factor

fT(r) = 1 − (
r
r+
)
d+1−θ

, (4.65)

where

r+ =
d + 1 − θ

4T
. (4.66)

In this geometry, Φ ∼ log r in the IR scaling region. Hence, we expect, for canonical choices

Z(Φ) ∼ exp[β′Φ], that

Z = Z0 (H
1

d+1−Δ r)
γ
, (4.67)

for some scaling exponent γ. Again, this IR geometry is only valid for r ≲ ruv.

Of course, we wish to study geometries whereH(x) is not constant. However, as we have dis-

cussed in Section 4.2, so long as (4.16) is satisfied, these geometries can be constructed by simply
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“gluing” together the homogeneous geometries point-by-point in x, using the local value forH(x)

in (4.64). It is critical that (4.16) is obeyed – if we take the limit T → 0 with ξ fixed, then we expect

such a perturbation to decay in the IR geometry (see e.g.42). Because we further assume (4.63), the

homogeneous geometries which we must glue together take a particularly simple form (4.64) in the

IR, at leading order in 1/ξT and T/H
1

d+1−Δ , point-by-point in x. We also remind the reader that the

validity of the fluid-gravity expansion is not sensitive to the assumption (4.63) – indeed, (4.19) holds

more generally so long as (4.16) holds. Nevertheless, we will be interested in geometries where the

near-horizon limit of metrics such as (4.19) can be approximated by (4.64), with an x-dependentH.

Using the results of the previous sections, it is simple to computeD and vb. We begin by comput-

ing σ, χ andD. Using (4.28), along with the near-horizon geometry (4.64) we obtain a local effective

conductivity

σ̃ = 1
e2
b(r+)

d
2−1Z(r+) =

Z0

e2
c
d
2−1
0 H

1
d+1−Δ (

2θ
d (

d
2−1)+γ)rγ+(

2θ
d −2)(

d
2−1)

+ . (4.68)

Next, we use (4.35) to compute χ̃. At T ∼ H
1

d+1−Δ , χ̃ will be a complicated function of T:

χ̃ ≈
⎛
⎜
⎝

r+

∫
ruv

e2dr

Z0c
d
2−1
0 H

1
d+1−Δ (

2θ
d (

d
2−1)+γ)rγ+(

2θ
d −2)(

d
2−1)
+

ruv

∫
0

dr
e2ã
bd/2Z

⎞
⎟
⎠

−1

(4.69)

Recall ruv is the scale at which (4.64) fails to be a good approximation. Since this scale is set byH

and not T, in the limit (4.63), we note that only the first term of (4.69) is T-dependent. We focus on

the limit where this is the dominant term in χ̃ in the limit r+ ≫ ruv,§ which occurs when

(1 − θ
d
) (d − 2) − γ > −1 (4.70)

§If this term is subleading, then χ̃ will be sensitive to the UV geometry, whereas σ̃ and ṽb both depend
only on the near-horizon geometry. Hence there can be no universal relation betweenD and vb, a point noted
in23.
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In23, it was noted that this will happen if the IR scaling dimension for the charge susceptibility is

positive.¶ In this case, (4.69) can be approximated as

χ̃ = (1 + 2(1 − θ
d
)(d

2
− 1) − γ)Z0c

d
2−1
0 H

1
d+1−Δ (

2θ
d (

d
2−1)+γ)rγ−1+(

2θ
d −2)(

d
2−1)

+

= (1 + 2(1 − θ
d
)(d

2
− 1) − γ) σ̃ 4T

d + 1 − θ
. (4.71)

Combining (4.37), (4.68) and (4.71) we obtainD:

D = d + 1 − θ
1 + 2(1 − θ

d)(
d
2 − 1) − γ

1
4TE[Hη]E[H−η]

(4.72)

where the power η is generically not zero:

η = 1
d + 1 − Δ

( θ
d
(d − 2) + γ) . (4.73)

If the integral for χ is dominated away from the horizon, then the diffusion constant becomes para-

metrically large23.

Let us now turn to the computation of vb. Using (4.41), we find that

1
v2b
= (4T)

2dUV
(2T)24a

∂UVb ≈
(r+ − r)d

a
(−∂rb). (4.74)

In the latter step, we have taken the near-horizon limit. For the geometries (4.64), this leads to the

simple constant result:

ṽ2b =
d + 1 − θ
2(d − θ)

, (4.75)

in agreement with23,169, though now in more generic striped backgrounds. Interestingly, in this

¶This assumes that we interpret generic exponents γ as anomalous dimensions for the charge density, as
in70,90.
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special case where vb ∼ T0, this velocity has also been found to characterize entanglement entropy

growth during thermalization4.

If we assume thatH is a constant, we find that the constant C defined in (4.11) is

C = d − θ
2(1 − θ

d)(
d
2 − 1) − γ

. (4.76)

However, ifH(x) is not constant, thenD is not related to vb in a simple manner, regardless of the

value of γ. Using the Cauchy-Schwarz inequality (see e.g.100), we find that

E [Hη]E [H−η] ≥ 1. (4.77)

Hence, we conclude that the inequality of (4.11) holds: namely, 2TD ≤ Cv2b. In principle, there

is no bound on the ratioDv−2b – the diffusion constant can be parametrically small compared to

the butterfly velocity. As we emphasized in the introduction, this inequality is the “wrong sign”

– an incoherent metal should have diffusion constants bounded from below, and so the butterfly

velocity evidently cannot always serve as the velocity scale in (4.8) in any sharp sense. However,

(4.8) continues to hold in a qualitative sense, as in these simple models vb ∼ T0 andD ∼ 1/T, in

agreement with the scaling noted in23.

We also expect our conclusions to hold in more complicated bulk models where we have not

explicitly checked that the fluid-gravity expansion is well-behaved in Kruskal coordinates. In more

general scaling regimes where the bounds of23 hold in homogeneous systems, we find locally

σ̃
χ̃
= C
2T

ṽ2b. (4.78)

Then
D
v2b

2T
C
= E[̃v−1b ]2

E[χ̃]E[̃σ−1]
2T
C
=
E[̃σ−1/2 χ̃1/2]2

E[χ̃]E[̃σ−1]
≤ 1, (4.79)
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again by the Cauchy-Schwarz inequality, as σ̃ and χ̃ are positive everywhere. Our result that the

charge diffusion constant is upper bounded by the butterfly velocity in these striped models is not

peculiar to the Einstein-dilaton model we studied above. The inequality (4.11) may change beyond

the hydrodynamic limit, or when the disorder breaks translation symmetry in multiple directions.

4.6 Conclusions

In this chapter, we have shown that in striped charge neutral holographic quantummatter, the but-

terfly velocity cannot generally be used to quantitatively provide a lower bound for the charge diffu-

sion constant. This implies that, to the extent that (4.8) should hold exactly in any incoherent metal,

the velocity scale v in (4.8) either cannot be the butterfly velocity. It would be interesting if there

is a slower velocity scale for which (4.8) remains true, even in the striped geometries we have con-

structed in this chapter. We also note that we did not present an explicit example whereDT/v2b had

non-trivial T-dependence as T → 0, though we cannot rule this possibility out. In general, bounds

on transport coefficients, which are robust to the specific nature of disorder, are known to exist only

in a handful of holographic systems75,76,100. It is always the case that complicating the bulk models

sufficiently can lead to the violation of any naive bound.

Finally, we comment that in this charge-neutral hydrodynamic limit, although charge diffusion

is very weak, the energy diffusion constant will be very large16. Our work cannot rule out that simi-

larly to76, there are holographic models where a vb-based bound on energy diffusion is very robust.

Since bothD and vb do not seem bounded in the incoherent limit in “mean-field” disordered holo-

graphic metals24, this is not entirely implausible. It was found inDE ∼ vBτL is a generic low tem-

perature property of homogeneous holographic lattice models that flow to infra-red fixed points

including the homogeneous SYK chain26,82,49. However, this relation becomes an upper for disor-

der averaged quantities in inhomogeneous SYK chains80.
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It was later realized that chaos can be related to transport through the phenomena of “pole-

skipping” of the retarded energy density two-point function which tightly constrains the behav-

ior of the dispersion relation of longitudinal (sound) hydrodynamic excitations78,25,27,77,74. If the

hydrodynamic gradient expansion of this two-point function for ∣ω∣/T ∼ ∣k∣/T ≪ 1 truncates at

first order, then it is possible to directly relate the butterfly velocity to the energy diffusion constant.

However, in general, this series goes beyond first order which suggests that chaos, charge, and energy

diffusion are only related in the absence of other characteristic scales.

Even beyond the hydrodynamic limit, the direct current transport coefficients of most holo-

graphic models can be computed in terms of an emergent hydrodynamic theory on the black hole

horizon (at finite temperature)55,54,16,137. It would be interesting if, for arbitrary black holes, there

was some simple partial differential equation governing the shift function h, defined in Section 4.4.

