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• Fermi surface separates empty
and occupied states in momentum space.
• Area enclosed by Fermi
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electrons (mod 2) = 1+p.
• Density of electrons can
be continuously varied at
zero temperature.
• Long-lived electron-like quasiparticle excitations near
the Fermi surface: lifetime
of quasiparticles ⇠ 1/T 2 .
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Oshikawa’s non-perturbative proof of the Luttinger theorem
M. Oshikawa, PRL 84, 3370 (2000)
A. Paramekanti and A. Vishwanath,
PRB 70, 245118 (2004)
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We take N particles, each with charge Q, on a Lx ⇥ Ly lattice on a torus.
We pierce flux = hc/Q through a hole of the torus.
An exact computation shows that the change in crystal momentum of the
many-body state due to flux piercing is
Pxf

Pxi

2⇡N
=
(mod 2⇡) = 2⇡⌫Ly (mod 2⇡)
Lx

where ⌫ = N/(Lx Ly ) is the density.
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Proof of
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2⇡N
=
(mod 2⇡) = 2⇡⌫Ly (mod 2⇡).
Lx

The initial and final Hamiltonians are related by a gauge transformation
!
X
2⇡
UG Hf UG 1 = Hi , UG = exp i
xi n̂i .
Lx i
while the wavefunction evolves from | i i to UT | i i, where UT is the time evolution
operator. We want to work in a fixed gauge in which the initial and final Hamiltonians are the same: in this gauge, the final state is | f i = UG UT | i i. Let T̂x be
the lattice translation operator. Then we can show that
T̂x |

ii = e

iPxi
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using the easily established properties
T̂x UT = UT T̂x

,

T̂x UG = exp

✓

N
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Oshikawa’s non-perturbative proof of the Luttinger theorem
Px = 2⇡⌫Ly (mod 2⇡) ,
Py = 2⇡⌫Lx (mod 2⇡)
Now we compute the momentum balance assuming that the only low energy excitations are quasiparticles near the Fermi surface, and these react like free particles to a
sufficiently slow flux insertion. Then we can write
✓ ◆
✓ ◆
2⇡ Lx Ly
2⇡ Lx Ly
Px =
VFS ,
Py =
VFS
2
2
Lx
4⇡
Ly
4⇡
where VFS is the volume of the Fermi surface. Actually, the quasiparticles are only
defined near the Fermi surface, but by using Gauss’s Law on the momentum acquired
by quasiparticles near the Fermi surface, we can convert the answer to an integral over
the volume enclosed by the Fermi surface, as shown above.
Now we equate these values to those obtained above, and obtain
N

VFS
Lx Ly 2 = Lx mx
4⇡

,

N

VFS
Lx Ly 2 = Ly my
4⇡

for some integers mx , my . By choosing Lx , Ly mutually prime integers we can now
show
N
VFS
⌫=
=
+m
2
Lx Ly
4⇡
for some integer m: this is Luttinger’s theorem.
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Topological order: flux insertion
Upon inserting a
flux quantum =
h/e coupling only
to " electrons (say),
the states with an
even (odd) number of dimers crossing the cut pick
up a factor of +1
( 1). The hole
of the torus has
a “vison” after the
flux insertion.
N. E. Bonesteel, PRB 40, 8954 (1989).

Fractionalized Fermi liquid (FL*)
Px = 2⇡⌫Ly (mod 2⇡)

,

Py = 2⇡⌫Lx (mod 2⇡)

Momentum balance for a Z2 fractionalized Fermi liquid:
Momentum acquired by quasiparticles
✓ ◆ near the Fermi surface:
2⇡ Lx Ly
( Px )quasiparticles =
VFS
2
Lx
4⇡
Momentum acquired by vison:
( Px )vison = ⇡Ly
Using Px = ( Px )quasiparticles + ( Px )vison we obtain the Fermi
surface volume:
N
VFS
⌫=
= 2 2 + 2m + 1 for some integer m. For the
Lx Ly
4⇡
cuprates, this implies a Fermi volume of density p and not 1 + p.
T. Senthil, M.Vojta, and S. Sachdev, Phys. Rev. B 69, 035111 (2004)
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Quantum dimer model with
bosonic and fermionic dimers
J

V

,

)

t1

t2

,

,

Connection to the
t-t0 -t00 -J model:
t1 = (t + t0 )/2
t2 = (t t0 )/2
t3 = (t + t0 + t00 )/4

t3

,

M. Punk, A. Allais, and S. S., PNAS 112, 9552 (2015)

Quantum dimer model with
bosonic and fermionic dimers

Dispersion and quasiparticle residue of a single fermionic dimer for J = V = 1,
and hopping parameters obtained from the t-J model for the cuprates,
t1 = 1.05, t2 = 1.95 and t3 = 0.6, on a 8 ⇥ 8 lattice.
M. Punk, A. Allais, and S. S., PNAS 112, 9552 (2015)
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“Back side” of Fermi surface is suppressed for observables
which change electron number in the square lattice

M. Platé, J. D. F. Mottershead, I. S. Elfimov, D. C. Peets, Ruixing Liang, D. A. Bonn, W. N. Hardy,
S. Chiuzbaian, M. Falub, M. Shi, L. Patthey, and A. Damascelli, Phys. Rev. Lett. 95, 077001 (2005)
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Evolution of the Hall Coefficient and the Peculiar Electronic Structure
of the Cuprate Superconductors
Yoichi Ando,* Y. Kurita,† Seiki Komiya, S. Ono, and Kouji Segawa
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RH (10-3 cm3/C)

Although the Hall coefficient RH is an informative transport property of metals and semiconductors,
its meaning
of its unusual characteristics.
30 in the cuprate superconductors has been ambiguous because
2
Here we show that a systematic study of RH in La2!x Srx CuO4 single crystals over a wide doping range
establishes a qualitative understanding of its peculiar evolution, which turns out to reflect a twocomponent
20 nature of the electronic structure caused by an unusual development of the Fermi surface
recently uncovered by photoemission experiments.

(b)
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Spectroscopic evidence for Fermi liquid-like energy
and temperature dependence of the relaxation
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