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We report resistivity, rsT d, and specific-heat, CsT d, results on near stoichiometric CeCu2Si2 samples,

in the vicinity of a quantum critical point (QCP). The latter is defined by T

A

! 0, where T

A

& 0.8 K
marks the transition into a spin-density–wave-type “phase A” which competes with heavy-fermion
superconductivity below T

c

¯ 0.65 K. Upon approaching the QCP, rsTd and CsTd behave very
disparately, suggesting a breakup of the heavy quasiparticles. Very surprising observations are being
made for samples with T

A

. 0 also. [S0031-9007(98)06803-3]

PACS numbers: 74.70.Tx, 75.30.Mb, 75.40.Cx

The concept of the “nearly antiferromagnetic Fermi
liquid” (NAFFL) has been intensively discussed in con-
nection with the exotic normal sNd and superconducting
sSCd properties of the quasi-two-dimensional (2D) high-
T

C

cuprates [1,2]. More recently, the three-dimensional
(3D) Ce-based heavy-fermion (HF) superconductors were
also treated in the same frame [3]. Here, it is assumed
that, in the vicinity of an AF quantum critical point
(QCP), low-lying and extended spin fluctuations with
wave vectors q . Q, the AF ordering wave vector, give
rise to strongly T -dependent quasiparticle masses and
quasiparticle-quasiparticle cross sections. These should
manifest themselves in coefficients g ≠ CyT and a ≠
sr 2 r0dyT

2 in the specific heat and electrical resistiv-
ity (r0: residual resistivity) which are not constant as in a
Landau FL, but obey the following asymptotic T depen-
dences (in 3D) [4,5]:

gsT d ≠ g0 2 aT

1y2 (1)
and [4–6]

asT d ≠ bT

21y2, (2a)
corresponding to

DrsT d ≠ rsT d 2 r0 ≠ bT

3y2. (2b)
Since the singular scattering expressed by Eq. (2a) is
associated with the AF wave vector Q, i.e., occurs only
along certain “hot lines” on the Fermi surface, all other
quasiparticle-quasiparticle scattering events ought to give
rise to the ordinary FL term Dr ≠ aT

2 sa ≠ constd
which, consequently, must short-circuit the anomalous
bT

3y2 term at sufficiently low temperature [7]. This
holds even in the presence of strong impurity scattering
that reduces the anisotropy of the quasiparticle lifetime
and, this way, the crossover temperature between the two
regimes [7].
In this Letter, we address the n-state resistivity and spe-

cific heat of the archetypical HF superconductor CeCu2Si2

[8]. The salient results of this study are (i) a QCP ex-
ists at the disappearance of “phase A” [Fig. 1(a)], the lat-
ter being accompanied by Fermi-surface nesting (in the
tetragonal plane) as expected, e.g., at a spin-density-wave

FIG. 1. (a) Schematic phase diagram for CeCu2Si2 at zero
field, indicating existence ranges for phase A, superconductiv-
ity sSd, and coexistence range sA 1 Sd. For samples labeled
type I, II, and III: T

A

. T

C

, T
A

* T

C

, and T

A

, T

C

, respec-
tively (see text). The form of the phase boundaries between S

and A 1 S (dotted line) and between S and A (dashed line) is
tentative since considerable stress dependence and homogene-
ity problems prevent a precise determination. We expect it to
be rather steep when determined with monodomain single crys-
tals. On the abscissa an effective coupling constant g is used
which is a complicated function of the composition in homo-
geneous CeCu2Si2 samples [9] (hatched regime) or is propor-
tional to the Ge content x in CeCu2sSi12x

Ge
x

d2 [10]. g ≠ g

C

marks T

A

! 0. The phase boundaries T

A

sgd [10,11] and T

C

sgd
[10] are determined from B ≠ 0 measurements (solid lines) or
extrapolated to B ≠ 0 from data taken at B . B

C2 [12] (dash-
dotted line). (b): Normalized resistivity of a type II CeCu2Si2
single crystal as dryr300 K vs T , with dr ≠ r 2 r0 2 aT

2,
measured along the respective a and c axes at B ≠ 5 T (ap-
plied perpendicular to the current) [13]. The data indicate the
transition into the SDW-type phase A, with a nesting wave vec-
tor lying within the basal plane.
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P
x

)2

K. Hashimoto, K. Cho, T. Shibauchi, S. Kasahara, Y. Mizukami, R. Katsumata, Y. Tsuruhara, T. Terashima, 
H. Ikeda, M. A. Tanatar, H. Kitano, N. Salovich, R. W. Giannetta, P. Walmsley, A. Carrington, R. Prozorov, 
and Y. Matsuda, Science 336, 1554 (2012).

