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MAGNET is being levitated by an 
unseen superconductor in which 

countless trillions of electrons 
form a vast inter connected quan-

tum state. Astoundingly, the 
quantum state of many modern 

materials is subtly related to the 
mathematics of black holes.
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Hydrogen atom:
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Hydrogen molecule:
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Quantum Entanglement: quantum superposition 
with more than one particle
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Einstein-Podolsky-Rosen “paradox” (1935):  
Measurement of one particle instantaneously 

determines the state of the other particle 
arbitrarily far away

Quantum Entanglement: quantum superposition 
with more than one particle
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Figure: K. Fujita and J. C. Seamus Davisp (hole/Cu)
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Figure: K. Fujita and J. C. Seamus Davisp (hole/Cu)

Antiferromagnet

Strange metal

Spins of electrons on Cu sites



Square lattice of Cu sites



Square lattice of Cu sites

Remove density 
p electrons



Square lattice of Cu sites

Electrons 
entangle in 
(“Cooper”) 
pairs into 
chemical bonds
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Square lattice of Cu sites

Cooper pairs 
form quantum 
superpositions 
at different 
locations:  
“Bose-Einstein 
condensation” 
in which all 
pairs are 
“everywhere at 
the same time”
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Square lattice of Cu sites

= | ⇥⇤⌅ � | ⇤⇥⌅

High temperature superconductivity !

Electrons 
entangle by 
exchanging 
partners, and 
there is long-
range 
quantum 
entanglement 
in the strange 
metal.
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High temperature superconductivity !

Electrons 
entangle by 
exchanging 
partners, and 
there is long-
range 
quantum 
entanglement 
in the strange 
metal.
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Figure: K. Fujita and J. C. Seamus Davisp (hole/Cu)

Strange metal
Entangled 

electrons lead to 
“strange” 

temperature 
dependence of 
resistivity and 

other properties



Almost all many-electron systems are described by the 
quasiparticle concept: a quasiparticle is an “excited 
lump” in the many-electron state which responds just 
like an ordinary particle. 

R.D. Mattuck



Almost all many-electron systems are described by the 
quasiparticle concept: a quasiparticle is an “excited 
lump” in the many-electron state which responds just 
like an ordinary particle. 

• Quasiparticles are additive excitations:

The low-lying excitations of the many-body system

can be identified as a set {n↵} of quasiparticles with

energy "↵

E =

P
↵ n↵"↵ +

P
↵,� F↵�n↵n� + . . .



Almost all many-electron systems are described by the 
quasiparticle concept: a quasiparticle is an “excited 
lump” in the many-electron state which responds just 
like an ordinary particle. 

• Quasiparticles eventually collide with each other. Such

collisions eventually leads to thermal equilibration in

a chaotic quantum state, but the equilibration takes

a long time. In a Fermi liquid, this time is of order

~EF /(kBT )2 as T ! 0, where EF is the Fermi energy.



The complex quantum entanglement in the strange metal 
does not allow for any quasiparticle excitations. 

Quantum matter without quasiparticles



The complex quantum entanglement in the strange metal 
does not allow for any quasiparticle excitations. 

Quantum matter without quasiparticles

• Systems without quasiparticles, like the strange metal, reach quantum

chaos much more quickly than those with quasiparticles.

• There is an lower bound on the phase coherence time (⌧'), and the time

to many-body quantum chaos (⌧L) in all many-body quantum systems

as T ! 0:

⌧' � C
~

kBT
(SS, 1999)

⌧L � ~
2⇡kBT

(Maldacena, Shenker, Stanford, 2015)

So e.g. we cannot have ⌧' ⇠ ~/
p
JkBT where J is a microscopic

coupling.

• In the strange metal the inequalities become equalities as T ! 0, and

the time ~/(kBT ) influences numerous observables.
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Strange 
metals

Quantum 
entanglement

• Strange metals have no

quasiparticle description.

• Their entropy is proportional

to their volume.

• They relax to local thermal

equilibrium in the fastest

possible time ⇠ ~/(kBT ).



Quantum 
entanglement

Black 
holes



Horizon radius R =
2GM

c2

Objects so dense that light is 
gravitationally bound to them.

Black Holes

In Einstein’s theory, the 
region inside the black hole 
horizon is disconnected from 

the rest of the universe.



On September 14, 2015, LIGO detected the merger of 
two black holes, each weighing about 30 solar masses, 
with radii of about 100 km, 1.3 billion light years away

0.1 seconds later !



