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Abstract

We study superfluidity in strongly correlated systems by focusing three features

as follows. First, interplay between superfluidity and other order parameters near

quantum critical points is studied. The onset positions of the order parameters with

or without superconductivity determines how they interact with each other. For the

spin density wave (SDW) transition, we find that the quantum critical point shifts by

order |∆|, where ∆ is pairing amplitude, so that the region of SDW order is smaller

in the superconductor than in the metal. This shift is larger than the |∆|2 shift

predicted by theories of competing orders which ignore Fermi surface effects.

Second, we study a doped antiferromagnetic Mott insulator motivated by cop-

per based high temperature superconductors. Based on spin and charge fraction-

alization, the algebraic charge liquid phase whose bosonic spinons have energy gap

but fermionic holons form Fermi surfaces and its superconductivity are studied. We

show fluctuations of local SDW order orientation lead to d-wave superconductiv-

ity, and its quantum critical pairing mechanisms are investigated. Also, a theory of

bound states between spinons and holons is studied. We show that the fractional-

ization induces a doubling electron-like quasiparticles, which naturally induces the

fractionalized Fermi liquid. The bound state theory describes exotic properties of

the underdoped Cuprates such as “nodal-antinodal dichotomy” at a mean field level

description.

At last, we study superfluidity of fermions in optical lattices near the Feshbach

resonance. Due to divergence of scattering length at the resonance, universality is

observed and characteristics of superfluidity has been studied. We extend such uni-

versal properties by considering superfluid-insulator transition with an even integer

number of fermions per unit cell. The resulting insulator interpolates between a band

insulator of fermions and a Mott insulator of fermion pairs.
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Chapter 1

Introduction

This thesis studies theory of superfluidity in strongly correlated systems including

iron(pnictides) and copper(cuprates) based high-Tc superconductors, and ultracold

atom systems in optical lattices. In strongly correlated systems, the Coulomb inter-

action between electrons or scattering length between atoms are much more important

than kinetic energy. Thus, the ground state is not just the anti-symmetrized product

of kinetic energy eigenstates with some corrections from the interaction term. Corre-

lation effect between particles is so dominant that it should be considered from the

beginning.

For example, let us consider the Hubbard model with half-filled fermions, which

is believed as a model Hamiltonian for parent materials of cuprates,

HU = −
∑
<i,j>

tijc
†
icj +

U

2

∑
i

ni(ni − 1). (1.1)

The first(second) term describes hopping(on-site interaction), and obvious spin indices

are suppressed. In the weak interaction limit, t >> U , the hopping term forms Fermi

surfaces and the interaction term can be treated as a perturbation. In other words,

the ground state is a Fermi liquid, which has weakly-interacting quasi-particles near

the Fermi surfaces. However, it is well known that a charge gap is opened in the

strong coupling limit, U >> t, and it becomes a Mott insulator with a dominant

antiferromagnetic exchange interaction. The ground state of this model tends to

break spin rotation symmetry unless frustrations or other fluctuations step in. Such

1



Chapter 1: Introduction 2

behavior already indicates that correlation effects become important in the strong

coupling limit. Therefore, it is not proper to study strong or intermediate coupling

regime with the Fermi liquid picture; strong correlation should be accounted. In terms

of the Hubbard model, the Fermi liquid picture becomes useless beyond the weak

coupling limit, and the Neel state with staggered magnetic moments and fluctuations

from the state should be the starting point of the large on-site interaction limit for

cubic lattices.

Before going into superfluidity in strongly correlated systems, let us briefly review

superfluidity of weakly correlated ones. One of the most famous examples is a con-

ventional superconductor such as mercury. It is well known that the normal state

is a Fermi liquid, which shows the characteristic resistivity- temperature behavior,

ρ ∼ T 2. If temperature becomes lower than the critical temperature, superconducting

instability, mediated by phonon interactions, takes over the Fermi liquid and induces

superconductivity. By lowering the temperature, metal to superconductor transition

appears, which is clearly shown in the heat capacity(resistivity)-temperature graph.

Such phenomena have been well understood by the theory of Bardeen, Cooper and

Schrieffer(BCS) (Bardeen et al., 1957) and improved Eliashberg theory. One of the

characteristics of the superconductivity is a form of the energy gap magnitude,

∆ ∼ ωD e
− 1
gN(EF ) , (1.2)

where ωD is a Debye frequency, g is an interaction strength and N(EF ) is a density

of states at the Fermi level. Clearly, the energy scale is determined by the mediating

boson; phonon in this case. And the functional form indicates non-perturbative

results of the interaction. As we will show in the following chapters, superfluidity

of strongly correlated systems has different characteristics from the superfluidity in

weakly correlated ones in various aspects.

A priori, it is not obvious if the BCS description based on the Fermi liquid theory is

allowed in strongly correlated systems. Superfluidity in strongly correlated materials

usually appears with enhanced charge carriers by injecting electrons / holes into a

Mott insulator or by applying pressure (Lee et al., 2006). In ultracold atom systems,

superfluidity can be achieved by lowering optical lattice potentials in a Mott phase



Chapter 1: Introduction 3

(Greiner et al., 2002). Thus, it seems more natural to start from Mott physics rather

than Fermi liquid physics for studying superfluidity of strongly correlated systems.

By doping the Mott insulator, one can expect an exotic ground state appears due

to strong correlation effect. One possibility is spin-charge fractionalization as in one

dimensional interacting systems. Then, it is natural for the ground state to show

different characteristics from the weakly correlated Fermi liquid as a Luttinger liquid

appears in the one dimensional systems. This line of approach already conceives

non-Fermi liquid physics at the beginning stage, so it could be useful to approach

non-Fermi liquid behaviors in strongly correlated systems such as a strange metal in

Fig.1.3.

Superfluidity from the exotic normal state should be different from the BCS de-

scription because the superfluidity inherits the non-Fermi liquid properties. There

are usually more possible channels in the superfluidity in fractionalized phases, and

pairing mechanisms could be intrinsically different at low frequency limit. Such dif-

ferent characteristics from the BCS theory will be one of the main subjects of this

thesis.

Another interesting aspect of superfluidity of strongly correlated systems is its

interplay with other order parameters. There are more symmetry-broken phases in

both charge and spin sectors in correlated systems’ phase diagram. In cuprates and

pnictides, spin density wave order and nematic orders show up as we will see below.

The superfluidity is naturally interacting with other order parameters, so the interplay

effect plays an important role in strongly correlated systems. Thus, it is important

to study the regions where the interplay effect is manifest. Coexistence region of two

order parameters is indeed one of the regions. Interesting physics near edges of the

coexistence region appears and it will be discussed in depth in the later chapters.

Strongly correlated systems are much more difficult to understand than weakly

correlated systems due to its complexity. In this thesis, we study characteristics of

superfluidity in strongly correlated systems and its interplay with other order param-

eters to understand the correlated systems better. In the remaining of this chapter,

we introduce general concepts which is useful to understand the next chapters.
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1.1 Phase diagrams of cuprates and pnictides

Hole-
doped

Electron-
doped

Figure 1.1: Phase diagram of high-TC cuprate superconductors. The left and right
panel is for electron and hole doped materials respectively. The phase diagram shows
superconductivity (SC), antiferromagnetic (AF), pseudogap, and normal-metal re-
gions. The (green) dashed lines indicate energy scale where pseudogap close. (Ar-
mitage et al., 2010)

One of the best known examples of superfluidity in strongly correlated systems is

high temperature superconductors. More than twenty years after the discovery of the

first high-TC superconductor (Bednorz and Mller, 1986), extensive studies and pro-

gresses in both experiments and theories have been done. However, it still remains

a long way to understand the cuprates physics. Instead, discovery of many other

strongly correlated systems sheds new light on the field. Iron based superconduc-

tors , organic Mott insulators, and heavy fermion systems show quite similar phase

diagrams. Also ultracold atoms, with arbitrarily strong interactions via Feshbach

resonance, are ready to be engineered to mimic strongly correlated systems. In this

section, we introduce general features of cuprates and pnictides as an example of
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strongly correlated systems and their superfluidity.

0 0.02 0.04 0.06 0.08 0.10 0.12

150

100

50

0

SC

Ort

AFM Ort/

Tet

Figure 1.2: Phase diagram for Ba[Fe1−xCox]2As2 from Refs. Nandi et al. (2010);
Fernandes et al. (2010). The phase diagram shows superconductivity (SC), antifer-
romagnetic metal with orthorhombic structure(AFM/Ort), paramagnetic metal with
orthorhombic structure(Ort), paramagnetic metal with tetragonal structure(Tet).

Representative phase diagrams of cuprates and pnictides are illustrated in Figs.

(1.1, 1.2). The vertical and horizontal axes are for temperature and carrier doping.

The two phase diagrams look quite similar, and indeed they share some common

features. Below, we list common and different features of the two materials.

In terms of lattice structures, they have similar layered structures with much

smaller interlayer coupling than intralayer coupling. The CuO layer in cuprates and

the Fe layer in the pnictides have magnetic ions, and doping the parent materials

adds or extracts charge carriers of the layers. Thus, it is legitimate and common to

treat these systems as two dimensional systems.

Also, most undoped parent materials breaks spin rotation symmetry at low enough

temperature. Both cuprates and pnictides show antiferromagnetism in their spin

sectors, but there is an important difference in the charge sector. In cuprates, a
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charge gap exists even though only one Cu ion is in one unit cell. Clearly, it is not

a usual band insulator but a Mott insulator, meaning this material shows strong

interactions and correlation effects. In pnictides, charge carriers are more mobile

than those of the cuprates, so Fermi surfaces are formed even in the parent materials.

These facts indicate that cuprates have stronger interactions and correlation effects

than pnictides do.

Moreover, superconductivity appears with hole or electron doping and form domed

regions in both phase diagrams. The doping basically enhances carriers’ kinetic en-

ergy and superconductivity steps in as an instability channel. Pairing mechanisms

are mostly believed to be fluctuations of the parent material’s magnetism (Abanov

et al., 2008). Also, both cuprates and pnictides show the “unconventional” pairing

symmetry, which refers the sign of the pairing depends on momentum quantum num-

bers. In cuprates, the d-wave superconductivity is known (Scalapino et al., 1986),

and the extended s-wave superconductivity in the pnictides, which have the opposite

superconducting phases in hole and electron pockets, also has the “unconventional”

properties (Mazin et al., 2008).

As we can see, the magnetism from the parent materials and superfluidity some-

times appear simultaneously; there is a coexistence region in the pnictides(Fig. 1.2)

and electron-doped cuprates(Fig.1.1). Obviously, interplay between the two order

parameters are important near the coexistence region, which is clearly seen in the

magnetic phase boundary “back-bending” under superconductivity in Fig.1.2. Other

than the magnetic phase, there are more symmetry broken phases in both cuprates

and pnictides. Then, one natural question arises with the adjacent magnetism and

other order parameters; How does the superfluidity interact with the other order pa-

rameters - are they competing with or attracting each other? In Chapters. 2 and 3,

we answer the questions based on theories of the conventional spin density wave and

algebraic charge liquid.

Also, both materials show a strange metallic behavior, which is clearly observed in

resistivity, ρ ∼ T of Fig 1.3 over ranges of the phase diagram. Moreover, cuprates and

some pnictides classes show pseudogap behaviors, meaning one particle spectrum has

an energy gap but there is no superconductivity. Especially in cuprates two different



Chapter 1: Introduction 7

energy scales in the nodal and anti-nodal spectral gap, so-called “dichotomy”, is also

observed. These will be discussed more in Chapter 5.

Figure 1.3: Phase diagram of BaFe2(As1−xPx)2 with resistivity exponents (Kasahara
et al., 2010). The scale in the right axis shows exponents of the resistivity, d log ρ

d log T
.

Note that t broad regions with non Fermi liquid exponents are clearly shown.

1.2 Spin and charge fractionalization

One of the most standard ways to study superfluidity is to start from its normal

state. The same strategy is applied to the weakly correlated superconductivity. Once

we understand the Fermi liquid theory, and then the superfluidity of the system can be

understood by considering the attractive interaction channel like phonon mediation.

As shown in Fig. 1.3, there are strange metal regions in the strongly correlated

systems, which show non-Fermi liquid behaviors (Sachdev and Keimer, 2011). So it

is tempting to start from a non-Fermi liquid which can be constructed by spin-charge

separations as in one dimension. The idea of fractionalization of spin and charge with

emergent gauge field has been proposed in various ways (Wen and Lee, 1996; Sachdev

et al., 2009). In this section, we introduce one of them, the bosonic spinon theory

with the U(1) gauge theory, for later discussion of superfluidity of the fractionalized
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particles and their bound states. More general cases have been discussed in literatures

(Sachdev et al., 2009).

Let us begin with the Hamiltonian with electrons coupled to a spin density wave

order parameter.

H =
∑
k,a

ε(k)c†a(k)ca(k) + λ~ϕ · c†a(k)~σabcb(k +Q) +Hsdw(~ϕ), (1.3)

where a, b are spin-indices and ~ϕ is the spin density wave(SDW) order parameter with

the wavevector Q = (π, π) for simplicity. The onset of the SDW order parameter

means a spin rotation symmetry is spontaneously broken and the original band and

the momentum Q shifted band are mixed by the order parameter. So, the band

structure is distorted with the onset of the order parameter, and electron and hole

pockets appear generically.

The main idea for fractionalization is that we restore the spin-rotation symmetry

preserving the fermion pockets. Such idea is achieved by considering fluctuations of

local spin orientation. If there remains local antiferromagnetism, we can still treat the

electrons locally as if they were in the ordered state and we would get Fermi pockets,

with electron spin quantized along the direction of local order parameter.

To do this, let us use spinor variables for the SDW order parameter,

~ϕ = z∗a~σabzb. (1.4)

Then transform the electron operators into the rotating reference frame,

ciα = Ri
αpψp. (1.5)

Rαp is a SU(2) matrix with α =↑, ↓ for spin index, p = ± for gauge index, and we

parameterize

Ri =

(
zi↑ −z∗i↓
zi↓ z∗i↑

)
(1.6)

with |zi|2 = 1 . The bosonic degrees of freedom(z) are spinons with spin index α, and

the fermionic degrees of freedom (ψ) has charge degrees of freedom. Also, the spinon
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and holon has a gauge charge such as

za → zae
iθ

ψ∓ → ψ∓e
±iθ. (1.7)

Note that the original electron is gauge invariant as it should be. The ingredients of

the model are the spinon, holon, and gauge field, so the total theory should contain

all dynamic terms of them.

Ltot = Lz + Lψ + LA (1.8)

For the purpose of this introduction, we do not bother to specify complete forms of

the total theory. Instead, let us consider possible phases of the theory and refer to

literatures for detailed discussions (Sachdev et al., 2009).

The first phase is the spin rotation symmetry broken phase by condensing the

bosonic spinor field. Non-zero mean value indicates there is a fixed rotating frame

globally with small fluctuations in the ground state. Once we choose the z direc-

tion for the spinor direction, the fermionic excitations(ψ) become the original spin

up and down electrons with some renormalization factors. In other words, this phase

is nothing but the conventional Fermi liquid with the SDW order parameter as con-

sidered above. To be consistent, the gauge fluctuation should be suppressed, which

is achieved by the Higgs mechanism. From this argument, we can infer that the La-

grangian of the fractionalized fermion(Lψ) inherits the original hopping structure of

electrons with gauge covariant derivatives.

Another phase is obtained by restoring the spin rotation symmetry. It can be

achieved by making the spinon energy spectrum gapped. It indicates there is no

globally fixed rotating frame and there are fractionalized fermionic excitations with

Fermi pockets and gauge fluctuations. In other words, we have a phase with spin

sector gapped but charge sector gapless. The remaining gauge fluctuation becomes

screened by the Fermi surface and the interaction with the Fermi surface suppresses

monopole proliferation which induces translational symmetry broken phases. This

phase is so-called an algebraic charge liquid(ACL).
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Based on the fractionalization, there are two possible channels of superconductiv-

ity. The first one is superconductivity of the fractionalized holons. As we can see,

the two species of the Fermionic excitations have different gauge charges, ±. With

the opposite charges, the gauge fluctuations can induce negative interactions and it

is possible to have superconductivity of the fractionalized particles. One important

feature of the superconductivity is that the pairing boson, the U(1) gauge field, is

massless even in the magnetically disordered case. So the pairing is always quantum

critical and strong. These subjects are studied in the Chapter 3 and 4. Notice that

the superconducting phase of the ACL is unstable in a long length scale because

the superconducting gap prohibits fermionic massless excitations and the monopole

events become proliferated.

Another channel is superconductivity of bound states between holons and spinons.

An important consequence of the fractionalization is that there is a “doubling” of

electron-like quasiparticles, with two gauge neutral combinations,

Fiα ∼ ziαψi+ , Giα ∼ εαβz
∗
iβψi−. (1.9)

Because of the gauge neutrality, these particles behave like electrons with spin and

charge. Again, the gauge fluctuations can induce the “unconventional” superconduc-

tivity. We show that the species doubling indeed provides a simple mean field state

description for the spectral dichotomy gap behaviors in the Chapter 5.

1.3 Superfluidity near the Feshbach resonance

Recently, another strongly correlated system has been achieved in ultra-cold atom

system using the Feshbach resonance. Tuning magnetic field, arbitrarily strong scat-

tering lengths in both attractive and repulsive channels can be accessed in cold atoms

(Chin et al., 2010). In this section, we briefly introduce superfluidity of spinful Fermi

gases near the resonance.

Sign and strength of the scattering length between fermions can be tuned varying

with magnetic field near the Feshbach resonance. On the attractive interaction side,

Fermions feel negative interaction between each other and form Cooper pairs as in



Chapter 1: Introduction 11

Superfluid

Vacuum

BCS

BEC

Figure 1.4: Dilute spinful fermion phase diagrams. The vertical axis is a chemical
potential controlling density of particles. The horizontal axis is a detuning parameter
which controls the scattering length. Along the special line, ν = 0, so-called Feshbach
resonance are achieved with diverging scattering length.

the usual BCS superconductors. However, the Fermions are usually charge neutral,

so it shows superfluidity but not superconductivity. On the other side with the re-

pulsive interaction, there exists a bound state in two body scattering channel, which

forms a tightly bounded molecule. Then the molecule shows Bose-Eienstein Con-

densation(BEC) and superfluidity. These two superfluids with the Cooper pair and

the molecule are smoothly connected by tuning magnetic field, which is so-called the

BEC-BCS crossover as shown in Fig. 1.4.

The simplest way to understand the crossover between two superfluids is to con-

sider the spinful Fermion model with a contact interaction term (Sachdev, 2000).

L0 = ψ†a(∂τ −
∇2

2m
)ψa +

u

2
ψ†↑ψ

†
↓ψ↓ψ↑ (1.10)

It is possible to study finite density particle effects with the contact interaction u

by adding a chemical potential term. But as we will see, main consequence of the

chemical potentials is to induce superfluidity either BCS or BEC types with finite

numbers of particles. Thus, let us focus on the zero chemical potential case and
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study dilute fermi gas properties.

The first thing we can notice is that the theory is scale invariant with the dynamic

critical exponent, z = 2. This scale invariance just indicates that the theory separates

two ground states with different symmetries between the vacuum and the superfluid-

ity. One fascinating aspect of the theory is that evaluation of almost all diagrams gives

zero because of the zero chemical potential. It basically indicates the ground state

of the theory does not contain any particles, so many body effects are mostly sup-

pressed. Only the contact interaction gets renormalized by pairing(particle-particle)

creation process. The renormalization group(RG) flow is easy to calculate.

du

dl
= (2− d)u− u2

2
. (1.11)

The first term shows bare dimensionality of the coupling constant and the next term

means enhanced pairing amplitude with the negative interaction u. In the spatial

dimension, d = 3, the RG flow of the interaction, u, is illustrated in Fig. 1.5.

There are three important fixed points in the dilute spinful Fermi gas. The u →
−∞ fixed point naturally corresponds to the tightly bound molecule state(BEC limit)

because the large negative interaction indicates two particles should be bounded. The

u = 0 fixed point describes the weakly coupled BCS limit as weak negative interactions

induce Cooper pairing.

Finally, the fixed point u∗ is infrared unstable, which naturally describes the

Feshbach resonance. Fine-tuning is required to reach the fixed point, which is indeed

the case of the crossover phase diagram. This simple calculation indicates three fixed

points basically capture all the physics in the phase diagram, and near the Feshbach

resonance physical quantities are governed by the interacting fixed point, u = u∗.

Note that the physical scattering length should be defined by considering the

renormalized scattering matrix, which is proportional to u−u∗. So, observed scatter-

ing length(a) and detuning parameters(ν) are measured from the fixed point, u = u∗.

In other words, the detuning parameter can be understood formally as

ν = −1

a
∼ (u− u∗) (1.12)

(Nikolić and Sachdev, 2007). So the BEC limit(u→ −∞) corresponds to the negative
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d = 3 0u*
u

Figure 1.5: Renormalization Group flow of the contact interaction in three spatial
dimension. There is an infrared unstable fixed point which corresponds to the Fesh-
bach resonance, u = u∗. The u→ −∞ fixed point is for the tightly bound molecule
state(BEC limit) and the u = 0 fixed point is for the weakly coupled BCS limit.

detuning and BCS limit(u→ 0) corresponds to the positive detuning, which indicates

that the two figures are indeed consistent.

In principle, all quantities near the Feshbach resonance can be calculated with

this theory, but to access both sides equally it is better to consider another model,

so-called two channel model. The easiest way to introduce the model is to perform

the Hubbard- Stratonovich transformation of the contact interaction.

L = ψ†a(∂τ −
∇2

2m
− µ)ψa + Φψ†↑ψ

†
↓ + Φ†ψ↓ψ↑ +

|Φ|2
|u| . (1.13)

After integrating out the fermions, effective action of the pairing field, Φ, can be

obtained. The renormalized pairing “mass” is related to the detuning parameter, ν

of the Fig. 1.4. More general consideration of the two channel model was done by

matching the detuning parameter and the two body scattering matrix (Nikolić and

Sachdev, 2007).

The key feature of the Feshbach resonance is its universality related to the diverg-

ing scattering length. It means that the microscopic interaction scale does not appear

in any physical quantities. There is no energy scale like the Debye frequency as in the

weakly correlated superconductors. Therefore, all the energy scales or length scales

are determined by the Fermi energy related to density of the particles. Such universal

properties have been studied in the literatures (Nishida and Son, 2006; Nikolić and

Sachdev, 2007; Veillette et al., 2007).

In the Chapter 6, effects of the optical lattice have been studied near the Feshbach

resonance. It is obvious that strong optical lattice potential breaks the superfluidity

and becomes insulator with even number of fermions at each site. In the BCS limit,

it is just a simple band insulator, and it becomes a Mott insulator in the BEC limit.
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Near the Feshbach resonance one universal insulator appears and all the physical

quantities are determined by the density and optical lattice potential depth and its

wavelength.

1.4 Organization of this thesis

The rest of the thesis will describe more detailed discussion on the superfluidity

in strongly correlated system. Chapter 2 - 5 studies superconductivity mainly in

cuprates and pnictides, and Chapter 6 focuses on superfluidity near Feshbach reso-

nance in ultracold atom. Below we briefly summarize main results of the chapters.

Chapter 2 studies competition between superconductivity and other order pa-

rameters especially spin density wave. we compare that the position of an ordering

transition in a metal to that in a superconductor. For the spin density wave (SDW)

transition, it is shown that the quantum critical point shifts by order |∆|, where ∆ is

pairing amplitude, so that the region of SDW order is smaller in the superconductor

than in the metal. This shift is larger than the ∼ |∆|2 shift predicted by theories

of competing orders which ignore Fermi surface effects. For Ising-nematic order, the

shift from Fermi surface effects remains of order |∆|2. Implications of these results

for the phase diagrams of the cuprates and the pnictides is discussed.

Chapter 3 describes the interplay between d-wave superconductivity and spin den-

sity wave (SDW) order in a theory of the hole-doped cuprates at hole densities below

optimal doping. The theory assumes local SDW order, and associated electron and

hole pocket Fermi surfaces of charge carriers in the normal state. We describe quan-

tum and thermal fluctuations in the orientation of the local SDW order, which lead

to d-wave superconductivity: we compute the superconducting critical temperature

and magnetic field in a ‘minimal’ universal theory. We also describe the back-action

of the superconductivity on the SDW order, showing that SDW order is more stable

in the metal.

Chapter 4 studies the onset temperature Tp for the pairing in cuprate supercon-

ductors at small doping, when tendency towards antiferromagnetism is strong. One

interesting property of superconductivity of the Algebraic Charge Liquid is that the
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pairing between fermions is mediated by a gauge boson, whose propagator remains

massless in a paramagnet. Therefore, the pairing boson does not lose its criticalness

away from the magnetic critical point. In this chapter, such non-trivial critical be-

havior is related to previously well-studied γ−model of quantum-critical pairing with

the pairing kernel λ(Ωn) ∝ 1/Ωγ
n. It is shown that critical pairings with different

magnetic order parameter mass can be mapped to different γ model and right at the

magnetic QCP, the critical pairing is equivalent to the model with λ(Ωn) ∝ log Ωn,

which is the model for color superconductivity. Using this analogy, we verified the

formula for Tc derived for color superconductivity.

Chapter 5 model the underdoped cuprates using fermions moving in a background

with local antiferromagnetic order. The antiferromagnetic order fluctuates in orien-

tation, but not in magnitude, so that there is no long-range antiferromagnetism, but

a ‘topological’ order survives. The normal state is described as a fractionalized Fermi

liquid (FL*), with electron-like quasiparticles coupled to the fractionalized excita-

tions of the fluctuating antiferromagnet. Phenomenological theories of the pairing of

quasiparticles of FL* are described, and it is shown that a large class of mean-field

theories generically displays a nodal-anti-nodal ‘dichotomy’: the interplay of local

antiferromagnetism and pairing leads to a small gap near the nodes of the d-wave

pairing along the Brillouin zone diagonals, and a large gap in the anti-nodal region.

At last, Chapter 6 studies spin-1/2 fermions of mass m with interactions near the

unitary limit. In an applied periodic potential of amplitude V and period aL, and

with a density of an even integer number of fermions per unit cell, there is a second-

order quantum phase transition between superfluid and insulating ground states at

a critical V = Vc. The universal ratio Vcma
2
L/~2 at N = ∞ in a model is studied

with Sp(2N) spin symmetry. Such insulator interpolates between a band insulator of

fermions and a Mott insulator of fermion pairs. .



Chapter 2

Quantum critical point shifts under

superconductivity: the pnictides

and the cuprates

2.1 Introduction

The interplay between spin density wave (SDW) ordering and superconductivity

clearly plays a central role in the physics of a variety of quasi two-dimensional cor-

related electron materials. This is evident from recent studies of the phase diagram

of the ferro-pnictides (Ning et al., 2009; Ni et al., 2008; Ahilan et al., 2009; Ning

et al., 2010; Nandi et al., 2010; Fernandes et al., 2010; Nakai et al., 2010) and the

‘115’ family of heavy-fermion compounds (Knebel et al., 2009). In the cuprates, it

has been argued that d-wave superconductivity is induced by SDW fluctuations in

a metal (Scalapino et al., 1986), and this has been the starting point for numerous

studies of the complex phase diagram (Abanov et al., 2003; Metlitski and Sachdev,

2010). In all these materials, there is a regime of co-existence between SDW order-

ing and superconductivity, and this opens the way to a study of the ‘competition’

between these orders (Sachdev and Zhang, 2002): this competition can be tuned by

an applied magnetic field, as has been studied in a number of revealing experiments

(Katano et al., 2000; Lake et al., 2002; Tranquada et al., 2004; Khaykovich et al.,

16
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2005; Chang et al., 2008, 2009; Haug et al., 2010) on the LSCO and YBCO series of

superconductors.