Resistivity
⇠ ⇢0 +ATn

FL
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Gapped quantum matter    
          Spin liquids, quantum Hall states

Conformal quantum matter
        Quantum critical points in  antiferromagnets, 
            superconductors, and ultracold atoms; graphene

Compressible quantum matter
         Non-Fermi liquids, strange metals, Bose metals

“Complex entangled” states of 
quantum matter, 

not adiabatically connected to independent particle states
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• Consider an infinite, continuum,
translationally-invariant quantum system with a glob-
ally conserved U(1) chargeQ (the “electron density”)
in spatial dimension d > 1.

• Describe zero temperature phases where dhQi/dµ 6=
0, where µ (the “chemical potential”) which changes
the Hamiltonian, H, to H � µQ.

• Compressible systems must be gapless.

• Conformal quantum matter is compressible in
d = 1, but not for d > 1.

Compressible quantum matter
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The only compressible phase of traditional 
condensed matter physics which does not 
break the translational or U(1) symmetries 

is the Landau Fermi liquid 
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Our strategy here will be to start from confor-
mal field theories, with a Hamiltonian HCFT and
a globally conserved U(1) charge Q, which are
(reasonably) well understood examples of quan-
tum states without quasiparticle excitations.

Then we will “dope” them by applying a chem-
ical potential, µ and classify compressible states
of HCFT � µQ.

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, Physical Review B 76, 144502 (2007)
Monday, August 27, 12



Conformal field
theory (CFT) in 
2+1 dimensions

with a global 
U(1) symmetry

Gravity and gauge 
theories on AdS4

Superfluids,
solids,
and

strange metals

Gravity and gauge 
theories on 4-dim 
spacetimes with 

generalized
scaling symmetries

 Apply a
chemical potential

AdS/CFT
correspondence

Apply a
chemical potential
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strange metals
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| i ) Ground state of entire system,

⇢ = | ih |

⇢A = TrB⇢ = density matrix of region A

Entanglement entropy SE = �Tr (⇢A ln ⇢A)

B

Entanglement entropy

A

M. Srednicki, Phys. Rev. Lett. 71, 666 (1993)
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SE = aP � b exp(�cP )

where P is the surface area (perimeter)

of the boundary between A and B.

B

Entanglement entropy of a band insulator

A P
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H = J
�

�ij⇥

⌅Si · ⌅Sj =
Mott insulator: the Z2 spin liquid

P. Fazekas and 
P. W. Anderson, 
Philos. Mag. 
30, 23 (1974).

The Z2 spin liquid was introduced in 
N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991), 
X.-G. Wen, Phys. Rev. B  44, 2664 (1991)

S. Sachdev, 
Phys. Rev. B 
45, 12377 (1992)
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SE = aP � ln(2)

where P is the surface area (perimeter)

of the boundary between A and B.

B

A. Hamma, R. Ionicioiu, and P. Zanardi, Phys. Rev. A 71, 022315 (2005) 
M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405 (2006); A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404 (2006)

Y. Zhang, T. Grover, and A. Vishwanath, Phys. Rev. B  84, 075128 (2011)

Entanglement in the Z2 spin liquid

A P
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J

J/�

Examine ground state as a function of �

S=1/2
spins

Coupled dimer XY antiferromagnet (hard core Bose gas)

H =
X

hiji

J
ij

(S
xi

S
xj

+ S
yi

S
yj

) =
X

hiji

J
ij

(b†
i

b
j

+H.c.)

U(1) conserved charge : Q =
X

i

b†
i

b
i
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��c

S. Chakravarty, B.I. Halperin, and D.R. Nelson, Phys. Rev. Lett. 60, 1057 (1988).
N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989).
A. W. Sandvik and D. J. Scalapino, Phys. Rev. Lett. 72, 2777 (1994).