LIGO
September 14, 2015



Around 1974, Bekenstein and Hawking 
showed that the application of the 

quantum theory across a black hole 
horizon led to  many astonishing 

conclusions 

Black Holes + Quantum theory
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Quantum Entanglement across a black hole horizon



Black hole 
horizon

Quantum Entanglement across a black hole horizon

There is long-range quantum 
entanglement between the inside 

and outside of a black hole



Black hole 
horizon

Quantum Entanglement across a black hole horizon

Hawking used this to show that 
black hole horizons have an 
entropy and a temperature

(because to an outside observer, the state of the 
electron inside the black hole is an unknown)



Black hole 
horizon

Quantum Entanglement across a black hole horizon

The Hawking temperature kBTH =
~2

8⇡M`2P
and

the Bekenstein-Hawking (BH) black hole entropy
SBH

kB
=

A

4`2P
where `P =

p
~G/c3 in the Planck length,

and A is the surface area of the black hole.
Note the entropy is proportional to the surface area

rather than the volume.



LIGO
September 14, 2015

• The Hawking temperature, TH influences the radiation from the
black hole at the very last stages of the ring-down (not observed
so far). The ring-down (approach to thermal equilibrium) hap-

pens very rapidly in a time ⇠ ~
kBTH

=
8⇡GM

c3
⇠ 8 milliseconds.



Quantum 
entanglement

Black 
holes

• Black holes have an entropy

and a temperature, TH .

• The entropy is proportional

to their surface area.

• They relax to thermal equi-

librium in a time⇠ ~/(kBTH).



Strange 
metals

Quantum 
entanglement

• Strange metals have no

quasiparticle description.

• Their entropy is proportional

to their volume.

• They relax to local thermal

equilibrium in the fastest

possible time ⇠ ~/(kBT ).



Strange 
metals

Quantum 
entanglement

Black 
holes

A “toy model” which is both a 
strange metal and a black hole!



A simple model of a metal with quasiparticles

Pick a set of random positions



Place electrons randomly on some sites

A simple model of a metal with quasiparticles



Electrons move one-by-one randomly
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Electrons move one-by-one randomly

A simple model of a metal with quasiparticles



H =
1

(N)1/2

NX

i,j=1

tijc
†
i cj + . . .

cicj + cjci = 0 , cic
†
j + c†jci = �ij

1

N

X

i

c†i ci = Q

Fermions occupying the eigenstates of a 
N x N random matrix

tij are independent random variables with tij = 0 and |tij |2 = t2

A simple model of a metal with quasiparticles



A simple model of a metal with quasiparticles

!

Let "↵ be the eigenvalues of the matrix tij/
p
N .

The fermions will occupy the lowest NQ eigen-

values, upto the Fermi energy EF . The density

of states is ⇢(!) = (1/N)

P
↵ �(! � "↵).

EF

⇢(!)



A simple model of a metal with quasiparticles

Quasiparticle

excitations with

spacing ⇠ 1/N

There are 2

N
many

body levels with energy

E =

NX

↵=1

n↵"↵,

where n↵ = 0, 1. Shown
are all values of E for a

single cluster of size

N = 12. The "↵ have a

level spacing ⇠ 1/N .

Many-body

level spacing

⇠ 2

�N



The Sachdev-Ye-Kitaev (SYK) model

Pick a set of random positions



Place electrons randomly on some sites

The Sachdev-Ye-Kitaev (SYK) model



Entangle electrons pairwise randomly

The Sachdev-Ye-Kitaev (SYK) model
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Entangle electrons pairwise randomly

The Sachdev-Ye-Kitaev (SYK) model



This describes both a strange metal and a black hole!

The Sachdev-Ye-Kitaev (SYK) model



H =
1

(2N)3/2

NX

i,j,k,`=1

Jij;k` c
†
i c

†
jckc` � µ

X

i

c†i ci

cicj + cjci = 0 , cic
†
j + c†jci = �ij

Q =
1

N

X

i

c†i ci

Jij;k` are independent random variables with Jij;k` = 0 and |Jij;k`|2 = J2

N ! 1 yields critical strange metal.

The Sachdev-Ye-Kitaev (SYK) model

A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))



The Sachdev-Ye-Kitaev (SYK) model

GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body

level spacing ⇠
2

�N
= e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

There are 2

N
many body levels

with energy E, which do not

admit a quasiparticle

decomposition. Shown are all

values of E for a single cluster of

size N = 12. The T ! 0 state

has an entropy SGPS with

SGPS

N
=

G

⇡
+

ln(2)

4

= 0.464848 . . .