This may lead to fundamental bounds on the butterfly velocity, analogously to how conductivity

bounds may be found75,76,100.
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A
Appendix for Chapter 1

A.1 Evaluation of e−3Δ/T contribution

The expression for c2(T, η) in Eq. (1.38) can be written in the limit T→ 0 as

c2(T, η) = −
2π

2!3!T ∫
π

−π

dk1dk2dq1dq2dq3
(2π)5

∣NS⟨k1k2∣σz0∣q1q2q3⟩R∣2e−(εq1+εq2+εq3)/T

× δ(εk1 + εk2 − εq1 − εq2 − εq3) , (A.1)
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where the factorials are combinatoric factors from converting the sums to integrals. From Eq. (1.14),

the form factor is

∣NS⟨k1k2∣σz0∣q1q2q3⟩R∣2 =
(4J2h)

1
2 ∣1 − h2∣

1
4

εk1εk2εq1εq2εq3

×
⎛
⎜
⎝

sin ( k1−k22 ) sin (
q1−q2
2 ) sin (

q1−q3
2 ) sin (

q2−q3
2 )

sin ( k1−p12 ) sin (
k1−q2
2 ) sin (

k1−q3
2 ) sin (

k2−q1
2 ) sin (

k2−q2
2 ) sin (

k2−q3
2 )

⎞
⎟
⎠

2

× (
(εk1 + εq1)(εk1 + εq2)(εk1 + εq3)(εk2 + εq1)(εk2 + εq2)(εk2 + εq3)

4(εk1 + εk2)(εq1 + εq2)(εq1 + εq3)(εq2 + εq3)
)
2

. (A.2)

We now attempt to take the T → 0 limit of Eq. (A.1) in a manner similar to the analysis below

Eq. (1.28). The integral is dominated by small q1,2,3 ∼
√
T. This allows us to make the following

approximations

εqi ≈
q2i
2m
+ Δ

sin(
qi − qj
2
) ≈

qi − qj
2

εq1 + εq2 = 2Δ (A.3)

We can now write Eqn. (A.2) as a product of a term containing the q1, q2, and q3 dependence, with

one containing the k1 and k2 dependence. The q1,2,3 integral is sharply peaked about momenta

∼
√
T in the q1, q2, q3 plane, so we can extend the limit of integration over these momenta out to
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infinity giving us the following

c2(T, η) ≈ −
e−3Δ/T4πJ(h2∣1 − h2∣)

1
4

3!2!Δ9216T ∫
π

−π

dk1dk2
(2π)2

((εk1 + Δ)3(εk2 + Δ)3)
2

εk1εk2(εk1 + εk2)2

×
⎛
⎝

sin ( k1−k22 )
sin3 ( k12 ) sin

3 ( k22 )
⎞
⎠

2

δ(εk1 + εk2 − 3Δ)

× ∫
∞

−∞

dq1dq2dq3
(2π)3

((q1 − q2) (q1 − q3) (q2 − q3))2 e−(q
2
1+q22+q23)/2mT . (A.4)

The q1,2,3 integrals evaluate to

∫
∞

−∞

dq1dq2dq3
(2π)3

(q1 − q2)2 (q1 − q3)2 (q2 − q3)2 e−(q
2
1+q22+q23)/2mT = 12(2π)−

3
2 (mT)

9
2 , (A.5)

which yields

c2(T, η) ≈ −
e−3Δ/T2J(h2∣1 − h2∣)

1
4 (mT)

9
2

Δ9(2π)
1
2 216T

× ∫
π

−π

dk1dk2
(2π)2

((εk1 + Δ)
3 (εk2 + Δ)

3)2

εk1εk2(εk1 + εk2)2
sin2 ( k1−k22 )

sin6 ( k12 ) sin
6 ( k22 )

δ(εk1 + εk2 − 3Δ) (A.6)

Now we have to perform the final integrals over k1,2. Because of the singularities in the form fac-

tors at small momenta, the integrals have infrared divergencies which need to be treated differently

depending upon the value of h.

For 3 < h < 5, the energy conservation delta function in Eq. (A.6) prevents a divergence. The

argument of the delta function does not vanish when either k1 = 0 or k2 = 0. Consequently, the k1,2

integrals are finite, and we obtain

c2(T, η) ∼ T7/2e−3Δ/T , T≪ Δ , 3 < h < 5 , (A.7)
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so that the contribution to 1/T1 is ∼ T9/2e−3Δ/T.

However, for 1 < h < 3, there are divergences in Eq. (A.6). The divergences are present when

either k1 = 0 or k2 = 0. So let us consider the form of Eq. (A.6) when both k1 are k2 small. After

suitable rescaling of momenta, we obtain an expression of the form

c2(T, η) ∼ T7/2e−3Δ/T∫ dk1dk2
(k1 − k2)2

k61k62
δ ((k21 + 1)1/2 + (k22 + 1)1/2 − 3) . (A.8)

This integral has an effective divergence ∼ ∫ dk/k6. As we discussed below Eq. (1.38), this diver-

gence will be cancelled by the other terms in Eq. (1.35). A conjectured estimate is obtained by cut-

ting off the divergence at k ∼
√
T, which leads to c2(T) ∼ Te−3Δ/T and therefore a contribution to

1/T1 which is ∼ T2e−3Δ/T.
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B
Appendix for Chapter 2

B.1 Spectral function and Green’s functions of random hopping model

The random hopping model of Majorana fermions, the SYKHamiltonian for q = 2, is exactly

solvable145. TheMatsubara Green’s function follows from the solution of the Dyson equation

G(iωn)−1 = iωn − Σ(iωn) = iωn + J22G(iωn). (B.1)
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This can be rewritten as a quadratic equation for (G(iωn))
−1. Matching the branches with the

correct high-frequency asymptotics and symmetry yields the propagator

G(iωn) =
2

iωn + i sgn(ωn)
√
ω2n + 4J22

. (B.2)

Analytically continuing to the real frequency axis from the upper half plane yields the retarded

Green’s function,

GR(ω + iδ) = 2
ω + iδ + i

√
4J22 − (ω + iδ)2

, (B.3)

where δ can be set to zero due to the presence of the finite imaginary part and sgn ωn → 1 in the

analytic continuation from the upper half plane. For the spectral function, we obtain

A(ω) = −2 ImGR(ω + iδ) = 2
J2

√
1 − ( ω

2J2
)
2

for ∣ω∣ < 2J2, (B.4)

which is the well-known semicircular density of states.

This yields the following expression forG>(t)

iG>(t) = 1
2J2t
(J1(2J2t) − iH1(2J2t)), (B.5)

where J1 is the Bessel function of the first kind (BesselJ in Mathematica) andH1 is the Struve func-

tion (StruveH in Mathematica).

B.2 Spectral Function in the Conformal Limit

In the scaling limit at non-zero temperature the retarded Green’s function is given by the following

expression

iGR(t) = 2b(cosπΔ)
⎛
⎝

π
β sinh πt

β

⎞
⎠

2Δ

θ(t) , (B.6)
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where Δ = 1/q is the fermion scaling dimension. At q = 4 we obtain

iGR
c (t) =

√
2b
⎛
⎝

π
β sinh πt

β

⎞
⎠

1
2

θ(t) (B.7)

TheWigner transform of the retarded Green’s functions is given by

iGR(ω) =
√
2b∫

∞

0
dteiωt

⎛
⎝

π
β sinh πt

β

⎞
⎠

1
2

= b(π
β
)
− 1

2

B( 1
2
;
1
4
−
iβω
2π
) , (B.8)

where b = (4πJ24)−1/4. The associated spectral function is

A(T , ω) = 2b(π
β
)
− 1

2

Re [B( 1
2
;
1
4
−
iβω
2π
)] . (B.9)

B.3 Details on the Numerical Solution of Kadanoff-Baym equation

The Green’s function is typically determined on two-dimensional grids in (t, t′) space with 8000 ×

8000 or 12000 × 12000 points, where the quench happens after half of the points in each direction.

When starting from initial states in which only J2 is finite, the Green’s function decays algebraically

in time. This leads to significant finite size effects in Fourier transforms. In order to reduce the latter,

most numerical results were obtained by starting from a thermal state in which J2 and J4, or only J4,

are finite. In these cases, the Green’s function decays exponentially as a function of the relative time

dependence.

We checked the quality and consistency of the results by monitoring the conservation of energy,

the normalization of the spectral function and the real and imaginary part of the retarded propaga-

tor are Kramers-Kronig consistent for long times after the quench.
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In order to time-evolve the Kadanoff-Baym equations we have to determineG<(t1, t2) for t1, t2.

When quenching the ground state of the random hopping model, we can use the exact solution for

G> as initial condition. When we do not have an analytic expression the Green’s function we solve

the Dyson equation self-consistently according to the following scheme:

1. Prepare iG> with an initial guess, for example the propagator of the random hopping model.

2. Computation of retarded self-energy in time domain:

iΣR(t) = Θ(t)(iΣ>(t) + iΣ>(−t)) (B.10)

3. Fourier transformation

iΣR(ω) = ∫
∞

−∞
dteiωtiΣR(t) (B.11)

4. Solve the Dyson equation:

GR(ω) = 1
ω − ΣR(ω)

(B.12)

5. Determine spectral function

A(ω) = −2 ImGR(ω) (B.13)

6. Determine iG>(ω) from spectral function,

iG>(ω) = (1 − nF(ω))A(ω) (B.14)

Note that this is the only step in the self-consistency procedure where the temperature β−1

enters through the Fermi function nF.
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7. Fourier transformation to the time domain

iG>(t) = ∫
∞

−∞

dω
2π

e−iωtiG>(ω) (B.15)

8. Continue with step 2 until convergence is reached.

B.4 Numerical quenches: simpler cases

This appendix describes the quenches A-C discussed in Section 2.3.

B.4.1 (J2,i,0)→ (J2,f,0) quench: Rescaling of the Random-Hopping model

Figure B.1: The spectral func on of the random hopping model A long before (T = −14.7) and a er (T = 14.7) a
parameter quench from J2,i = 1 to J2,f = 0.5 and 2.0. The width depends only on the value of Jf, becoming wider if
Jf > Ji and narrower if Jf < Ji.

We start by discussing the simplest quench protocol A. In Fig. B.1 we show the spectral func-

tion long before and long after a parameter quench. These results were obtained from a numerical

Fourier transformation of the retarded Green’s function as described by Eq. (2.49) with a broaden-

ing of δ = 0.025. In Fig. B.2, we show the frequency dependence of the Keldysh component of the

150



Figure B.2: The Keldysh component of the Green’s func on of the random hopping model A long before (T = −14.7)
and a er (T = 14.7) a parameter quench from J2,i = 1 to J2,f = 0.5 and 2.0.

fermionic Green’s function for the same quench protocol as in Fig. B.1. We determined the inverse

temperature β using Eq. (2.52), and found that βJ2 was roughly constant across the quench. All

three results of this (J2,i,0) → (J2,f,0) quench are consistent with a rescaling of energy scales for

all quantities. This is expected because the random hopping model has only one energy scale J2, and

the analog of the reparameterization in Eq. (2.59) applies here. This also applies to the complemen-

tary case (0, J4,i) → (0, J4,f) (as was pointed out to us by J. Maldacena). For analytic expressions of

the spectral functions we refer to Appendix B.1.