This chapter will discuss a question that arises naturally in the study of such

competing orders (Moon and Sachdev, 2009b; Sachdev, 2010). We consider, first,

the ‘parent’ quantum critical point as that associated with the onset of SDW order,

~ϕ, in a metal. To access this point we have to suppress superconductivity in some

manner, say by the application of a magnetic field. This parent critical point will occur

at a value r0
c of some tuning parameter r, which could be the carrier concentration or

the applied pressure. We define r so that r < r0
c is the SDW phase with 〈~ϕ〉 6= 0; see

Fig. 2.1. The value of r0
c is clearly material specific, and will depend upon numerous

microscopic details. Then, we turn our attention to the onset of SDW order within

the superconductor (SC); we characterize the latter by a gap amplitude ∆, and denote

the critical value of r by r∆
c . The essence of the picture of competing orders is that the

onset of superconductivity should shrink the region of SDW order, and hence r0
c > r∆

c .

We will be interested here in particular in the magnitude of the shift r0
c − r∆

c . We

will see that the shift is dominated by low energy physics, and so has a universal

character. This shift r0
c − r∆

c played a central role in the phase diagrams presented

in Refs. Sachdev (2010); Demler et al. (2001), and applied to the cuprates. Recent

work has shown that similar phase diagrams also apply to the pnictides (Nandi et al.,

2010; Fernandes et al., 2010) and the 115 compounds (Knebel et al., 2009). In the

pnictides, a “backbending” of the onset of SDW order upon entering the SC phase,

consistent with the idea of r0
c − r∆

c > 0.

Let us begin by computing the shift r0
c − r∆

c in mean-field Landau theory. The

simplest free energy of the SDW and SC order parameters has the form (Demler

et al., 2001):

L = (r − r0
c )~ϕ

2 + u
(
~ϕ2
)2

+ r̃|∆|2 + ũ|∆|4 + κ~ϕ2|∆|2. (2.1)

Here κ > 0 is the phenomenological parameter which controls the competition be-

tween the order parameters. Examining the onset of a phase with 〈~ϕ〉 6= 0 in the

superconductor with ∆ 6= 0, we conclude immediately from Eq. (2.1) that

r0
c − r∆

c = κ|∆|2. (2.2)
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r0
cr∆

c

δr ∼ |∆|
r

< �ϕ > �= 0 < �ϕ >= 0

< η > �= 0 < η >= 0

ss0
cs∆

c

δs ∼ |∆|2

Figure 2.1: The SDW and nematic critical points shifts from Fermi surface effects.
The tuning parameters r, s are for the SDW and the nematic phase transitions. The
critical points in the metal are at r0

c , s
0
c , and under superconductivity, these shift to

r∆
c , s

∆
c , towards the ordered phases.

Such a shift was a key feature of the theory in Ref. Demler et al. (2001).

The primary focus of the previous work was in the lower field region, where the

superconductivity is well-formed, and ∆ is large. Here it is appropriate to treat

the superconductivity in a mean-field manner, and ignore pairing fluctuations, while

treating spin fluctuations more carefully. The present chapter turns the focus to

higher fields, where eventually superconductivity is lost. Here, clearly, Landau theory

cannot be expected to apply to the superconducting order. Moreover, we expect the

Fermi surface of the electrons to be revealed, and a more careful treatment of the

electronic degrees of freedom is called for. One of the primary results of this chapter

will be that the Landau theory result in Eq. (2.2) breaks down for small ∆, and in

particular in the limit |∆| → 0. This is a consequence of the crucial importance of

Fermi surface physics in determining the position of the SDW transition at T = 0.

Instead, we will show from the physics of the “hot spots” on the Fermi surface that

the shift is larger, with

r0
c − r∆

c ∼ C|∆|. (2.3)

For the competing order picture to hold, we require that C > 0. Somewhat sur-

prisingly, we will find that our results for C are not transparently positive definite.

Different regions of the Fermi surface contribute opposing signs, so that determining

the final sign of C becomes a delicate computation. In particular C will depend upon

the vicinity of ‘hot spots’ on the Fermi surface, which are special points connected

by the SDW ordering wavevector. We will find that the immediate vicinity of the
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hot spots contributes a positive sign to C, while farther regions contribute a negative

sign. Thus the primary competition between SDW and superconductivity happens

at the hot spots, while other regions of the Fermi surface which survive the onset

of SDW order continue to yield an attraction between SDW and superconductivity.

For the case where the two hotspots connected by the SDW ordering wavevector are

equivalent under a lattice symmetry operation (i.e. they have the same pairing gap

and the same magnitude of the Fermi velocity), we will find that distinct contribu-

tions to C exactly compensate each other, so that C = 0. However, in the case that

the two spots are not crystallographically equivalent (which is the generic situation

in both the cuprates and the pnictides), we will show that C > 0. A positive C is

indicated in Fig. 2.1.

We had considered the shift in SDW ordering due to superconductivity in a pre-

vious work (Moon and Sachdev, 2009b). However, in that work, the metallic and

superconducting states were not Fermi liquids and BCS states respectively, but rather

fractionalized states known as ‘algebraic charge liquids’ (Kaul et al., 2007a; Kaul and

Sachdev, 2008; Galitski and Sachdev, 2009; Sachdev et al., 2009). In this case, we

found that the competition between SDW and superconductivity was robust, and

always yielded a shrinking in the size of the SDW region. We will not consider such

exotic states here, but work entirely within the framework of Fermi liquid theory, in

which the onset of superconductivity leads to a traditional BCS superconductor. In

this context the interplay between SDW and SC in a Fermi liquid is conveniently

encapsulated in the ‘spin-fermion’ model (Abanov et al., 2003). We will find the

same qualitative shift in the SDW critical point as found earlier (Moon and Sachdev,

2009b), and the estimate in Eq. (2.3).

We will also generalize our methods to analyze the shifts in the quantum critical

points of other orderings between the metallic and superconducting phases. Specifi-

cally, we will consider charge density wave (CDW) order and Ising-nematic order, η.

We will find that the CDW shift initially appears to be formally similar to Eq. (2.3),

but the coefficient C is found to be exactly zero; terms higher order in ∆ do indicate

competition with superconductivity, but the CDW critical point shift is much smaller

than the SDW’s For Ising-nematic order, η, we will also find that the Fermi surface
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result is similar to that in Landau theory, as in Eq. (2.2). This smaller shift is also

illustrated in Fig. 2.1. The weaker effect upon η is due to its reduced sensitivity to

the gap opened by superconductivity on the Fermi surface.

We will present a detailed discussion of the implication of these results for the

pnictide and cuprate phase diagrams to Section 2.6. However, let us highlight here

an important inference that will follow from our computations. We will argue that the

experimental phase diagrams imply that Ising-nematic ordering and SDW ordering

are independent instabilities of the Fermi surface for the cuprates. In contrast, for the

pnictides, our conclusion will be that the SDW ordering is the primary Fermi surface

instability, and the Ising-nematic ordering is a secondary response to the square of

the SDW order parameter.

This chapter is structured as follows. We will begin in Section 2.2 by introducing

our starting point, the spin-fermion model with the SDW fluctuation. Within the

spin-fermion theory, we show that the SDW fluctuation induces the d wave pairing

for the cuprate and s+− for the pnictides instead usual s wave pairings in Section 2.3.

Assuming the d or s+− wave pairings in each case, we extend the spin-fermion theory

into the theory with pairing and other possible orders in Section 2.4. In section 2.5,

we show the quantum critical point shifts toward the ordered phase, which explicitly

shows the competition between superconductivity and the SDW phase. Section 2.6

presents our conclusions.

2.2 The spin-fermion model

We will study the system with SDW quantum phase transition in two dimensional

system. The main ingredients of the spin-fermion model are Fermi surfaces and the

SDW order parameter. Let us first consider generic microscopic Hamiltonians for the

cuprates and the pnictides.

HCu =
∑
k

εc(k)c†aca +Hsdw

HFe =
∑
k

εc(k)c†aca +
∑
k

εd(k)d†ada +Hsdw (2.4)
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Here, we consider “minimal Fermi surfaces” for both materials, where c correspond

to the one band electron for the cuprates around the Γ point, and for the pnictides,

c, d correspond to the hole and electron bands centered at (0, 0) and (±π/a0, 0). All

terms containing the SDW operators are in Hsdw. In Fig. 2.2, we illustrate typical

hole-doping cuprates large Fermi surface and pnictides’ two band Fermi surfaces. To

see general features, we consider incommensurate ordering wave-vectors for cuprates,

~Q1 =
2π

a0

(
1

2
− ϑ, 1

2

)
, ~Q2 =

2π

a0

(
1

2
,
1

2
− ϑ
)
. (2.5)

For the pnictides, we represent the ordering wavevector as ~Q = (π/a0, 0) explicitly

in the figure, but there is another hot spot with the ordering vector, ~Q = (0, π/a0).

From now on, we set the lattice constant as a fundamental unit as usual. As it is well-

known in the literature, (Demler et al., 2001) the incommensurate SDW fluctuation

is decribed by two complex vector wave functions.

~S = Re[~Φ1e
i ~Q1·~r + ~Φ2e

i ~Q2·~r] (2.6)

In the figure, two distinct hot spots are represented by filled and empty circles in the

cuprate Fermi surface. The filled one is farther from the nodal point than the empty

one. Note that the incommensurate SDW fluctuation links a filled circle with a empty

circle. If we consider one special case, the commensurate SDW fluctuation, two kinds

of hot spots become identical, and we only need one real O(3) field to describe the

SDW fluctuation as usual.

Because the hot spots mainly contribute to the transition in the low energy theory,

we write the electron annihilation operator as combination of the hot spot continuum

fields as follows. For the cuprate,

ca(x) ∼
∑
j

fj,a(x)eikf,j ·x + gj,a(x)eikg,j ·x

, j = (1, · · · , 4, 1̄, · · · , 4̄). (2.7)

The f, g fields represent the nearer and farther fields from the nodal points, so the

SDW fluctuation mixes the f and g fields. The commensurate limit means f and g
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Figure 2.2: Hot spots near SDW transition. In the upper and lower panel, large
Fermi surface for the cuprates and two band structure for the pnictides are shown.
The ordering vectors for the cuprates are ~Q1 = 2π

a0
(1

2
− ϑ, 1

2
), ~Q2 = 2π

a0
(1

2
, 1

2
− ϑ)),

and the pnictides have ~Q = (π, 0). In the upper panel, the filled and empty circles
have different distances from the node, which means the gap magnitudes are different.
Two ordering wave vectors are represented by the dashed and thin lines in the upper
panel and arrowed lines are in the bottom. For the pnictides, the electron band is
distorted because there is no symmetry that guarantees identicalness of the hole and
the electron band, which can also induces different gap functions. (Khasanov et al.,
2009; Szabó et al., 2009) In both panels, every hot spot is numbered and the bar
notation is used for the negative.
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fields become identical. For the pnictides case, two bands can be described by hot

spot fields as follows.

ca ∼ f1ae
iK1·x + f1̄ae

−iK1·x

+ f4ae
iK4·x + f4̄ae

−iK4·x

da ∼ g2ae
iK2·x + g2̄ae

−iK2·x

+ g3ae
iK3·x + g3̄ae

−iK3·x (2.8)

As in the cuprates, the SDW fluctuation mixes f and g particles in this notation. We

note that the electron band does not have the shape of circle, which makes the SDW

possible, and there is no symmetry that guarantees the identity of the two bands.

For convenience, we focus on the commensurate case in the remaining of this section,

and the next two sections for describing spin-fermion models. But, later in the Sec.

2.5, we will come back to the general incommensurate cases and consider the critical

point shifts in general.

The spin-fermion model with commensurate SDW simply becomes

L =
1

2
(∂τ ~ϕ)2 +

1

2
(∇~ϕ)2 +

r

2
(~ϕ)2 +

u

4
(~ϕ2)2

+ f †j,a(∂τ − i~vj · ∇ − av2
f∇2)fj,a

+ λ~ϕ
(
f †j,a~σa,bfj′,b

)
Mj,j′ , (2.9)

where Mj,j′ is non-zero constant when kj, k
′
j are connected by ~Q. The first and sec-

ond lines describe the dynamics of the spin and fermion sectors. The third line is

the “Yukawa” coupling term. Note that we explicitly include the second derivative

kinetic term for the fermions in the theory, which becomes irrelevant if we only focus

on the SDW phase transition. Such term is not necessary for describing the SDW

phase transition with non-collinear Fermi velocities only, but the existence plays an

important role in extending the theory to the one with pairing and nematic orders.

Note that the final form of the spin-fermion model is exactly the same in both the

cuprates and the pnictides even though the microscopic band structure and the order-

ing vectors are completely different. This means the physics for the SDW transition

is universal and we can focus on one case and apply the result to the other case.
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Figure 2.3: Pairing vertex. The line with arrow is fermion and the wavy line is for
the SDW fluctuation.

As usual, the effective action for the SDW phase transition is given by integrating

out the fermions and expand with order parameters.

SH =

∫
d2k

4π2
T
∑
ωn

1

2
[k2 + γ|ωn|+ r − χ0]|ϕa(k, ωn)|2

+
u

4!

∫
d2xdτ(ϕ2

a(x, τ))2 (2.10)

This Hertz-type theory is well-known and it describes the SDW fluctuation with

dynamical critical exponent z = 2 at least in the zeroth order. In this chapter, we

only focus on the critical point shifts rather than critical properties of the transition

itself. (Metlitski and Sachdev, 2010)

2.3 Pairing instabilities

Within the spin-fermion model, we can address pairing problems naturally. If we

consider the SDW fluctuation as a pairing boson, then we need to investigate plausi-

bility of the pairing instabilities by the SDW. The basic idea is following. If we assume

there is infinitesimal pairing, then the pairing becomes enhanced or suppressed by the

integrating out higher energy-momentum contributions depending on the possibility

of the pairing channel. In the Fig. 2.3 such a pairing vertex is illustrated. Note that

the fermions with opposite momentums are paired, so the participating fermions in

the pairing is not the same as ones in the SDW in general.

If we consider the s wave channel in the cuprates and the s++ channel for the
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pnictides, the pairing and its vertex correction are

Φs ≡ εab(f1,af1̄,b + f2,af2̄,b + f3,af3̄,b + f4,af4̄,b)

gsΦ = gsΦ,0

(
1− λ2

ϕ

∫
k,ω

1

ω2 + ε2
k

1

γ|ω|+ k2 + ξ−2

)
. (2.11)

Note that the relative sign between hot spots does not change, which is the main

characteristic of the s wave pairing. As we can see, the vertex becomes irrelevant in

the low energy limit in the RG sense. Therefore, the SDW fluctuation cannot mediate

usual s wave pairing for the cuprates and s++ for the pnictides.

However, in the d wave channel of the cuprates (Scalapino et al., 1986) and

the s+− channel (Mazin et al., 2008; Seo et al., 2008) of the pnictides, the relative

sign between the hotspots changes, given the pairing symmetries. Such relative sign

changes allow the pairing channel’s enhancement. 000000. 00 The pairing and its

vertex correction are

Φd ≡ εab(f1,af1̄,b − f2,af2̄,b − f3,af3̄,b + f4,af4̄,b)

gdΦ = gdΦ,0

(
1 + λ2

ϕ

∫
k,ω

1

ω2 + ε2
k

1

γ|ω|+ k2 + ξ−2

)
. (2.12)

Clearly, the alternative sign change induces enhancement of the d, s+− wave pairings

in the low energy limit. Therefore, the d and s+− pairing is natural under the SDW

fluctuations rather than usual s and s++ pairings in conventional theory. In the next

sections, we assume the existence of the pairings in each case and incorporate them

into the spin-fermion model in a manner consistent with symmetry. Moreover, by

symmetry consideration, we also introduce other possible order parameters such as a

nematic order and charge density wave and extend our theory to incorporate them.

Notice that the vertex correction in the Eq. (4.32) is logarithmically divergent

if we have finite correlation length. Such behavior is a well-known signature of the

conventional BCS theory. However, in the quantum critical region, the pairing boson

is softened and the quantum fluctuation becomes important. The nature of this

quantum critical pairing has been discussed in Refs. Abanov et al. (2003); Metlitski

and Sachdev (2010).
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Tx,y Rπ/2 Ixy T
Ψ1,a Ψ1,ae

−ik1x,y iτ zΨ3,a iτ zΨ2,a −τ yΨ1,a

Ψ2,a Ψ2,ae
−ik2x,y iτ zΨ4,a iτ zΨ1,a −τ yΨ2,a

Ψ3,a Ψ3,ae
−ik3x,y −iτxεabΨ̃1,b −iτxεabΨ̃4,b −τ yΨ3,a

Ψ4,a Ψ4,ae
−ik4x,y −iτxεabΨ̃2,b −iτxεabΨ̃3,b −τ yΨ4,a

Table 2.1: Symmetry transformations of the spinor fields under square lattice symme-
try operations. Tx,y: translation by one lattice spacing along the x, y direction; Rπ/2:
90◦ rotation about a lattice site (x→ y, y → −x); Ixy: reflection about the x = y axis
(x → y, y → x); T : time-reversal, defined as a symmetry (similar to parity) of the
imaginary time path integral and the conjugate fields are transformed to Ψ† → Ψ†τy.

Note that such a T operation is not anti-linear. Also, the notation, Ψ̃i,b = (Ψ†i,b)
T is

used for convenience.

2.4 Microscopic symmetry and effective theory

To extend the spin-fermion model to the one with pairing terms and nematic order

parameter, let us consider microscopic symmetries and thier transformations because

the square lattice symmetry should be respected in the low energy theory. Hereafter,

we analyze the symmetry in terms of the cuprate problem unless otherwise stated. It

is easy to extend it to the pnictides case. Due to the dx2−y2 wave property, the pairing

term’s rotation and reflection needs additional factors. Nambu spinors for particles

are defined in a usual way:

Ψi,a ≡
(

fi,a

εabf
†
ī,b

)
, i = 1, 2, 3, 4 (2.13)

In Table 5.1, we summarize the transformation rules of the spinor fields.

Among various combinations of bilinear terms, the following operators are of in-
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terest.

O∆ ≡ +Ψ†1,aτ
xΨ1,a −Ψ†2,aτ

xΨ2,a

−Ψ†3,aτ
xΨ3,a + Ψ†4,aτ

xΨ4,a (2.14)

Oζ ≡ +Ψ†1,aτ
xΨ1,a + Ψ†2,aτ

xΨ2,a

+Ψ†3,aτ
xΨ3,a + Ψ†4,aτ

xΨ4,a (2.15)

Oη ≡ +Ψ†1,aτ
zΨ1,a −Ψ†2,aτ

zΨ2,a

−Ψ†3,aτ
zΨ3,a + Ψ†4,aτ

zΨ4,a (2.16)

Oρ ≡ +Ψ†2,aτ
zΨ3,a + Ψ†3,aτ

zΨ2,a (2.17)

The operator, O∆, is invariant under all the lattice symmetries. This is just d wave

pairing term’s low energy expression. Therefore, inserting the operator, O∆, in the

original Lagrangian is certainly allowed by the symmetry consideration. For the future

convenience, let us write down the fermion Hamiltonian with pairing explicitly.

Hf =
∑(

Ψ†1,a

Ψ†2,a

)(
ε1τ

z + ∆τx 0

0 ε2τ
z −∆τx

)(
Ψ1,a

Ψ2,a

)

+
∑(

Ψ†3,a

Ψ†4,a

)(
ε3τ

z −∆τx 0

0 ε4τ
z + ∆τx

)(
Ψ3,a

Ψ4,a

)
(2.18)

εi(k) = ~vi · ~k + a v2
f
~k2. Note that ∆ is a given constant here.

The Oζ,η operators are also interesting, and they are transformed as follows:

Tx,y : Oζ,η → +Oζ,η

Rπ/2 : Oζ,η → −Oζ,η

Ixy : Oζ,η → −Oζ,η

T : Oζ,η → +Oζ,η (2.19)

Therefore, Oζ,η operators have nematic ordering symmetries. The difference between

two operators are that Oζ is from the pairing channel and Oη is from the density

channel.
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The final operator Oρ describes a charge density wave order parameter, which has

horizontal ordering wavevector in this case. Such ordering was considered a candidate

of the “pseudogap” phase and the high energy 4a0 ordering pattern in the cuprates

(Kohsaka et al., 2007). Notice that the hot spots are in general not linked by (π/4, 0),

but linked by the ordering vector, ~QCDW = ~kf2 − ~kf3, which is consistent with the

observations of the Hudson and collaborators (Wise et al., 2008). For a thorough

consideration of the charge density wave, we need to investigate “hot-spots” for the

charge density wave order and start from the beginning. But because the calculations

are identical in both cases, we consider the charge ordering within the present SDW

theory.

The original theory can be extended by introducing the other order parameters

from the above microscopic consideration. The total theory is

Lϕ =
1

2
(∂τ ~ϕ)2 +

1

2
(∇~ϕ)2 +

r

2
(~ϕ)2 +

u

4
(~ϕ2)2

LΨ = Ψ†i,a(∂τ +H0)Ψi,a

Lη =
1

2
(∂η)2 + sη2 + · · ·

Lρ =
1

2
(∂ρ)2 + wρ2 + · · ·

Lϕ−Ψ = λϕ~ϕ ·
[
Ψ†1,a~σabτ

xεbcΨ̃2,c + Ψ†3,a~σabτ
xεbcΨ̃4,c

]
Lη−Ψ = ληη ·Oη = ληη

∑
j

mjΨ
†
j,aτ

zΨj,a

Lρ−Ψ = λρρ ·Oρ = λρρ(Ψ†2,aτ
zΨ3,a + Ψ†3,aτ

zΨ2,a)

L′ζ =
1

2
(∂ζ)2 + s1ζ

2 + · · ·

L′ζ−Ψ = λζζ ·Oζ = λζζ ·
∑
j

Ψ†j,aτ
xΨj,a, (2.20)

where H0 is the spatial representation of the Eq. (2.18) and m1,4 = 1,m2,3 = −1 .

Note that the L′ terms are higher order in terms of the pairings.

Before going further, let us remark the meaning of the above consideration. In

this extended theory, we have found the two different nematic order channels. One

order parameter, η, couples to the density of fermions. The other one, ζ, couples

to the pairing, which suggests they have different charges. Many previous works
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Figure 2.4: Susceptibility Feynman diagram. The wavy line is for the order parame-
ters like the SDW or the nematic order. The vertex matrix elements depend on the
order parameters.

focus on the pairing channel nematic order with the nodal fermions of the dx2−y2

superconductivity. (Vojta et al., 2000; Pelissetto et al., 2008; De Prato et al.,

2006; Kim et al., 2008; Huh and Sachdev, 2008) The nematic order naturally induces

different pairings, ∆x 6= ∆y, which corresponds to the condensation of ζ in this case.

The original nodal fermions are gapped and the nodes become shifted depending on

the sign of the gap function. Within the nodal fermion theory the density channel is

not allowed by the square lattice symmetry. In our spin-fermion model, the density

channel is surely allowed and can see the effect under the small superconductivity.

Note that the pairing channel is higher order in the pairing amplitude ∆, which we

will assume it is small here.

2.5 Critical point shifts

In this section, to study influence of the superconductivity on quantum critical

points in general, we come back to general cases, including the incommensurate cases

for the cuprates. We can easily generalize the previous discussion to the incommen-

surate case: the changes are mainly in the fermions’ spectra, which have different

velocities and gap functions between two SDW linked points, and the existence of the

complex two vector fields for the SDW. We will see effects of superconductivity on

the quantum critical points by evaluating the diagrams in Fig. 2.4 for various order

parameters with and without superconductivity.
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2.5.1 Spin density wave

To investigate the effect of the superconductivity on the SDW critical point, let

us focus on the SDW order near the criticality with and without superconductivity.

The interaction between the SDW order and fermions naturally affects the critical

point as we saw in the Eq. (2.10). If we allow the superconductivity, the main effect

of the superconductivity is gapping out the fermion surfaces, so the contribution to

the critical point has to be changed. The amount of the change can be obtained

by evaluating the susceptibility with and without the pairing. In each case, the

critical point is affected with the loop contribution and we can evaluate them with the

Hamiltonian, Eq. (2.18). The total susceptibility for the one ordering wavevector,say

1, is

χφ∆ =
∑

ki−kj= ~Q1

χφ∆,ij

Due to the symmetry it is enough to choose one of the linking hot-spots. For example,

the SDW fluctuation between kf,1 and kg,2̄ is

χφ
∆,12̄

= (−)2λ2
ϕ

∫
k,ω

iω + ε1(k)

ω2 + ε2
1 + ∆2

+

iω + ε2̄(k)

ω2 + ε2
2 + ∆2

−

+2λ2
ϕ

∫
k,ω

∆+

ω2 + ε2
1 + ∆2

+

∆−
ω2 + ε2

2 + ∆2
−

= 2λ2
ϕ

∫
k,ω

ω2 − ε1(k)ε2̄(k) + ∆+∆−
(ω2 + ε2

1 + ∆2
+)(ω2 + ε2

2 + ∆2
−)
. (2.21)

The two gap functions arise from the two bands in pnictides, and from the distance

differences from the nodal point in the cuprates.To parametrize gap difference, let us

introduce one parameter, α as ∆± = ∆(1 ± α); thus α characterizes the distinction

between the two hot spots, which become crystallographically equivalent α = 0. For

the cases under consideration here, α = 0 for a commensurate (π, π) wavevector for

the SDW ordering for the cuprate case, while α 6= 0 in all other cases. As we showed

in the Eq. (2.10), the susceptibility function contributing to the critical point and

the relative critical point shifts with and without superconductivity is defined as

r∆
c = χφ∆ = χφ0 − (χφ0 − χφ∆) = r0

c − δr. (2.22)
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A positive δr implies the critical point shifts to shrink the SDW region leading to

competition between the SDW and the superconductivity, while the negative sign

implies attraction between the SDW and the superconductivity.

As we can see, the fermion loop formula, χφ∆, is divergent in the ultraviolet limit

without the curvature term. But the critical point shift, which was defined as dif-

ference between different pairing magnitudes, is well-defined. This is because the

susceptibility function contains two independent momentum components unless the

two Fermi velocities are parallel, which requires hot spots are the same as the nodes.

We exclude such special case in this chapter. Therefore, the curvature term, a, can

be dropped, and we assume |∆|a � 1. So, the dispersion relation εi(k) = ~vi · ~k will

be used for evaluation.