< ln 2

where G is Catalan’s constant,

for the half-filled case Q = 1/2.
Non-quasiparticle

excitations with

spacing ⇠ e�SGPS



A simple model of a metal with quasiparticles

Quasiparticle

excitations with

spacing ⇠ 1/N

There are 2

N
many

body levels with energy

E =

NX

↵=1

n↵"↵,

where n↵ = 0, 1. Shown
are all values of E for a

single cluster of size

N = 12. The "↵ have a

level spacing ⇠ 1/N .

Many-body

level spacing

⇠ 2

�N



The Sachdev-Ye-Kitaev (SYK) model

GPS:   A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Many-body

level spacing ⇠
2

�N
= e�N ln 2

W. Fu and S. Sachdev, PRB 94, 035135 (2016)

There are 2

N
many body levels

with energy E, which do not

admit a quasiparticle

decomposition. Shown are all

values of E for a single cluster of

size N = 12. The T ! 0 state

has an entropy SGPS with

SGPS

N
=

G

⇡
+

ln(2)

4

= 0.464848 . . .

< ln 2

where G is Catalan’s constant,

for the half-filled case Q = 1/2.
Non-quasiparticle

excitations with

spacing ⇠ e�SGPS



SYK and black holes

S. Sachdev, PRL 105, 151602 (2010)

O. Parcollet and A. Georges, 
PRB 59,  5341 (1999) 

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

• The SYK model has a non-

zero entropy, SGPS / N
as T ! 0.

• The SYKmodel has a phase-

coherence time ⌧' ⇠ ~/(kBT )

These properties indicate that SYK

model ‘holographically’ realizes a black

hole, and the black hole entropy

SBH = SGPS .



~x

SYK and black holes

T2

T2) two-dimensional torus



⇣
~x

SYK and black holes

The SYK model has “dual” description

in which an extra spatial dimension, ⇣, emerges.

The curvature of this “emergent” spacetime is described

by Einstein’s theory of general relativity

Black hole
horizon

T2

SS, PRL 105, 151602 (2010)



S. Sachdev and J. Ye, Phys. Rev. Lett. 70, 3339 (1993)

Feynman graph expansion in Jij.., and graph-by-graph average,

yields exact equations in the large N limit:

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �J2G2

(⌧)G(�⌧)

G(⌧ = 0

�
) = Q.

Low frequency analysis shows that the solutions must be gapless

and obey

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z

for some complex A. The ground state is a non-Fermi liquid, with

a continuously variable density Q.

SYK model



SYK and AdS2

G(i!) =
1

i! + µ� ⌃(i!)
, ⌃(⌧) = �J2G2(⌧)G(�⌧)

⌃(z) = µ� 1

A

p
z + . . . , G(z) =

Ap
z

A. Kitaev, unpublished
S. Sachdev, PRX 5, 041025 (2015)

X X
X

At frequencies ⌧ J , the i! + µ can be dropped,

and without it equations are invariant under the

reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0
(�1)f

0
(�2)]

�1/4 g(�1)

g(�2)

eG(�1,�2)

⌃(⌧1, ⌧2) = [f 0
(�1)f

0
(�2)]

�3/4 g(�1)

g(�2)

e
⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.



A. Kitaev, unpublished

SYK and AdS2

Let us write the large N saddle point solutions of S as

Gs(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�1/2

⌃s(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�3/2.

The saddle point will be invariant under a reperamateri-

zation f(⌧) when choosing G(⌧1, ⌧2) = Gs(⌧1 � ⌧2) leads

to a transformed

eG(�1,�2) = Gs(�1 � �2) (and similarly

for ⌃). It turns out this is true only for the SL(2, R)

transformations under which

f(⌧) =
a⌧ + b

c⌧ + d
, ad� bc = 1.

So the (approximate) reparametrization symmetry is spon-

taneously broken down to SL(2, R) by the saddle point.



Connections of SYK to gravity and AdS2

horizons

• Reparameterization and gauge

invariance are the ‘symmetries’ of

the Einstein-Maxwell theory of

gravity and electromagnetism

• SL(2,R) is the isometry group of AdS2.

SYK and AdS2

ds2 = (d⌧2 + d⇣2)/⇣2 is invariant under

⌧ 0 + i⇣ 0 =
a(⌧ + i⇣) + b

c(⌧ + i⇣) + d

with ad� bc = 1.