B.4.2 (0,0)→ (0, J4) quench: From bareMajorana fermions to the SYK model

Next we consider the quench B. In Fig. B.3, we show the spectral function long after suddely switch-

ing on the quartic interaction in the SYKmodel, starting from bare, noninteracting Majorana

fermions. When interpreting results of this quench protocol, it is important to keep in mind that

the Hamiltonian before the quench is zero, so that any finite J4,f is an arbitrarily strong perturba-

tion. We found that the total energy is zero both before and after the quench, the quench does not

pump energy into the system, and that the Keldysh component of the Green’s function vanishes be-
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Figure B.3: The spectral func on for Majorana fermions is shown long a er a quench star ng with free Majorana
fermions and switching on a q = 4 SYK interac on term. Here J4,f = 1.

fore and after the quench. The latter is to be expected for free Majorana fermions, and is consistent

with the post-quench temperature of the system being infinite, βf = 0. Indeed the spectral function

in Fig. B.3 agrees with that of the SYKmodel at infinite temperature.

B.4.3 (J2,i,0)→ (0, J4,f): From a quadratic to a quartic model

We now consider C, the model containing both q = 2 and q = 4 interactions. The quench from the

purely quadratic to the purely quartic model decouples the regions t1, t2 < 0 from t1, t2 > 0: this can

be seen from the structure of the Kadanoff-Baym equations, and of the self-energy for this quench

protocol, which reads

Σ(t1, t2) = Θ(−t1)Θ(−t2)J22G(t1, t2) −Θ(t1)Θ(t2)J24G(t1, t2)3 . (B.16)

Inserting this into the Kadanoff-Baym equations for t1 > 0 and t2 > 0, we can see that all time inte-

grals are restricted to positive times, and the initial condition does not matter. AlthoughG>(t1, t2)

shows some time evolution for t1 ≷ 0 and t2 ≶ 0 due to integrals involving the region with t1 < 0 and
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t2 < 0,G> in this region does not influence the time evolution at positive t1, t2 because Σ(t1, t2) = 0

when t1 ≷ 0 and t2 ≶ 0. Thus, the relevant initial condition for the time evolution ofG>(t1, t2) is

iG>(t1 = 0, t2 = 0) = 1/2. Hence propagating iG> forward in time using the self-energy of the quar-

tic model, we obtain the same time evolution at positive times as we did when starting from bare

Majorana fermions in case B. So the final state here is also the SYMmodel at infinite temperature.

B.5 Conjugacy property of g(t1, t2)

In this appendix we illustrate that the causality structure of the Kadanoff-Baym equations eq. (2.60)

leads to the property

[g(t1, t2)]∗ = g(t2, t1) (B.17)

in all four quadrants of Fig. B.4. Since the system is thermal in quadrant C the conjugacy property

Figure B.4: The propaga on of the conjugacy property in the t1-t2 plane.
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[g(t1, t2)]∗ = g(t2, t1) can be read off the thermal solution for t1, t2 ⩽ 0. Next, we consider the prop-

agation from the line {(t1, t2) ∈ R2 ∣t2 = 0, t1 ⩽ 0} for an infinitesimal time Δt in the t2 direction to

the line {(t1, t2) ∈ R2 ∣t2 = Δt, t1 ⩽ 0}. We discretize equation (2.60) as follows

1
Δt
[g(t1,Δt) − g(t1,0)] = 2∫

t1

−∞
dt3J (t3)J (0)eg(t3,0) − ∫

0

−∞
dt3J (t3)J (0) [eg(t3,0) + eg(0,t3)]

+ 2∫
t1

−∞
dt3Jp(t3)Jp(0)epg(t3,0) − ∫

0

−∞
dt3Jp(t3)Jp(0) [epg(t3,0) + epg(0,t3)]

(B.18)

and solve the resulting equation for g(t1,Δt). Taking the complex conjugate leads to

g(t1,Δt)∗ = g(t1,0)∗ + Δt
⎧⎪⎪⎨⎪⎪⎩
2∫

t1

−∞
dt3J (t3)J (0)eg(t3,0)

∗
− ∫

0

−∞
dt3J (t3)J (0) [eg(t3,0)

∗
+ eg(0,t3)

∗
]

+ 2∫
t1

−∞
dt3Jp(t3)Jp(0)epg(t3,0)

∗
− ∫

0

−∞
dt3Jp(t3)Jp(0) [epg(t3,0)

∗
+ epg(0,t3)

∗
]
⎫⎪⎪⎬⎪⎪⎭
.

(B.19)

On the right hand side we are allowed to use the property g(t1, t2)∗ = g(t2, t1) since all g’s are still

living in the C quadrant. We obtain

g(t1,Δt)∗ = g(0, t1) + Δt
⎧⎪⎪⎨⎪⎪⎩
2∫

t1

−∞
dt3J (t3)J (0)eg(0,t3) − ∫

0

−∞
dt3J (t3)J (0) [eg(0,t3) + eg(t3,0)]

+ 2∫
t1

−∞
dt3Jp(t3)Jp(0)epg(0,t3) − ∫

0

−∞
dt3Jp(t3)Jp(0) [epg(0,t3) + epg(t3,0)]

⎫⎪⎪⎬⎪⎪⎭
.

(B.20)

Next we let the system propagate from the line {(t1, t2) ∈ R2 ∣t2 ⩽ 0, t1 = 0} for an infinitesimal

time Δt in the t1 direction to the line {(t1, t2) ∈ R2 ∣t1 = Δt, t2 ⩽ 0}. We discretize equation (2.57) as
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follows

− 1
Δt
[g(Δt, t2) − g(0, t2)] = ∫

0

−∞
dt3J (0)J (t3) [eg(0,t3) + eg(t3,0)] − 2∫

t2

−∞
dt3J (0)J (t3)eg(0,t3)

+ ∫
0

−∞
dt3Jp(0)Jp(t3) [epg(0,t3) + epg(t3,0)] − 2∫

t2

−∞
dt3Jp(0)Jp(t3)epg(0,t3)

(B.21)

We set t2 = t1 in the last equation and solve for g(Δt, t1) leading to

g(Δt, t1) = g(0, t1) − Δt
⎧⎪⎪⎨⎪⎪⎩
∫

0

−∞
dt3J (0)J (t3) [eg(0,t3) + eg(t3,0)] − 2∫

t1

−∞
dt3J (0)J (t3)eg(0,t3)

+ ∫
0

−∞
dt3Jp(0)Jp(t3) [epg(0,t3) + epg(t3,0)] − 2∫

t1

−∞
dt3Jp(0)Jp(t3)epg(0,t3)

⎫⎪⎪⎬⎪⎪⎭
. (B.22)

Comparing the right hand side of (B.19) with (B.22) we conclude g(t1,Δt)∗ = g(Δt, t1). Further-

more, the point g(Δt,Δt) fulfills the conjugate property trivially. In total we propagated the con-

jugate property one time slice. Repeating this argument for every time slice of size Δt, the property

will hold in all four quadrants of Fig. B.4.

B.6 Initial state in the large q limit

In quadrant C in Fig. 2.5, all Green’s functions are dependent only on time differences, so we can

write

gC(t1, t2) ≡ gC(t1 − t2) (B.23)

and Eq. (2.60) as

dgC(t)
dt

= J 2∫
∞

−∞
dt′ egC(t

′) sgn(t′ − t) +J 2
p ∫

∞

−∞
dt′ epgC(t

′) sgn(t′ − t) . (B.24)
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This implies the second order differential equation (also obtainable from Eq. (2.62))

−
d2gC
dt2
= 2J 2egC + 2J 2

p e
pgC . (B.25)

Eq. (B.25) turns out to be exactly solvable at p = 2 (pointed out to us byWenbo Fu, follow-

ing107). Inserting gC(t) = ln(−1/f(t)) into Eq. (B.25) we get

1
f
d2f
dt2
− 1
f2
(
df
dt
)
2
= −2J

2

f
+ 2J 2

2
f2

(B.26)

The solution of this differential equation yields

gC(t) = ln
⎡⎢⎢⎢⎣

−σ2√
4J 4 + 2J 2

2 σ2 cosh(σt − 2iθ) − 2J 2

⎤⎥⎥⎥⎦
, (B.27)

with

cos(2θ) = 2J 2 − σ2√
4J 4 + 2J 2

2 σ2
. (B.28)

By evaluating the Fourier transform of the Green’s function we findG>(−ω) = e−βiωG>(ω), or by

analytically continuing to imaginary time, we find that the initial inverse temperature is

βi =
2(π − 2θ)

σ
. (B.29)

We will ultimately be interested in the scaling limit in which θ → 0 and σ ≪ J ,J2.

Eq. (B.25) is also exactly solvable at p = 1/2 by

gC(t) = 2 ln
⎡⎢⎢⎢⎢⎢⎣

σ2/2
i
√

4J 4
1/2 +J 2σ2 sinh(σt/2 − iθ) + 2J 2

1/2

⎤⎥⎥⎥⎥⎥⎦
, (B.30)
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where now

sin(θ) =
σ2/2 − 2J 2

1/2√
4J 4

1/2 +J 2σ2
. (B.31)

The value of the inverse initial temperature remains as in Eq. (B.29).

Note that both solutions in Eqs. (B.27) and (B.30) obey

gC(−t) = g∗C(t) (B.32)

It is also useful to recast the solution in quadrant C for the caseJp = 0 in the form of Eq. (2.65).