δr = χφ0 − χφ∆

= Nfλ
2
ϕ

∫
k

[
1

|v1 · k|+ |v2 · k|

(
1 +

v1 · k v2 · k
|v1 · k||v2 · k|

)
− 1√

(v1 · k)2 + ∆2
+ +

√
(v2 · k)2 + ∆2

−

×
(

1 +
v1 · k v2 · k√

(v1 · k)2 + ∆2
+

√
(v2 · k)2 + ∆2

−

+
∆+∆−√

(v1 · k)2 + ∆2
+

√
(v2 · k)2 + ∆2

−

)]

= Nf λ
2
ϕ

C∆(α)

| sin(θ1 − θ2)|
|∆|
vf1vf2

, (2.23)

where the Fermi velocities are defined as

~v1 = vf1(cos(θ1), sin(θ1)) , ~v2 = vf2(cos(θ2), sin(θ2)

Therefore, the angle dependence and the relative gap function determine the critical

point shift. The angle dependence on the two Fermi velocities indicates that more

parallel velocities implies a larger critical point shift. So the perpendicular Fermi

velocities of SDW participating fermions have the smallest critical point shift. As we

can see, the sine function dependence indicates that the collinear Fermi velocities are

dangerous in our calculation. In this case, we need to keep a from the start, and the
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Figure 2.5: The SDW critical point shift with the relative gap parameter α, C∆(α).

functional behavior becomes the same as the nematic case. The coefficient, C(α), is

C∆(α) =
1

4π2

∫
dqxdqy

[
1

|qx|+ |qy|
− 1√

q2
x + (1− α)2 +

√
q2
y + (1 + α)2

×
(

1 +
1− α2√

q2
x + (1− α)2

√
q2
y + (1 + α)2

)]
. (2.24)

As pointed out in Section 2.1, the sign of C∆(α) is not immediately evident from

Eq. (2.24): the small ~q region near the hot spot contributes a positive sign, while that

from large ~q has a negative sign. A numerical evaluation of Eq. (2.24) shows that

the result is indeed non-negative for all α, and the result is shown in Fig. 2.5: C∆(α)

increases monotonically with increasing α.

A curious feature of Fig. 2.5 is that C∆(0) = 0: it vanishes for the case of equivalent

hot spots. However, it is not at all evident from the integral in Eq. (2.24) that it equals

zero for α = 0. This is more easily proved from the original expression in Eq. (2.21),

by reversing the order of frequency and momentum integration. Evaluating first the

momentum integration in Eq. (2.21) (after linearizing the dispersion about the Fermi
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surfaces) we find

χφ
∆,12̄

= λ2
ϕ

1

2vf1vf2| sin(θ1 − θ2)|

×
∫
ω

ω2 + ∆+∆−√
ω2 + ∆2

+

√
ω2 + ∆2

−
(2.25)

It is now evident that the critical point shift vanishes for ∆+ = ∆−, for then the

above result becomes independent of the value of the gap.

If we consider the state slightly off the criticality. e.g. by considering finite

temperature, then the low energy physics is governed by the temperature. In such

a case, the shift becomes an analytic function of the superconducting gap, which

means quadratic gap functions scaled with another energy scale, instead of the linear

gap. Therefore, we can understand the non-analytic behavior of the linear gap as a

property of the quantum critical points.

2.5.2 Charge density wave

The CDW ordering operator,Oρ, with a specific ordering wave vector, ~QCDW =

~kf2−~kf3, was introduced in the previous section. The CDW has different characteris-

tics from the SDW. For example, instead of the spin dependent vertex, it has density

type operators linking two hot spots, and also the linked hot-spots’ gap functions

have the same pairing sign and magnitude. Combining all of these, the susceptibility

for the CDW with superconductivity is

χρ∆,23

= (−)2λ2
ρ

∫
k,ω

iω + ε3(k)

ω2 + ε2
3 + ∆2

+

iω + ε2(k)

ω2 + ε2
2 + ∆2

+

+2λ2
ρ

∫
k,ω

∆+

ω2 + ε2
3 + ∆2

+

∆+

ω2 + ε2
2 + ∆2

+

= 2λ2
ρ

∫
k,ω

ω2 − ε3(k)ε2(k) + ∆+∆+

(ω2 + ε2
3 + ∆2

+)(ω2 + ε2
2 + ∆2

+)
. (2.26)
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The CDW critical point shift is

δw = χρ0 − χρ∆

=
Nf

2
λ2
ρ

∫
k

[
1

|v3 · k|+ |v2 · k|

(
1− v3 · k v2 · k
|v3 · k||v2 · k|

)
− 1√

(v3 · k)2 + ∆2
+ +

√
(v2 · k)2 + ∆2

+

×
(

1− v3 · k v2 · k√
(v3 · k)2 + ∆2

+

√
(v2 · k)2 + ∆2

+

+
∆+∆+√

(v3 · k)2 + ∆2
+

√
(v2 · k)2 + ∆2

+

)]

=
Nf

2
λ2
ρ

C∆(0)

| sin(θ2 − θ3)|
|∆+|
v2
f2

, (2.27)

where the Fermi velocities are defined as

~v2 = vf2(cos(θ2), sin(θ2)) , ~v3 = vf2(cos(θ3), sin(θ3),

where the angle between ~v2,3 is (θ2−θ3), and the velocities are not collinear in general.

Interestingly, the calculation itself is quite similar to the SDW’s formally. However, a

key difference is that the participating fermions have the exactly same gap functions

and Fermi velocities for the CDW, and this is guaranteed by symmetry. Consequently,

the prefactor in Eq. (2.27) is C∆(α = 0) which is zero. Thus the shift in the CDW

critical point vanishes at this order.

We can estimates higher order in ∆ by evaluating Eq. (2.27) with a finite mo-

mentum cutoff Λ. This introduces dependence of the result on ∆/Λ. We find a net

competing effect, but this is formally higher order in ∆ and so parametrically smaller

than the SDW case.

2.5.3 Nematic order

With the extension of the spin-fermion theory, we can consider the nematic order

parameter within the theory. As we mentioned before, there are two channels for

the nematic order, but for the case of a small pairing gap, it is enough to consider
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the density channels. The critical point correction can be evaluated from the fermion

loop calculation as before, and it is

1

Nf

χη∆ = (−1)λ2
η

∫
k,ω

Tr

(
τ z
iω + εkτ

z + ∆iτ
x

ω2 + ε2
k + ∆2

i

× τ z iω + εkτ
z + ∆iτ

x

ω2 + ε2
k + ∆2

i

)

= 2λ2
η

∫
k,ω

(
1

ω2 + ε2
k + ∆2

i

− 2ε2
k

(ω2 + ε2
k + ∆2

i )
2

)

= λ2
η

∫
k

∆2
i

(ε2
k + ∆2

i )
3/2

(2.28)

Note that there is a crucial difference in this integration compared to the previous

critical point shifts. Because the nematic order parameter consists of particle and hole

with same Fermi velocity, the pathology of collinear dispersions are always present in

the nematic phase transition. Therefore, we need to keep the curvature term, a, and

then we have the susceptibility as

1

Nf

χη∆ = 2λ2
η

∫
k,ω

(
1

ω2 + ε2
k + ∆2

i

− 2ε2
k

(ω2 + ε2
k + ∆2

i )
2

)

= λ2
η

∫
k

∆2
i

(ε2
k + ∆2

i )
3/2

= λ2
ηD0

∫ ∞
−1/(4a)

dε
∆2
i

(ε2 + ∆2
i )

3/2

= λ2
η

1

4π

1

v2
f

1

a

(
1− 8(|∆i|a)2

)
, (2.29)

where D0 is the constant density of state. The lower cut-off is from the dispersion

relation εk = ~v · ~k + av2k2. Note that this integration is well-defined in both ultra-

violet and infra-red regions. Even in the SDW the colinear Fermi velocity hot spots

whose cases are excluded in this chapter also suffer similar problems.

The critical point shift of the nematic ordering, then, is

δηc ≡ χη0 − χη∆ = Nfλ
2
η

Cη
v2
f

1

a
(|∆i|a)2, (2.30)

where Cη = 2
π
. Note that the nematic critical point shift does not contain the linear

gap behavior like the SDW. Instead it starts from the second order and it is analytic in
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Figure 2.6: Cuprate phase diagram adapted from Ref. Moon and Sachdev (2009b);
Sachdev (2010). Here x is hole doping, xm is the position of the SDW critical point
in the metal, and xs is the SDW critical point in the insulator. The shift between
xm and xs represents the consequence of Eq. (2.3). The regions with ‘fluctuating
Fermi pockets’ have renormalized classical thermal fluctuations of SDW order. Ising-
nematic ordering is expected for T < T ∗, and consistent with Fig. 2.1, this regime is
not sensitive to the onset of superconductivity.

terms of the gap function. Such a term describes usual competing term of the Landau-

Ginzburg theory, as was discussed in Section 2.1. Parametrically the nematic ordering

is more stable than the spin density wave under the “weak” superconductivity.

2.6 Conclusions

Our main results, summarized in Fig. 2.1, have a natural application to the physics

of the cuprates. For SDW ordering, we have shown that there is a large shift in the

quantum critical point due to the onset of superconductivity, represented by Eq. (2.3).

In contrast, for the Ising-nematic order, when considered as an independent order

parameter, there is a significantly smaller shift, of order that expected in Landau

theory in Eq. (2.2). These results provide a natural basis for the phase diagram

proposed in earlier work (Moon and Sachdev, 2009b; Sachdev, 2010), which we

reproduce here in Fig. 2.6.
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The large shift in the SDW ordering between the metal and the superconductor is

represented by the arrow from xm to xs. We assume that the Ising-nematic ordering

has an onset around xm, and this is barely shifted by the onset of superconductivity,

as implied by Fig. 2.1. Consequently, long-range Ising-nematic ordering can survive

for x > xs, as is indicated in Fig. 2.6. These results are consistent with recent

observations of Ising-nematic ordering (Hinkov et al., 2008; Daou et al., 2010; Lawler

et al., 2010) in the hole-doped cuprates.

In an applied magnetic field, as was discussed in Refs. Sachdev (2010); Demler

et al. (2001), the point xs eventually merges with xm, so that the SDW transition

in the high-field normal state takes place at x = xm. Given this, we expect that

the Ising nematic transition will also merge (or become very close to) with the SDW

transition at high fields.

A notable feature of Fig. 2.6 is the “back-bending” of the crossover line bounding

the region where there are ‘renormalized classical’ fluctuations of local SDW order:

this region is bounded by the line labeled T ∗ in the normal state, and by the line

labeled Tsdw in the superconducting state. As we have argued (Moon and Sachdev,

2009b; Sachdev, 2010), this is a natural consequence of the shift of the in SDW

quantum critical point from xm to xs.

Turning to the pnictides, we note that the back-bending of the SDW ordering has

been clearly seen in recent experiments, as shown in Fig. 2.7.

Here, because the stronger 3-dimensionality of the crystal structure and the com-

mensurate wavevector, the region of renormalized classical SDW fluctuations becomes

a region of true long-range order, and so is more easily detected by neutron scattering.

However, Fig. 2.7 differs from the phase diagram in Fig. 2.6 in one important aspect:

note that the Ising-nematic transition in Fig. 2.7 closely tracks the SDW transition

in both the normal and superconducting states, rather than separating from it in

the superconducting state as in Fig. 2.6. This means that the shift in the nematic

ordering transition due to superconductivity is not significantly smaller than that of

the SDW transition. This is in conflict with the situation outlined in Fig. 2.1, where

the nematic transition hardly shifts relative to the SDW transition.

This difference between our computations and the pnictide phase diagram in
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Figure 2.7: Phase diagram for Ba[Fe1−xCox]2As2 from Refs. Nandi et al. (2010); Fer-
nandes et al. (2010). The back-bending of the SDW ordering transition in the super-
conducting phase is similar to that of Tsdw in Fig. 2.6. Here, rather than renormalized
classical SDW fluctuations, we have true long-range order indicated by ‘AFM’. The
Ising-nematic order is present in the phase labeled ‘Ort’ and absent in that labeled
‘Tet’. Note that, unlike the cuprates, the Ising-nematic transition follows the SDW
ordering transition in the superconducting state too.
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Fig. 2.7 implies that the Ising-nematic transition in the pnictides is not an inde-

pendent instability associated with the electrons near the Fermi surface. For if it

were, our computations show that it would barely notice the onset of superconductiv-

ity. We now argue that the phase diagram in Fig. 2.7 can be understood if we assume

that the Ising-nematic ordering is primarily induced by its coupling to the square of

the SDW order (Fang et al., 2008; Xu et al., 2008). Thus, in addition to the coupling

of the nematic order, η, to the fermions in Eq. (2.20), we need to add its coupling to

the SDW order:

Lη−ϕ = λ̃η
(
~ϕ2
x − ~ϕ2

y

)
, (2.31)

where ~ϕx (~ϕy) is the SDW ordering at wavevector (π, 0) ((0, π)). Then a correction

of order |∆| to the SDW fluctuations from the onset of superconductivity, will feed

into a similar correction to the Ising-nematic fluctuations via a perturbation theory

in λ̃. Thus our conclusion is that λ̃ is the dominant coupling which induces Ising-

nematic order in the pnictides. A similar conclusion appears to have been reached

recently by Kimber et al. (Kimber et al., 2010) based upon their analysis of the STM

observations of Chuang et al. (Chuang et al., 2010). In contrast, for the cuprates,

the influence of λ̃ appears significantly weaker.
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Chapter 3

Competition between spin density

wave order and superconductivity

in the underdoped cuprates

3.1 Introduction

A number of recent experimental observations have the potential to dramatically

advance our understanding of the enigmatic underdoped regime of the cuprates. In

the present chapter, we will focus in particular on two classes of experiments (although

our results will also have implications for a number of other experiments):

• The observation of quantum oscillations in the underdoped region of YBCO.

(Doiron-Leyraud et al., 2007; Yelland et al., 2008; Bangura et al., 2008; Jaudet

et al., 2008; Sebastian et al., 2008; LeBoeuf et al., 2007) The period of the

oscillations implies a carrier density of order the density of dopants. LeBoeuf et

al. (LeBoeuf et al., 2007) have claimed that the oscillations are actually due

to electron-like carriers of charge −e. We will accept this claim here, and show

following earlier work (Kaul et al., 2007b; Galitski and Sachdev, 2009), that it

helps resolve a number of other theoretical puzzles in the underdoped regime.

• Application of a magnetic field to the superconductor induces a quantum phase

40
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transition at a non-zero critical field, Hsdw, involving the onset of spin density

wave (SDW) order. This transition was first observed in La2−x SrxCuO4 with

x = 0.144 by Khaykovich et al. (Khaykovich et al., 2005). Chang et al.

(Chang et al., 2008, 2009) have provided detailed studies of the spin dynamics

in the vicinity ofHsdw, including observation of a gapped spin collective mode for

H < Hsdw whose gap vanishes as H ↗ Hsdw. Most recently, such observations

have been extended to YBa2Cu3O6.45 by Haug et al. (Haug et al., 2009), who

obtained evidence for the onset of SDW order at H ≈ 15 T. These observations

were all on systems which do not have SDW order at H = 0; they build on

the earlier work of Lake et al. (Lake et al., 2002) who observed enhancement

of prexisting SDW order at H = 0 by an applied field in La2−x SrxCuO4 with

x = 0.10.

We begin our discussion of these experiments using the phenomenological quantum

theory of the competition between superconductivity and SDW order. (Demler et al.,

2001; Sachdev, 2003; Kivelson et al., 2002, 2003) The phase diagram in the work of

Demler et al. (Demler et al., 2001) is reproduced in Fig. 3.1.

The parameter t appears in a Landau theory of SDW order and tunes the propen-

sity to SDW order, with SDW order being favored with decreasing t. We highlight a

number of notable features of this phase diagram:

• The upper-critical field above which superconductivity is lost, Hc2, decreases

with decreasing t. This is consistent with the picture of competing orders, as

decreasing t enhances the SDW order, which in turn weakens the superconduc-

tivity.

• The SDW order is more stable in the non-superconducting ‘normal’ state than

in the superconductor. In other words, the line CM, indicating the onset of

SDW order in the normal state, is to the right of the point A where SDW order

appears in the superconductor at zero field; i.e. tc(0) > tc. Thus inducing

superconductivity destabilizes the SDW order, again as expected in a model of

competing orders.
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Figure 3.1: From Ref. Demler et al. (2001): Phase diagram of the competition between
superconductivity (SC) and spin density wave (SDW) order tuned by an applied
magnetic field H, and a Landau parameter t controlling the SDW order (the effective
action has a term t~ϕ2, where ~ϕ is the SDW order). The labels identifying Hc2, Hsdw,
and tc(0) have been added to the original figure, (Demler et al., 2001) but the figure
is otherwise unchanged. The dashed line does not indicate any transition or crossover;
it is just the continuation of the line CM to identify tc(0). A key feature of this phase
diagram is that SDW order is more stable in the metal than in the superconductor
i.e. tc(0) > tc.

• An immediate consequence of the feature B is the existence of the line AM

of quantum phase transitions within the superconductor, representing Hsdw,

where SDW order appears with increasing H. As we have discussed above, this

prediction of Demler et al. (Demler et al., 2001) has been verified in a number

of experiments.

A related prediction by Demler et al. (Demler et al., 2001) that an applied current

should enhance the SDW order, also appears to have been observed in a recent muon

spin relaxation experiment. (Shay et al., 2009)

A glance at Fig. 3.1 shows that it is natural to place (Chen et al., 2008) the

quantum oscillation experiments (Doiron-Leyraud et al., 2007; Yelland et al., 2008;

Bangura et al., 2008; Jaudet et al., 2008; Sebastian et al., 2008; LeBoeuf et al., 2007)

in the non-superconducting phase labeled “SDW”. Feature B above is crucial in this

identification: the normal state reached by suppressing superconductivity with a field

is a regime where SDW order is more stable. The structure of the Fermi surface in
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Increasing SDW order

(a) (b) (c) (d)

Figure 3.2: (Color online) Fermi surface evolution in the SDW theory (Sachdev et al.,
1995; Chubukov, 1997). Panel (d) is the “large Fermi surface” state appropriate for
the overdoped superconductor. The SDW order parameter, ~ϕ, desribes ordering at
the wavevector Q = (π, π), and mixes fermion states whose wavevectors differ by
Q. This leads to the SDW metal state with electron (red) and hole (blue) pockets in
panel (b), which is the state used here to explain the quantum oscillation experiments.
(Doiron-Leyraud et al., 2007; Yelland et al., 2008; Bangura et al., 2008; Jaudet et al.,
2008; Sebastian et al., 2008; LeBoeuf et al., 2007)

this normal state can be deduced in the framework of conventional spin-density-wave

theory, and we recall the early results of Refs. Sachdev et al. (1995); Chubukov (1997)

in Fig. 3.2.

Recent studies (Millis and Norman, 2007; Harrison, 2009) have extended these

results to incommensurate ordering wavevectors Q, and find that the electron pockets

(needed to explain the quantum oscillation experiments) remain robust under devi-

ations from the commensurate ordering at (π, π). The present chapter will consider

only the case of commensurate ordering with Q = (π, π), as this avoids considerable

additional complexity.

The above phenomenological theory appears to provide a satisfactory framework

for interpreting the experiments highlighted in this chapter. However, such a theory

cannot ultimately be correct. A sign of this is that within its parameter space is a

non-superconducting, non-SDW normal state at H = 0 and T = 0 (not shown in

Fig. 3.1). Indeed, such a state is the point of departure for describing the onset of

the superconducting and SDW order in Ref. Demler et al. (2001). There is no such

physically plausible state, and the parameters were chosen so that this state does
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not appear in Fig. 3.1. Furthermore, we would like to extend the theory to spectral

properties of the electronic excitations probed in numerous other experiments. This

requires a more microscopic formulation of the theory of competing orders in terms

of the underlying electrons. We shall provide such a theory here, building upon

the proposals of Refs. Kaul and Sachdev (2008); Galitski and Sachdev (2009); Kaul

et al. (2007a,b). Our theory will not have the problematic H = 0, T = 0 “normal”

state of the phenomenological theory, and so cannot be mapped precisely onto it.

Nevertheless, we will see that our theory does reproduce the key aspects of Fig. 3.1.

We will also use our theory to propose a finite temperature phase diagram for the

hole-doped cuprates; in particular, we will argue that it helps resolve a central puzzle

on the location of the quantum critical point important for the finite temperature

crossovers into the ‘strange metal’ phase. These results appear in Section 3.4 and

Fig. 3.10.

The theory of superconductivity (Scalapino, 1995) mediated by exchange of

quanta of the SDW order parameter, ~ϕ, has been successful above optimal doping.

However, it does not appear to be compatible with the physics of competing orders

in the underdoped regime, at least in its simplest version. This theory begins with

the “large Fermi surface” state in panel (d) of Fig. 3.2, and examines its instability

in a BCS/Eliashberg theory due to attraction mediated by exchange of ~ϕ quanta. An

increase in the fluctuations of ~ϕ is therefore connected to an increase in the effective

attraction, and consequently a strengthening of the superconducting order. This is

evident from the increase in the critical temperature for superconductivity as the

SDW ordering transition is approached from the overdoped side (see e.g. Fig. 4 in

Ref. Abanov et al. (2003)). Thus rather than a competition, this theory yields an

effective attraction between the SDW and superconducting order parameters. This

was also demonstrated in Ref. Demler et al. (2001) by a microscopic computation in

this framework of the coupling between these order parameters. It is possible that

these difficulties may be circumvented in more complex strong-coupling versions of

this theory (Abanov et al., 2003), but a simple physical picture of these is lacking.

As was already discussed in Ref. Demler et al. (2001), the missing ingredient in

the SDW theory of the ordering of the metal is the knowledge of the proximity to
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the Mott insulator in the underdoped compounds. Numerical studies of models in

which the strong local repulsion associated with Mott insulator is implemented in a

mean-field manner do appear to restore aspects of the picture of competing orders.

(Park and Sachdev, 2001; Pathak et al., 2009) Here, we shall provide a detailed study

of the model of the underdoped cuprates proposed in Refs. Kaul and Sachdev (2008);

Galitski and Sachdev (2009); Kaul et al. (2007a,b), and show that it is consistent

with the features A, B, and C of the theory of competing orders noted above, which

are essential in the interpretation of the experiments.

As discussed at some length in Ref. Galitski and Sachdev (2009), the driving force

of the superconductivity in the underdoped regime is argued to be the pairing of the

electron pockets visible in panel (b) of Fig. 3.2. Experimental evidence for this pro-

posal also appeared in the recent photoemission experiments of Yang et al. (Yang

et al., 2008). In the interests of simplicity, this chapter will focus exclusively on the

electron pockets, and neglect the effects of the hole pockets in Fig. 3.2. Further discus-

sion on the hole pockets, and the reason for their secondary role in superconductivity

may be found in Refs. Galitski and Sachdev (2009); Kaul et al. (2007a,b).

The degrees of freedom of the theory are the bosonic spinons zα (α =↑, ↓), and

spinless fermions g±. The spinons determine the local orientation of the SDW order

via

~ϕ = z∗α~σαβzβ (3.1)

where ~σ are the Pauli matrices. The electrons are assumed to form electron and

hole pockets as indicated in Fig. 3.2b, but with their components determined in a

‘rotating reference frame’ set by the local orientation of ~ϕ. This idea of Fermi surfaces

correlated with the local order is supported by the recent STM observations of Wise

et al. (Wise et al., 2009). Focussing only on the electron pocket components, we can

write the physical electron operators cα as (Kaul and Sachdev, 2008; Galitski and

Sachdev, 2009)

c↑ = eiG1·r
[
z↑g+ − z∗↓g−

]
+ eiG2·r

[
z↑g+ + z∗↓g−

]
c↓ = eiG1·r

[
z↓g+ + z∗↑g−

]
+ eiG2·r

[
z↓g+ − z∗↑g−

]
(3.2)
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where G1 = (0, π) and G2 = (π, 0) are the anti-nodal points about which the electron

pockets are centered.

Note that when zα = (1, 0), Eq. (3.1) shows that the SDW order is uniformly

polarized in the z direction with ~ϕ = (0, 0, 1), and from Eq. (3.2) we have c↑ =

g+(eiG1·r + eiG2·r) and c↓ = g−(eiG1·r − eiG2·r). Thus, for this SDW state, the ±
labels on the g± are equivalent to the z spin projection, and the spatial dependence

is the consequence of the potential created by the SDW order, which has opposite

signs for the two spin components. The expression in Eq. (3.2) for general ~ϕ is then

obtained by performing a spacetime-dependent spin rotation, determined by zα, on

this reference state.

Another crucial feature of Eqs. (3.1) and (3.2) is that the physical observables ~ϕ

and cα are invariant under the following U(1) gauge transformation of the dynamical

variables zα and g±:

zα → eiφzα ; g+ → e−iφg+ ; g− → eiφg−. (3.3)

Thus the ± label on the g± can also be interpreted as the charge under this gauge

transformation. This gauge invariance implies that the low energy effective theory

will also include an emergent U(1) gauge field Aµ.

We will carry out most of the computations in this chapter using a “minimal

model” for zα and g± with the imaginary time (τ) Lagrangian (Kaul and Sachdev,

2008; Galitski and Sachdev, 2009)

L = Lz + Lg, (3.4)

where the fermion action is

Lg = g†+

[
(∂τ − iAτ )−

1

2m∗
(∇− iA)2 − µ

]
g+

+ g†−

[
(∂τ + iAτ )−

1

2m∗
(∇ + iA)2 − µ

]
g−, (3.5)

and the spinon action is

Lz =
1

t

[
N∑
α=1

(
|(∂τ − iAτ )zα|2 + v2|(∇− iA)zα|2

)
+ i%

(
N∑
α=1

|zα|2 −N
)]

. (3.6)
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Here the emergent gauge field is Aµ = (Aτ ,A), and, for future convenience, we have

generalized to a theory withN spin components (the physical case isN = 2). The field

% imposes a fixed length constraint on the zα, and accounts for the self-interactions

between the spinons.

This effective theory omits numerous other couplings involving higher powers or

gradients of the fields, which have been discussed in some detail in previous work.

(Kaul et al., 2007a,b; Kaul and Sachdev, 2008; Galitski and Sachdev, 2009) It also

omits the 1/r Coulomb repulsion between the g± fermions–this will be screened by

the Fermi surface excitations, and is expected to reduce the critical temperature as

in the traditional strong-coupling theory of superconductivity. For simplicity, we will

neglect such effects here, as they are not expected to modify our main conclusions

on the theory of competing orders. Non-perturbative effects of Berry phases are

expected to be important in the superconducting phase, and were discussed earlier;

(Kaul and Sachdev, 2008) they should not be important for the instabilities towards

superconductivity discussed here.

As has been discussed earlier, (Kaul and Sachdev, 2008; Galitski and Sachdev,

2009) the theory in Eq. (3.4) has a superconducting ground state with a a simple

momentum-independent pairing of the g± fermions 〈g+g−〉 6= 0. Combining this

pairing amplitude with Eq. (3.2), it is then easy to see (Kaul and Sachdev, 2008;

Galitski and Sachdev, 2009) that the physical cα fermions have the needed d-wave

pairing signature.

The primary purpose of this chapter is to demonstrate that the simple field theory

in Eq. (3.4) satisfies the constraints imposed by the framework of the picture of

competing orders. In particular, we will show that it displays the features A, B, and

C listed above. Thus, we believe, it offers an attractive and unified framework for

understanding a large variety of experiments in the underdoped cuprates. We also

note that the competing order interpretation of Eq. (3.4) only relies on the general

gauge structure of theory, and not specifically on the interpretation of g± as electron

pockets in the anti-nodal region; thus it could also apply in other physical contexts.

Initially, it might seem that the simplest route to understanding the phase diagram

of our theory Eq. (3.4) is to use it to compute the effective coupling constants in the
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phenomenological theory of Ref. Demler et al. (2001). However, such a literal mapping

is not possible, because, as we discussed earlier, the phenomenological theory does

have additional unphysical phases. Rather, we will show that our theory does satisfy

the key requirements of the experimentally relevant phase diagram in Fig. 3.1.