A. Kitaev, unpublished



GPS 
entropy

⇣
~x

⇣ = 1

charge
density Q

SS, PRL 105, 151602 (2010)

AdS2 ⇥ T2

ds

2 = (d⇣2 � dt

2)/⇣2 + d~x

2

Gauge field: A = (E/⇣)dt

T2

The BH entropy is proportional to the size of T2, and hence the surface area of
the black hole. Mapping to SYK applies when temperature ⌧ 1/(size of T2).

SYK and black holes

S =

Z
d

4
x

p
�ĝ

✓
R̂+ 6/L2 � 1

4
F̂µ⌫ F̂

µ⌫

◆

Bekenstein-Hawking
black hole entropy



⇣
~x

⇣ = 1

charge
density Q

AdS2 ⇥ T2

ds

2 = (d⇣2 � dt

2)/⇣2 + d~x

2

Gauge field: A = (E/⇣)dt

T2

A. Kitaev, unpublished, J. Maldacena, D. Stanford, and Zhenbin Yang, arXiv:1606.01857;                               
K. Jensen, arXiv:1605.06098; J. Engelsoy, T.G. Mertens, and H. Verlinde, arXiv:1606.03438

SYK and black holes

Einstein-Maxwell theory

+ cosmological constant

Same long-time e↵ective action for energy and

number fluctuations, involving Schwarzian

derivatives of time reparameterizations f(⌧).



GPS 
entropy

⇣
~x

⇣ = 1

charge
density Q

AdS2 ⇥ T2

ds

2 = (d⇣2 � dt

2)/⇣2 + d~x

2

Gauge field: A = (E/⇣)dt

T2

SYK and black holes

An extra spatial 
dimension emerges from 
quantum entanglement!

SS, PRL 105, 151602 (2010)

Bekenstein-Hawking
black hole entropy



depth of
entanglement

D-dimensional
space

Tensor network of 
hierarchical entanglement

~x

⇣

B. Swingle



String theory near 
a “D-brane”

depth of
entanglement

D-dimensional
space

Emergent spatial direction
of SYK model or string theory

~x

⇣



String theory near 
a “D-brane”

depth of
entanglement

D-dimensional
space

Emergent spatial direction
of SYK model or string theory

~x

⇣ Quantum entanglement
can lead to an emergent 

spatial dimension



One can also derive the thermodynamic properties from the large-N saddle point free

energy:

F

N
=

1

�


� log Pf (@⌧ � ⌃) +

1

2

Z
d⌧

1

d⌧
2

✓
⌃(⌧

1

, ⌧
2

)G(⌧
1

, ⌧
2

)� J2

4
G(⌧

1

, ⌧
2

)4
◆�

(8)

= U � S
0

T � �

2
T 2 + . . . (9)

In the second line we write the free energy in a low temperature expansion,3 where U ⇡
�0.0406J is the ground state energy, S

0

⇡ 0.232 is the zero temperature entropy [32, 4],

and �T = cv = ⇡↵
K

16

p
2�J

⇡ 0.396
�J

is the specific heat [11]. The entropy term can be derived

by inserting the conformal saddle point solution (2) in the e↵ective action. The specific

heat can be derived from knowledge of the leading (in 1/�J) correction to the conformal

saddle, but the energy requires the exact (numerical) finite �J solution.

3 The generalized SYK model

In this section, we will present a simple way to generalize the SYK model to higher di-

mensions while keeping the solvable properties of the model in the large-N limit. For

concreteness of the presentation, in this section we focus on a (1 + 1)-dimensional ex-

ample, which describes a one-dimensional array of SYK models with coupling between

neighboring sites. It should be clear how to generalize, and we will discuss more details of

the generalization to arbitrary dimensions and generic graphs in section 6.

3.1 Definition of the chain model

k

j

J 0
jklm

m

l
k l

j m

Jjklm

Figure 1: A chain of coupled SYK sites: each site contains N � 1 fermion with SYK
interaction. The coupling between nearest neighbor sites are four fermion interaction with
two from each site.

3Starting at T 3.77, this expansion is expected to also involve non-integer powers given by the dimensions
of irrelevant operators in the model.