We subdivide quadrant C into two subregions just as in quadrant A. From Eqs. (2.60) and (2.65) we

obtain for t2 > t1

h′′C1(t1)
h′C1(t1)

=
2h∗′C2(t1)

h∗C1(t1) − h∗C2(t1)
−

2h∗′C2(t1)
h∗C1(−∞) − h∗C2(t1)

−
2h′C1(t1)

hC2(t1) − hC1(t1)

−
h∗′C2(t1)

h∗C1(t1) − h∗C2(t1)
+

h∗′C2(t1)
h∗C1(−∞) − h∗C2(t1)

−
h′C2(t1)

hC1(t1) − hC2(t1)
+

h′C2(t1)
hC1(−∞) − hC2(t1)

h′′C2(t2)
h′C2(t2)

= −
2h′C2(t2)

hC1(−∞) − hC2(t2)
−

h′C2(t2)
hC1(t2) − hC2(t2)

+
h′C2(t2)

hC1(−∞) − hC2(t2)

−
h∗′C2(t2)

h∗C1(t2) − h∗C2(t2)
+

h∗′C2(t2)
h∗C1(−∞) − h∗C2(t2)

. (B.33)

Adding the equations in Eq. (B.33), we have

h′′C1(t)
h′C1(t)

+
h′′C2(t)
h′C2(t)

= 2(
h′C1(t) − h′C2(t)
hC1(t) − hC2(t)

) (B.34)

which integrates to the expected

h′C1(t)h′C2(t) = −J 2(hC1(t) − hC2(t))2 (B.35)
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The final equations for the thermal equilibrium state are

h′′C1(t)
h′C1(t)

=
2h′C1(t1)

hC1(t) − hC2(t)
−

h∗′C2(t)
h∗C1(−∞) − h∗C2(t)

+
h′C2(t)

hC1(−∞) − hC2(t)
(B.36)

−
h′C2(t)

hC1(t) − hC2(t)
+

h∗′C2(t)
h∗C1(t) − h∗C2(t)

h′C1(t)h′C2(t) = −J 2(hC1(t) − hC2(t))2 . (B.37)

Unlike Eqs. (2.84,2.85), Eqs. (B.36,B.37) have to be integrated from t = −∞. One solution of

Eqs. (B.36,B.37) is

hC1(t) = hC1(−∞) + Aeiθeσt hC2(t) = hC1(−∞) + Ae−iθeσt (B.38)

with

σ = 2J sin(θ) . (B.39)

Note that the gC(t1, t2) obtained from this solution agrees with Eq. (B.27) atJ2 = 0 and with

Eq. (B.30) atJ1/2 = 0.
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C
Appendix for Chapter 3

C.1 Real time Polarization bubble

In this appendix we will describe the calculation of the components photon polarization tensor

We start with the expression for the spatial components in Euclidean time

Πij = T∑
pn
∫
p
[
2δij
P2
+
−K2δij + 2kikj − 4pipj

P2(K − P)2
] (C.1)
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whereK and P are Euclidean vectors. Note that the numerator does not involve the summed-over

Matsubara frequencies. TheMatsubara sums can be performed to give

T∑
pn

1
p2n + E2ppp

=
1 − 2nF(Eppp)

2Eppp
(C.2)

and

T∑
pn

1
p2n + E2ppp

1
(kn − pn)2 + E2k−p

= 1
4EpEkkk−ppp

∑
s,s′

ss′ [nF(sEp) + nF(s′Ep−k) − 1]
ikn − sEp − s′Ek−p

. (C.3)

The first term, after subtracting the zero temperature value, gives

2∫
p

1 − 2nF(Eppp)
2Eppp

− 2∫
p

1
2Eppp
= −T

π ∫
∞

0
du

1
eu + 1

= −T log 2
π

. (C.4)

where kkk = (∣kkk∣,0) and ppp = ∣ppp∣(cos θ, sin θ). The numerators of the second term are

Lxx = −(k2n + ∣kkk∣2) + 2∣kkk∣2 − 4∣ppp∣2 cos2 θ (C.5)

and

Lyy = −(k2n + ∣kkk∣2) − 4∣ppp∣2 sin2 θ. (C.6)

C.1.1 Tensor structure

The full real-time polarization can be expanded in two tensor structures. While the transverse com-

ponent is spatially transverse, the longitudinal component is spacetime transverse. This tensor struc-

ture ensures that the full polarization bubble obeys the Ward identity required by current conserva-

tion.

At finite temperature there is a new vector available set by the rest frame of the medium. The
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tensor structures are

Pμν
L = −g

μν + kμkν

k2
− Pμν

T (C.7)

and

Pμν
T = δ

μiδνj (δij − kikj

∣kkk∣2
) . (C.8)

From these two structures we can define

P̃μν = Pμν
L + P

μν
T (C.9)

These obey

kμP̃μν = 0, (C.10)

kμP
μν
T = 0, (C.11)

and

kiP
ij
T = 0. (C.12)

To give an invariant definition of Pμν
T , let uμ denote the velocity of the medium, which in the medium’s

rest frame is u = (1,0,0). Let the transverse u projector be

Pμν
T (u) = −g

μν + uμuν

u2
, (C.13)

and define

kμ = Pμν
T (u)kν = −k

μ + (k ⋅ u)uμ. (C.14)
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In the medium’s rest frame, k = (k0, kkk), then

k = (0,−kkk). (C.15)

The transverse projector to k is

Pμν
T (k) = −g

μν + kμkν

k2
, (C.16)

which in the medium’s rest frame is

P00L (k) = −1 = −u0u0, (C.17)

P0iL (k) = 0, (C.18)

and

PijT(k) = δ
ij − kikj

∣kkk∣2
= PijT. (C.19)

Hence we may identify Pμν
T with uμuν + Pμν

T (k) (with P̃
μν with P̃μν(k)). We write the full polariza-

tion as

Πμν
R = Π̃P̃μν +ΠP̃μν

T . (C.20)

The non-vanishing terms are

Π00
R =Π

∣kkk∣2

(k0)2 − ∣kkk∣2
, (C.21)

Πxx
R =Π(1 +

(kx)2

(k0)2 − ∣kkk∣2
) + Π̃(1 − (k

x)2

∣kkk∣2
) , (C.22)
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and

Πyy
R =Π(1 +

(ky)2

(k0)2 − ∣kkk∣2
) + Π̃(1 − (k

2)2

∣kkk∣2
) . (C.23)

For kinematics where kkk = (∣kkk∣,0), these expressions simplify to

Π00
R =Π

∣kkk∣2

(k0)2 − ∣kkk∣2
, (C.24)

Πxx
R =Π

(k0)2

(k0)2 − ∣kkk∣2
, (C.25)

and

Πyy
R =Π + Π̃. (C.26)

Hence Πxx
R and Πyy

R are sufficient to determine the two functions Π and Π̃.

C.1.2 Imaginary part, full expressions

The first contribution to both Πxx
R and Πyy

R is the constant term,

2∫
ppp

1 − 2nF(Eppp)
2Eppp

= −T log 2
π
+ΠT=0. (C.27)

where ΠT=0 is the zero temperature contribution. Because this contribution is pure real, it drops

out of the imaginary part.

Thus the full imaginary part of Πij
R can be obtained from

ImΠij
R = Im∑

s,s′
∫
ppp

Lij

4EpppEkkk−ppp

ss′ [nF(sEppp) + nF(s′Ekkk−ppp) − 1]
ω + iε − sEppp − s′Ekkk−ppp

, (C.28)
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where the numerator is

Lij = −(−(k0)2 + ∣kkk∣2)δij + 2kikj − 4pipj. (C.29)

Using kinematics where kkk = (∣kkk∣,0) and ppp = (∣ppp∣ cos θ, ∣ppp∣ sin θ), we find

Lxx = (k0)2 + ∣kkk∣2 − 4∣ppp∣2 cos2 θ (C.30)

and

Lyy = (k0)2 − ∣kkk∣2 − 4∣ppp∣ sin2 θ. (C.31)

We can check that ImΠij
R is an odd function of frequency. For positive k0, only the (1, 1), (1,−1),

and (−1, 1) terms contribute. Furthermore, the (1,−1) and (−1, 1) terms give the same result. The

(1, 1) contribution is

ImΠij
R∣

ss′=1
= −∫

p

πLij

4EpppEkkk−ppp
[nF(Eppp) + nF(Ekkk−ppp) − 1] δ(k0 − Eppp − Ekkk−ppp). (C.32)

The (1,−1) contribution (counted twice) is

ImΠij
R∣

ss′=−1
= 2∫

ppp

πLij

4EpppEppp−kkk
[nF(Eppp) − nF(Ekkk−ppp)] δ(k0 − Eppp + Ekkk−ppp). (C.33)

The delta function condition (with s = 1) is

k0 − Eppp = s′Ekkk−ppp. (C.34)

To solve it, let us square both sides,

(k0 − ∣ppp∣)2 = (∣kkk∣ − ∣ppp∣ cos θ)2 + ∣ppp∣2 sin2 θ. (C.35)
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The result is

(k0)2 − 2k0∣ppp∣ = ∣kkk∣2 − 2∣ppp∣∣kkk∣ cos θ (C.36)

or

∣ppp∣ = ∣ppp∣0 =
(k0)2 − ∣kkk∣2

2(k0 − ∣kkk∣ cos θ)
. (C.37)

We need either k0 > ∣kkk∣ or k0 < ∣kkk∣ cos θ to have a positive solution for ∣ppp∣. The former is realized for

ss′ = 1 while the latter is realized for ss′ = −1. To complete the evaluation of the delta function, we

also need

vs′ =
∂(Eppp + s′Ekkk−ppp)

∂∣ppp∣
∣
∣ppp∣=∣ppp∣0

= 1 + s′
∣ppp∣ − ∣kkk∣ cos θ

Ekkk−ppp
. (C.38)

The ss′ = 1 contribution is

ImΠij
R∣

ss′=1
= − 1
(2π)2 ∫

2π

0
dθ∫

∞

0
d∣ppp∣∣ppp∣

δ(∣ppp∣ − ∣ppp∣0)
∣v1∣

πLij (nF(Eppp) + nF(Ekkk−ppp) − 1)
4EpppEkkk−ppp

. (C.39)

The ss′ = −1 contribution is

ImΠij
R

RRRRRRRRRRRss′=−1
= 1
(2π)2 ∫

cos−1 k0
∣kkk∣

− cos−1 k0
∣kkk∣

dθ∫
∞

0
d∣ppp∣∣ppp∣

δ(∣ppp∣ − ∣ppp∣0)
∣v−1∣

πLij (nF(Eppp) − nF(Ekkk−ppp))
4EpppEkkk−ppp

. (C.40)

The real part is then obtained from a subtracted Kramers-Kronig relation. For a function χ(ω) =

χ1 + iχ2 obeying the assumptions of Kramers-Kronig, the real part in terms of the imaginary part is

χ1(ω) =
2
π ∫

∞

0
dν

ωχ2(ω) − νχ2(ν)
ω2 − ν2

. (C.41)
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C.1.3 Low temperature limit

Suppose ω≫ T and ∣k∣ = 0. Only the ss′ = 1 term contributes to ImΠij
R. The contribution is

ImΠij
R =

1
(2π)2 ∫

d∣ppp∣∣ppp∣
δ(∣ppp∣ − k0/2)

2
πLij

4∣ppp∣2
(C.42)

with Lxx → (k0)2 − 4∣ppp∣2 cos2 θ and Lyy → (k0)2 − 4∣ppp∣2 sin2 θ. Because of the simple dependence

on θ, we conclude the ImΠxx
R = ImΠyy

R in this limit. (Physically, since ∣kkk∣ = 0, there is no difference

between longitudinal and transverse.)