A notable feature of the theory in Eq. (3.4) is that it is characterized by only 2

dimensionless couplings. We assume the chemical potential µ is adjusted to obtain the

required fermion density, which we determine by the value of the Fermi wavevector

kF . The effective fermion mass m∗ and the spin-wave velocity then determine our

first dimensionless ratio

α1 ≡
~kF
m∗v

. (3.7)

Although we have inserted an explicit factor of ~ above, we will set ~ = kB = 1 in

most of our analysis. Note that we can also convert this ratio to that of the Fermi

energy, EF = ~2k2
F/(2m

∗) and the energy scale m∗v2:

EF
m∗v2

=
α2

1

2
(3.8)

From the values quoted in the quantum oscillation experiment (Doiron-Leyraud et al.,

2007), m∗ = 1.9me and πk2
F = 5.1 nm−2, and the spin-wave velocity in the insulator

v ≈ 670 meV Å, we obtain the estimate α1 ≈ 0.76. We will also use

m∗v2 ≈ 112 meV (3.9)

as a reference energy scale.

The second dimensionless coupling controls the strength of the fluctuations of

the SDW order, which are controlled by the parameter t in Eq. (4.15). Tuning this

coupling leads to a transition from a phase with 〈zα〉 6= 0 to one where the spin

rotation symmetry is preserved. We assume that this transition occurs at the value

t = tc(0) in the metallic phase (the significance of the argument of tc will become

clear below): this corresponds to the line CM in Fig. 3.1. Then we can charaterize

the deviation from this quantum phase transition by the coupling

α2 ≡
(

1

tc(0)
− 1

t

)
1

m∗
. (3.10)
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Note that α2 < 0 corresponds to the SDW phase in Fig. 3.1, while α2 > 0 corresponds

to the “Normal” phase of Fig. 3.1. For α2 > 0, we can also characterize this coupling

by the value of the spinon energy gap ∆z in the N = ∞ theory, which is (as will

become clear below)
∆z

m∗v2
= 4πα2. (3.11)

It is worth noting here that our “minimal model” (Eq. (3.4)) in two spatial di-

mensions has aspects of the universal physics of the Fermi gas at unitarity in three

spatial dimensions. The latter model has a ‘detuning’ parameter which tunes the

system away from the Feshbach resonance; this is the analog of our parameter α2.

The overall energy scale is set in the unitary Fermi gas by the Fermi energy; here,

instead, we have 2 energy scales, EF and m∗v2.

The outline of the remainder of the chapter is as follows. In Section 3.2, we will

consider the pairing problem of the g± fermions, induced by exchange of the gauge bo-

son Aµ. We will do this within a conventional Eliashberg framework. Our main result

will be a computation of the critical field Hc2, which will be shown to be suppressed

as SDW order is enhanced with decreasing t. Section 3.3 will consider the feedback

of the superconductivity on the SDW ordering, where we will find enhanced stability

of the SDW order in the metal over the superconductor. Section 3.4 will summarize

our results, and propose a crossover phase diagram at non-zero temperatures.

3.2 Eliashberg theory of pairing

In our mininal model, the charge and spin excitations interact with each other

through the Aµ gauge boson. So the gauge fluctuation is one of the key ingredients

in our analysis. We begin by computing the gauge propagator, and then we will

determine the critical temperature and magnetic field within the Eliashberg theory

in the following subsections.

We use the framework of the large N expansion. In the limit N = ∞, the gauge

field is suppressed, and the constraint field % takes a saddle point value (i% = m2)

that makes the spinon action extremum in Eq. (4.15). At leading order, the spinon
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Figure 3.3: The parameter m in Eq. (3.12) for T/(m∗v2) = 0.01.

propagator has the form
t

v2k2 + ω2
n +m2

(3.12)

where k is spatial momentum, ωn is the Matsubara frequency. The saddle point

equation for m is

T
∑
ωn

∫
d2k

4π2

[
1

v2k2 + ω2
n +m2

]
= −m∗α2 +

∫
dω

2π

∫
d2k

4π2

1

v2k2 + ω2
. (3.13)

The solution of this is

m = 2T ln

[
e+2πm∗v2α2/T +

√
e+4πm∗v2α2/T + 4

2

]
(3.14)

which holds for −∞ < α2 <∞. This result is plotted in Fig. 3.3.

Clearly, m is a monotonically increasing function of α2. Recall that the positive

α2 region has no SDW order, and m is large here. As we will see below, the value of

m plays a significant role in the photon propagators.

The photon propagator is determined from the effective action obtained by inte-

grating out the spinons and non-relativistic fermions. Using gauge invariance, we can

write down the effective action of the gauge field as follows:

SA =
NT

2

∑
εn

∫
d2k

4π2

[
(kiAτ − εnAi)2 D1(k, εn)

k2
+ AiAj

(
δij −

kikj
k2

)
D2(k, εn)

]
.

(3.15)
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As in analogous computation with relativistic fermions in Ref. Kaul and Sachdev

(2008), we separate the photon polarizations into their bosonic and fermionic com-

ponents:

D1 = ND1b +D1f

D2 = ND2b +D2f . (3.16)

We use the Coulomb gauge, k ·A = 0 in the computation. After imposing the gauge

condition, the propagator of Aτ from the above action is 1/D1, while that of Ai is(
δij −

kikj
k2

)
1

D2 + (ε2n/k
2)D1

. (3.17)

We will approximate D1b and D2b by their zero frequency limits. Computation of

the spinon polarization in this limit, as in Ref. Kaul and Sachdev (2008) yields

D1b(k) = − T

πv2
ln
(

2 sinh
( m

2T

))
+

1

2πv2

∫ 1

0

dx
√
m2 + v2k2x(1− x) coth

(√
m2 + v2k2x(1− x)

2T

)
(3.18)

and

D2b(k) =
v2k2

8π

∫ 1

0

dx
1√

m2 + v2k2x(1− x)
coth

(√
m2 + v2k2x(1− x)

2T

)
(3.19)

For the fermionic contributions, we include the contribution of the g± fermions with

effective massm∗ and Fermi wavevector kF . Calculation of the fermion compressibility

yields

D1f (k, εn) = 2

∫
d2q

4π2

(nF (εq−k/2)− nF (εq+k/2))

(iεn + k · q/m∗)
≈ m∗

π
, (3.20)

where nF is the Fermi function. For the transverse propagator, we obtain from the
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computation of the fermion current correlations

D2f (k, εn) +
ε2n
k2
D1f (k, εn)

=
k2
F

2πm∗
− 2

m∗2

∫
d2q

4π2

(
q2 − (q · k)2

k2

)
(nF (εq−k/2)− nF (εq+k/2))

(iεn + k · q/m∗)

≈ kF |εn|
πk

(3.21)

Putting all this together, we have the final form of the propagators. The propagator

of Aτ is
1

ND1b(k) +m∗/π
(3.22)

while that of Ai is (
δij −

kikj
k2

)
1

ND2b(k) + kF |εn|/(πk)
. (3.23)

3.2.1 Eliashberg equations

We now address the pairing instability of the g± fermions. Both the longitudinal

and transverse photons contribute an attractive interaction between the oppositely

charged fermions, which prefers a simple s-wave pairing. However, we also know that

the transverse photons destroy the fermionic quasiparticles near the Fermi surface,

and so have a depairing effect. The competition between these effects can be addressed

in the usual Eliashberg framework. Based upon arguments made in Refs. Bergmann

and Rainer (1973); Millis and Varma (1988), we can anticipate that the depairing

and pairing effects of the transverse photons exactly cancel each other in the low-

frequency limits, because of the s-wave pairing. The higher frequency photons yield

a net pairing contribution below a critical temperature Tc which we compute below.

Closely related computations have been carried out by Chubukov and Schmalian

(Chubukov and Schmalian, 2005) on a generalized model of pairing due to the ex-

change of a gapless bosonic collective mode; our numerical results for Tc below agree

well with theirs, where the two computations can be mapped onto each other.

The Eliashberg approximation starts from writing the fermion Green function



Chapter 3: Competition between spin density wave order and superconductivity in
the underdoped cuprates 53

using Nambu spinor notation.

Σ̂(ωn) = iωn(1− Z(ωn))τ̂0 + ετ̂3 + φ.(ωn)τ̂1 (3.24)

G−1(ε, ωn) = iωnZ(ωn)τ̂0 − ετ̂3 − φ(ωn)τ̂1

where τ̂ are the Pauli matrices in the particle-hole space. Then self-consistency equa-

tion is constructed by evaluating the self-energy with the above Green function, which

yields the following equation:

Σ̂(iωn) = T
∑
ωm

∫
d2k′

4π2
Ĝ(k′, ωm)D̃(~q,~k, ωm − ωn) (3.25)

= T
∑
ωm

λtot(ωm − ωn)

∫
dε′Ĝ(ε′, ωm)

Note that the first line is a formal expression, with D̃(~q,~k, iωm) being a combination

of the photon propagator and the matrix elements of the vertex. The equations are

therefore characterized by the coupling λtot(ωn); computation of the photon contribu-

tion yields the explicit expression (Bonesteel and Nayak, 1996; Ussishkin and Stern,

1998)

λtot(ωn) = λT (ωn) + λL (3.26)

λT (ωn) =
kF

2π2m∗

∫ 2kF

0

dk

√
1− (k/2kF )2

ND2b(k) + kF |ωn|/(πk)

λL =
m∗

2π2kF

∫ 2kF

0

dk√
1− (k/2kF )2

[
1

ND1b(k) +m∗/π

]
(3.27)

We have divided the total coupling into two pieces based on the different frequency

dependence of the longitudinal and transversal gauge boson propagators. The fre-

quency independent term will need a cutoff for the actual calculation as we will see

below. The typical behaviors of the dimensionless couplings λT (ωn), λL are shown in

Fig 3.4.

The longitudinal coupling λL is around 0.35, and has a significant dependence

upon α2, which is a measure of the distance from the SDW ordering transition. Note

that λL is larger in the SDW-disordered phase (α2 > 0): this is a consequence of the
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Figure 3.4: (Color online) The pairing coupling constants associated with the longi-
tudinal (λL) and transverse (λT (ωn)) gauge interactions. The parameter α2 measures
the distance from the SDW ordering transition in the metal, as defined in Eq. (3.10).
The dotted (red), dot-dashed (green), dashed (blue), and continuous (black) lines
correspond to α2

1/2 = EF/(m
∗v2) = 0.16, 0.21, 0.26, 0.29. We show λT (ωn = 8πT )

with T/(m∗v2) = 0.016 for the transverse interaction. Note that λT (ωn) function is
analytic near α2 ∼ 0 in the magnified scale.
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enhancement of gauge fluctuations in this regime. This will be the key to the compet-

ing order effect we are looking for: gauge fluctuations, and hence superconductivity,

is enhanced when the SDW order is suppressed.

The transverse gauge fluctuations yield the frequency dependent coupling λT (ωn).

This is divergent at low frequencies with (Bonesteel and Nayak, 1996; Ussishkin and

Stern, 1998) λT (ωn) ∼ |ωn|−1/3. As we noted earlier, this divergent piece cancels

out between the normal and anomalous contributions to the fermion self energy.

(Bergmann and Rainer, 1973; Millis and Varma, 1988) We plot the dependence of

λT (ωn) on the coupling α2 for a fixed ωn in Fig. 3.4. As was for the case of the

longitudinal coupling, the transverse contribution is larger in the SDW-disordered

phase.

The full self-consistent Eliashberg equations are obtained by matching the coeffi-

cients of the Pauli matrices term by term.

iωn(1− Z(ωn)) = −πT
∑
ωm

λtot(ωm − ωn)
iωm√

ω2
m + ∆2(ωm)

(3.28)

∆(ωn) = πT
∑
ωm

λtot(ωm − ωn)
∆(iωm)√

ω2
m + ∆2(ωm)

(3.29)

where ∆(ωn) is the frequency-dependent pairing amplitude.

Now we can solve the self-consistent equations to determine the boundary of the

superconducting phase. Our goal is to look for the critical temperature and magnetic

field, and we can linearize the equations in ∆(ωn) in these cases; in other words we

would neglect the gap functions in the denominator.

Z(ωn) = 1 +
πT

ωn

∑
εn

sgn(εn)λT (ωn − εn)

= 1 +
πT

|ωn|
∑

|εn|<|ωn|

λT (εn) (3.30)

Then the solution of the critical temperature of linearized Eliashberg equation is

equivalent to the condition that the matrix K(ωn, ωm) first has a positive eigenvalue,

where

K(ωn, ωm) = λT (ωn − ωm) + λL Λ(ωn − ωm)− δn,m
|ωn|Z(ωn)

πT
(3.31)
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Figure 3.5: (Color online) The critical temperature for superconductivity obtained by
solution of the Eliashberg equations. The lines are for the same parameter values as
in Fig. 3.4. The top plot has critical temperature scaled with m∗v2, and the bottom
is one scaled with EF .
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Figure 3.6: (Color online) As in the top panel of Fig. 3.5, but with only the transverse
pairing interaction, λT (ωn), included.

with the soft cutoff function with cutoff EF

Λ(ωn) ≡ 1

1 + c1(ωn/EF )2
(3.32)

where c1 is a constant of order unity. The cutoff EF is the highest energy scale of the

electronic structure, so it is not unnatural to set the cutoff with the scale. With this,

the numerics is well-defined and we plot the resulting critical temperature in Fig. 3.5.

For comparison, we show in Fig. 3.6 the results for Tc obtained in a model with

only the transverse interaction associated with λT (ωn). We can use this Tc to define

an effective transverse coupling, λT , by Tc/EF = exp(−1/λT ).

Using Tc/EF ≈ 0.008 for α2 ≈ 0 in Fig. 3.6, we obtain λT ≈ 0.2. This is of the

same order as the longitudinal coupling λL for α2 ≈ 0 in Fig. 3.4.

Bigger attractive interactions λT (ωn) and λL clearly induces a higher critical tem-

perature in the SDW-disordered region. Note that this behavior is different from the

one of previous SDW-mediated superconductivity. (Scalapino, 1995) (See the results

of Ref . Abanov et al. (2003) Fig. [4]; near the critical region, Tc shows the opposite

behavior there.) We have also compared the plots obtained by scaling Tc by m∗v2

and EF . The dependencies on the parameter α1 are reversed in two plots in the

SDW-disordered region. To interpret α1 as the doping related parameter, we should
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choose the scaling by m∗v2 because the mass m∗ and spin wave velocity v are not

affected much by doping. With this scaling (the first plot in Fig. 3.5), the critical

temperature rises with increase doping at fixed α2; of course, in reality, α2 is also an

increasing function of doping.

3.2.2 Critical field

This subsection will extend the above analysis to compute the upper-critical mag-

netic field, Hc2 at T = 0. We will neglect the weak Zeeman coupling of the applied

field, and assume that it couples only to the orbital motion of the g± fermions. This

means that Lg in Eq. (4.14) is modified to

Lg = g†+

[
(∂τ − iAτ )−

1

2m∗
(∇− iA− i(e/c)a)2 − µ

]
g+

+ g†−

[
(∂τ + iAτ )−

1

2m∗
(∇ + iA− i(e/c)a)2 − µ

]
g−, (3.33)

where ∇× a = H is the applied magnetic field.

Generally, the magnetic field induces non-local properties in the Green’s function.

However, in the vanishing gap limit, Helfand and Werthamer proved the non-locality

only appears as a phase factor (see Ref. Helfand and Werthamer (1966)). The

formalism has been developed by Shossmann and Schachinger (Schossmann and

Schachinger, 1986), and we will follow their method. As they showed, in the resulting

equation for Hc2, the magnetic field only appears in the modification of the frequency

renormalization Z(ωn).

The Eliashberg equations in zero magnetic contain a term |ωnZ(ωn)|, which comes

from the inverse of the Cooperon propagator type at momentum q = 0, C(ωn, 0),

where

C(ωn, q) =

∫
d2p

4π2

1

(−iωnZ(ωn) + εp+q)(iωnZ(ωn) + ε−p)

≈ N(0)

∫ 2π

0

dθ

2π

∫ ∞
−∞

dε
1

(−iωnZ(ωn) + ε+ vF q cos θ)(iωnZ(ωn) + ε)

=
2πN(0)√

4ω2
nZ

2(ωn) + v2
F q

2
(3.34)
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where N(0) is the density of states at the Fermi level per spin.

Now we discuss the extension of this to H = 0, as described in Refs. Helfand and

Werthamer (1966); Galitski and Larkin (2001); Schossmann and Schachinger (1986).

For this, we need to replace C(ωn, 0) by the smallest eigenvalue of the operator

L̂(ωn) =

∫
d2ρ

∫
d2q

4π2
C(ωn, q)e

iq·ρe−iρ·π̂ (3.35)

where π̂ = p̂ − (2e/~c)A(r̂). Using Eq. (22) from Ref. Galitski and Larkin (2001),

we find the smallest eigenvalue of L̂(ωn) is

L0(ωn) =

∫ ∞
0

ρdρ

∫ ∞
0

qdqJ0(qρ)C(ωn, q)e
−ρ2/(2r2H)

= r2
H

∫ ∞
0

qdqe−q
2r2H/2C(ωn, q) (3.36)

where rH =
√

~c/2eH is the magnetic length.

So the only change in the presence of a field is that the wavefunction renormal-

ization Z(ωn) is replaced by ZH(ωn), where

1

ZH(ωn)
= 2|ωn|r2

H

∫ ∞
0

qdq
e−q

2r2H/2√
4ω2

nZ
2(ωn) + v2

F q
2

(3.37)

= 2|ωn|
∫ ∞

0

xdx
e−x

2/2√
4ω2

nZ
2(ωn) + v2

F r
−2
H x2

(3.38)

We can now insert the modified Z(ωn) into Eq. (3.38) into Eq. (3.31), and so

compute Hc2 as a function of both α1 and the SDW tuning parameter α2. The

natural scale for the magnetic field is

Hm ≡
(

~c
2e

)
k2
F ≈ 534 Tesla, (3.39)

where in the last step we have used values from the quantum oscillation experiment

(Doiron-Leyraud et al., 2007) quoted in Section 4.1. Our results forHc2/Hm are shown

in Fig. 3.7. We can see that the critical field dependence on α2 is similar to the critical

temperature dependence: it is clear that SDW competes with superconductivity, and

that Hc2 decreases as the SDW ordering is enhanced by decreasing α2. Also, we

can compare this with the phenomenological phase diagram of Fig 3.1; the critical
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Figure 3.7: (Color online) The upper critical field Hc2 as a function of α1 and α2

using the same conventions as in Fig. 3.4. The magnetic field is measured with the
units induced by the fermion mass via Hm defined in Eq. (3.39).
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field line in Fig. 3.7 determines the line B-M-D within Eliashberg approximation.

Finally, the values of Hc2 in Fig. 3.7 are quite compatible with the quantum oscillation

experiments. (Doiron-Leyraud et al., 2007; Yelland et al., 2008; Bangura et al., 2008;

Jaudet et al., 2008; Sebastian et al., 2008; LeBoeuf et al., 2007)

3.3 Shift of SDW ordering by superconductivity

We are interested in the feedback on the strength of magnetic order due to the

onset of superconductivity. Rather than using a self-consistent approach, we will

address the question here systematically in a 1/N expansion.

We will replace the fermion action in Eq. (4.14) by a theory which has N/2 copies

of the electron pockets

Lg =

N/2∑
a=1

{
g†+a

[
(∂τ − iAτ )−

1

2m∗
(∇− iA)2 − µ

]
g+a

+ g†−a

[
(∂τ + iAτ )−

1

2m∗
(∇ + iA)2 − µ

]
g−a

−∆ g+ag−a −∆ g†−ag
†
+a

}
(3.40)

Here we consider the gauge boson fluctuation more rigorously in the sense of account-

ing for full fermion and boson polarization functions. But we will treat the fermion

pairing amplitude ∆ as externally given: the previous section described how it could

be determined in the Eliashberg theory with approximated polarization.

The large N expansion proceeds by integrating out the zα and the g±a, and then

expanding the effective action for % and Aµ – formally this has the same structure as

the computation in Ref. Kaul and Sachdev (2008), generalized here to non-relativistic

fermions. At N =∞, the g±a and zα remain decoupled because the gauge propagator

is suppressed by a prefactor of 1/N . So at this level, the magnetic critical point is

not affected by the presence of the fermions, and appears at t = t0c where

1

t0c
=

∫
dωd2k

8π3

1

ω2 + v2k2
. (3.41)
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Figure 3.8: Feynman diagrams for the self energy of zα from Ref. Kaul and Sachdev
(2008). The full line represents zα, the wavy line is the Aµ propagator, and the dashed
line is the % propagator which imposes the length constraint on zα.

We are interested in determining the 1/N correction to the magnetic quantum

critical point, which we write as

1

tc(∆)
=

1

t0c
+

1

N
F (∆); (3.42)

note that in the notation of Fig. 3.1, tc ≡ tc(∆). The effect of superconductivity on

the magnetic order will therefore be determined by F (∆)−F (0), which is the quantity

to be computed. The shift of the critical point at this order will be determined by

the graphs in Fig. 3 of Ref. Kaul and Sachdev (2008), which are reproduced here in

Fig. 3.8.
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Evaluating these graphs we find

F (∆)

=

∫
d2qdω

8π3

∫
d2pdε

8π3

1

(ε2 + v2p2)2

[
1

D1(q, ω)

(
(2ε+ ω)2

(ε+ ω)2 + v2(p+ q)2
− ω2

ω2 + v2q2

)
+

1

[D2(q, ω) + (ω2/q2)D1(q, ω)]

(
4v4(p2 − (p.q)2/q2)

(ε+ ω)2 + v2(p+ q)2

)
+

1

Π%(q, ω)

(
1

ω2 + v2q2
− 1

(ω + ε)2 + v2(p+ q)2

)]
, (3.43)

where 1/Π%(q, ω) = 8
√
ω2 + v2q2 is the propagator of the Lagrange multiplier field

%. The last term involving Π% is independent of ∆, and so will drop out of our final

expressions measuring the influence of superconductivity: we will therefore omit this

term in subsequent expressions for F (∆).

It is now possible to evaluate the integrals over p and ε analytically. This is

done by using a relativistic method in 3 spacetime dimensions. Using a 3-momentum

notation in which Pµ ≡ (vpi, ε) and Qµ ≡ (vqi, ω) and
∫
P
≡ v2

∫
dεd2p/(8π3), some

useful integrals obtained by dimensional regularization are:∫
P

1

P 4
= 0∫

P

1

P 4(P +Q)2
= 0∫

P

Pµ
P 4(P +Q)2

= − Qµ

16Q3∫
P

PµPν
P 4(P +Q)2

=
δµν
32Q

+
QµQν

32Q3
. (3.44)

While some of the integrals above appear infrared divergent, there are no infrared

divergencies in the complete original expression in Eq. (3.43), and we have verified

that dimensional regularization does indeed lead to the correct answer obtained from

a more explicit subtraction of the infrared singularities. Using these integrals, we
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obtain from Eq. (3.43)

F (∆)

=

∫
d2qdω

8π3

q2

8(ω2 + v2q2)1/2

[
1

(ω2 + v2q2)D1(q, ω)
+

1

q2D2(q, ω) + ω2D1(q, ω)

]
.

(3.45)

The above expression was obtained in the Coulomb gauge, but we have verified that

it is indeed gauge invariant.

We can now characterize the shift of the critical point in the superconductor by

determining the spinon gap, ∆z, at the coupling t = tc(0) where there is onset of

magnetic order in the metal i.e. the spinon gap in the superconductor at H = 0 at

the value of t corresponding to the line CM in Fig. 3.1. To leading order in 1/N , this

is given by

∆z

m∗v2
=

4π

m∗

(
1

tc(∆)
− 1

tc(0)

)
=

4π

m∗N
(F (∆)− F (0)) . (3.46)

This expression encapsulates our main result on the backaction of the superconduc-

tivity of the g± fermions, with pairing gap ∆, on the position of the SDW ordering

transition.

Before we can evaluate Eq. (3.46), we need the gauge field propagators D1,2. For

completeness, we give explicit expressions for the boson and fermionic contributions

by writing

D2(q, ω) +
ω2

q2
D1(q, ω) = Db

T (q, ω) +Df
T (q, ω) (3.47)

D1(q, ω) = Db
L(q, ω) +Df

L(q, ω). (3.48)

We can read off the bosonic polarization functions Db
L,T (q, ω) from the exact rela-

tivistic result of Ref. Kaul and Sachdev (2008), and the Eq. (5.14).

Db
T (q, ω) =

√
v2q2 + ω2

16
(3.49)

Db
L(q, ω) =

1

16

q2√
v2q2 + ω2

(3.50)
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For the fermion contribution, let us introduce the Nambu spinor Green’s function

ḡ(q, ω) =
1

(iω)2 − E2
q

(
iω + ξq −∆

−∆ iω − ξq

)
(3.51)

=

∫
dΩ

π

1

Ω− iω Im [ḡ(q,Ω)] (3.52)

Im [ḡ(q,Ω)] =
(−π)

2Eq
(δ(Ω− Eq)− δ(Ω + Eq))

(
Ω + ξq −∆

−∆ Ω− ξq

)
, (3.53)

where ξq = q2/(2m∗)− µ and Eq =
√
ξ2
q + ∆2. With the matrix elements of longitu-

dinal and transverse parts, the polarizations of the fermions are as:

Df
L(q, ω) = −

∫
d2k

(2π)2

dε

(2π)
tr [ḡ(k, ε)ḡ(q + k, ω + ε)]

=

∫
d2k

(2π)2

∫
dΩ′

π

dΩ

π

nF (Ω′)− nF (Ω)

iω + Ω− Ω′
tr [Imḡ(k,Ω)Imḡ(q + k,Ω′)]

=

∫
d2k

(2π)2

1

2

(
1− ξkξk+q + ∆2

EkEk+q

)(
2(Ek + Ek+q)

ω2 + (Ek + Ek+q)2

)
. (3.54)

Df
T (q, ω) = Df

T,dia +Df
T,para

Df
T,para = −

∫
d2k

(2π)2

1

(m∗)2

(
k2 − (k · q)2

q2

)∫
dε

(2π)
tr [ḡ(k, ε)τ̂3ḡ(q + k, ω + ε)τ̂3]

= −
∫

d2k

(2π)2

k2sin2θ

(m∗)2

∫
dΩ

π

dΩ′

π

nF (Ω′)− nF (Ω)

iω + Ω− Ω′

× tr [Imḡ(k,Ω)τ̂3Imḡ(q + k,Ω′)τ̂3]

= −
∫

d2k

(2π)2

k2sin2θ

(m∗)2

1

2

(
1− ξkξk+q −∆2

EkEk+q

)(
2(Ek + Ek+q)

ω2 + (Ek + Ek+q)2

)
(3.55)

Df
T,dia =

ρf
m∗

, (3.56)

where ρf is the density of the fermions and τ̂3 is a Pauli matrix in the Nambu particle-

hole space. With these results we are now ready to evaluate Eq. (3.46).

One of the key features of the theory of competing orders was the enhanced sta-

bility of SDW ordering in the metallic phase. This corresponds to feature B discussed

in Section 4.1: tc(0) > tc in Fig. 3.1. In the notation of our key result in Eq. (3.46),

where tc(∆) ≡ tc, this requires ∆z > 0. We show numerical evaluations of Eq. (3.46)

in Fig 3.9 and find this indeed the case. (The values of ∆ used in Fig. 3.9 are similar
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Figure 3.9: The energy ∆z in Eq. (3.46) determining the value of the shift in the
SDW ordering critical point, tc(0)− tc(∆). The horizontal axis is the externally given
superconducting gap. For numerics we fix the parameter α1/2 = EF/m

∗v2 = 0.3

to those obtained in Section 3.2 near the SDW ordering critical point.) Indeed, the

sign of ∆z is easily understood. In the metallic phase, the gauge fluctuations are

quenched by excitations of the Fermi surface. On the other hand, in the supercon-

ducting state, this effect is no longer present: gauge fluctuations are enhanced and

hence SDW ordering is suppressed. Note that the fact that the g± fermions have

opposite gauge charges is crucial to this conclusion. The ordinary Coulomb inter-

action, under which the g± have the same charge, continues to be screened in the

superconductor. In contrast, a gauge force which couples with opposite charges has

its polarizability strongly suppressed in the superconductor, much like the response

of a BCS superconductor to a Zeeman field.