6

Yingfei Gu, Xiao-Liang Qi, and D. Stanford, arXiv:1609.07832
R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev, arXiv.1612.00849

Coupled SYK models



Einstein-Maxwell theory

+ cosmological constant

⇣
~x

⇣ = 1

charge
density Q

SYK and AdS2

AdS2 ⇥ T2

ds

2 = (d⇣2 � dt

2)/⇣2 + d~x

2

Gauge field: A = (E/⇣)dt

Mapping to SYK applies when temperature ⌧ 1/(size of T2
)

T2

S. Sachdev, PRL 105, 151602 (2010)



AdS2 ⇥R

2

ds
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Matching correlators for thermoelectric di↵usion,

and quantum chaos

⌧L = ~/(2⇡kBT ), vB ⇠ T 1/2
,

and thermal di↵usivity DE = v2B⌧L
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Quantum matter without quasiparticles:
The Sachdev-Ye-Kitaev 

(SYK) models
Black holes with 
AdS2 horizons

Fermi surface coupled 
to a gauge field

L[ , a] =  †
✓
@⌧ � ia⌧ � (r� i~a)2

2m
� µ

◆
 +

1

2g2
(r⇥ ~a)2

vB : the “butterfly velocity” for the spatial propagation of chaos

⌧L: the Lyapunov time to reach quantum chaos

Thermal di↵usivity, DE :

DE = (universal number) ⇥ v2B⌧L
in all three models
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Black 
holes

A “toy model” which is both a 
strange metal and a black hole!



• Graphene

Non-quasiparticle “strange metal” transport

Theoretical predictions inspired by holography

Comparison with experiments
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Wiedemann-Franz Law

I Wiedemann-Franz law in a Fermi liquid:



�T
⇡ ⇡2k2

B

3e2
⇡ 2.45 ⇥ 10�8 W · ⌦

K2
.

I in hydrodynamics one finds



�T
=

Lhydro

(1 + (Q/Q0)2)
2 , Lhydro � 1.

hence the Lorenz ratio, L, departs from the Sommer- 
feld value, L o 

L -  efT (4) 

The important scattering processes in thermal and 
electrical conduction are: (i) elastic scattering by solute 
atoms, impurities and lattice defects, (ii) scattering of 
the electrons by phonons, and (iii) electron-electron 
interactions. In the elastic scattering region, i.e. at very 
low temperature, IE = IT and hence L = L 0. At higher 
temperatures, electron-electron scattering and elec- 
tron-phonon scattering dominate and the collisions 
are inelastic. Then IE#l T and hence L deviates 
from L o. 

Deviations from the Sommerfeld value of the 
Lorenz number are due to various reasons. In metals, 
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at low temperatures the deviations are due to the 
inelastic nature of electron-phonon interactions. In 
some cases, a higher Lorenz number is due to the 
presence of impurities. The phonon contribution to 
thermal conductivity sometimes increases the Lorenz 
number, and this contribution, when phonon 
Umklapp scattering is present, is inversely propor- 
tional to the temperature. The deviations in Lorenz 
number can also be due to the changes in band 
structure. In magnetic materials, the presence of mag- 
nons also can change the Lorenz number at low 
temperatures. In the presence of a magnetic field, the 
Lorenz number varies directly with magnetic field. 
Changes in Lorenz number are sometimes due to 
structural phase transitions. In recent years, the 
Lorenz number has also been investigated at higher 
temperatures and has been found to deviate from the 
Sommerfeld value [14-20] and it is sometimes at- 
tributed to the incomplete degeneracy (Fermi 
smearing) [21] of electron gas. The Lorenz number 
has also been found to vary with pressure [-22, 23]. 

In alloys, the thermal conductivity and hence the 
Lorenz number have contributions from the electronic 
and lattice parts at low temperatures. The apparent 
Lorenz ratio (L/Lo) for many alloys has a peak at low 
temperatures. At higher temperatures the apparent 
Lorenz ratio is constant for each sample and ap- 
proaches Lo as the percentage of alloying, x, increases. 
In certain alloys at high temperatures, the ordering 
causes a peak in L/L  o. 

The Lorenz number of degenerate semiconductors 
also shows a similar deviation to that observed in 
metals and alloys. Up to a certain temperature, in- 
elastic scattering determines the Lorenz number value, 
and below this the scattering is elastic which is due to 
impurities. Supression of the electronic contribution 
to thermal conductivity and hence the separation of 
the lattice and electronic parts of conductivity can be 
done by application of a transverse magnetic field and 
hence the Lorenz number can be evaluated. The devi- 
ation of the Lorenz number in some degenerate semi- 
conductors is attributed to phonon drag. In some 
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own data points on a doped, degenerate semiconductor (Table III). Data are plotted versus electrical conductivity and also versus carrier 
concentration, taken from Ashcroft and Mermin [24] except for the semiconductors. 