We find

ImΠyy
R =

1
16πk0 ∫

dθ((k0)2 − (k0)2 sin2 θ) = k0

16
. (C.43)

C.1.4 High temperature limit

In the high temperature limit, k/T ≪ 1, we neglect ∣kkk∣ and k0 relative to T and the loop momentum

whenever the dependence on k is non-singular. The numerators limit to

Lxx = −4∣ppp∣2 cos2 θ (C.44)

and

Lyy = −4∣ppp∣2 sin2 θ. (C.45)

The xx polarization is

Πxx
R =
⎛
⎝
−T log 2

π
+∑

s,s′
∫
ppp

Lxx

4∣ppp∣2
ss′ [nF(sEppp) + nF(s′Ekkk−ppp) − 1]

k0 + iε − sEppp − s′Ekkk−ppp
⎞
⎠
.

oth ss′ = 1 terms inside the parenthesis contribute the same value (in the small k/T limit, both are
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real), as do both ss′ = −1 terms. These are

ss′ = 1 ∶ 2∫
ppp

−4 cos2 θ
4

2nF(∣ppp∣) − 1
−2∣ppp∣

= T log 2
2π

+ (T = 0 value) (C.47)

and

ss′ = −1 ∶ 2∫
ppp

−4 cos2 θ
4

−∂nF
∂∣ppp∣ ∣kkk∣ cos θ

k0 + iε − ∣kkk∣ cos θ
= −T log 2

2π2 ∫
dθ cos2 θ

cos θ
z − cos θ

, (C.48)

where z = (k0 + iε)/∣k∣. Further processing the ss′ = −1 term gives

ss′ = −1 ∶ −T log 2
2π2

(−π + ∫ dθ cos2 θ
z

z − cos θ
) . (C.49)

Then we see that the constant term, the ss′ = 1 terms, and the constant part of the ss′ = −1 terms

combine to give zero. Thus the xx polarization is

Πxx
R = −

T log 2
2π2 ∫

dθ
z cos2 θ
z − cos θ

. (C.50)

The only difference between xx and yy is the replacement cos2 θ → sin2 θ when going from Lxx

to Lyy. Hence it follows that

Πyy
R = −

T log 2
2π2 ∫

dθ
z sin2 θ
z − cos θ

. (C.51)

The two integrals we must calculate are

I1 = ∫ dθ
z cos2 θ
z − cos θ

(C.52)
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and

I2 = ∫ dθ
z sin2 θ
z − cos θ

. (C.53)

The sum of I1 and I2 is

I1 + I2 = −∫
dw
iw

2wz
w2 − 2wz + 1

, (C.54)

where we converted the expression to a contour integral around the unit circle. The integrand has

poles at w = w± = z ±
√
z2 − 1. The w = w− pole is inside the unit circle for Im z > 0. The integral is

thus

I1 + I2 = −2π
2z

w− − w+
= 2πz√

z2 − 1
. (C.55)

The difference of I1 and I2 is

I1 − I2 = −∫
dw
iw

2wz
w2 − 2wz + 1

w4 + 1
2w2 , (C.56)

where again we converted to a contour integral. The integrand now has poles at w = 0 (double pole)

and at w = w± = z ±
√
z2 − 1. The integral is thus

I1 − I2 = −2π (2z2 +
2z

w− − w+
w4
− + 1
2w2
−
) . (C.57)

Simplifying gives

I1 − I2 = −2π (2z2 −
z√
z2 − 1

((w
2
− + 1)2

2w2
−
− 1)) , (C.58)

or using w2
− + 1 = 2zw−,

I1 − I2 = 2π (
z√
z2 − 1

(2z2 − 1) − 2z2) . (C.59)
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Hence

Πxx
R = −

T log 2
2π

[ z√
z2 − 1

+ z√
z2 − 1

(2z2 − 1) − 2z2] (C.60)

or

Πxx
R = −

T log 2
2π

[ 2z3√
z2 − 1

− 2z2] . (C.61)

Similarly,

Πyy
R = −

T log 2
2π

[ z√
z2 − 1

− z√
z2 − 1

(2z2 − 1) + 2z2] (C.62)

or

Πyy
R = −

T log 2
2π

[z(2 − 2z
2)√

z2 − 1
+ 2z2] . (C.63)

C.2 Fermion damping rate

We can verify the expression for the fermion damping directly from the optical theorem using the

finite temperature cutting rules216. This relates the decay rate to the imaginary part of the tree level

cross-section which in turn is related to the imaginary part of the self-energy. We can defineML and

MT as the longitudinal and transverse matrix elements for the tree level scattering processes of an

electron emitting a soft photon

ML(T) =
1√
NF

u(p)(−iγμ)u(k)ε
μ
L(T)(q

0, kkk − ppp) (C.64)
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=

2

Figure C.1: The decay rate is related to the imaginary part of the fermion self energy via the op cal theorem.

where u(p) and u(k) are massless on shell spinors. We can write Γkkk in terms of these matrix ele-

ments as

Γkkk ≡
1

2Ekkk
∫
ppp
∫

dp0

2π
dq0

2π ∑
λ=L,T

Aλ(q0, kkk − ppp)2πδ((p0)2 − E2ppp)∣Mλ∣2(1 − nF(p0) + nB(q0))

2πδ(k0 − p0 − q0)

= ∫
ppp
∫

dq0

2π ∑s=±
∑

λ=L,T

s
8EkkkEppp

Aλ(q0, kkk − ppp)∣Mλ∣2(1 − nF(sEppp) + nB(q0))2πδ(k0 − sEppp − q0)

= ∑
λ=L,T

∑
s=±
∫
ppp

s
8EkkkEppp

Aλ(k − ps)∣Mλ∣2(1 − nF(sEppp) + nB(k0 − sEppp)) (C.65)

where k = (k0, kkk) and ps = (sEppp, ppp). PluggingML(T) into C.65 and using the relation u(k)u(k) =

/kwe get

Γkkk = ∑
λ=L,T

∑
s=±
∫
ppp

Tr [su(k)γμ/psγνu(k)ε
μ
λ(kkk − ppp)ε

ν
λ(kkk − ppp)∣Mλ∣2]

8EkkkEppp
Aλ(k − ps)

(1 − nF(sEppp) + nB(k0 − sEppp))

= − 1
2Ekkk

Tr [u(k) ImΣR(/k)u(k)] ∣
k0=Ekkk

= − 1
2Ekkk

ImTr[/kΣR(/k)]∣
k0=Ekkk

(C.66)
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we find the relation for the self energy and the decay rate given in Eqn. 3.39. We can now write the

decay rate Γkkk in Coulomb gauge as

Γkkk =
1
Nf
∑
s=±
∫
ppp

s
4EkkkEppp

(AL(k − ps)(2(k ⋅ u)(ps ⋅ u) − k ⋅ psu ⋅ u)

+ AT(k − ps)(2(k ⋅ εT(kkk − ppp))(ps ⋅ εT(kkk − ppp)) − k ⋅ ps(εT(kkk − ppp) ⋅ εT(kkk − ppp)))

(1 − nF(sEppp) + nB(k0 − sEppp))
RRRRRRRRRRRk0=Ekkk

(C.67)

Defining the Lorentz vectors k = (k0, ∣kkk∣,0), ps = (sEppp, ∣ppp∣ cos θ, ∣ppp∣ sin θ), and the transverse

polarization vector εμT(kkk − ppp) =
1
∣kkk−ppp∣ (0, ∣ppp∣ sin θ, ∣kkk∣ − ppp cos θ), we get the final expression for Γkkk in

Coulomb gauge

Γkkk =
1
Nf
∫
ppp
∑
s=±

s
4EkkkEppp

⎡⎢⎢⎢⎢⎣

⎛
⎝
AL(k − p̃s) (sEkkkEppp + ∣kkk∣∣ppp∣ cos θ)

+ AT(k − p̃s)(sEkkkEppp − ∣kkk∣∣ppp∣ cos θ +
2∣kkk∣2∣ppp∣2(1 − cos2 θ)
∣kkk∣2 + ∣ppp∣2 − 2∣kkk∣∣ppp∣ cos θ

)
⎞
⎠
(1 − nf(sEppp) + nb(Ekkk − sEppp))

⎤⎥⎥⎥⎥⎦
.(C.68)

C.3 Full expressions for the scalar kernel

Using the definition in Eq. 3.75, we can write an expression for the scalar kernel in the Bethe-

Salpeter equation in terms of the rung matrix elements.