3.4 Conclusions

This chapter has described the phase diagram of a simple ’minimal model’ of the

underdoped, hole-doped cuprates contained in Eqs. (3.4), (4.14), and (4.15). This

theory describes bosonic neutral spinons zα and spinless charge −e fermion g± coupled

via a U(1) gauge field Aµ. We have shown that the theory reproduces key aspects
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of a phenomenological phase diagram (Demler et al., 2001; Sachdev, 2003) of the

competition between SDW order and superconductivity in Fig. 3.1 in an applied

magnetic field, H. This phase diagram has successfully predicted a number of recent

experiments, as was discussed in Section 4.1.

In particular, in Section 3.2, we showed that the minimal model had a Hc2

which decreased as the SDW ordering was enhanced by decreasing the coupling t

in Eq. (4.15).

Next, in Section 3.3, we showed that the onset of SDW ordering in the normal

state with H > Hc2 occurred at a value t = tc(0) which was distinct from the value

t = tc(∆) in the superconducting state with H = 0. As expected from the competing

order picture in Fig. 3.1, we found tc(0) > tc(∆). The enhanced stability of SDW

ordering in the metal was a consequence of the suppression of Aµ gauge fluctuations

by the g± Fermi surfaces. These Fermi surfaces are absent in the superconductor,

and as a result the gauge fluctuations are stronger in the superconductor.

We conclude this chapter by discussing implications of our results for the phase

diagram at T > 0, and in particular for the pseudogap regime above Tc. In our

application of the main result in Section 3.3, tc(0) > tc(∆) we have assumed that

the ∆ = 0 state was reached by application of a magnetic field. However, this result

also applies if ∆ is suppressed by thermal fluctuations above Tc. Unlike H, thermal

fluctuations will also directly affect the SDW order, in addition to the indirect effect

through suppression of superconductivity. In particular in two spatial dimensions

there can be no long-range SDW order at any T > 0. These considerations lead us

to propose the crossover phase diagram in Fig. 3.10 in the T , t plane. We anticipate

that tc(0) is near optimal doping. Thus in the underdoped regime above Tc, there

is local SDW order which is disrupted by classical thermal fluctuations: this is the

so-called ‘renormalized classical’ (Chakravarty et al., 1989) regime of the hidden

metallic quantum critical point at tc(0). Going below Tc in the underdoped regime,

we eventually reach the regime controlled by the quantum critical point associated

with SDW ordering in the superconductor, which is at tc(∆). Because tc(∆) < tc(0),

the SDW order can now be ‘quantum disordered’ (QD). Thus neutron scattering in

the superconductor will not display long-range SDW order as T → 0, even though
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Figure 3.10: Proposed finite temperature crossover phase diagram for the cuprates.
The labels at T = 0 are as in Fig. 3.1: the onset of SDW order in the superconductor
is at tc ≡ tc(∆), while tc(0) is a ‘hidden’ critical point which can be observed only at
H > Hc2 as in Fig. 3.1. The computations in Section 3.3 show that tc(0) > tc(∆).
The full line is the phase transition at Tc representing loss of superconductivity. The
dashed lines are crossovers in the fluctuations of the SDW order. The dotted lines are
guides to the eye and do not represent any crossovers. Thus, in the pseudogap regime
at T > Tc the SDW fluctuations are in the ‘renormalized classical’ (Chakravarty
et al., 1989) (RC) regime; upon lowering temperature, they crossover to the ‘quantum
critical’ (QC) and ‘quantum disordered’ (QD) regime in the superconductor.
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there is a RC regime of SDW order above Tc. This QD region will have enhanced

charge order correlations (Vojta and Sachdev, 1999; Sachdev, 2003; Kaul and Sachdev,

2008; Kivelson et al., 2003); this charge order can survive as true long-range order

below Tc, even though the SDW order does not. Thus we see that in our theory the

underlying competition is between superconductivity and SDW order, while there can

be substantial charge order in the superconducting phase.

Further study of the nature of the quantum critical point at tc(0) in the metal is

an important direction for further research. In our present formulation in Eq. (3.4),

this point is a transition from a conventional metallic SDW state to an ‘algebraic

charge liquid’ (Kaul and Sachdev, 2008) in the O(4) universality class. (Kaul and

Sachdev, 2008) However, an interesting alternative possibility is a transition directly

to the large Fermi surface state. (Senthil, 2008)

Finally, we note that a number of experimental studies (Vershinin et al., 2004;

Kohsaka et al., 2007, 2008; Cyr-Choinière et al., 2009; Wise et al., 2008, 2009; Helm

et al., 2009) have discussed a scenario for crossover in the cuprates which is generally

consistent with our Fig. 3.10.

We thank A. Chubukov, V. Galitski, P. D. Johnson, R. Kaul, A. Keren, Yang

Qi, L. Taillefer, Cenke Xu, and A. Yazdani for valuable discussions. This research
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Chapter 4

Quantum-critical pairing with

varying exponents

4.1 Introduction

A quest for understanding of the phase diagram of cuprates and other strongly

correlated electron systems generated strong interest to the pairing problem near

a quantum critical point (QCP). In distinction to a conventional BCS/Eliashberg

theory, in which pairing is mediated by an interaction which can be approximated

by a constant at small frequencies, quantum-critical pairing is mediated by gapless,

dynamical collective modes (Abanov et al., 2003). In most cases, only a particular

charge or spin mode becomes gapless at criticality, and the same interaction that

gives rise to pairing also accounts for the fermionic self-energy. In systems with

d ≤ 3, ∂Σ(k, ω)/∂ω diverges at ω → 0, i.e., interaction with a gapless collective

modes destroys fermionic coherence either at particular hot spots (Abanov et al.,

2003), if the energing order parameter has a finite momentum q, or along the whole

Fermi surface (FS) if the ordering is with q = 0 Then, in another distinction to a

conventional BCS/Eliashberg theory, the pairing involves incoherent fermions.

The self-energy at a QCP generally behaves as ωγ0ω
1−γ, where γ > 0, while

the effective dynamic pairing interaction (the analog of phonon α2(Ω)F (Ω)) scales

λ(Ω) ∝ (Ω0/Ω)γ. The kernel K(ω, ω′) of the equation for the pairing vertex Φ(ω) =

70
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πT
∑

ω′ K(ω, ω′)Φ(ω′) then scales as

K(ω, ω′) =
λ(ω − ω′)
|Σ(ω′)| ∝

1

|ω − ω′|γ|ω′|1−γ . (4.1)

It has the same scaling dimension −1 as in BCS theory, which corresponds to

γ = 0. However, in distinction to BCS theory, where the kernel is 1/|ω′|, the kernel

K(ω − ω′) for γ > 0 depends on both external and internal energy, and the onset

temperature for the pairing Tp has to be obtained by solving integral equation for

the frequency-dependent pairing vertex Φ(ω) (we label this temperature as Tp to

distinguish it from the actual superconducting Tc which is generally lower because of

phase and amplitude fluctuations of Φ(ω)). The frequency dependence of the vertex

by itself is not unique to a QCP and is present already in the Eliashberg theory

of conventional superconductors . However, as we said, in conventional cases, the

frequency dependence is relevant at high frequencies, while the low-frequency sector

can still be treated within BCS theory. The new element of quantum-critical pairing

is that non-trivial frequency dependence of the pairing vertex extends down to ω = 0

leaving no space for the BCS regime.

To shorten the notations, below we label the model of QC pairing mediated by

λ(Ω) ∝ 1/|Ω|γ as the γ-model. Examples of γ−models, include 2D pairing by fer-

romagnetic or antiferromagnetic spin fluctuations (γ ≈ 1/3 and γ ≈ 1/2, respec-

tively (Abanov et al., 2003, 2001; Metlitski and Sachdev, 2010) , and 3D pairing

by gapless charge or spin fluctuations (γ = 0+, implying that λ(Ω) ∼ log Ω and

Σ(ω) ∼ ω logω, Ref. (Wang et al., 2001; Chubukov and Schmalian, 2005)). An-

other example of γ = 0+ behavior is color superconductivity of quarks mediated by

gluon exchange (Son, 1999). The γ = 1/3 model describes the pairing of composite

fermions at ν = 1/2 Landau level. (Bonesteel and Nayak, 1996) A similar problem

with momentum integrals instead of frequency integrals have been considered in Ref.

Khveshchenko and Shively (2006).

The solutions of the pairing problem in these systems differ in details but have

one key feature in common – Tp monotonically increases upon approaching a QCP

from a disordered side. At a QCP, Tp = Ω0 f(γ), where f(γ) is a smooth function,
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which decreases when γ increases.

Recently, Moon and Sachdev (MS) considered (Moon and Sachdev, 2009a) an-

other example of QC pairing – the pairing of fermions in the presence of spin-density-

wave (SDW) background, which can be either in the form of long-range SDW order,

or SDW precursors. MS argued that the phase with SDW precursors is an algebraic

charge-liquid in which fermions still posssess the same pocket FS as in the SDW

phase (Sachdev et al., 2009). They found that the model remains critical away from

critical point because of the presence of gapless gauge fluctuations, and Tp actually in-

creases as the system moves away from a QCP into a charge-liquid phase. This trend

is opposite compared to a magnetically-mediated pairing without SDW precursors.

This result is quite important for the understanding of the pairing in the cuprates

as it shows that the onset temperature of the pairing instability does form a dome

centered around a doping at which the system develops SDW precursors. (Sachdev

et al., 2009; Sedrakyan and Chubukov, 2010) In the region where SDW precursors are

not yet formed, there is a large Fermi surface, and Tp increases as doping decreases

and the system comes closer to a magnetic instability. Once SDW precursors are

formed above Tp, the trend changes, and Tp passes through a maximum and begins

decreasing with decreasing doping.

The reason for the opposite behavior of Tp in the presence of SDW precursors

is the suppression of the d−wave pairing vertex. In the ordered SDW state, the

interaction between fermions mediated by Golstone bosons is dressed up by SDW

coherence factors and vanishes at the ordering momentum by Adler principle . In the

disordered phase, there are no such requirement, but the vertex is still suppressed as

long as the system has SDW precursors. As the system moves away from a QCP,

SDW precursors weaken, the pairing interaction gradually increases towards its value

without precursors, and Tp increases.

The goal of this communication is to relate the pairing problem in the presence

of SDW precursors with earlier studies of the pairing within the γ model. We argue

that the MS model belongs to the class of γ-models, however the relation between

the two is rather non-trivial. First, the pairing in the MS model remains quantum-

critical even away from the QCP, when spin excitations acquire a finite mass m at
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T = 0, i.e., the MS model away from the QCP is equivalent to a γ-model right at

criticality. Second, we show that the MS model at different deviations from the QCP

is equivalent to γ−models with different γ, ranging from γ = 0+ right at the QCP to

γ = 1 deep into the magnetically-disordered phase (but still with SDW precursors).

Third, the scale Ω0 in λ(Ω) = (Ω0/|Ω|)γ also becomes γ-dependent and increases with

increasing γ. This is the key reason why Tp ∝ Ω0 increases into the disordered state.

We also consider in more detail the pairing problem right at the QCP. We find

that at this point, the pairing interaction at small frequencies is λ(Ω) = g log(Ω0/|Ω|)
and the fermionic self-energy Σ(ω) = gω log(Ω0/|ω|), are logarithmical and depend

separately on the cutoff scale Ω0 and on the dimensionless coupling constant g. This

separate dependence is unique to the logarithmical form of the pairing interaction,

for any power-law form of λ(Ω) = (Ω0/Ω)γ, the coupling g is incorporated into ω0.

At frequencies Ω > Ω0, λ(Ω) decays faster than the logarithm, eventially as 1/Ω. As

we said, the same logarithmical form of the pairing vertex appears in the problem of

color superconductivity. For color superconductivity, Son obtained at weak coupling

Tp ∝ ω0e
−π/(2√g) [Ref. (Son, 1999)]. The result is similar to the BCS formula, but

the dependence on the coupling is
√
g rather than 1/g. Son’s result was confirmed

in subsequent analytical studies, but, to the best of our knowledge, it has not been

verified by actualy solving the linearized gap equation for the case when the inter-

action is logarithmical at small frequencies and decays as a power of 1/Ω at larger

frequencies. We solved this equation for our λ(Ω), obtained Tp, and found excellent

agreement with e−π/(2
√
g) behavior.

The chapter is organized as follows. In Sec. 4.2 we briefly review (i) Eliashberg-

type theory for the pairig induced by frequency dependent pairing kernel K(Ω), (ii)

the γ-model with no SDW precursors, and (iii) the MS model for the pairing in the

presence of SDW precursors. In Sec. 4.3 we show that the MS model reduces to the

set of γ−models with varying γ, which gradually increases from γ = 0+ as one moves

away from the QCP. We argue that γ remains 1/3 over some range of deviations from

the QCP, but this range is quite narrow. In Sec. 4.4 we consider in more detail the

MS model at the QCP and show that at this point it is equivalent to the γ model

at γ = 0+ which in turn is equivalent to the model for color superconductivity. We
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present the numerical solution for the pairig vertex, and show that log Tc/EF scales

as 1/
√
g. Sec. 4.5 prsents our conclusions.

4.2 Review of the models

4.2.1 Eliashberg theory

Throughout the chapter we assume that the pairing problem can be treated within

Eliashberg-type theory, i.e., assume that the pairing kernel and the fermionic self-

energy have singular frequency dependence but no substantial momentum depen-

dence. The justifications for neglecting the momentum dependence are to some extent

problem-specific, but generally are due to the fact that collective bosons are Landau

overdamped what makes them slow modes compared to electrons.

Within Eliashberg theory, the fermionic Green’s function in Nambu spinor nota-

tions is given by

Σ̂(ωn) = iΣ(ωn)τ̂0 + Φ(ωn)τ̂1 (4.2)

Ĝ−1(εk, ωn) = i(ωn + Σ(ωn))τ̂0 − εkτ̂3 − Φ(ωn)τ̂1

where Ĝ−1 = Ĝ−1
0 + Σ̂, τ̂ are the Pauli matrices in the particle-hole space, εk is

the fermionic dispersion in the normal state, Φ(ωn) is a pairing vertex, and Σ(ωn)

is a conventional (non-Nambu) self-energy. The Nambu self-energy Σ̂(ωn) in turn is

expressed via the full Green’s function as

Σ̂(iωn) = −T
∑
ωm

λ(ωm − ωn)

∫
dεkĜ(εk, ωm)

= iΣ(ωn)τ̂0 + Φ(ωn)τ̂1

The full set of Eliashberg equations is obtained by matching the coefficients of the

Pauli matrices term by term:

Σ(ωn) = πT
∑
ωm

λ(ωm − ωn)
ωm + Σ(ωn)√

(ωm + Σ(ωm))2 + Φ2(ωm)

Φ(ωn) = πT
∑
ωm

λ(ωm − ωn)
Φ(ωm)√

(ωm + Σ(ωm))2 + Φ2(ωm)

(4.3)
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This set of two non-linear self-consistent integral equations can be reduced to just

one integral equation by introducing the inverse quasiparticle renormalization factor

Z(ωn) = 1 + Σ(ωn)/ωn and the pairing gap ∆(ωn) = Φ(ωn)/Z(ωn). The equation for

∆(ωn) then decouples from the equation on Z(ωn) and takes the form

∆(ωn) = πT
∑
ωm

λ(ωm − ωn)√
ω2
m + ∆2(ωm)

(
∆(ωm)−∆(ωn)

ωm
ωn

)
(4.4)

The inverse quasiparticle renormalization factor Z(ωn) is then obtained by substitut-

ing the result for ∆(ωm) into

ωnZ(ωn) = ωn + πT
∑
ωm

λ(ωm − ωn)
ωm√

ω2
m + ∆2(ωm)

(4.5)

To obtain Tp we will need to set Φ,∆→ 0 and solve the linearized equation either

for the pairing vertex or the pairing gap. Both are non-self-consistent equations in

this limit because at Φ can be safely dropped from the expression for Σ(ωn) which

becomes:

Σ(ωn) = πT
∑
ωm

λ(ωm − ωn)sign(ωm), Z(ωn) = 1 +
Σ(ωn)

ωn
(4.6)

It is more straighforward to analyze the linearized equation for the pairing vertex

Φ(ωn):

Φ(ωn) = πT
∑
ωm

K(ωn, ωm)Φ(ωm), (4.7)

where the kernel is

K(ωn, ωm) =
λ(ωm − ωn)

|ωm|Z(ωm)
(4.8)

4.2.2 the γ-model

We use the term γ-model as abbreviation for a critical model in which the pairing

is mediated by a gapless boson, and λ(ωn − ωm) has a power-law form

λ(Ω) =

(
Ω0

|Ω|

)γ
(4.9)

We assume in this work that γ < 1. The analysis of the γ−models with γ ≥ 1 is

more involved (and more non-trivial), but we will only need γ < 1 for comparisons

with the MS theory.



Chapter 4: Quantum-critical pairing with varying exponents 76

To put this into perspective, we remind that in BCS theory λ(Ωn) is a constant

up to a cutoff scale above which it is set to zero. In Eliashberg theory for non-

critical superconductors λ(Ωn) has some frequency dependence but still reduces to

a constant at small frequencies. In this situation, the pairing problem differs from

BCS problem quantitatively but not qualitatively. In Eq. (4.9), however, the pairing

interaction preserve sigular frequency dependence down to Ω = 0. This makes the

pairing problem in the γ−model qualitatively different from BCS problem.

The divergence of λ(Ωm) at zero bosonic Matsubara frequency Ω = 0 is by itself

not relevant for the pairing as can be straighforwardly seen from Eq. (4.4) for ∆(ωm):

the term with m = n in the r.h.s. of this equation vanishes. This vanishing is essen-

tially the manifestation of the Anderson theorem for a dirty s−wave superconductors

because the scattering with zero frequency transfer is formally analogous to impurity

scattering (Abanov et al., 2001; Millis and Varma, 1988; Abanov et al., 2008). The

recipe then is to eliminate the term with zero bosonic Matsubara frequency from the

frequency sums, what we will do.

The fermionic self-energy for such λ(Ω) has the form

Σ(ωn) = ωn

(
Ω0

|ωn|

)γ
S(γ, n) (4.10)

where

S(γ,m) =
1

(m+ 1/2)1−γ [ζ(γ)− ζ(γ,m+ 1)] (4.11)

where ζ(γ) and ζ(γ,m+1) are Rieman zeta function and generalized Rieman zeta

function, respectively. We plot S(γ,m) in Fig. 4.1. At large m, S(γ,m) approaches

1/(1− γ), and the self-energy becomes Σ(ωn) = ω1−γ
n (Ωγ

0/(1− γ) (this limiting form

is reproduced if the summation over ωm is replaced by the integration).

The rate with which S(γ,m) approaches 1/(1 − γ) by itself depends on γ and

slows down when γ approaches one. For 1− γ << 1, S(γ,m) at large m behaves as

S(γ,m) ≈ (1−m−(1−γ))/(1− γ) and becomes logm at γ = 1.

Substituting the self-energy into the equation for Φ(ωm) and rescaling the tem-
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Figure 4.1: Generalized Riemann-zeta function, S(γ,m). The dashed (red), dot-
dashed (green) and dotted (blue) lines correspond to m = 100, 1000, 10000. The
black thick line is the asymptotic function 1/(1− γ) valid at large m (see the text).

perature by Ω0 we find, instead of (4.7),

Φ(ωn) =
∑
ωm

Φ(ωm)

|2m+ 1| ×

1

|S(γ,m)
(
|m−n|
|m+1/2|

)γ
+ (2π|m− n|)γ( T

Ω0
)γ|
. (4.12)

It is a’priori not guaranteed that this equation has a solution at some Tp, but, if it

does, Tp obviously scales as

Tp = Ω0f(γ) (4.13)

Eq (4.12) has been analyzed both analytically and numerically (Abanov et al.,

2001; Wang et al., 2001; Chubukov and Schmalian, 2005; Bonesteel and Nayak, 1996;

Khveshchenko and Shively, 2006), and the result is that (i) the solution exists, and (ii)

f(γ) monotonically decreases with increasing γ, and remains finite at γ = 1, where

f(1) = 0.254 (Ref.Chubukov and Schmalian (2005)).

4.2.3 the MS model

The MS model (Moon and Sachdev, 2009a) describes a phase transition between

an SDW state and a magnetically disordered, algebraic charge liquid which still pre-

serves electron pockets near (0, π) and symmetry related points in the Brillouin zone.

The model is two-dimensional and involves non-relativistic fermions with small FS,
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relativistic bosons which describe antiferromagnetic magnons, and a gauge field which

couples bosonic and fermionic fields. There are two non-relativistic fermions (two

FSs), with the action

Lg = g†±

[
∂τ −

∇2

2m∗
− µ

]
g±. (4.14)

where m∗ is a fermionic mass, and the chemical potential µ is chosen to fix the Fermi

momentum kF .

The action of a relativistic boson (an antiferromagnetic magnon) is

Lz =
N∑
α=1

(
|∂τzα|2 + v2|∇zα|2 +m2|zα|2

)
(4.15)

where m is the mass of a magnon

m = 2T ln

e 2πm∗v2α2
T +

√
4 + e

4πm∗v2α2
T

2

 (4.16)

and the parameter α2 measures the distance to a QCP (we use the same notations

as in (Moon and Sachdev, 2009a)). For α2 < 0 and T = 0, the system is in the

ordered SDW phase (m = 0), for α2 > 2 and T = 0, the system is in the disordered

phase (m > 0). At T > 0, there is no long-range order, and m > 0 for all α2, although

for α2 < 0 it is exponentially small.

The gauge field couples bosonic and fermionic fields via minimal coupling(∂µ →
∂µ±iAµ). The two fermions (g±) have opposite gauge charges, and gauge-field induced

coupling between fermions and magnons is attactive and give rise to pairing. Both

longitudinal and transverse parts of the interaction contribute to the pairing, but

non-trivial physics comes from the interaction mediated by a transverse boson. For

simplicity, we only consider transverse interaction.

The form of the transverse propagator of the gauge field χtr(k,Ωn) is obtained

by combining the Landau damping term coming from fermions with the static part

coming from magnons. MS found, for the physical case of N = 2 bosonic spinors,

χtr(k,Ωn) =

(
δij −

kikj
k2

)
1

2Db(k) + kF |Ωn|/(πk)
(4.17)
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Figure 4.2: The momentum dependence of Db(k) at zero temperature (black line)
very near the QCP (top panel, m = 0.01) and far away from the QCP (lower panel,
m = 100) k is in units of 2kF and Db(k) is in units of m∗v2 with α1 = 0.5. The thin-
dashed line (Red) and the thin-dotted line (Blue) show linear and quadratic behavior,
respectively. At the smallest k, Db(k) is quadratic for all m > 0 (see inserts), but for
small m Db(k) raidly crosses over to the linear behavior. For large m, the quadratic
dependence survives up to maximal k = 2kF . Note that the magnitude of Db(k) far
away from the critical point is much smaller than near the QCP.

where

Db(k) =
v2k2

8π

∫ 1

0

dx
1√

m2 + v2k2x(1− x)

× coth

(√
m2 + v2k2x(1− x)

2T

)
. (4.18)

In Fig. 4.2 we plot Db(k) at T = 0 near and far away from a critical point. At

the smallest k, Db(k) scales as k2 for any m > 0. For large m, this behavior holds up

to k ∼ kF , but at small m, the k2 dependence only holds for the smallest k crosses

over to Db(k) ∝ k at vk ≥ m.

The frequency-dependent pairing interaction λ(Ωn) is obtained in the usual way,

by interating the gauge field propagator χtr(k,Ωn) in the direction along the FS:

λ(Ωn) =
α1v

2π2

∫ 2kF

0

dk

√
1− (k/2kF )2

2Db(k) + kF |Ωn|/(πk)
(4.19)

where, following MS, we introduced another dimensionless parameter

α1 =
kF
m∗v

(4.20)

We will see that it plays the role of the dimensionless coupling.
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BecauseDb(k) interpolates between k and k2 dependences, the momentum integral

in (4.20) diverges at Ωn = 0 no matter whether the system is at the QCP or away

from the QCP (i.e., whether m = 0 or m > 0). This implies that the pairing in

the MS model remains quantum-critical even when the system moves away from the

actual critical point where SDW order emerges. Alternatively speaking, away from

the QCP, magnetic excitations acquire a mass but the pairing gauge boson remains

massless.

4.3 the MS model as the γ model with varying

exponent γ

As the pairing is generally a low-temperature/low-frequency phenomenon, it is

instructive to analyze first the form of λ(Ωn in the MS model, Eq. (4.19), at T =

0 and in the limit of small Ωn. Suppose that the system is in the paramagnetic

phase, where m tends to a constant at T = 0. Using (4.16), we obtain at T = 0,

m = 4πm∗v2α2 = 4πkFvα2/α1. For small Ωn the momentum integral in (4.19) is

determined by k for which Db(k)k/kF ∼ |Ωn|. These typical k are small when Ωn are

small. Substituting the small k expansion of Db(k) = v2k2/(8πm) (see Eq. (4.18))

into (4.19) we obtain

λ(Ωn) =

(
Ω
γ=1/3
0

|Ω|

)1/3

(4.21)

where

Ω
γ=1/3
0 =

512π2

81
√

3
EFα

2
2 (4.22)

and EF = k2
F/(2m

∗). The corresponding self-energy is

Σ(ωm) =
3

2
ω2/3
m (Ω

γ=1/3
0 )1/3. (4.23)

This λ(Ωm) is the same as in the γ-model with γ = 1/3. The onset temperature

for the pairing in the “1/3” model has been calculated in Refs. (Bonesteel and Nayak,
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Figure 4.3: The actual critical temperature Tp in the MS model with α1 = 0.65 (the
black line) and α1 ∼ 0.75 (the dotted blue line) (from Ref. (Moon and Sachdev,

2009a)) and T
γ=1/3
p from Eq. (4.24) (the dashed red line) Although the trend is the

same – both the actual Tp and T
γ=1/3
p increase with increasing α2, the functional

forms are quite different. The two functions just cross at α2 ∼ 0.01. Besides, the
actual Tp does depend on α1, particularly for small α2, while T

γ=1/3
p is independent

on α1 (see the text).

1996) and is Tp ≈ 3.31Ω
γ=1/3
0 . Combing this result with Eq. (4.22), we obtain

Tp = T γ=1/3
p ≈ 119 EF α2

2 (4.24)

Observe that T
γ=1/3
p depends on α1 only via EF .

Moon and Sachdev obtained Tp in the MS model numerically, using the full forms

of Db(k) and m(T ). In Fig. 4.3 we compare their result with Eq. (4.24). We see that

while the trend is the same – Tp icreases with increasing α2, the functional forms of

the actual Tp and T
γ=1/3
p are very different, and Eq. (4.24) agrees with the numerical

result for Tp only in a tiny range of α2 near α2 ∼ 0.01. Besides, Tp/EF obrained

numerically does depend on α1, in distinction to Eq. (4.24).

We looked into this issue more carefully and found that the reason for the discrep-

ancy is that Eq. (4.24) is valid only in a finite range of α2, restricted on both sides,

and the width of this range turns out to be vanishingly small for α1 ∼ 0.5− 0.8 used

by MS.