Quantum critical point described by  
a CFT3 (O(2) Wilson-Fisher)

=
1⌅
2

⇥���⇥⇤
⌅
�

��� ⇤⇥
⌅⇤

Neel (superfluid) order Mott insulator
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ssc

(a)

(b)

(a)

(b)or

Quantum critical point in a frustrated square lattice XY antiferromagnet

O.I. Motrunich and A. Vishwanath, Phys. Rev. B 70, 075104 (2004).
T. Senthil, A. Vishwanath, L. Balents, S. Sachdev and M.P.A. Fisher,  Science 303, 1490 (2004).

Valence bond solid (VBS) state

with a nearly gapless, emergent “photon”

H =
X

hiji

J(S
xi

S
xj

+ S
yi

S
yj

) + . . . =
X

hiji

J(b†
i

b
j

+H.c.)

+ ring exchange terms.

U(1) conserved charge : Q =
X

i

b†
i

b
i

Neel order
(superfluid) 
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ssc

Néel state

(a)

(b)

(a)

(b)or

O.I. Motrunich and A. Vishwanath, Phys. Rev. B 70, 075104 (2004).
T. Senthil, A. Vishwanath, L. Balents, S. Sachdev and M.P.A. Fisher,  Science 303, 1490 (2004).

Valence bond solid (VBS) state

with a nearly gapless, emergent “photon”

Quantum critical point in a frustrated square lattice XY antiferromagnet

CFT3 of spinons (z", z#), with bi = (�1)

iz⇤i"zj#,
coupled to an emergent photon (Aµ)

Sz =

Z
d2rd⌧


|(@µ�iAµ)z↵|2+s|z↵|2+u(|z↵|2)2+

1

2e20
(✏µ⌫�@⌫A�)

2

�

Neel order
(superfluid) 
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• Entanglement entropy obeys SE = aP � �, where

� is a shape-dependent universal number associated

with the CFT3.

Entanglement at the quantum critical point

B

M. A. Metlitski, C. A. Fuertes, and S. Sachdev, Phys. Rev. B 80, 115122 (2009)
B. Hsu, M. Mulligan, E. Fradkin, and Eun-Ah Kim, Phys. Rev. B 79, 115421 (2009)

H. Casini, M. Huerta, and R. Myers, JHEP 1105:036, (2011)
I. Klebanov, S. Pufu, and B. Safdi, arXiv:1105.4598

A P
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Key idea: ) Implement r as an extra dimen-

sion, and map to a local theory in d + 2 spacetime

dimensions.

r

Holography
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For a relativistic CFT in d spatial dimensions, the

metric in the holographic space is uniquely fixed

by demanding the following scale transformaion

(i = 1 . . . d)

xi ! ⇣xi , t ! ⇣t , ds ! ds

This gives the unique metric

ds

2
=

1

r

2

�
�dt

2
+ dr

2
+ dx

2
i

�

Reparametrization invariance in r has been used

to the prefactor of dx

2
i equal to 1/r

2
. This fixes

r ! ⇣r under the scale transformation. This is

the metric of the space AdSd+2.
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zr

AdS4
R

2,1

Minkowski

CFT3

AdS/CFT correspondence

A

S. Ryu and T.  Takayanagi, Phys. Rev. Lett. 96, 18160 (2006).

Associate entanglement entropy with an observer in the enclosed 
spacetime region, who cannot observe “outside” : i.e. the region is 
surrounded by an imaginary horizon.
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zr

AdS4
R

2,1

Minkowski

CFT3

AdS/CFT correspondence

A

S. Ryu and T.  Takayanagi, Phys. Rev. Lett. 96, 18160 (2006).

The entropy of this region is bounded by its surface area 
(Bekenstein-Hawking-’t Hooft-Susskind)
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zr

AdS4
R

2,1

Minkowski

CFT3

AdS/CFT correspondence

A
Minimal 

surface area 
measures

entanglement
entropy

S. Ryu and T.  Takayanagi, Phys. Rev. Lett. 96, 18160 (2006).
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depth of
entanglement

D-dimensional
space

Tensor network representation of entanglement
  at quantum critical point

G. Vidal, Phys. Rev. Lett. 99, 220405 (2007)
M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007)

F.  Verstraete, M. M. Wolf, D. Perez-Garcia, and J. I. Cirac, Phys. Rev. Lett. 96, 220601 (2006)

d
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depth of
entanglement

D-dimensional
spaceA

Entanglement entropy = 
Number of links on 

optimal surface 
intersecting minimal 

number of links.

d

Tensor network representation of entanglement
  at quantum critical point

Brian Swingle, arXiv:0905.1317
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depth of
entanglement