4262 

G. S. Kumar, G. Prasad, and R.O. Pohl, J. Mat. Sci. 28, 4261 (1993)

L0 =

Thermal and electrical conductivity 
with quasiparticles



Prediction for transport in the graphene strange metal 

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
M. Müller and S. Sachdev, PRB 78, 115419 (2008)

For a strange metal with a “relativistic” Hamiltonian, hydrodynamic, holo-
graphic, and memory function methods yield for the Lorentz ratio L = /(T�)

� = �Q

✓
1 +

e2v2FQ2⌧imp

H�Q

◆
,  =

v2FH⌧imp

T

✓
1 +

e2v2FQ2⌧imp

H�Q

◆�1

L =
v2FH⌧imp

T 2�Q

✓
1 +

e2v2FQ2⌧imp

H�Q

◆�2

,

where H is the enthalpy density, ⌧imp is the momentum relaxation time (from
impurities), while � = �Q, an intrinsic, finite, “quantum critical” conductivity.

• For Q = 0, as ⌧imp ! 1, � remains finite, while  ! 1, and so L ! 1.

• For Q 6= 0, as ⌧imp ! 1, � ! 1, while  remains finite, and so L ! 0.

Prediction: L diverges as 1/Q4 near Q = 0 in clean graphene.
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
temperature, the minimum density is limited by disorder (charge puddles). However, above Tdis ⇠ 40 K, a crossover marked
in the half-tone background, thermal excitations begin to dominate and the sample enters the non-degenerate regime near
the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
compared to the Wiedemann-Franz law, �TL0 (blue lines). At low temperature and/or high doping (|µ| � kBT ), we find the
WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R

versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous

J. Crossno, Jing K. Shi, Ke Wang, Xiaomeng Liu, A. Harzheim, A. Lucas, S. Sachdev, Philip Kim, 
Takashi Taniguchi, Kenji Watanabe, T. A. Ohki, and Kin Chung Fong, Science 351, 1058 (2016)

Red dots: data

Blue line: value for L = L0
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
temperature, the minimum density is limited by disorder (charge puddles). However, above Tdis ⇠ 40 K, a crossover marked
in the half-tone background, thermal excitations begin to dominate and the sample enters the non-degenerate regime near
the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
compared to the Wiedemann-Franz law, �TL0 (blue lines). At low temperature and/or high doping (|µ| � kBT ), we find the
WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R

versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous

Red dots: data

Blue line: value for L = L0

J. Crossno, Jing K. Shi, Ke Wang, Xiaomeng Liu, A. Harzheim, A. Lucas, S. Sachdev, Philip Kim, 
Takashi Taniguchi, Kenji Watanabe, T. A. Ohki, and Kin Chung Fong, Science 351, 1058 (2016)
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
temperature, the minimum density is limited by disorder (charge puddles). However, above Tdis ⇠ 40 K, a crossover marked
in the half-tone background, thermal excitations begin to dominate and the sample enters the non-degenerate regime near
the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
compared to the Wiedemann-Franz law, �TL0 (blue lines). At low temperature and/or high doping (|µ| � kBT ), we find the
WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R

versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous

Red dots: data

Blue line: value for L = L0

J. Crossno, Jing K. Shi, Ke Wang, Xiaomeng Liu, A. Harzheim, A. Lucas, S. Sachdev, Philip Kim, 
Takashi Taniguchi, Kenji Watanabe, T. A. Ohki, and Kin Chung Fong, Science 351, 1058 (2016)
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Wiedemann-Franz Law Violations in Experiment
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[Crossno et al, submitted]

Wiedemann-Franz 
violated !

Strange metal in graphene

J. Crossno, Jing K. Shi, Ke Wang, Xiaomeng Liu, A. Harzheim, A. Lucas, S. Sachdev, 
Philip Kim, Takashi Taniguchi, Kenji Watanabe, T. A. Ohki, and Kin Chung Fong, 
Science 351, 1058 (2016)
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MAGNET is being levitated by an 
unseen superconductor in which 

countless trillions of electrons 
form a vast inter connected quan-

tum state. Astoundingly, the 
quantum state of many modern 

materials is subtly related to the 
mathematics of black holes.
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Quantum Entanglement,
Strange metals,
and black holes

Subir Sachdev, Harvard University and Perimeter Institute