Specifically, Eq. (19) is obtained under three assumptions:

• that the T -dependence of the bosonic mass can be neglected and the bosonic

propagator can be evaluated at T = 0 – this is justifed if m ≈ 4πm∗v2α2 >>
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T
γ=1/3
p ;

• that typical vk are small compared to m, i..e., Db(k) can be approximated by

its small k form Db = v2k2/(8πm);

• that typical k are small compared to kF .

We verified that the first assumption is well satisfied for all α1 < 1 and arbitrary α2

and is not the subject of concern.

To verify the second assumption we note that typical k leading to (4.24) are of

order (mkFΩn/v
2)1/3, and typical Ωm ∼ T

γ=1/3
p . Substituting the numbers, we find

that for typical k
vk

m
∼ 2α1n

1/3 (4.25)

where n ≥ 1 is a number of a Matsubata frequency (typical n = O(1)). The condition

vk << m is then satisfied when α1 is small enough. There is no dependence on α2 in

this equation, hence for sufficiently small α1 the condition vk < m is satisfied for all

α2.

The third condition is satisfied at small α2 but breaks out at larger α2. Indeed,

for typical k,
k

kF
∼ 27α2n

1/3 (4.26)

The condition k/kF << 1 is satisfied when the r.h.s. of (4.26) is small.

4.3.1 crossover at “large” α2

The large numerical prefactor in (4.26) implies that Eq. (4.24) becomes invalid

beginning from quite small α2 ∼ 10−2. Once typical k become larger than kF , λ(Ωn)

has to be re-evaluated because the momentum integral in (4.19) only extends up to

kF . We assume and then verify that in this situation the Landau damping term

Ωn/k is larger than Db(k) for all k < kF and for Ωm comparable to the actual Tp,

which differs from T
γ=1/3
p in Eq. (4.24). Neglecting Db(k) in (4.19) we obtain in this

situation

λ(Ωn) =
Ωγ=1

0

|Ωn|
(4.27)
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Figure 4.4: The interplay between Tp in the MS model and in the γ-model with the
pairing kernel λ(Ωn) ∝ 1/Ωγ

n. There is a very tiny range near α2 ∼ 0.01 where Tp in
the MS model is the same as in γ = 1/3 model: Tp = T γ=1

p = 119EFα
2
2. At larger α2,

the MS model becomes equivalent to the γ model with varying γ > 1/3. The value of γ
increases with α2 and approaches γ = 1 at large α2. Tp in this regime deviates from α2

2

dependence of T
γ=1/3
p and eventually saturates at Tp = T γ=1

p = 0.108EF . At smaller
α2, the MS model becomes equivalent to the γ model with varying γ < 1/3. Tp in this

regime again deviates from α2
2 dependence of T

γ=1/3
p and tends to a non-zero value at

a magnetic QCP, where α2 = 0. In this limit, the MS model becomes equivalent to

the γ-model with γ = 0+ (λ(Ωn) ∝ log Ωn), and Tp = T γ=0+
p ≈ 1.8EF

α1
e
− π2

2
√
α1 .
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Figure 4.5: Solid lines: the dimensionless pairing kernel λ(Ωn) (panel (a)) for α2
1 =

0.32, and the critical temperature Tp vs the coupling α1 (panel (b)) at α2 = 0.02 (α2

measures the distance to an antiferromagnetic QCP). The dashed (red) line in panel
(a) is λ(Ωm) = (Ωγ

0/Ωn)γ. The best fit corresponds to γ = 0.6 and Ωγ=0.6
0 ≈ 0.045EF .

The dotted (red) line in panel (b) is Tp in the γ model for γ = 0.6: T γ=0.6
p ≈

0.5Ωγ=0.6
0 = 0.02EF . The agreement is quite good, but there is some variation of the

actual Tp/EF with α1 implying that the value of γ in the fit of λ(Ωn) by 1/Ωγ slightly
varies with α1.
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Figure 4.6: Same as in Fig. 4.5 but for a larger α2 = 0.06. The best fit by a power-law
(dashed (red) line in panel (a)) now corresponds to γ = 0.7, and Ωγ=0.7

0 ≈ 1.11EF .
The dotted (red) line is T γ=0.7

p ≈ 0.38Ωγ=0.7
0 ≈ 0.042EF . The areement is quite good,

and there is less variation of tP/EF than in Fig. 4.5.
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Figure 4.7: Dimensionless coupling constant λT (ωn) and critical temperature in the
extreme limit of very large α2 = 600. Details are the same as the Fig. 4.5. The
power-law exponent in the fit γ = 1, Ωγ=1

0 = 4EF/(3π) = 0.424EF , and T γ=1
p ≈

0.254Ωγ=1
0 ≈ 0.108EF .This T γ=1

p perfectly matches Tp for all α1.
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where Ωγ=1
0 = 4EF/(3π). Observe that Ωγ=1

0 does not depend on α2, in distinction to

Ω
γ=1/3
0 in Eq. (4.22).

This form of λ(Ωn) corresponds to the γ− model with γ = 1. Tp in γ = 1 model

has been obtained in (Chubukov and Schmalian, 2005):

T γ=1
p = 0.254Ωγ=1

0 = 0.108EF . (4.28)

This should be the actual Tp in the MS model at large α2. Comparing this T γ=1
p with

T
γ=1/3
p from Eq. (4.24), we clearly see the difference: while T

γ=1/3
p scales as α2

2, the

actual Tp saturates at large α2.

In the crossover regime, the coupling λ(Ωn) and the pairing instability temperature

Tp should interplolate between γ = 1/3 and γ = 1 behavior. The two temperatures

T
γ=1/3
p and T γ=1

p cross at α2 ∼ 0.03, and the crossover should be around these α2.

We show the crossover in Fig.4.4. Note that α2 ∼ 0.03 is consistent with our earlier

easimate of α2 ∼ 10−2 at which typical k becomes comparable to kF .

To understand the system behavior in the crossover regime, we computed λ(Ωn)

for several α2 and found that for each given α2, λ(Ωn) can be well fitted over a

wide frequency range by Ω−γn form, where γ changes between 1/3 and 1 when α2

increases. In other words, for a given α2, the MS model is equivalent to a γ−model

with a particular exponent γ. In Figs . 4.5 and 4.6, we plot λ(Ωn) vs the number

of the Matsubara frequency, and the actual Tp as a function of α1 for α2 = 0.02 and

α2 = 0.06. The best fits to γ-model correspons to γ = 0.6, Ωγ=0.6
0 = 0.04, and γ = 0.7,

Ωγ=0.7
0 = 0.11, respectively. The dashed lines in the figures for Tp are the values of the

pairing instability temperature in the γ−model : T γ=0.6
p ≈ 0.5Ωγ=0.6

0 = 0.02EF and

T γ=0.7
p ≈ 0.38Ωγ=0.7

0 = 0.042EF . We see that the agreement is nearly perfect, although

for α2 = 0.02, there is some residual dependence of Tp on α1 which is not present in

the γ−model. In Fig. 4.7 we show the fit to 1/Ωn from of λn and Tp for the limiting

case of large α2. We see that the actual Tp perfectly matches T γ=1
p = 0.108EF , and

the ratio Tp/EF is totally independent on α1.
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4.3.2 crossover at small α2

We next consider what happens at small α2, when typical k are much smaller than

kF . At the first glance, the analogy with γ = 1/3 model should work in the small

α2 range because all three conditions used in the derivation of Eqs. (4.21)-(4.24) are

satisfied. If so, Tp should scale as α2
2 and vanish at α2 = 0, see Eq. (4.24). This,

however, is not the case as is clearly seen from Fig.4.3 – the actual Tp remains nonzero

at α2 = 0.

The reason for this discrepancy is that the validity of the three conditions m >>

T, vk << m, and k << kF in fact only implies that Eq. (4.24) is self-consistent at

small α2. However, there may be another contribution to Tp from the range vk > m,

and if such additional contribution does exist, it may oversahadow the contribution

from vk < m. A good example of such behavior is the case of phonon superconductors

at strong coupling (Allen, 1975): McMillan TMM
p ∼ ωDe

−(1+λ)/λ is self-consistently

obtained as a contribution from fermions in a Fermi-liquid region of ω < ωD. Yet,

there is another contribution to Tp from fermions outside of the Fermi-liquid regime,

and at strong coupling (λ >> 1) this second contribution overshadows the contri-

bution from the Fermi liquid range and yields Allen-Dynes expression (Allen, 1975)

TADp ∼ ωD
√
λ� TMM

p .

To verify whether the same happens in our case, consider the limit α2 = 0, when

Tp given by (4.24) vanishes. If the actual Tp remains finite at this point, it necessary

comes from vk > m simply because m(T = 0) = 0. Re-evaluating α(Ωn) at α2 = 0

and T = 0 we obtain Db(k) = vk/8 and

λ(Ωn) =
2α1

π2

√1 +
|Ωn|
πvkF

tanh−1

 1√
1 + |Ωn|

πvkF

− 1

 (4.29)

At small Ωn << vkF this reduces, with logarithmical accuracy, to

λ(Ωn) =
α1

π2
log

4πkFv

e2|Ωn|
=
α1

π2
log

(
Ωγ=0+

0

Ωn

)
,

where Ωγ=0+
0 =

8πEF
e2α1

(4.30)

The model with such λ(Ωn) is again equivalent to the γ-model, but with γ = 0+. The
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γ = 0+ model with logarithmical kernel has been analysed by Son (Son, 1999) and

others. (Wang et al., 2001; Chubukov and Schmalian, 2005) It does have a pairing

instability at a non-zero temperature, i.e., the actual Tp does not vanish at α2 = 0, in

distinction to Eq. (4.24). For α1 = 0.6, we found T γ=0+
p ∼ 0.005EF . This obviously

implies that Eq. (4.24) is valid only in limited range of α2, bounded from both ends.

Furthermore, compairing this T γ=0+
p ∼ 0.005EF with T

γ=1/3
p from Eq. (4.24), we

find that they become comparable at the same α2 ∼ 10−2, where T
γ=1/3
p becomes

comparable to T γ=1
p . As the consequence, the width of the range where Eq. (4.24)

is valid turns out to be vanishingly small number-wise, although paramer-wise it is

O(1). This explains why the actual Tp is so different from T
γ=1/3
p (see Fig. 4.3).

We will discuss the form of T γ=0+
p in more detail in the next section and here only

note that the total Tp in the MS model is the sum of contributions from vk > m and

vk < m, i.e., Tp ∼ T γ=0+
p + T

γ=1/3
p . In the crossover range where T γ=0+

p and T
γ=1/3
p

are comparable, the MS model is most likely again fitted by the γ-model with varying

γ between 0 and 1/3 (i.e., by different γ for different α2). However, the width of the

crossover range at small α2 is narrow, and we didn’t attempt to fit the data at the

smallest α2 by the γ−model with 0 < γ < 1/3.

4.4 the MS model at the SDW QCP – the equiv-

alence with color superconductivity

The model with the logarithmical pairing kernel, as in Eq. (4.30), is most known

as a model for color superconductivity of quarks due to the exchange by gluons. For

small ωn, the fermionic self-energy for logarithmical λ(Ωn) given by (4.30) is

Σ(ωn) =

∫ ω

0

dω′λ(ω′) = gω log

(
Ωγ=0+

0

ωn

)
. (4.31)

To shorten notations, we define g = α1/π
2. The pairing kernel at small frequencies is

λ(Ωm) = g log
(

Ωγ=0+
0

ωn

)
.
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The equation for the pairing vertex is, to the logarithmical accuracy,

Φ(ω) =
g

2

∫ Ωγ=0+
0

T γ=0+
p

dω′
Φ(ω′)

ω′

log(
Ωγ=0+

0

|ω′−ω| ) + log(
Ωγ=0+

0

|ω′+ω| )

1 + g log
(

Ωγ=0+
0

ω′

)
= g

∫ Ωγ=0+
0

Tc

dω′
Φ(ω′)

ω′

log(
Ωγ=0+

0√
|ω′2−ω2|

)

1 + g log
(

Ωγ=0+
0

ω′

) . (4.32)

The logarithm in the denominator is the contribution from the self-energy, Eq. (4.31).

At small coupling, g << 1, which we only consider, the self-energy can be dropped,

and the condition that the solution of (4.32) exists reduces to g log2(Ωγ=0+
0 /T γ=0+

p ) =

O(1), i.e., log Tc ∝ 1/
√
g. A more accurate solution was obtained by Son (Son, 1999):

T γ=0+
p = c Ωγ=0+

0 e
− π

2
√
g = c̄

EF
α1

e
− π2

2
√
α1 (4.33)

where c and c̄ = 8πc/e2 are numbers O(1). The smaller is α1, the smaller is T γ=0+
p

and the smaller is the crossover scale below which the actual Tp deviates from T
γ=1/3
p .

To obtain the prefactor c in (4.33), one has to go beyond the leading logarithmical

accuracy and include (i)
√
g corrections to the argument of the exponent and (ii) the

actual soft high-energy cutoff in the full expression for λ(Ωn), see Eq. (4.29). The
√
g

corrections to the argument of the exponent come from fermionic self-energy. These

corrections have been computed analytically in Ref. (Brown et al., 2000), and the

result is that the fermionic self-energy contributes the universal factor e(π2+4)/8 =

0.177 to c. The effect of a soft high-energy cutoff depends on how the logarithmical

form of λ(Ωn) is cut and is model-dependent.

To the best of our knowledge, the non-trivial dependence of T γ=0+
p on the coupling

g = α1/π
2 has not been verified numerically. The equivalence between the MS model

at α2 = 0 and the γ model with γ = 0+ allows us to do this and also to determine the

value of the prefactor in our case. In Fig. (4.8) we show the fit of λ(Ωn) for α2 = 0

to 1/Ωn dependence (which is almost perfect) and the numerical results for Tp/EF vs

α1. We fitted the data by Eq. (4.33), i.e. by (1/α1) e−π
2/(2
√
α1) dependence on α1,

and, for comparison, by BCS dependence. We see that the fit by Eq. (4.33) is nearly

perfect. We emphasize that 1/
√
α1 dependence in the exponent and the presence of



Chapter 4: Quantum-critical pairing with varying exponents 90

+

+

+
+ + + + + + +

0 10 20 30 40 50
0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

n

ΛHΩnL

+ +
+ +

+ +
+ +

+ +
+ +

+ +
+ +

0.6 0.63 0.66 0.69 0.72 0.75
0

0.005

0.01

0.015

Α1

Tp

EF

Figure 4.8: Solid lines: the pairing kernel λ(Ωn) (panel (a)) and the critical tem-
perature Tp in the MS model at the critical point, α2 = 0 (panel (b)). In
panel (a) we set α2

1 = 0.32. The crossed (red) line in panel (a) is the fit to
λ(Ωn) = (α1/π

2) log(Ωγ=0+
0 /Ωn) with Ωγ=0+

0 = 8πEF
e2α1

(see Eq. (4.30)). For com-
parison, the dotted (blue) line is the fit by a power-law with γ = 0.6. Obviously, the
fit by γ = 0+ form is much better. The crossed (red) line in panel (b) corresponds

to T γ=0+
p ≈ 1.8EF

α1
e
− π2

2
√
α1 . The fit is almost perfect (solid and dashed lines are virtu-

ally undistinguishable). For comparison, we also show the fit to the BCS behavior
TBCSp ∝ 1/α1e

−π/2α1 (the dashed (green) line), adjusting the prefactor to match Tp
at α1 = 0.75. We clearly see that Tp in the MS model follows T γ=0+

p rather than the

BCS form.
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1/α1 in the overall factor are both relevant to the success of the fit. We view this

agreement as the solid verification of Son’s formula for color superconductivity. From

the fit we also determined c ≈ 0.037, and c̄ ≈ 1.8.

4.5 Conclusions

To conclude, in this chapter we analysed the onset temperature Tp for the pairing

in cuprate superconductors at small doping, when tendency towards antiferromag-

netism is strong. We considered the model, introduced by Moon and Sachdev, which

assumes that the Fermi surface retains pocket-like form, same as in an antiferro-

magnetically ordered state, even when long-range antiferromagnetic order disappers.

Within this model, the pairing between fermions is mediated by a gauge boson, whose

propagator remains massless despite that magnon dispersion acquires a finite gap in

the magnetically disordered phase. From the point of view of quantum-critical phe-

nomenon, the pairing problem then remains quantum critical in the sense that that

the pairing is mediated by a gapless boson, and the same gapless boson that medi-

ates pairing also accounts for the destruction of a Fermi-liquid behavior down to the

smallest frequencies.

We related the MS model to the generic γ−model of quantum-critical pairing

with the pairing kernel λ(Ωn) ∝ 1/Ωγ
n and the corresponding normal state self-energy

Σ(ωn) ∝ ω1−γ
n . We showed that, over some range of parameters, the pairing problem

in the MS model in a paramegnetic phase predominantly comes from fermions with

momenta k << kF , where kF is the Fermi momentum,, and vk << m, where v is the

Fermi velocity, and m is the magnon gap. In this situation, the pairing in the MS

model is equivalent to that in the γ-model with γ = 1/3 We found that Tp scales as

α2
2, where α2 is the parameter which measures how far the system moves away from

the SDW phase.

On a more careful look, we found that the range of α2 where the analogy with

the γ = 1/3 model works is bounded at both small and “large” α2. At “large” α2

(which numerically are still quite small), the condition k << kF breaks down. We

demostrated that, in this situation, the MS model becomes equivalent to γ model with



Chapter 4: Quantum-critical pairing with varying exponents 92

varying γ, whose value increases with α2 and approaches γ = 1 at large α2. In the

crossover regime, the actual Tp(α2) deviates from the α2
2 dependence and eventually

saturates at large α2 at Tp ∼ 0.1EF .

At the smallest α2, we found that the analogy with γ = 1/3 model again bveaks

down, this time because the contribution to Tp from vk << m gets overshadowed by

the contribution from vk >> m. In this situation, the MS model becomes equivalent

to the γ-model with γ < 1/3. Finally, at α2 = 0, i.e., at the SDW transition point, the

MS model becomes equivalent to the γ model with γ = 0+, for which λ(Ωm) ∝ log Ωm.

The γ = 0+ model has been studied in the context of color superconductivity and

superconductivity near 3D ferro- and antiferromagnetic QCP. The pairing problem

with the logarithmical pairing kernel is similar to the BCS theory in the sense that

the fermionic self-energy can be neglected in the leading logarithmic approximation

at weak coupling g. However, in distinction to the BCS theory, log Tc scales not as

1/g but as 1/
√
g. We used the analogy between the MS and the γ = 0+ model at

small frequencies and the fact that λ(Ωn) in the MS model does converge at high fre-

quencies (i.e., one does not have to introduce a cutoff), and computed Tp numerically.

We explicitly verified the 1/
√
g behavior in the exponent and also verified the 1/g

dependence of the overall factor for Tp. To the best of our knowledge, this has not

been done before.

Overall, our results imply that the MS model is quite rich. It contains the physics

of the quantum-critical pairing in all models with kernels λ(Ωn) ∝ 1/Ωγ
n and 0 <

γ ≤ 1. In addition, the MS model taken at the point of the magnetic instability

is equivalent to the model for color superconductivity. It is amaizing that one can

get useful information about color superconductivity by studying the pairing at the

antiferromagnetic instability in the cuprates. We thank S. Sachdev, M. Metlitskii

and J. Schmalian for the interest to this work and useful comments. This work was

supported by NSF DMR-0757145 and the Samsung Scholarship (E.G. Moon) and by

NSF-DMR-0906953 (A. V. Ch.)



Chapter 5

The underdoped cuprates as

fractionalized Fermi liquids:

transition to superconductivity

5.1 Introduction

The nature of the ground state in the underdoped regime of the hole-doped cuprate

superconductors remains a central open issue. Angle resolved photoemision spec-

troscopy (ARPES) and scanning tunneling microscopy (STM) have been the main

tools to explore such a regime. In both probes, an unexpected angular dependence of

the electron spectral gap function has been revealed: a ‘dichotomy’ between the nodal

and anti-nodal regions of the Brillouin zone in the superconducting state (Kohsaka

et al., 2008; Kondo et al., 2009; Pushp et al., 2009; He et al., 2008). Specifically, this

dichotomy is realized by deviations in the angular dependence of the gap from that

of a short-range d-wave pairing amplitude ∼ (cos kx − cos ky).

This chapter will describe the superconducting instabilities of a recently developed

model (Qi and Sachdev, 2010) of the normal state of the underdoped cuprates based

upon a theory of fluctuating local antiferromagnetic order (Sachdev, 1994; Kaul

et al., 2007a,b; Sachdev et al., 2009). A related normal state model of fluctuating

antiferromagnets has been discussed by Khodas and Tsvelik (Khodas and Tsvelik,

93
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2010), who obtained results on the influence of spin-wave fluctuations about the

ordered state similar to ours (Qi and Sachdev, 2010). These results have been

found to agree well with ARPES observations (Khodas et al., 2010; Yang et al.,

2010; Meng et al., 2009; Fournier et al., 2010). Another approach using fluctuating

antiferromagnetism to model the underdoped cuprates has been discussed recently by

Sedrakyan and Chubukov (Sedrakyan and Chubukov, 2010). We will also connect

with the scenario emerging from recent dynamical mean-field theory (DMFT) studies

(Civelli et al., 2008; Ferrero et al., 2009; Sordi et al., 2010).

The theory of Ref. Qi and Sachdev (2010) describes the normal state in the under-

doped regime as a fractionalized Fermi liquid (FFL or FL*), although this identifica-

tion was not explicitly made in that paper. So we begin our discussion by describing

the the structure of the FL* phase.

The FL* phase is most naturally constructed (Senthil et al., 2003, 2004) using

a Kondo lattice model describing a band of conduction electrons coupled to lattice

of localized spins arising from a half-filled d (or f) band. The key characteristics of

the FL* are (i) a ‘small’ Fermi surface whose volume is determined by the density of

conduction electrons alone, and (ii) the presence of gauge and fractionalized neutral

spinon excitations of a spin liquid. In the simplest picture, the FL* can be viewed

in terms of two nearly decoupled components, a small Fermi surface of conduction

electrons and a spin liquid of the half-filled d band. The FL* should be contrasted

from the conventional Fermi liquid, in which there is a ‘large’ Fermi surface whose

volume counts both the conduction and d electrons: such a heavy Fermi liquid phase

has been observed in many ‘heavy fermion’ rare-earth intermetallics. Recent experi-

ments on YbRh2(Si0.95Ge0.05)2 have presented evidence (Custers et al., 2010) for an

unconventional phase, which could possibly be a FL*.

A concept related to the FL* is that of a “orbital-selective Mott transition” (De

Leo et al., 2008) (OSMT), as discussed in the review by Vojta (Vojta, 2010). For

latter, we begin with a multi-band model, like the lattice Anderson model of con-

duction and d electrons, and have a Mott transition to an insulating state on only

a subset of the bands (such as the d band in the Anderson model). The OSMT

has been described so far using dynamical mean field theory (DMFT), which has an
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over-simplified treatment of the Mott insulator. In finite dimensions, any such Mott

insulator must not break lattice symmetries which increase the size of a unit cell, for

otherwise the state reached by the OSMT is indistinguishable from a conventionally

ordered state. Thus the Mott insulator must be realized as a fractionalized spin liq-

uid with collective gauge excitations; such gauge excitations are not present in the

DMFT treatment. With a Mott insulating spin liquid, the phase reached by the

OSMT becomes a FL*.

Returning our discussion to the cuprates, there is strong ARPES evidence for

only a single band of electrons, with a conventional Luttinger volume of 1 + x holes

at optimal doping and higher (here x is the density of holes doped into the half-filled

insulator). Consequently, the idea of an OSMT does not seem directly applicable.

However, Ferrero et al. (Ferrero et al., 2009) argued that an OSMT could occur

in momentum space within the context of a single-band model. They separated the

Brillouin zone into the ‘nodal’ and ‘anti-nodal’ regions, and represented the physics

using a 2-site DMFT solution. Then in the underdoped region, the anti-nodal re-

gion underwent a Mott transition into an insulator, while the nodal regions remained

metallic. A similar transition was seen by Sordi et al. in studies with a 4-site cluster

(Sordi et al., 2010). While these works offers useful hints on the structure of the

intermediate energy physics, ultimately the DMFT method does not allow full char-

acterization of the different low energy quasiparticles or the nature of any collective

gauge excitations.

We turn then to the work of Ref. Qi and Sachdev (2010), who considered a single

band model of a fluctuating antiferromagnet. Their results amount to a demonstration

that a FL* state can be constructed also in a single band model, and this FL* state

will form the basis of the analysis of the present chapter. The basic idea is that the

large Fermi surface is broken apart into pockets by local antiferromagnetic Néel order.

We allow quantum fluctuations in the orientations of the Néel order so that there is

no global, long-range Néel order. However, spacetime ‘hedgehog’ defects in the Néel

order are suppressed, so that a spin liquid with bosonic spinons and a U(1) gauge-

boson excitation is realized (Motrunich and Vishwanath, 2004; Senthil et al., 2004).

Alternatively, the Néel order could develop spiral spin correlations, and suppressing
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Z2 vortices in the spiral order realizes a Z2 spin liquid with bosonic spinons (Read and

Sachdev, 1991). The Fermi pockets also fractionalize in this process, and we are left

with Fermi pockets of spinless fermions; the resulting phase was called the algebraic

charge liquid (Kaul et al., 2007a,b; Sachdev et al., 2009) (ACL). Depending upon

the nature of the gauge excitations of the spin liquid, the ACL can have different

varieties: the U(1)-ACL and SU(2)-ACL were described in Refs. (Sachdev et al.,

2009), and Z2-ACL descends from these by a Higgs transition involving a scalar with

U(1) charge 2, as in the insulator (Read and Sachdev, 1991).

Although these ACLs are potentially stable phases of matter, they are generically

susceptible to transformation into FL* phases. As was already noted in Ref. Kaul

et al. (2007a), there is a strong tendency for the spinless fermions to found bound

states with the bosonic spinons, leading to pocket Fermi surfaces of quasiparticles

of spin S = 1/2 and charge ±e. Also, as we will review below, there is a ‘species-

doubling’ of these bound states (Wen, 1989; Sachdev, 1994; Kaul et al., 2007a),

and this is crucial in issues related to the Luttinger theorem, and to our description

of the superconducting state in the present chapter. When the binding of spinless

fermions to spinons is carried to completion, so that Fermi surfaces of spinless fermions

has been completely depleted, we are left with Fermi pockets of electron/hole-like

quasiparticles which enclose a total volume of precisely x holes (Qi and Sachdev,

2010). The resulting phase then has all the key characteristics of the FL* noted

above, and so we identify it here as a FL*. The U(1)-ACL and Z2-ACL above lead

to the conducting U(1)-FL* and Z2-FL* states respectively. Ref. Qi and Sachdev

(2010) presented a phenomenological Hamiltonian to describe the band structure of

these FL* phases. Thus this is an explicit route to the appearance of an OSMT in

a single-band, doped antiferromagnet: it is the local antiferromagnetic order which

differentiates regions of the Brillouin zone, and then drives a Mott transition into a

spin liquid state, leaving behind Fermi pockets of holes/electrons with a total volume

of x holes.

We should note here that the U(1)-FL* state with a U(1) spin liquid is ultimately

unstable to the appearance of valence bond solid (VBS) order at long scales (Read

and Sachdev, 1989). However the Z2-FL* is expected to describe a stable quantum
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ground state. The analysis of the fermion spectrum below remains the same for the

two cases.