D-dimensional
spaceA

Entanglement entropy = 
Number of links on 

optimal surface 
intersecting minimal 

number of links.

d

Tensor network representation of entanglement
  at quantum critical point

Brian Swingle, arXiv:0905.1317

Emergent direction
of AdSd+2
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zr

AdS4
R

2,1

Minkowski

CFT3

AdS/CFT correspondence

A

S. Ryu and T.  Takayanagi, Phys. Rev. Lett. 96, 18160 (2006).

• Computation of minimal surface area yields

SE = aP � �,
where � is a shape-dependent universal number.
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ssc

Néel state

(a)

(b)

(a)

(b)or

Quantum critical point in a frustrated square lattice XY antiferromagnet

O.I. Motrunich and A. Vishwanath, Phys. Rev. B 70, 075104 (2004).
T. Senthil, A. Vishwanath, L. Balents, S. Sachdev and M.P.A. Fisher,  Science 303, 1490 (2004).

Valence bond solid (VBS) state

with a nearly gapless, emergent “photon”

H =
X

hiji

J(S
xi

S
xj

+ S
yi

S
yj

) + . . . =
X

hiji

J(b†
i

b
j

+H.c.)

+ ring exchange terms.

U(1) conserved charge : Q =
X

i

b†
i

b
i

Neel order
(superfluid) 
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X

i
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i

ssc
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(a)

(b)

(a)

(b)or

Quantum critical point in a frustrated square lattice XY antiferromagnet
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Compressible quantum phases of a doped CFT3

• Superfluid (Néel order): breaks U(1) sym-

metry

• Solid (Wigner crystal): breaks translational

symmetry

• Strange metal: a Bose metal , a compressible

phase which breaks no symmetries.

Monday, August 27, 12



Compressible quantum phases of a doped CFT3
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Af
Af = hQi

• NFL, the non-Fermi liquid Bose metal. The bo-

son, b, fractionalizes into (say) 2 fermions, f1 and

f2 (“quarks”), each of which forms a Fermi surface.

Both fermions necessarily couple to an emergent gauge

field, and so the Fermi surfaces are “hidden”.

O. I. Motrunich and M. P. A. Fisher, 
Physical Review B 75, 235116 (2007)

L. Huijse and S. Sachdev,  
Physical Review D 84, 026001 (2011)

S. Sachdev,  to appear

Q = b†b
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Af
Af = hQi

O. I. Motrunich and M. P. A. Fisher, 
Physical Review B 75, 235116 (2007)

L. Huijse and S. Sachdev,  
Physical Review D 84, 026001 (2011)

S. Sachdev,  to appear

Q = b†b
b ! f1f2

Gauge invariance:
f1(x) ! f1(x)ei✓(x),
f2(x) ! f2(x)e�i✓(x)

• NFL, the non-Fermi liquid Bose metal. The bo-

son, b, fractionalizes into (say) 2 fermions, f1 and

f2 (“quarks”), each of which forms a Fermi surface.

Both fermions necessarily couple to an emergent gauge

field, and so the Fermi surfaces are “hidden”.
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⇥| q
|�

�� kF ! �� kF !

NFL
Bose
metal 

• kdF ⇥ Q, the fermion density

• Sharp fermionic excitations

near Fermi surface with

⇥ ⇥ |q|z, and z = 1.

• Entropy density S ⇥ T (d��)/z

with violation of hyperscaling

exponent � = d� 1.

• Entanglement entropy

SE ⇥ kd�1
F P lnP .

FL 
Fermi 
liquid

• Hidden Fermi
surface with kdF ⇠ Q.

• Di↵use fermionic
excitations with z = 3/2
to three loops.

• S ⇠ T (d�✓)/z

with ✓ = d� 1.

• SE ⇠ kd�1
F P lnP .
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Phys. Rev. Lett. 107, 067202 (2011)
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Consider the metric which transforms under rescaling as

xi ! ⇣ xi

t ! ⇣

z
t

ds ! ⇣

✓/d
ds.

This identifies z as the dynamic critical exponent (z = 1 for

“relativistic” quantum critical points).

✓ is the violation of hyperscaling exponent.