Kss′(kkk, kkk′) = e2i(θkkk′−θkkk)R11 − ei(θkkk′−θkkk)s1s2(R22 +R23 +R32 +R33) +R44

− e−2iθkkkR14 − e2iθkkk′R41 + iei(2θkkk′−θkkk)s1(R21 +R31) + iei(θkkk′−2θkkk)s2(R12 +R13)

− ieiθkkk′ s2(R42 +R43) − ie−iθkkk s1(R24 +R34) (C.69)

where θkkk is the angle between kkk and the x axis and θkkk′ is the angle between kkk
′ and the x axis.
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If we make a rotationally symmetric ansatz for the wavefunction, only terms depending on θkkk′ −

θkkk remain, which leaves us

Kss′(kkk, kkk′) = e2i(θkkk′−θkkk)R11 − ei(θkkk′−θkkk)s1s2(R22 +R23 +R32 +R33) +R44 (C.70)

Both rungs can be written in the form

R =R0,0γ0 ⊗ γ0 +Ri,jγi ⊗ γj +Ri,0γi ⊗ γ0 +R0,jγ0 ⊗ γj (C.71)

For the first rung, we can write these coefficients as

R1(k)(0,0) = −
Qb(k

0)
Nf

AL(k)

R1(k)(x,x) = −
Qb(k

0)
Nf

AT(k)
⎛
⎝
1 −
(∣kkk∣ − ∣kkk′∣ cos θkkk,kkk′)2

∣kkk∣2
)
⎞
⎠

R1(k)(y,y) = −
Qb(k

0)
Nf

AT(k)
⎛
⎝
1 −
(∣kkk′∣ sin θkkk,kkk′)2

∣kkk∣2
)
⎞
⎠

R1(k)(x,y) = −
Qb(k

0)
Nf

AT(k)
⎛
⎝
(∣kkk∣ − ∣kkk′∣ cos θkkk,kkk′)(∣kkk

′∣ sin θkkk,kkk′)
∣kkk∣2

)
⎞
⎠

R1(k)(y,x) = −
Qb(k

0)
Nf

(AT(k)
⎛
⎝
(∣kkk∣ − ∣kkk′∣ cos θkkk,kkk′)(∣kkk

′∣ sin θkkk,kkk′)
∣kkk∣2

)
⎞
⎠

(C.72)

where θkkk,kkk′ is the angle between kkk and kkk
′. For the second rung, we use the general expression given

in 3.55. Defining θppp as the angle between ppp and kkk and φ as the angle between kkk andKKK, the transverse

polarization vector with respect to the kkk axis can be written as

εμT(ppp +KKK) =
1

∣ppp +KKK∣
(0,−(∣ppp∣ sin θppp + ∣KKK∣ sinφ), ∣ppp∣ cos θppp + ∣KKK∣ cosφ) (C.73)

We use these to define the following Lorentz vectors which are contained in the numerators of the
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longitudinal and transverse components of the second rung in

R(1)2,L(k,K, ppp)
μ = (k0 − s′E−,−kkk/2 − ppp) (C.74a)

R(2)2,L(k,K, ppp)
μ = (s′E−,−kkk/2 + ppp) (C.74b)

R(1)2,T(k,K, ppp)
μ = (k0 − s′E−, (kkk + 2ppp) ⋅ εT(ppp +KKK)εT(−ppp −KKK) + kkk/2 + ppp) (C.74c)

R(2)2,T(k,K, ppp)
μ = (s′E−, (kkk − 2ppp) ⋅ εT(ppp +KKK)εT(−ppp −KKK) + kkk/2 − ppp) (C.74d)

Plugging C.73 into C.74, we can write the spatial components of the Lorentz vectors for the longi-

tudinal polarizations as

R(1)2,L(k,K, ppp)
x = −∣kkk∣/2 − ∣ppp∣ cos θppp (C.75a)

R(1)2,L(k,K, ppp)
y = −∣ppp∣ sin θppp (C.75b)

R(2)2,L(k,K, ppp)
x = −∣kkk∣/2 + ∣ppp∣ cos θppp (C.75c)

R(2)2,L(k,K, ppp)
y = ∣ppp∣ sin θppp (C.75d)
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and the transverse polarizations as

R(1)2,T(k,K, ppp)
x =
(2∣KKK∣∣ppp∣ sin(θppp − φ) − ∣kkk∣(∣ppp∣ sin θppp + ∣KKK∣ sinφ))(∣ppp∣ sin θppp + ∣KKK∣ sinφ)

∣ppp +KKK∣2
+
∣kkk∣ + 2∣ppp∣ cos θppp

2

(C.76a)

R(1)2,T(k,K, ppp)
y = −

(2∣KKK∣∣ppp∣ sin(θppp − φ) − ∣kkk∣(∣ppp∣ sin θppp + ∣KKK∣ sinφ))(∣ppp∣ cos θppp + ∣KKK∣ cosφ)
∣ppp +KKK∣2

+ ppp sin θppp

(C.76b)

R(2)2,T(k,K, ppp)
x =
(2∣KKK∣∣ppp∣ sin(θppp − φ) + ∣kkk∣(∣ppp∣ sin θppp∣KKK∣ sinφ))(∣ppp∣ sin θppp + ∣KKK∣ sinφ)

∣ppp +KKK∣2
+
∣kkk∣ − 2∣ppp∣ cos θppp

2

(C.76c)

R(2)2,T(k,K, ppp)
y = −

(2∣KKK∣∣ppp∣ sin(θppp − φ) + ∣kkk∣(∣ppp∣ sin θppp + ∣KKK∣ sinφ))(∣ppp∣ cos θppp + ∣KKK∣ cosφ)
∣ppp +KKK∣2

− ∣ppp∣ sin θppp

(C.76d)

We can now now plug the expressions in C.76 into 3.55 and evaluate the momentum integrals to

get complete expressions for the matrix coefficients of rung II.

C.4 Feynman rules for ladder diagrams

We derive the Feynman rules for the ladder diagrams in the 1
Nf

expansion. Ignoring thermal correc-

tions, we can start by going into the interaction picture with respect to the the free Hamiltonian.

The time evolution operator is given by

UI = T exp
⎛
⎝
− 1√

Nf

Nf

∑
a=1
∫

t

0
ds∫

xxx
Aμ(s, xxx)j

μ
a(s, xxx)

⎞
⎠

(C.77)
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here A is the free photon field and jμ is the free fermion current jμ(t) = ψ(t)γμψ(t). We can expand

this (dropping spatial arguments) as

UI = 1 +
i
2 ∫

t

0
ds1Aμ(s1)jμ(s) + (

i
2
)
2

∫
t

0
ds1∫

s1

0
ds2Aμ(s1)jμ(s1)Aμ(s2)jμ(s2) + ... (C.78)

forU†
I we have

U†
I = 1 −

i
2 ∫

t

0
ds1Aμ(s1)jμ(s1) + (

−i
2
)
2

∫
t

0
ds1∫

s1

0
ds2Aμ(s2)jμ(s2)Aμ(s1)jμ(s1)

+ ....(C.79)

We start by stating the usual anti-commutation relations for free fermions

{ψa(t, xxx),ψb(0)} = 0 (C.80a)

{ψa(t, xxx),ψb(0)} = 0 (C.80b)

{ψa(t, xxx),ψb(0)} = γ
0δabδ(t)δ(xxx). (C.80c)

For currents we have

[ψa(t, xxx), j
μ
b(0)] = {ψa(t, xxx),ψb(0)}γ

μψb(0) (C.81a)

[ψa(t, xxx), j
μ
b(0)] = −ψb(0)γ

μ{ψa(t, xxx),ψb(0)} (C.81b)

[jμa(t, xxx), jνb(0)] = ψa(t, xxx)γ
μ{ψ(t, xxx),ψb(0)}γ

νψb(0)

− ψb(0)γ
ν{ψa(t, xxx),ψb(0)}γ

μψa(t, xxx). (C.81c)
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The current-fermion and current-current commutators can be written in terms of the retarded

propagator terms of the retarded propagator is now

[ψa(t, xxx), j
μ
b(0)] = GR,ab(t, xxx)γμψb(0) (C.82a)

[ψa(t, xxx), j
μ
b(0)] = −ψb(0)γ

μG∗R,ab(t, xxx) (C.82b)

[jμa(t, xxx), jνb(0)] = ψa(t, xxx)γ
μGR,ab(t, xxx)γνψb(0) − ψb(0)γ

νG∗R,ab(t, xxx)γ
μψa(t, xxx). (C.82c)

Lastly for free fields, both jμa(t, xxx) and ψ̃(t, xxx) commute with the photon operator so we have

[jμa(t, xxx),Aν(0)] = [Aμ
i (t, xxx),ψ(0)] = [A

μ
i (t, xxx),ψ(0)] = 0. (C.83)

C.4.1 Fermion Ladder

In the interaction picture,F(t, xxx) is given by

F(t, xxx) = 1
N2

f

Nf

∑
i,j=1

Tr[
√
ρ̂{U†

Iψi(t, xxx)UI,ψj(0)}
√
ρ̂{U†

Iψi(t, xxx)UI,ψj(0)}
†] (C.84)

whereU†
I ψ̃(t)UI is given by the expansion

U†
Iψ(t)UI = ψ(t) + i

2 ∫
t

0
ds1[ψ(t), iAρ(s1)jρ(s1)]

+ (−i
2
)
2

∫
t

0
ds1∫

s1

0
ds2[[ψ(t), iAρ(s1)jρ(s1)], iAσ(s2)jσ(s2)]

+ ... (C.85)

176



From Eqn. C.85 and using the definition of the retarded propagator, we can immediately see that

the zeroth order term inF(t, xxx) is given by

F0(t, xxx) = [iGR(t, xxx)][iG∗R(t, xxx)] (C.86)

The first nontrivial term is given by

F1(t, xxx) ∼ Tr[
√
ρ̂{ i

2 ∫
t

0
ds∫

yyy
[ψ(t, xxx), iAμ(s, yyy)jμ(s, yyy)],ψ(0)}

√
ρ̂{ i

2 ∫
t

0
ds′∫

yyy′
[ψ(t, xxx), iAν(s′, yyy′)jν(s′, yyy′)],ψ(0)}

†
] (C.87)

Expanding the anti-commutator for each time fold, we get

{[ψ(t, xxx), iAμ(s, yyy)jμ(s, yyy)],ψ(0)} = i{Aμ(s, yyy)[ψ(t, xxx), jμ(s, yyy)],ψ(0)}

= iAμ(s, yyy){{ψ(t, xxx),ψ(s, yyy)}γμψ(s, yyy),ψ(0)}

= iAμ(s, yyy)(iGR(t − s, xxx − yyy))γμ(iGR(s, yyy)) (C.88)

Putting everything together gives us

F1(t, xxx) = −
1

4Nf
∫
ss′
Dμν

W(s − s
′, yyy − yyy′)GR(s, yyy)γμGR(t − s, xxx − yyy)

× [G∗R(s′, yyy′)]γν[G
∗
R(t − s′, xxx − yyy′)] (C.89)

which we identify as a ladder with one type one rung.