Phases closely related to the U(1)-FL* and Z2-FL* appeared already in the work

of Ref. Sachdev (1994). This chapter examined ‘quantum disordered’ phases of the

Shraiman-Siggia model (Shraiman and Siggia, 1988), and found states with small

Fermi pockets, but no long-range antiferromagnetic order. The antiferromagnetic

correlations where either collinear or spiral, corresponding to the U(1) and Z2 cases.

However, the topological order in the sector with neutral spinful excitations was

not recognized in this work: these spin excitations were described in terms of a

O(3) vector, rather than SU(2) spinor description we shall use here. Indeed, the

topological order is required in such phases, and is closely linked to the deviation

from the traditional volume of the Fermi surfaces. (Senthil et al., 2003, 2004)

We also note another approach to the description of a FL* state in a single

band model, in the work of Ribeiro, Wen, and Ran (Ribeiro and Wen, 2006; Ran

and Wen, 2006; Ribeiro and Wen, 2008). They obtain a small Fermi surface of

electron-like “dopons” moving in spin-liquid background. However, unlike our ap-

proach with gapped bosonic spinons (and associated connections with magnetically

ordered phases), their spinons are fermionic and have gapless Dirac excitation spectra

centered at (±π/2,±π/2).

We will take the U(1)-FL* or Z2-FL* state with bosonic spinon spin liquid as

our model for the underdoped cuprates in the present chapter. We will investigate

its pairing properties using a simple phenomenological model of d-wave pairing. Our

strategy will be to use the simplest possible model with nearest-neighbor pairing

with a d-wave structure, constrained by the requirement that the full square lattice

translational symmetry and spin-rotation symmetry be preserved. Even within this

simple context, we will find that our mean-field theories of the FL* state allows us

to easily obtain the ‘dichotomy’ in the pairing amplitude over a very broad range

of parameters. We also note that the pocket Fermi surfaces of the FL* state will

exhibit quantum oscillations in an applied magnetic field with a Zeeman splitting of

free spins, and this may be relevant to recent observations (Ramshaw et al., 2010).

We mention here our previous work (Galitski and Sachdev, 2009; Moon and
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Sachdev, 2009a; Moon and Chubukov, 2010) on pairing in the parent ACL phase.

These papers considered pairing of spinless fermions, while the spin sector was fully

gapped: this therefore led to an exotic superconductor in which the Bogoliubov quasi-

particles did not carry spin. In contrast, our analysis here will be on the pairing

instability of the FL* state, where we assume that the fermions have already bound

into electron-like quasiparticles, as discussed above and in more detail in Ref. Qi and

Sachdev (2010). The resulting Bogoliubov quasiparticles then have the conventional

quantum numbers.

Our primary results are illustrated in Fig. 5.1. We also show a comparison to

a conventional state with co-existing spin density wave (SDW) and d-wave pairing,

and to recent experiments. The left panels illustrate Fermi surface structures in the

normal state. The right panels show the angular dependence of the electron gap in the

superconducting states: for each angle θ, we determine the minimum electron spectral

gap along that direction in the Brillouin zone, and plot the result as a function of θ.

The results of the traditional Hartree-Fock/BCS theory on SDW order and d-

wave pairing appear in (a) and (b). The SDW order has wavevector K = (π, π), and

the d-wave pairing is the conventional (cos kx − cos ky) form. In the normal state,

the Fermi pocket is centered at the magnetic Brillouin zone boundary, as shown in

(a). An important feature of this simple theory is that the state with co-existing

SDW and d-wave pairing has its maximum gap at an intermediate angle, as shown

in (b): this reflects the “hot spots” which are points on the Fermi surface linked by

the SDW ordering wavevector K. No experiment has yet seen such a maximum at

an intermediate angle.

One set of our typical results for the FL* theory are shown in (c) and (d). As

it was shown in the previous work (Qi and Sachdev, 2010), the normal state in

(c) shows a Fermi pocket which is clearly not centered the magnetic zone boundary

(at (±π/2,±π/2)); furthermore, its spectral weight is not the same along the Fermi

surface, and has a arc-like character. At the same time, (d) shows the angular de-

pendence of the electron gap in the superconducting state; unlike the SDW theory,

this FL* state has a pairing amplitude which is a monotonic function of angle and

has its maximum at the antinodal point. It also shows the “dichotomy” in the gap
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Figure 5.1: Color online: Our new results for the FL* phase (second row), compared
with the Hartree-Fock/BCS theory (top row) and experiments (bottom row). The
left panels illustrate Fermi surface structures in the normal state. The right panels
shows the angular dependence of the electron gap in the superconducting states. (a)
Spectral weight of the electron in the normal state with SDW order at wavevector
K = (π, π). Here we simply apply a potential which oscillates at (π, π) to the large
Fermi surface in the overdoped region. (b) Minimum electron gap as a function
of azimuthal angle in the Brillouin zone. The full (red) line is the result with a
pairing amplitude ∼ (cos kx − cos ky) co-existing with SDW order, while the dashed
(black) line is the normal SDW state. (c) Spectral weight of the electron in the FL*
state, with parameters as in Fig. 5.4; note that the pocket is no longer centered at
(π/2, π/2). (d) Spectral gap functions in the superconducting (full (red) line) and
normal (dashed (black) line) states of Fig. 5.4. (e) The Fermi pocket from a ARPES
experiment (Fournier et al., 2010); related observations appear in Refs. Khodas et al.
(2010); Yang et al. (2010). (f) The dichotomy of the spectral gap function from the
observations of Ref. Kondo et al. (2009). See the text for more details.
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amplitude between the nodal and anti-nodal regions. For the purpose of comparison,

we illustrate two experimental results in (e) and (f). Clearly, our mean-field theory

can provide reasonable explanation for the experimental data in both the normal and

superconducting states, and we believe it is a candidate for the under-doped cuprate

materials.

The structure of this chapter is following. In Section 5.2, we introduce the normal

state Hamiltonian for the fermions, and investigate the symmetry transformations

of possible pairings. We classify possible pairings which preserve full square lattice

symmetry, and introduce a low energy effective pairing Hamiltonian. Then it is shown

that U(1) gauge fluctuation can mediate the needed d wave pairing. In Section 5.4,

spectral gap functions for various cases are illustrated assuming dx2−y2 wave pairing.

It is shown that our model can reproduce the dichotomy behavior, and we compare

our theory with the YRZ model proposed by Yang, Rice and Zhang (Yang et al.,

2006; Konik et al., 2006; LeBlanc et al., 2009; Schachinger and Carbotte, 2010; Borne

et al., 2010), and the related analyses by Wen and Lee (Wen and Lee, 1996; Lee

et al., 1998).

5.2 Effective Hamiltonian

The basic setup of the FL* state has been reviewed in some detail in Refs. Qi and

Sachdev (2010); Sachdev et al. (2009), and so we will be very brief here. The starting

point (Shraiman and Siggia, 1988; Schulz, 1990; Wen, 1989; Lee, 1989; Shankar,

1989; Ioffe and Wiegmann, 1990; Sachdev, 1994) is to transform from the underlying

electrons ciα to a rotating reference frame determined by a matrix R acting on spinless

fermions ψp.

ciα = Ri
αpψp. (5.1)

Rαp is a SU(2) matrix with α =↑, ↓ for spin index, p = ± for gauge index, and we

parameterize

Ri =

(
zi↑ −z∗i↓
zi↓ z∗i↑

)
(5.2)
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Tx Rdual
π/2 Idual

x T
Fα Gα Gα Gα εαβF †β
Gα Fα Fα Fα εαβG†β

Cα Cα Cα Cα εαβC†β
Dα Dα Dα Dα εαβD†β

Table 5.1: Transformations of the lattice fields under square lattice symmetry opera-
tions. Tx: translation by one lattice spacing along the x direction; Rdual

π/2 : 90◦ rotation

about a dual lattice site on the plaquette center (x → y, y → −x); Idual
x : reflection

about the dual lattice y axis (x → −x, y → y); T : time-reversal, defined as a sym-
metry (similar to parity) of the imaginary time path integral. Note that such a T
operation is not anti-linear. (Qi and Sachdev, 2010)

with |zi|2 = 1 . In the ACL state, the bosonic zα and the fermionic ψp are assumed

to be the independent quasiparticle excitations carrying spin and charge respectively.

Then we examined the formation of bound states between these excitations. A key

result was that was a “doubling” of electron-like quasiparticles, with the availability

of two gauge neutral combinations,

Fiα ∼ ziαψi+ , Giα ∼ εαβz
∗
iβψi−. (5.3)

This doubling is a reflection of the ‘topological order’ in the underlying U(1) or Z2

spin liquid; it would not be present e.g. in a SU(2) spin liquid (Sachdev et al.,

2009). The Fiα and the Giα will be the key actors in our theory of the FL* phase

here. Their effective Hamiltonian is strongly constrained by their non-trivial trans-

formations under the space group of the Hamiltonian, which are listed in Table 5.1.

From these symmetry transformations, we can write down the following effective

Hamiltonian (Qi and Sachdev, 2010)

Htot = H0 +Hint

H0 = −
∑
ij

tij(F
†
iαFjα +G†iαGjα) + λ

∑
i

(−1)ix+iy(F †iαFiα −G†iαGiα)

−
∑
i<j

t̃ij (F †iαGjα +G†iαFjα). (5.4)
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Here tij is taken to be similar to the bare electron dispersion, characterizing the Fermi

surface in the over-doped region; λ is a potential due to the local antiferromagnetic

order; and t̃ij is the analog of the Shraimain-Siggia term (Shraiman and Siggia,

1988) which couples the two species of electron-like quasiparticles F and G to each

other; it is this term which is responsible for shifting the center of the pocket Fermi

surfaces in the normal state away from the magnetic Brillouin zone boundary. Hint

is the invariant interaction Hamiltonian: there could be many interaction channels,

which induces superconductivity of the (F,G) particles, such as negative contact

interaction, interaction with other order parameters, and the gauge field fluctuation.

In this chapter, we do not specify particular interaction and we assume that pairings

are induced. Then we focus on studying properties of possible pairings and their

consequences on physical quantities such as spectral gaps.

For some of our computations, it is more convenient to use an alternative basis

for the fermion operators

Ci,α =
1√
2

(Fi,α +Gi,α) , Di,α = (−1)ix+iy
1√
2

(Fi,α −Gi,α). (5.5)

The C and D fermions have the same space-group transformation properties as the

physical electrons. Then, the Hamiltonian becoms

H0 =
∑
k,α

(
Ck,α

Dk,α

)†(
εc(k) λ

λ εd(k)

)(
Ck,α

Dk,α

)
(5.6)

We chose energy dispersion’s forms following the previous work (Qi and Sachdev,

2010), with ε(k) a Fourier transform of tij and ε̃(k) a Fourier transform of t̃ij, and

K = (π, π):

ε(k) = −2t1(cos kx + cos ky) + 8t2 cos kx cos ky − 2t3(cos 2kx + cos 2ky)

ε̃(k) = −t̃0 − 2t̃1(cos kx + cos ky) + 8t̃2 cos kx cos ky − 2t̃3(cos 2kx + cos 2ky)

εc(k) = ε(k) + ε̃(k)− µ
εd(k) = ε(k + K)− ε̃(k + K)− µ. (5.7)

The C and D particles have spin and electric charges like electrons. Therefore, any

linear combination can be a candidate for the physical electron degree of freedom.
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In the previous work (Qi and Sachdev, 2010), we matched the C particles to the

electrons of large Fermi surface state without antiferromagnetism; following this, for

simplicity we will take the C to be the physical electron, but our results do not change

substantially with other linear combinations. Then the D particles are emergent

fermion induced by fluctuating SDW order. Note that the C,D particles live in the

full first Brillouin zone of the square lattice, and not the magnetic Brillouin zone.

Issues related to the Luttinger theorem were discussed in previous work (Kaul

et al., 2007a,b; Qi and Sachdev, 2010). The total area of the Fermi pockets described

by H0 is precisely x, the dopant hole density. Here the area is to be computed over

the full first Brillouin zone of the square lattice, as the full square lattice symmetry

is preserved by our model. Also note that our phenomenological Hamiltonian H0

has been designed to apply only to low energy excitations near the Fermi surface.

However, rather than focusing on these momentum space regions alone, considerations

of symmetry are far simpler if we define the dispersion in real space on the underlying

square lattice, as we have done here. For this somewhat artificial lattice model, as

discussed in Ref. Qi and Sachdev (2010), the total fermion density on each site i is∑
α

〈
C†i,αCi,α +D†i,αDi,α

〉
=
∑
α

〈
F †i,αFi,α +G†i,αGi,α

〉
= 2− x (5.8)

The traditional Luttinger theorem measures electron number modulo 2, and so it

should now be clear that occupying the independent electron states of the lattice H0

will yield a Fermi surface with the desired area of x.

Before proceeding further, let us review the above discussion. We started our

theory with electrons in one band, and considered spin density wave fluctuation. The

strong fluctuation induced particle fractionalization, and bound states whose degree

of freedoms are doubled appeared. The resulting phase is nothing but the FL* we

introduced above. Therefore, the ACL phase provides a natural way to connect the

FL* with one band theory.

To study superconductivity of the FL* phase, let us consider invariant pairing op-

erators. With the (F,G) particles, there are many possible combinations in principle.

However, it is more convenient to work in terms of the C and D particles because

they transform just like electrons under the symmetry operation. So we can write



Chapter 5: The underdoped cuprates as fractionalized Fermi liquids: transition to
superconductivity 104

Tx Rdual
π/2 Idual

x T
εαβFαFβ εαβGαGβ εαβGαGβ εαβGαGβ -εαβF †βF

†
α

εαβGαGβ εαβFαFβ εαβFαFβ εαβFαFβ -εαβG†βG
†
α

εαβFαGβ εαβGαFβ εαβGαFβ εαβGαFβ -εαβG†βF
†
α

εαβGαFβ εαβFαGβ εαβFαGβ εαβFαGβ -εαβF †βG
†
α

Table 5.2: Transformations of the pairing terms. We suppress the lattice index(i, j)
before and after transformations. Note that the Time Reversal column (T ) contains
(−) term and the conjugate partner also have the (−) sign.

down the 4 pairing operators

Oc
∆(i, j) = εαβCi,αCj,β, Od

∆(i, j) = εαβDi,αDj,β

Ocd
∆ (i, j) = εαβCi,αDj,β, Odc

∆ (i, j) = εαβDi,αCj,β (5.9)

Note that we only consider even parity pairing, and there are only three pairings,

Oc, Od, Ocd +Odc (see 5.3).

5.3 Invariant pairings and instability

There are four combinations of invariant pairing terms of the F and G:

OA
∆(i, j) = εαβ(Fi,αFj,β +Gi,αGj,β)

OB
∆(i, j) = εαβ(Fi,αGj,β +Gi,αFj,β)

Oa
∆(i, j) = εαβ(−1)jx+jy(Fi,αFj,β −Gi,αGj,β)

Ob
∆(i, j) = εαβ(−1)jx+jy(Gi,αFj,β − Fi,αGj,β) (5.10)

In Table 5.2, we illustrate the transformation of various pairing terms. The four

pairings havean interesting exchange symmetry. Obviously OA,B
∆ have even under the

exchange operation. If we consider nearest neighbor sites,(i, j), it is easy to show that

Ob
∆ is even and Oa

∆ is odd under the exchange. Therefore, for the dx2−y2 symmetry,

the Oa does not contribute to pairings.
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Tx Rdual
π/2 Idual

x T
B -B -B +B -B
Ex -Ex -Ey +Ex Ex
Ey -Ey +Ex -Ey Ey
Ψ τxΨ τxΨ τxΨ iσy(Ψ†)T

Table 5.3: Symmetry transformations of the U(1) field strength of the CP1 model,
and of the fermion field Ψ = (F G)T .

The conversion between the two representations are as follows:

Oc
∆(i, j) = εαβCi,αCj,β =

1

2
(OA

∆ +OB
∆)(i, j)

Od
∆(i, j) = εαβDi,αDj,β =

(−1)∆x+∆y

2
(OA

∆ −OB
∆)(i, j)

Ocd
∆ (i, j) = εαβCi,αDj,β =

1

2
(Oa

∆ +Ob
∆)(i, j)

Odc
∆ (i, j) = εαβDi,αCj,β =

(−1)∆x+∆y

2
(Oa

∆ −Ob
∆)(i, j), (5.11)

where ∆x+ ∆y is coordinates’ difference between two particles, for example, zero for

the s wave and one for the d wave.

Let us introduce one way to achieve the d wave instability from the gauge fluc-

tuation. There could be many other channels to induce the d wave channel such as

“conventional” SDW fluctuation, so this section shows possibility of obtaining the

desired pairings.

To constrain the Hamiltonian, let us consider symmetry transformations of the

field strengths associated with the U(1) gauge field of the CP1 model describing the

zα spinons in Table 5.3

B = ∆xAy −∆yAx , Ex = ∆xAτ −∆τAx , Ey = ∆yAτ −∆τAy ,Ψ =

(
F

G

)
.

Pauli matrix, τ(σ), is defined in the (F,G) (spin) space. The only invariant coupling

up to the second order derivatives is

Sγ = γ

∫
τ,x

E ·Ψ†τ y(∇)Ψ

= −iγ
∫
τ,x

E · (F †α∇Gα −G†α∇Fα) (5.12)
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(Qi and Sachdev, 2010). It is interesting to note that this coupling is precisely the

geometric phase coupling between the antiferromagnetic and valence bond solid (VBS)

order parameters discussed recently in Ref. Fu et al. (2010). The electric field is the

spatial component of the skyrmion currrent in the Néel state, and it couples here to a

fermion operator which has the same quantum numbers as the spatial gradient of the

phase of VBS order; thus Eq. (5.12) corresponds to the spatial terms in Eq. (3.8) in

Ref. Fu et al. (2010). Here we see that the electric field couples to a ‘dipole moment’

in the fermions.

We can also look for a coupling between the magnetic field, B, and the fermions.

There is no coupling up to the second order derivatives of fermionic fields. The main

reason for the absence is that rotation and inversion transformations have opposite

signs acting on the magnetic field. If we go beyond the second order derivative, we

can find a coupling to the magnetic field such as

SB = γB

∫
τ,x

BΨ†(∂2
x − ∂2

y)(∂x∂y)τ
yΨ. (5.13)

This term is also one associated with the geometric phase between the antiferromag-

netic and VBS orders, corresponds to the temporal term in Eq. (3.8) in Ref. Fu et al.

(2010).

The fluctuations of the gauge field are controlled by the action

SA =
NT

2

∑
εn

∫
d2k

4π2

[
ΠE(k, εn)|E|2 + ΠB(k, εn)|B|2

]
, (5.14)

where ΠE and ΠB are polarization functions from the matter fields. Because of the

non-minimal coupling between the electric and magnetic fields and the fermions, there

is no screening, and these polarization functions are just constants at low momenta

and frequencies. Also, although the bosonic spinons do couple minimally to the

electromagnetic field, they are gapped and also yield only a constant contribution to

the polarizations.

With the C,D representation, the coupling term to the electric field becomes

Sγ = −γ
∫
ω,Ω,k,q

E(q,Ω) · k[D†α(k + q +Q,ω + Ω)Cα(k, ω)

−C†α(k + q, ω + Ω)Dα(k +Q,ω)].
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Figure 5.2: Vertex correction of a pairing channel. The wavy line is for the propagator
of the electric fields, and the plain (dotted) line is for the C(D) particle’s. Note that
the coupling with the electric field (filled dot) contains the momentum component.
Here we represent the C particle pairing vertex renormalization.

It is manifest that C and D particles are only mixed with the finite momentum Q

difference.

Let us consider pairing vertex

Vpairing =
∑
k

δc(k)C†k,↑C
†
−k,↓ + δd(k)D†k,↑D

†
−k,↓ + h.c. (5.15)

To see the superconducting instability, we need to evaluate the vertex correction of

the pairing channel such as the diagram in Fig. 5.2. The presence of the λ requires

numerical evaluations. Instead of considering numerical calculations, let us turn off

the mixing term, λ, and see which pairings are preferred with approximations. We

will discuss about the non-zero mixing term later.

The renormalized pairing vertex of C particles is

δc(k)ren ∼ δc(k)− γ2k2
F,dδ

d(k +Q)
Nd
ΠE

∫
ε,ω

1

ω2 + ε2
d

, (5.16)

where 1/ΠE is the constant electric field propagator. As usual, we assume that the

integration is dominant near Fermi surfaces and the k2 becomes k2
F . Also we extract

the gap function of D particles out of the integration. The factor Nd is the density of

states of D particles. Note that the minus sign in front of the second term is from the

momentum dependence of the interaction and the relative sign of the gap functions.

Likewise, the D particle pairing correction is

δd(k +Q)ren ∼ δd(k +Q)− γ2k2
F,cδ

c(k)
Nc
ΠE

∫
ε,ω

1

ω2 + ε2
c

(5.17)

In both equations, the last integrals show the usual BCS type logarithmic diver-

gence. We can determine momentum dependence of the pairings with these equations.
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If we assume s wave pairings, then the corrections become negative and the renor-

malized pairings become suppressed. On the other hand, d wave pairings can change

the sign of the integration and enhance the superconductivity. Such momentum de-

pendence results from the momentum dependent vertex term in Eq. (5.12) with a

given relative pairing sign. In the gauge exchange, the momentum dependence plays

the same role as spin-exchange in the usual d wave BCS pairing.

So far, we have fixed the relative sign between the two pairings by hand. Our

calculation indicates possibility of d wave pairings, but the channel of the instability

can vary with changing the relative pairing sign. There could be fully gapped pairing

with opposite signs, s±.

Evaluating the vertex corrections, we have assumed no mixing term, λ, at the

lowest approximation. Now let us turn on the mixing term. Then, the Fermi surfaces

of the two particles start mixing and details of the Fermi surfaces change. Of course,

(C,D) pairings can be mixed by λ. But the mixing point is first gapped out and the

Fermi surfaces become pockets. So there is no significant pairing mixing by λ and we

can treat pairings separately. Details of the Fermi surface change, but we can argue

that pairing channels remain intact at low energy.

5.4 Spectral Gap

Throughout this chapter, we assume that all pairings are d wave, more specifically,

dx2−y2 . The assumption of the d wave pairings can be realized by the gauge fluctuation

or by other channels like conventional spin density wave fluctuations. Then, with the

pairing amplitudes as in Eq. (5.9), we can write down the mean field Hamiltonian

HMF
tot = H0 +HMF

∆

=
∑
k


C†k,↑

C−k,↓

D†k,↑

D−k,↓




εc(k) −∆c(k) λ −∆X(k)

−∆c(k)∗ −εc(k) −∆X(k)∗ −λ
λ −∆X(k) εd(k) −∆d(k)

−∆X(k)∗ −λ −∆d(k)∗ −εd(k)




Ck,↑

C†−k,↓

Dk,↑

D†−k,↓


(5.18)
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where ∆c is the Fourier transform of Oc
∆, ∆d is the Fourier transform of Od

∆, and ∆X

is the Fourier transform of Ocd
∆ + Odc

∆ . For their wavevector dependence we take the

forms
∆c(k)

∆c0

=
∆d(k)

∆d0

=
∆X(k)

∆X0

= cos kx − cos ky (5.19)

where ∆c0, ∆d0 and ∆X0 are the respective gap amplitudes.

In principle, we could determine these pairing amplitudes from solving a set of

BCS-like self-consistency equations. However, in the absence of detailed knowledge of

the pairing interactions, we will just treat the ∆c0, ∆d0 and ∆X0 as free parameters.

In other words, we are in the deep superconducting phase with adjusted parameters.

Then our task is to study spectral gap behaviors with given band structures and

pairings. More technically, the Green’s function of the C particle, which determines

the electron properties, are studied focusing on the pole of the C particles’ Green’s

function. The pole basically contains information about the electron’s dispersion

relation, and its minimum determines spectral gap properties. The latter is defined

as the minimum gap along a line from the Brillouin zone center at an angle θ: thus

the nodal point is at θ = π/4, and the anti-nodal point at θ = 0.

Although we have three free gap parameters, our results are quite insensitive to

their values. For simplicity we will mainly work (in Sections 5.4.1 and 5.4.2) with the

case with a single gap parameter ∆c0 6= 0, and others are set to zero ∆d0 = ∆X0 = 0.

We will briefly consider the case with multiple gap parameters in Section 5.4.3, and

find no significant changes from single gap case.

5.4.1 Single Gap : case I

We consider the case with t2 = 0.15t1, t3 = −0.3t2, t̃1 = −0.25t1, t̃2 = 0, t̃3 = 0,

t̃0 = −0.3t1, µ = −0.6t1, λ = 0.4t1 in Fig. 5.3. In (a), the calculated spectral weight

of the C particle is illustrated following the previous paper. (Qi and Sachdev, 2010)

The shape is obviously pocket-like, but its spectral weight depends on position on the

Fermi surface. In (b), we illustrate the bare energy Fermi surfaces and their eigenmode

Fermi surface. Note that the two bare energy bands (εc,d(k)) are different from the

usual SDW formations with Brillouin zone folding. In the latter, there is only one
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Figure 5.3: Color online: Spectral gap functions and the Fermi surfaces with the Case
I, (t2 = 0.15t1, t3 = −0.3t2, t̃1 = −0.25t1, t̃2 = 0, t̃3 = 0, t̃0 = −0.3t1, µ = −0.6t1,
λ = 0.4t1. (a) The spectral weight of the electron Green function with the relaxation
time τt1 = 200. (b) Fermi surfaces of εc(k) (dashed inner (red)) , εd(k) (dashed outer
(blue)), and the eigenmodes (thick (black)) of H0. The dotted line is the magnetic
zone boundary. (c) The spectral gap function with and without ∆c. The dotted
(black) line is for the normal case. The thick (red) line is for superconducting state
with ∆c0 = 0.1t1. (d) The spectral gap function with and without ∆d,X . The dotted
(black) line is for the normal case. The thick (green) line is for the superconducting
state with ∆X0 = 0.1t1. The dashed (blue) line is the superconducting state with
∆d0 = 0.1t1.
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electron band, and SDW onset divides the Brillouin zone two pieces (ε(k), ε(k + K)).

But in our case, the two bands have different energy spectrums of the electron-like

particle (C) and the emergent particle (D). And λ determines mixing energy scale

between the C and D particles.

In (c), the spectral gap function with and without a given pairing, ∆c is illustrated.

Near the node, it is obvious that the pairing gap contributes to the spectral gap in a

d wave pairing way as expected. However, between the node and anti-node, there is a

huge peak. The peak position is nothing but the mixing point between C,D particles.

Therefore, the peak exists whether there is a pairing or not. Near the anti-node,

the spectral gap is bigger than the near-node’s but much smaller than the mixing

point peak. It indicates there is tendency to make electron pockets near the anti-

node. For example, if we decrease the magnitude of λ, which basically represent the

mixing energy scale, then the gap near the anti-node becomes smaller, and eventually

the electron-like pockets appears near the anti-node with the pre-existing hole type

pockets. Note that this situation is formally the same as the pairing with the SDW

fluctuation mediating pairing case (see Fig. 5.1). The “hot spot” between the node

and the anti-node has the largest gap magnitude, which corresponds to our mixing

point. Such a spectral gap behavior is not the experimentally observed one. Therefore,

we cannot have the needed dichotomy near the anti-node in this case; the anti-nodal

gap is always smaller than the one of the maximum mixing point. Following the

similar reasoning, the experimentally observed dichotomy does not appear in the

conventional SDW theory unless additional consideration beyond mean-field theory

is included. In (d), we illustrate other pairing cases (∆d,X). As we can see, the role of

the pairings are similar to the conventional one (∆c), and qualitatively they are the

same. Therefore, it is not possible to achieve the observed dichotomy by considering

the exotic pairings. They cannot push the maximum peak of the normal state to the

anti-nodal region.