The most general choice of such a metric is

ds

2
=

1

r

2

✓
� dt

2

r

2d(z�1)/(d�✓)
+ r

2✓/(d�✓)
dr

2
+ dx

2
i

◆

We have used reparametrization invariance in r to choose so

that it scales as r ! ⇣

(d�✓)/d
r.

ds

2 =
1

r

2

✓
� dt

2

r

2d(z�1)/(d�✓)
+ r

2✓/(d�✓)
dr

2 + dx

2
i

◆

L. Huijse, S. Sachdev, B. Swingle, Physical Review B 85, 035121 (2012)
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ds
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1

r

2

✓
� dt

2

r

2d(z�1)/(d�✓)
+ r

2✓/(d�✓)
dr

2 + dx

2
i

◆

At T > 0, there is a horizon, and computation of its
Bekenstein-Hawking entropy shows

S ⇠ T (d�✓)/z.

So ✓ is indeed the violation of hyperscaling exponent as
claimed. For a compressible quantum state we should
therefore choose ✓ = d� 1.
No additional choices will be made, and all subsequent re-
sults are consequences of the assumption of the existence
of a holographic dual.

L. Huijse, S. Sachdev, B. Swingle, Physical Review B 85, 035121 (2012)
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✓ = d� 1

L. Huijse, S. Sachdev, B. Swingle, Physical Review B 85, 035121 (2012)

Holography of strange metals

The null energy condition (stability condition for gravity)

yields a new inequality

z � 1 +

✓

d

In d = 2, this implies z � 3/2. So the lower bound is

precisely the value obtained from the field theory.

N. Ogawa, T. Takayanagi, and T. Ugajin, JHEP 1201, 125 (2012).
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✓ = d� 1

L. Huijse, S. Sachdev, B. Swingle, Physical Review B 85, 035121 (2012)

Holography of strange metals

N. Ogawa, T. Takayanagi, and T. Ugajin, JHEP 1201, 125 (2012).

ds

2 =
1

r

2

✓
� dt

2

r

2d(z�1)/(d�✓)
+ r

2✓/(d�✓)
dr

2 + dx

2
i

◆

Application of the Ryu-Takayanagi minimal area formula to

a dual Einstein-Maxwell-dilaton theory yields

SE ⇠ Q(d�1)/dP lnP

with a co-e�cient independent of UV details and of the shape

of the entangling region. These properties are just as ex-

pected for a circular Fermi surface with Q ⇠ kdF .
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Holographic theory of a non-Fermi liquid (NFL)

Hidden 
Fermi 

surfaces
of “quarks”

Fully fractionalized state has all the electric

flux exiting to the horizon at r = 1

Electric flux
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A state with partial fractionalization, and par-

tial electric flux exiting horizon:

has a small Fermi surface of electrons

Holographic theory of a fractionalized-Fermi liquid (FL*)

S. Sachdev, 
Phys. Rev. Lett. 105, 151602 (2010); 

Phys. Rev. D 84, 066009 (2011)

Hidden 
Fermi 

surfaces
of “quarks”

Visible Fermi 
surfaces

of “electrons”
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• Confining geometry leads to a state which has all the properties

of a Landau Fermi liquid.

Holographic theory of a Fermi liquid (FL)

S. Sachdev, Physical Review D 84, 066009 (2011)

Visible Fermi 
surfaces

of “mesinos”
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• Electric flux exiting the horizon corresponds to

fractionalized component of the conserved den-

sity Q, which is proposed to be associated with

“hidden” Fermi surfaces of gauge-charged par-

ticles.

• Gauss Law and the “attractor” mechanism in

the bulk

, Luttinger theorem on the boundary theory.

Holography, fractionalization,
and hidden Fermi surfaces
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“Complex entangled” states of 
quantum matter, 

not adiabatically connected to independent particle states

Gapped quantum matter    
          Spin liquids, quantum Hall states

Conformal quantum matter
        Quantum critical points in  antiferromagnets, 
            superconductors, and ultracold atoms; graphene

Compressible quantum matter
         Non-Fermi liquids, strange metals, Bose metals
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Conclusions

Conformal quantum matter

 Holographic method offers new approaches to quantum 
critical transport, and non-equilibrium dynamics. Related to 
dynamics of black hole horizons.
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Conclusions

Compressible quantum matter

 Obtained holographic representation as a doped conformal 
field theory.  Yields models of non-Fermi liquids (NFL), 
fractionalized Fermi liquids (FL*), and Fermi liquids (FL) , in 
close correspondence with the phases expected from field 
theory
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