Now we can expand to second order on both time folds. We consider the expansion of the com-
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mutator contained inside the anti-commutator on one time fold

[[, ], ] = [[ψ(t), iAμ(s1)jμ(s1)], iAν(s2)jν(s2)]

= i2{ψ(t),ψ(s1)}γμψ(s1)jν(s2)[A
μ(s1),Aν(s2)]

+ i2{ψ(t),ψ(s1)}γμ[ψ(s1), jν(s2)]A
μ(s1)Aν(s2) (C.90)

From the first term we get

{[[, ], ],}1 = i2{{ψ(t),ψ(s1)}γμψ(s1)jν(s2)[A
μ(s1),Aν(s2)],ψ(0)}

= i2{ψ(t),ψ(s1)}γμψ(s1)ψ(s2)γν{ψ(0),ψ(s2)}[A
μ(s1),Aν(s2)]

= i2(iGR(t − s1))γμψ(s1)ψ(s2)γν(iG
∗
R(s2)[Aμ(s1),Aν(s2)] (C.91)

which will give us the type II rung. This can be written as

F2(t, xxx) = −
1

4Nf
∫
s1s′1
∫
s2s′2
Dμν(s1 − s2)Dμ′ν′(s′1 − s′2)

GR(t − s1))γμGW(s1 − s′1)γμ′G
∗
W(s2 − s′2)γνG

∗
R(s2)γν′ (C.92)

The second term gives

{[[, ], ]}2 = i2{[[ψ(t), jμ(s1)], jν(s2)]Aμ(s1)Aν(s2),ψ(0)}

= i2{ψ(t),ψ(s1)}γμ{ψ(s1),ψ(s2)}γν{ψ(s2),ψ(0)}A
μ(s1)Aν(s2)

= i2GR(t − s1)γμGR(s1 − s2)γνGR(s2)Aμ(s1)Aν(s2) (C.93)

This will give two copies of the type I rung or a self energy term for ψ.
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C.4.2 Squared Current-Current Commutator

In thr interaction C(t, xxx) is given by

C(t, xxx) = 1
N2

f

Nf

∑
i,j=1

δμρδνσTr[
√
ρ̂{U†

I j
μ
i (t, xxx)UI, jνj (0)}

√
ρ̂{U†

I j
ρ
i (t, xxx)UI, jσj (0)}†] (C.94)

The zeroth order term can be deduced from the expression in C.82c

C0(t, xxx) = G∗W(t, xxx)γμiGR(t, xxx)γνGW(0)γνG∗R(t, xxx)γμ]

+ G∗W(0)γνiG∗R(t, xxx)γμGW(t, xxx)γμiGR(t, xxx)γν

− G∗W(t, xxx)γμiGR(t, xxx)γνG∗W(t, xxx)γμiGR(t, xxx)γν

− G∗W(t, xxx)γνiG∗R(t, xxx)γμG∗W(t, xxx)γνiG∗R(t, xxx)γμ (C.95)

Diagrammatically the first terms each look like a box but have momentum flowing in the opposite

directions. The second two terms also have opposite momentum flow but haveWightman func-

tions which are crossed. However, ladders with crossed legs should not contribute to chaos given the

pole structure44.

The first nontrivial in the expansion for the current-current commutator is

C1(t, xxx) = Tr[
√
ρ̂{ i

2 ∫
t

0
ds∫

yyy
[jμ(t, xxx), iAν(s, yyy)jν(s, yyy)], jρ(0)}

√
ρ̂{ i

2 ∫
t

0
ds′∫

yyy′
[jμ(t, xxx), iAν(s′, yyy′)jν(s′, yyy′)], jρ(0)}

†
] (C.96)
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Expanding the commutator on one of the time folds (again supressing spatial arguments) gives us

[[jμ(t),Aν(s1)jν(s1)], jρ(0)] = Aν(s1)[[jμ(t), jν(s1)], jρ(0)]

= Aν(s1)ψ(t)γμGR(t − s1)γνGR(s1)γρψ(0)

− Aν(s1)ψ(0)γρG∗R(s1)γνG∗R(t − s1)γμψ(t)

− Aν(s1)ψ(0)γρG∗R(t)γμGR(t − s1)γνψ(s1)

+ Aν(s1)ψ(s1)γνG∗R(t − s1)γμGR(t)γρψ(0) (C.97)

The whole first order term will have 16 terms. However, most contain a photon three point func-

tion and will vanish due to Furry’s theorem. The nonvanishing terms will gives us

C1(t, xxx) = −
1

4Nf
∫
sis′i
[Dνν′

W (s1)(G∗W(t)γμGR(t − s1)γνGR(s1)γρGW(0)

γμ
′
G∗R(t − s′1)γνG∗R(s′1)γρ

+ G∗W(0)γρG∗R(s1)γνG∗R(t − s1)γμGW(t)γρ
′
G∗R(s′1)γν

′
G∗R(t′ − s′1)γμ

′

− G∗W(t)γμGR(t − s1)γνGR(s1)γρG∗W(t)γρ
′
G∗R(s′1)γν

′
G∗R(t′ − s′1)γμ

′

− GW(t)γρG∗R(s1)γνG∗R(t − s1)γμGW(t)γμ
′
G∗R(t − s′1)γνG∗R(s′1)γρ) + ...] (C.98)

where the primes will technically be contracted with the unprimed terms. These correspond to

boxes with one rung with momenta flowing in opposite directions. The parts in between theWight-

man functions are the same as the first order correction to the fermion ladder. These are pictured in
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Fig. 3.7. To second order

[[[jμ(t),Aνjν(s1)],Aρjρ(s2)], jσ(0)] = Aν(s1)Aρ(s2)[[[jμ(t), jν(s1)], jρ(s2)], jσ(0)]

+ [Aν(s1),Aρ(s2)][jμ(t), jν(s1)][jρ(s2), jσ(0)]

+ [Aν(s1),Aρ(s2)][[jμ(t), j̃ν(s1)], jσ(0)]jρ(s2)(C.99)

By inspection, the first term will give us terms with two photon rails or a self energy correction.

The second term will give the second type of rung appearing in the fermion diagram. This give four

terms where the momentum flow in the boxes at either end can go in the opposite direction. The

third term can give us a ladder with self energy corrections on the rails.

C.5 Details of numerical computations

Here we discuss the details of our numerical computation of Γkkk and λL. Our methods are similar to

those used in44, with some adjustments made to address various issues. The most challenging aspect

of the numerics is managing the light-cone singularities that appear throughout the computation,

which require additional care. To compute the components of the polarization bubble, we dealt

with this issue by a slight off-shift in the grid. From our analysis in App. C.1, we know that all singu-

larities that appear in the decay rate and the kernel should be integrable, so we can manually remove

them during each integration.

The first step in our computation is to compute the analytic continuation of the xx and yy com-

ponents of the polarization bubble. The imaginary parts are computed by numerical integration

of Eqn. C.28 using a standardMATLAB routine. The integral is computed separately for k0 < ∣kkk∣

and k0 > ∣kkk∣ because of the non-analyticity at k0 = ∣kkk∣. The real parts are then obtained by a stable

version of Kramers-Kronig given in the Eqn. C.41. These are then used to precompute the values
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of the spectral function, retarded propagator, andWightman propagator on 200 × 200 grids for

k0/T ∈ [0, 12.1], ∣kkk∣/T ∈ [0, 12.21]. These grids are then used to create two dimensional cubic inter-

polations for all propagators. Γkkk is calculated from Eqn. C.68 on a 60 point grid for ∣kkk∣/T ∈ [0, 12]

where 60 grid points are used for the angular integral. To calculate the exponent on varying grid

sizes, we use a one dimensional spline interpolation for the decay rate.

The kernel is computed using Eqn. C.70 on a 40 × 40 grid for ∣kkk∣/T, ∣kkk′∣/T ∈ [0, 12]where

40 grid points are used for the angular integral. We find that most eigenvalues are complex with

negative real parts, but the eigenvalue with the largest real part is completely real. This eigenvalue is

identified as the Lyapunov exponent. There are also two eigenvalues which are exactly zero. We also

compute the kernel using an interpolation on a grid that is slightly offset and find λL ≈ 4.06.
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D
Appendix for Chapter 4

D.1 Diffusion in an Inhomogeneous Fluid

There is a rather controversial history of Einstein relations in inhomogeneous media (in many cases

this involves situations with inhomogeneous temperature208). In this appendix, we directly confirm

that the Einstein relation employed in the main text is correct in the hydrodynamic limit, suitable for

our holographic computation.
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As in the main text, we consider a background charge neutral fluid, and study the linearized prop-

agation of charge fluctuations around this background. The equations of hydrodynamics simplify

to “resistor network” equations (in the continuum)137:

∂tn = ∂x (σ̃(x)∂x (
n

χ̃(x)
)) , (D.1)

where σ̃ is the local conductivity of the fluid (a dissipative coefficient within hydrodynamics) and χ̃

is the local charge susceptibility, which are related to the global σ and χ through (4.29) and (4.36).