The message of this calculation is simple. With the band structure we considered

here, the observed dichotomy in the spectral gap function cannot be obtained, even

though the normal state can explain experimentally observed Fermi surface structures.

Moreover, it also implies that it is difficult to explain the observed dichotomy with
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the Hartree-Fock/BCS mean-field theory of the Fermi liquid.

However, we now show how our FL* theory gets a route to explain the dichotomy

below.

5.4.2 Single Gap : case II

In Fig. 5.4 we illustrate the case with t2 = 0.15t1, t3 = −0.3t2, t̃1 = −0.25t1,

t̃2 = 0, t̃3 = 0, t̃0 = −0.3t1, µ = −0.8t1 , λ = 0.6t1. These parameters are as in

Section 5.4.1, except that the values of µ and λ have changed. As we discuss below,

this changes the structure of the dispersion of the ‘bare’ C and D particles in a manner

which leaves the normal state Fermi surface invariant, but dramatically modifies the

spectral gap in the superconducting state.

As we can see in (a), the calculated spectral weight of the C particle is qualitatively

the same as the Fig. 5.3’s. The shape is obviously pocket-like, and its spectral weight

also depends on position of the Fermi surface similarly. Therefore, in the normal

state, there is no way to distinguish the two cases because the low energy theory

are all determined by the Fermi pocket structures. However, in (b), the bare energy

Fermi surfaces of εc(k) and εd(k) are clearly different from the previous one’s. Even

though the bare Fermi surfaces look unfamiliar, they are irrelevant for the observed

Fermi surface which is determined by the eigenmodes of H0 (black line), and which

is qualitatively the same as the Case I.

We illustrate our spectral gap behavior with and without the pairing, ∆c, in (c),

which was already shown in the introductory section. Without the given pairing,

the normal state has the finite gapless region where the pockets exist, and there is a

stable spectral gap in the anti-node. It is easy to check the anti-nodal gap depends

on the mixing term, λ, between the C and D particles. With the pairing, the Fermi

pockets are gapped and only the node remains gapless. The spectral gap function

has expected d wave type gap near the node, and the observed dichotomy is clearly

shown. Therefore, the origin of the two gaps are manifest; the nodal gap is obviously

from the C particle pairing and the anti-nodal gap is originated from the mixing

term, which is inherited from the spin-fermion interaction term. In (d), we illustrate
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Figure 5.4: Color online: Spectral gap functions and the Fermi surfaces for the Case
II (t2 = 0.15t1, t3 = −0.3t2, t̃1 = −0.25t1, t̃2 = 0, t̃3 = 0, t̃0 = −0.3t1, µ = −0.8t1,
λ = 0.6t1). Note that the only change from Fig. 5.3 is in the values of µ and λ. (a) The
spectral weight of the electron Green function with the relaxation time τt1 = 200.
(b) Fermi surfaces of εc (dashed inner (red)) , εd (dashed outer (blue)), and the
eigenmodes (thick (black)) of H0. The dotted line is the magnetic zone boundary.
(c) The spectral gap function with and without ∆c. The dotted (black) line is for
the normal case with ∆c = 0. The thick (red) line is the superconducting state with
∆c0 = 0.1t1. (d) The spectral gap function with and without ∆d,X . The dotted
(black) line is for the normal case. The thick (green) line has ∆X0 = 0.1t1. The
dashed (blue) line has ∆d0 = 0.1t1.
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other exotic pairings (∆d,X). As we can see, role of the pairings are similar to the

conventional pairing (∆c), and qualitatively they are the same. So, there is no way

to distinguish what pairings are dominant only by studying spectral gaps.

Now let us compare our results to the ones of the YRZ model (Yang et al., 2006;

Konik et al., 2006; LeBlanc et al., 2009; Schachinger and Carbotte, 2010; Borne et al.,

2010). In the YRZ model, based on a specific spin liquid model, the pseudo-gap

behavior is pre-assumed by putting an explicit dx2−y2 gap function in the spectrum,

which means the characteristic of the anti-nodal gap is another input parameter.

With the two d wave gaps (pairing and pseudo-gap), the experimental results were

fitted.

In our FL* theory, the anti-nodal gap behavior is determined by the interplay

between λ and the bare spectrum εc,d(k) Indeed, the pseudo-gap corresponding term,

λ, is s wave type in terms of YRZ terminology. The λ term represents local antiferro-

magnetism, and this ‘competing’ order which plays a significant role in the anti-nodal

gap. The parameter λ is just input for making the Fermi pockets in the normal

state with other dispersion parameters. As mentioned before, it explains the distinct

origins of the nodal and anti-nodal gaps. Also, although our theory contains other

pairings, ∆d,X , we did not need that freedom to obtain consistency with experimental

observations.

Of course, non-local terms of λ could be considered. And it is easy to show that

the dx2−y2 like terms are not allowed because of the rotational symmetry breaking.

Putting the non-local λ term is secondary effect, and we do not consider it here.

5.4.3 Multiple gaps

So far, we have only considered the cases with one pairing gap. Of course, multiple

gaps are possible and we illustrate possible two cases in Fig. 5.5, which contain ∆c,d

with the two normal band structures. Here, we choose the same phase in both pair-

ings. The spectral gap behaviors are not self-destructive, which means the magnitude

of spectral gap with two pairings is bigger than the one with the single pairings. One

comment is that even multiple gaps do not change qualitative behavior of the spectral
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Figure 5.5: Multiple gaps. The left panel is the same as the Fig. 5.3 with two
superconducting gaps ∆d0 = 0.3t1 and ∆c0 = 0.1t1. And the right panel is the same
as the Fig. 5.4 with ∆d0 = 0.3t1 and ∆c0 = 0.1t1. In both, the dashed (green) line is
with the two gaps. And the plain and dotted lines are the same as the previous plots.

gap functions, which means that the Case I could not have the observed dichotomy

even with the multiple gaps.

In Fig. 5.6, two pairings with the opposite sign are illustrated. Clearly, we can

see the self-destructive pattern with the same gap magnitudes. Even a node appears

beyond the nodal point. Therefore, it is clear that the relative phase between two

pairings plays an important role to determine the gap spectrum.

5.5 Conclusions

This chapter has presented a simple phenomenological model for pairing in the

underdoped cuprates, starting from the FL* normal state described in Ref. Qi and
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Figure 5.6: Multiple gaps with the relative phase difference. Details are the same
as Fig. 5.4. The red line is for two superconducting gaps with the same sign gaps,
∆d0 = 0.1t1 and ∆c0 = 0.1t1. And the green line is for the opposite sign gaps,
∆d0 = −0.1t1 and ∆c0 = 0.1t1.

Sachdev (2010). This is an exotic normal state in which the Cu spins are assumed

to form a spin liquid, and the dopants then occupy states with electron-like quantum

numbers. A key feature of this procedure (Kaul et al., 2007a), is that there is a

‘doubling’ of the electron-like species (Kaul et al., 2007a) available for the dopants

to occupy: this appears to be a generic property of such doped FL* states.

Our previous work (Qi and Sachdev, 2010) showed how this model could easily

capture the Fermi surface structure of the underdoped normal state. In particu-

lar, a mixing between the doubled fermion F and G species from the analog of the

‘Shraiman-Siggia’ term (Shraiman and Siggia, 1988) led to Fermi pockets which were

centered away from the antiferromagnetic Brillouin zone boundary.

Here we considered the paired electron theory, assuming a generic d-wave gap

pairing of the cos kx− cos ky variety. Despite this simple gap structure, we found two

distinct types of electron spectral gaps in this case, illustrated in Figs. 5.3 and 5.4.

The distinction arose mainly from the strength of a parameter, λ, determining the

strength of the local antiferromagnetic order.

For weaker local antiferromagnetic order, and with a normal state Fermi surface

as in Fig. 5.3a, the angular dependence of the gap had a strong maximum near the

intermediate “hot spot” on the underlying Fermi surface. A similar structure is seen

in the traditional Hartree-Fock/BCS theory of SDW and d-wave pairing on a normal
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Fermi liquid, and this structure is incompatible with existing experiments.

For stronger local antiferromagnetic order, we were able to maintain the normal

state Fermi surface as in Fig. 5.4a, but then found a gap function which had the

form shown in Figs. 5.4c,d, which displays the ‘dichotomy’ of recent observations.

Thus in this theory, it is the fluctuating local antiferromagnetism which controls the

dichotomy.

Finally, we compare our theory with model proposed by Yang, Rice, and Zhang

(Yang et al., 2006; Konik et al., 2006; LeBlanc et al., 2009; Schachinger and Carbotte,

2010; Borne et al., 2010), and closely related results of Wen and Lee (Wen and Lee,

1996; Lee et al., 1998). Their phenomenological form of the normal state electron

Green’s function has qualitative similarities to ours (Qi and Sachdev, 2010), but

there are key differences in detail:

(i) The ‘back end’ of the YRZ hole pocket is constrained to be at (π/2, π/2), while

there is no analogous pinning in our case.

(ii) The electron spectral weight vanishes in the YRZ theory at (π/2, π/2), while our

theory has a small, but non-zero, spectral weight at the back end.

(iii) Our theory allows for a state with both electron and hole and pockets, while

only hole pockets are present in the YRZ theory.

These differences can be traced to the distinct origins of the ‘pseudogap’ in the two

theories. Our pseudogap has connections to local antiferromagnetism which fluctuates

in orientation while suppressing topological defects. Pairing correlations also play an

important role in the pseudogap, but these are neglected in our present mean-field

description: these were examined in our previous fluctuation analyses of the ACL

(Galitski and Sachdev, 2009; Moon and Sachdev, 2009a). The YRZ pseudogap is

due to a d-wave ‘spinon pairing gap’ in a resonating valence bond spin liquid. All

approaches have a similar transition to superconductivity, with a d-wave pairing gap

appearing over the normal state spectrum, and a nodal-anti-nodal dichotomy: thus

any differences in the superconducting state can be traced to those in the normal

state.

The differences between our normal state theory with bosonic spinons, and other

work based upon fermionic spinons (Yang et al., 2006; Konik et al., 2006; LeBlanc
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et al., 2009; Schachinger and Carbotte, 2010; Borne et al., 2010; Wen and Lee, 1996;

Lee et al., 1998; Ribeiro and Wen, 2006; Ran and Wen, 2006; Ribeiro and Wen, 2008)

become more pronounced when we consider a transition from the normal state to

a state with long-range antiferromagnetic order. In our theory, such a transition is

naturally realized by condensation of bosonic spinons, with universal characteristics

discussed earlier (Senthil et al., 2004; Chubukov et al., 1994). Such a natural con-

nection to the antiferromagnetically ordered state is not present in the YRZ theory.

We thank P. Johnson, M. Randeria, T. M. Rice, and T. Senthil for useful discus-

sions. This research was supported by the National Science Foundation under grant

DMR-0757145 and by a MURI grant from AFOSR.



Chapter 6

Superfluid-insulator transitions of

the Fermi gas

with near-unitary interactions in a

periodic potential

6.1 Introduction

An important milestone in the studies of ultracold atoms has been the observation

of superfluidity in degenerate gases of fermionic atoms across a two-body Feshbach

resonance (Regal et al., 2004; Zwierlein et al., 2004; Chin et al., 2004; Zwierlein et al.,

2005; Stewart et al., 2006). As a function of the detuning, ν, across the resonance,

these systems interpolate from a Bose-Einstein condensate of diatomic molecules for

large negative ν, to a Bardeen-Cooper-Schrieffer (BCS) paired state of a Fermi liquid

for large positive ν. For ν ≈ 0, neither limiting description applies, and we have a

superfluid state of fermions with interactions near the unitarity limit. As has been

emphasized in recent work (Nikolić and Sachdev, 2007; Veillette et al., 2007) this

entire crossover has striking universal aspects, with all physical properties determined

only by ν and the density of the Fermi gas.

In a separate development, ultracold gases of bosonic atoms were placed in an

119
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optical lattice potential (Greiner et al., 2002). With increasing lattice depth, the

bosons exhibited a superfluid-to-insulator quantum phase transition.

In the quest to realize strongly correlated quantum phases of interacting fermions,

a recent experiment (Chin et al., 2006) has combined the techniques of the above

experiment by studying fermions of mass m with near unitary interactions in the

presence of an optical lattice potential of period aL and amplitude V . This chapter

shall demonstrate that the universality arguments can be extended to include the

periodic potential after including a single energy scale associated with V . In partic-

ular, we find a universal phase diagram shown in Fig 6.1 below. This phase diagram

has superfluid-insulator quantum phase transitions with a density of an even integer

number (nF) of fermions per unit cell at critical amplitude V = Vc which obeys

Vc =
π2~2

4ma2
L

FnF
(aLν) (6.1)

where FnF
is a universal function of aLν dependent only on the even integer nF. The

transition at unitarity occurs at FnF
(0). We will show that FnF

can be determined in a

1/N expansion in a model with Sp(2N) spin symmetry. Explicit numerical results for

the universal phase diagram and the function FnF
will be presented below at N =∞.

An important aspect of the physics accounted for by our analysis is that the

insulator near the critical point is a novel quantum state which is neither a band

insulator of fermions, nor a Mott insulator of bosonic fermion pairs. Instead, it is in a

interesting intermediate regime in which multiple single-particle bands are occupied.

Previous computations of ultra-cold atoms in optical lattices have relied on effective

tight-binding models (Duan, 2005; Gubbels et al., 2006; Koetsier et al., 2006; Kopo-

nen et al., 2007), but such approaches are not expected to be quantitatively accurate

near the transition to the superfluid. A recent computation (Zhai and Ho, 2007) uses

a method related to ours, but does not account for the off-diagonal couplings between

different reciprocal lattice vectors in Eq. (6.6) below; these are essential for a proper

result, and make the computation much more demanding. Our 1/N expansion is also

able to quantitatively account for the strong interactions between the fermions in the

multiple bands. One consequence of the many occupied bands is that the computa-

tional requirements are demanding even at the leading N =∞ level. So our present
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Figure 6.1: A contour plot of the superfluid-insulator phase boundaries at T = 0 and
N =∞. Contours, dependent on detuning ν from the Feshbach resonance, separate
superfluid regions surrounding the fermion bands (black) from insulating regions in
the band structure gaps. The dashed yellow contours correspond to the transition
at the resonance ν = 0, while the spacing between contours is ∆ν = a−1

L , where aL

is the optical lattice spacing; contours move upward and toward the band edges as
ν grows. Insulators are labeled by the closest even integer to the average filling of
the optical lattice by atoms in the grand-canonical ensemble. The reference energy
scale is molecule recoil energy Er = π2~2/(4ma2

L). Accuracy is smaller than that in
Fig.6.2, because calculating at many points in reasonable time required a small cut-off
Λ = 3× (2πa−1

L ).

numerical results will be limited to N =∞ although we will set up a formalism that

allows computations to all orders in 1/N . It is also worth noting that previous studies

of ground state properties (Veillette et al., 2007) found that 1/N corrections were

quite small in the unitarity limit, ν ≈ 0.

6.2 Model Hamiltonian

We consider 2N species of fermionic atoms ψiσ (i = 1 . . . N, σ ∈ {↑, ↓}) coupled to

a single field Φ of s-wave Cooper pairs, or molecules. This is an Sp(2N) generalization

of the popular “two-channel” model, and the physical case N = 1 can be accessed
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in 1/N expansions (Nikolić and Sachdev, 2007; Veillette et al., 2007). The atoms

experience an optical lattice potential V (r); we choose a simple cubic latice potential

V (r) = V

[
cos2

(
πx

aL

)
+ cos2

(
πy

aL

)
+ cos2

(
πz

aL

)]
,

and our computations have simple generalization to other lattice structures. The

density of the fermions is controlled by chemical potential µ and we assume that spin

polarization is zero. The imaginary-time action of this many-body system, which

includes all terms for a description of the universal physics in the vicinity of a two-

body Feshbach resonance is:

S =

∫
dτd3r

[
ψ†iσ

(
∂

∂τ
− ∇

2

2m
− µ+ V (r)

)
ψiσ (6.2)

+Φ†ψi↓ψi↑ + Φψ†i↑ψ
†
i↓

]
+N

mν

4π

∫
dτd3rΦ†Φ

Note that the Cooper pair field Φ is actually a Hubbard-Stratonovich field that de-

couples the fermion interaction terms, and hence does not have a bare dispersion, or

Berry’s phase. Thanks to this, we have conveniently rescaled the Φ field to absorb

in it the interaction coupling. Among the relevant operators is detuning ν from the

Feshbach resonance in the absence of the lattice, and the co-efficient that contains

it is fixed by relating the scattering matrix of this theory to the scattering length

a = −1/ν for V (r) = 0.

Our primary result is that the above model has a universal phase diagram as a

function of µ/Er, Er/V , and νaL, where Er = π2~2/(4ma2
L) is the molecular recoil

energy. The phase boundaries are shown in Fig. 6.1 as a function of the first two

parameters for different values of νaL.

We will explore the superfluid phase boundary by focusing on the superfluid order

parameter. We integrate out the fermion fields ψiσ and obtain the effective action of

the Cooper pair field Φ, which can be expressed using Feynman diagrams:

Seff = N
mν

4π

∫
dτd3rΦ†Φ + (6.3)

+
1

2
+

1

3
+ · · · .
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Each fermion loop (straight lines) contributes a factor of N , so that N appears as an

overall factor in the effective action. Every external wavy line represents the pair field

Φ or Φ†, depending on the direction of arrow with respect to vertex, and every vertex

is associated with a point in space and time. In the present problem, the optical

lattice potential V (r) breaks translation symmetry, so that momentum is not a good

quantum number. Instead, according to the Bloch’s theorem, quantum numbers are

band index n and crystal momentum k which takes values within the first Brillouin

zone (BZ). Assuming a Bravais optical lattice with reciprocal vectors G, the bare

fermion propagator is given by:

G0(1, 2) =
∑
n

T
∑
ω

∫
BZ

d3k

(2π)3

∑
G1,G2

ψ∗n,k;G1
ψn,k;G2

−iω + εn,k

× ei(k(r2−r1)−ω(τ2−τ1))ei(G2r2−G1r1) , (6.4)

where the Fourier components of the Bloch wavefunctions ψn,k;G and energies εn,k

are obtained from the Fourier transformed Schrödinger equation:∑
G′

[(
(k +G)2

2m
− µ

)
δG,G′ + VG−G′

]
ψn,k;G′ =

= εn,kψn,k;G (∀k,G) . (6.5)

Solving this set of equations numerically requires imposing a cut-off energy Λ that

limits the reciprocal vectors kept in calculations: G2 < 2mΛ. For our V (r) above, the

only non-zero Fourier components are V0 = 3V/2, V±2πx̂/aL
= V±2πŷ/aL

= V±2πẑ/aL
=

V/4.

The presence of superfluidity can be described by a superfluid order parameter,

which due to the optical lattice may have Fourier components ΦG at various reciprocal

lattice vectors G. Fluctuations δΦ(r) of the Cooper pair field are added to the order

parameter, and the total boson field Φ(r) =
∑
G ΦGe

iGr + δΦ(r) is represented

by the wavy lines in (6.3). For large N the action Seff ∝ N becomes large, so

that fluctuations δΦ are suppressed; the mean-field theory becomes exact in the

limit N → ∞. Integrating out δΦ gives rise to corrections of the order 1/N to the

mean-field results. This follows from diagrammatic perturbation theory performed



Chapter 6: Superfluid-insulator transitions of the Fermi gas
with near-unitary interactions in a periodic potential 124

in the effective action, where the first diagram in (6.3), together with the detuning

term, defines a ‘bare’ propagator of the Φ fields, while all other diagrams define new

vertices of the Φ fields. Even though the new vertices are proportional to N , the

‘bare’ propagator is proportional to 1/N and hence yields perturbative expansions of

thermodynamic functions in powers of 1/N .

As in the bosonic case, we expect a second order superfluid-insulator transition.

Near such a transition, the action terms quadratic in order parameter determine

the state, in analogy to a simple uniform Φ4 Landau-Ginzburg theory of bosons.

Neglecting the fluctuations δΦ(r) in the N → ∞ limit, the free energy density F is

just the effective saddle-point action divided by volume V and β = 1/T :

F
N

=
Seff

NβV =
∑
G,G′

K
(2)
G,G′Φ

†
GΦG′ +O(Φ4) . (6.6)

The quadratic couplings K
(2)
G,G′ can be represented as a matrix whose components

are indexed by the reciprocal lattice vectors G. If this matrix has only positive

eigenvalues, the free energy (6.6) is minimized by (∀G) ΦG = 0 indicating an in-

sulating (T = 0) or normal (T > 0) phase. Otherwise, the minimum is obtained at

(∃G) ΦG 6= 0, and the established phase is superfluid. The role of O(Φ4) terms near

a second order phase transition is only to stabilize the theory.

A naive derivation of K
(2)
G,G′ from the first Feynman diagram in (6.3) produces an

ultra-violet divergent expression. This divergence stems from the naive continuum

form of the bare field theory, and must be renormalized away by absorbing it into finite

physically measurable renormalized quantities. One step toward this goal has already

been taken by absorbing any bare molecule “mass” (a part of the bare molecule

dispersion omitted from (6.2)) into detuning ν, which is measurable and fixed in the

effective field theory simply by the properties of scattering matrix. The second step

is to remove the remaining unphysical divergent part by dimensional regularization,

which at large momenta k+G is carried out just like in a system without the optical
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lattice (Nikolić and Sachdev, 2007). The regularized expression is:

K
(2)
G,G′ =

mν

4π
δG,G′ +

∫
BZ

d3k

(2π)3

{∑
G′′

mδG,G′

(k +G′′)2
−

∑
n1,n2

∑
G1,G2

[1− f(εn1,k)− f(εn2,−k)]× (6.7)

(
ψ∗n1,k;G1

ψ∗n2,−k;G′−G1

) (
ψn1,k;G2

ψn2,−k;G−G2

)
εn1,k + εn2,−k

}
,

where f(x) = (1 + ex/T )−1 is the Fermi-Dirac distribution function.

In the following, we numerically compute the matrix K(2) for reciprocal lattice

vectors |G| <
√

2mΛ′, where Λ′ ≤ Λ, in the limit N →∞. In practice, it is sufficient

to choose a very small Λ′ (|G| ≤ 2πa−1
L ), as long as Λ� V . By mapping dependence

of the smallest eigenvalue Γ(2) of the matrix K(2) on chemical potential µ, lattice

amplitude V and detuning ν, we find the second order phase boundary between

superfluid and insulating phases by the condition

Γ(2) = 0. (6.8)

In Fig.6.1 we show a contour plot of the phase boundary as a function of chemical

potential and inverse lattice amplitude at T = 0 and N =∞. This choice of plot axes

was made in order to obtain resemblance to the well-known phase diagram (Fisher

et al., 1989) of a superfluid to Mott insulator transition; while chemical potential

directly controls density, inverse lattice amplitude is correlated with hopping strength

t of an effective tight-binding model. Indeed, insulating regions are dome-shaped and

correspond to integer fillings of optical lattice sites with bosons (Cooper pairs). The

character of an insulator depends on detuning ν from the Feshbach resonance. On

the BCS side of the resonance, ν > 0, the insulating domes become larger, and

converge toward the fermion band-gap boundaries as ν is increased. The system then

behaves as a typical band-insulator (weakly paired fermions are insulating due to a

filled band). On the other hand, in the BEC limit ν < 0 the domes become ‘smaller’,

resembling a Mott insulator. When molecules are tightly bound, filling up a fermion

band is not sufficient to destroy superfluidity, but repulsion between molecules needs
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Figure 6.2: Universal function FnF
(νaL) in (6.1) at the superfluid-insulator transition

for the first fermion band completely filled, nF = 2 (T = 0, N =∞).

to step in. Note, however, that true Mott insulating phases, with an arbitrary integer

lattice filling by molecules, cannot be found without including 1/N corrections.

It is also important to consider the phase diagram as a function of particle density,

rather than chemical potential. The Mott insulating lobes in Fig. 6.1 all have a density

of an even integer number, nF, of fermions per unit cell. We therefore fix the density

at nF and study the transition from the insulator to the superfluid. By generalizing

the argument made for the bosonic case, this T = 0 transition occurs at the point

where we satisfy the condition (6.8) along with

∂Γ(2)

∂µ
= 0. (6.9)

The two conditions (6.8) and (6.9) determine an isolated point in the phase diagram

of Fig. 6.1 for each nF, and the location of these points then immediately yields

Eq. (6.1). In Fig. 6.2 we plot the universal function FnF
(νaL) for nF = 2 and N =∞

(calculations were performed with large cut-off Λ ≤ 10× (2πa−1
L )).

6.3 Discussion

The obtained values of Vc = FnF
(aLν)Er are larger than those reported in the

experiment, Vc ≈ 6Er (Chin et al., 2006). However, unlike our computation so

far, the experiment is at a non-zero temperature (not known very accurately in the
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Figure 6.3: A contour plot of the superfluid-normal phase boundary at T ≈ 1.8Er

and N = ∞. This temperature is T ≈ 0.6Ef, where Ef = ~2(6πa3
L)2/3/(2m) is the

Fermi energy of a free fermion gas at the same density as the fermion gas in the lattice
with two particles per site. The black and yellow contours are contours of constant
detuning, as in Fig 6.1. The green lines are normal-phase constant density lines,
starting at nF = 1 at the left-bottom, displaced by ∆nF = 1. The superconductor-
normal phase transition can occur at any density or detuning, at the intersection of
the corresponding contour lines. Note that due to a small cut-off used in plotting
this diagram, one should not directly compare it with Fig. 6.2 - the purpose is only
to illustrate the shape of phase boundaries.
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presence of the optical lattice), and thermal fluctuations should decrease the value of

Vc. We extended our results to a range of T > 0 as shown in Fig. 6.3. The character

of the transition at which superconductivity is lost changes qualitatively at T > 0. At

T = 0, the insulator must have a density nF = even integer, and so a superconductor-

insulator transition can only occur at such values of nF ; this was rationale behind

the additional constraint in Eq. (6.9). However, at the T > 0, the transition is more

properly a superconductor-normal transition, and the normal state can occur at any

density. In Fig 6.3 we show a contour plot of the boundaries between superfluid and

normal phases at finite temperatures (N =∞). As temperature is increased, the non-

superfluid domes gradually expand. The contours corresponding to larger values of

ν (BCS-limit) are more affected by thermal fluctuations than those corresponding to

smaller values of ν (BEC-limit). Since at T > 0 the normal regions can occur when the

chemical potential is not in a band gap, the normal regions corresponding to different

average lattice fillings can merge when the ν-dependent effect of fluctuations is large

enough; when this happens at a particular ν, the appropriate contour stretches all the

way from the bottom to the top of the diagram, instead of being dome-shaped. We

expect that including molecule fluctuations would increase these effects even further.

Now, if an experiment is performed at a fixed density (green lines in Fig. 6.3), the

phase transition to a normal phase at unitarity (dashed line) can occur at a smaller

lattice depth Vc than at T = 0. The reduction of Vc can be particularly dramatic if the

transition is observed in a region where the T = 0 non-superfluid regions have merged

due to thermal fluctuations. This can even occur at temperatures small compared to

the Fermi energy. We suspect this effect is the primary reason for the discrepancy

between the T > 0 experiments and our T = 0 results.

We thank S. Diehl for useful discussions, and J. K. Chin for helping us understand

better the experiment (Chin et al., 2006).
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