Our goal is now to show that on long time and length scales, in some suitable sense,

n(x, t) ∼ eiqx−Dq2t (D.2)

is a “solution” to (D.1), withD given by (4.21). More precisely, we show that there is an asymptotic

solution to (D.1) of the form

n(x, t) = eiqx−Dq2t [b0(x) + iqb1(x) − q2b2(x) +⋯] . (D.3)

By comparing (D.3) into (D.1) at q = 0, we start with a simple solution

b0 = χ̃. (D.4)

At O(q), we find that (D.1) reads

0 = ∂x (σ̃∂x (
b1
χ
) + σ̃) . (D.5)
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This equation is readily integrated:

∂x (
b1
χ̃
) = −1 + C

σ̃
, (D.6)

with C an integration constant. We fix C by demanding that b1 not diverge with x:

1
C
= E [ 1

σ̃
] . (D.7)

At O(q2)we find

Dχ̃ = σ̃ (1 + ∂x (
b1
χ̃
)) + ∂x (σ̃∂x (

b2
χ̃
) + σ̃b1

χ̃
) . (D.8)

Again assuming b1,2 do not diverge, we may spatially average both sides of (D.8). Using (D.6) and

(D.7) along with (4.29) and (4.36) we recover the Einstein relation (4.21).

We conclude with a technical comment. The true eigenstates of an inhomogeneous diffusion

equation in one spatial dimension are spatially localized, with a frequency dependent localization

length that diverges asDq2 → 0232. Subject to mild assumptions about the distribution of σ̃ 232,

the localization length diverges fast enough that the diffusion constant and conductivity are finite.

While the ansatz (D.3) appears to describe the time evolution of a delocalized eigenstate of (D.1),

in principle an expansion of (D.3) to all orders in b0,1,2,⋯ can be consistent with localization; above

we only computed b0,1 explicitly. The assumptions which we made that b1,2 did not diverge with

x amount to the assumption that the localization length grows quickly enough at low frequencies,

are sensible in ordinary models232. An alternative way to think about this problem is to assume

q ∈ ei/4R, so that the driving is periodic in time and leads to a spatial decay of n(x). This spatial

decay will be dominated at low driving frequencies not by the localization of eigenstates, but by

dissipative diffusion138.

sectionFluid-Gravity Expansion in Kruskal Coordinates In this appendix, we carry out the fluid-
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gravity expansion to second order in Kruskal coordinates, for our static striped black holes. For

simplicity, we work in d = 2 and assume that the background is governed by the Einstein-dilaton

system (4.59). The zeroth order metric is given by (4.42) and to this order, after making the change

of variables

A = eâ, B = eb̂, (D.9)

we have the following equations of motion (denotingUV ≡ ρ, and ∂ρ with primes):

e−̂b(ρeb̂φ′)
′
= 1
2
eâ
∂V(φ)
∂φ

, (D.10a)

â′b̂′ − 1
2
(̂b′)2 − 1

2
(φ′)2 − b̂′′ = 0, (D.10b)

1
2
eâV(φ) + ρ̂b′2 + b̂′ + ρ̂b′′ = 0, (D.10c)

1
2
eâV(φ) + 1

2
ρφ′2 + 1

2
ρ̂b′2 + â′ + b̂′ + ρâ′′ + ρ̂b′′ = 0. (D.10d)

As we have explained in the main text, subleading corrections to these equations in ξ−1 are regular

everywhere, and hence this forms the basis for a well-behaved perturbative expansion. As we go

through this appendix, we will see explicitly what these regular corrections are.

D.1.1 First Order Correction

By parity symmetry under a local change x → −x, and due to the fact that there is a Killing vector

V∂U −U∂V, the only corrections to the metric which could arise at O(ξ−1) are

ds21 = ζ(UV)(VdUdx +UdVdx) (D.11)
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These are simply coordinate artifacts. To see this, we note that at first order,

0 = 1
V
(RUx −

R
2
gUx − 8GNTUx)

= ζe−â [e
âV
2
+ â′ + b̂′ + ρ (â′′ + b̂′′) +

ρ
2
(̂b′2 + φ′2)] +

b̂′∂xâ − φ′∂xφ − ∂x(â′ + b̂′)
2

. (D.12)

Using (D.10d) the coefficient of ζ identically vanishes. Indeed, this is a consequence of the fact that

ζ can be removed by a change in coordinates, so for simplicity we set it to vanish. There is another

contribution which is ζ-independent. Let us now consider the following particular radial derivative:

e−̂b [ρeb̂ (̂b′∂xâ − φ′∂xφ − ρ∂x(â′ + b̂′))]
′
= −∂xφ [φ′′ + (1 + ρ̂b′)φ′] − ∂x (ρ

φ′2

2
+ ρâ′′ + ρ̂b′′ + â′ + b̂′ +

ρ
2
b̂′2)

+ ∂xâ (̂b′ + ρ̂b′2 + ρ̂b′′) = −
eâ

2
∂V
∂φ

∂xφ + ∂x (
eâ

2
V) − eâ

2
V∂xa = 0. (D.13)

In the last step above we have used the zeroth order equations of motion (D.10a), (D.10d) and

(D.10c) respectively. We see that (up to a factor ρeb̂) the non-vanishing contribution to (D.12) is

constant in ρ. We may evaluate it at the horizon, ρ = 0 – since all fields are regular at the horizon on

the fluid-gravity ansatz, we conclude that the entire contribution in square brackets above vanishes.

Hence, away from the horizon, where ρeb̂ is strictly finite, we conclude that the remaining contribu-

tion to (D.12) vanishes. Thus, there is no first order correction to our geometry.
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D.1.2 SecondOrder Correction

The first nonvanishing corrections to the metric and dilaton fields occur at second order and are of

the following form

ds22 = V2η(UV)dU2 +U2η(UV)dV2 + α(UV)dUdV + [β(UV) + γ(UV)]dx2

+ [β(UV) − γ(UV)]dy2 +O( 1
ξ3
) (D.14a)

Φ2 = φ2(UV) (D.14b)

After using the background equations of motion to simplify the results somewhat, we obtain the

following equations of motion for the perturbations:

γ [B
′

B
−
ρB′2

B2
+
ρB′′

B
] + γ′ (

ρB′

B
− 1) − γ′′ = −(∂xA)

2

4A
− ∂xA∂xB

2B
− A
4
(∂xφ)2 −

∂2
xA
2

(D.15a)

2B
A2 η(

ρA′

A
− 1) + (

ρ2BA′

A3 −
4ρB
A2 −

ρ2B′

A2 ) η
′ −

ρB′′

A2 η − β [
ρB′′ + B′

AB
−
ρB′2

AB2
]

+
β′

A
(1 −

ρB′

B
) +

ρ
A
β′′ − α [

ρB′′

A2 +
ρB′2

2A2B
+ B′

A2 −
ρBA′2

A4 ] +
Bα′

A2 (1 −
2ρA′

A
) +

ρB
A2 α

′′

+ B
2
∂V
∂φ

φ2 +
ρBφ′φ′2

A
= −∂

2
xA
2A

. (D.15b)

β [B
′′

B2
− A′B′

AB2
− B′2

B3
] + ( A

′

AB
+ B′

B2
) β′ −

β′′

B
− αA

′B′

A2B
+ B′α′

AB
− φ′φ′2 = 0 (D.15c)

BVα
2
−
β
B
(B′ + ρB′′) + β′ + ρβ′′ − (

ρ2ηB′

A
)
′

+ BA
2

∂V
∂φ

φ′2 =
(∂xA)2

4A
+ A(∂xB)2

2B2
−
A(∂xφ)2

4

− ∂2
xA
2
− A∂2

xB
2B

(D.15d)

2ρ2A′φ′

A3 η −
2ρ2φ′η′

A2 −
2ρB′φ′

AB2
β +

2ρφ′

AB
β′ +

2ρ
A
φ′′2 +

2ρB′φ′2
AB

+
2φ′2
A
− ∂2V
∂φ2 φ2 = −

∂2
xφ
B
−
∂xA∂xφ
AB

(D.15e)
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As in the standard fluid-gravity correspondence, we see that these perturbations obey ordinary dif-

ferential equations depending on ρ alone, pointwise at each x.

Although we are not able to solve these equations analytically, we do note that they are com-

pletely regular as ρ → 0 (near the black hole horizon), supporting our claim that this expansion

of Einstein’s equations is well-behaved. We also note that there is some gauge redundancy in the

above equations of motion. One useful gauge will be to set η = 0 – this can be done through a co-

ordinate change of the formU → U[1 + Ξ(UV,H(x))],V → V[1 + Ξ(UV,H(x))] for a small

Ξ(UV,H(x)) ∼ ξ−2.

D.2 Higher Order Corrections to the Butterfly Velocity

In this appendix, we will assume that we have found the regular solution to the fluid-gravity expan-

sion in Kruskal coordinates up to second order. We choose the gauge η = 0, which simplifies the

computation of the shock wave geometry.

We can now use (4.44) to calculate the butterfly velocity to next order for d = 2. The only addi-

tional metric correction at O (ξ−2) comes in theUU component of Einstein’s equation. After em-

ploying (4.49), only theUU component of Einstein’s equation is altered by the shockwave. Looking

at this component, and demanding that the coefficient of (U) vanishes, we find the differential

equation

(1 + α
A
−
β + γ
B
)∂2

x h +
∂xA∂xh

A
− (B

′

A
+ B
A
(
β
B
)
′
) h = 8GN

B(0,0)
A(0,0)

Ee2Tt(x) (D.16)

after employing (D.15), at ρ = 0, to simplify the result. Following the derivation in the main text,

this leads to an effective butterfly velocity

1
vb
= 1
2T

E [m̃] , (D.17)
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where

m̃2 = B′

A
[1 − α

A
+
β + γ
B
] + B

A
(
β
B
)
′
+ 1√

A
∂2
x
√
A +O( 1

ξ3
) . (D.18)

To get this result, we have divided through (D.16) by the coefficient of ∂2
x h, and then used that (for

x ≠ 0)

∂2
x h +

∂xA∂xh
A

− [B
′

A
[1 − α

A
+
β + γ
B
] + B

A
(
β
B
)
′
] h

= ∂2
x (h
√
A) − h

√
A{[B

′

A
[1 − α

A
+
β + γ
B
] + B

A
(
β
B
)
′
] + 1√

A
∂2
x
√
A} = O( 1

ξ3
) . (D.19)
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