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The dynamics of quantum criticality revealed by
quantumMonte Carlo and holography
WilliamWitczak-Krempa1*, Erik S. Sørensen2 and Subir Sachdev3

Understanding the dynamics of quantum systems without long-lived excitations (quasiparticles) constitutes an important
yet challenging problem. Although numerical techniques can yield results for the dynamics in imaginary time, their reliable
continuation to real time has proved di�cult. We tackle this issue using the superfluid–insulator quantum critical point of
bosons on a two-dimensional lattice, where quantum fluctuations destroy quasiparticles. We present quantum Monte Carlo
simulations for two separate lattice realizations. Their low-frequency conductivities turn out to have the same universal
dependence on imaginary frequency and temperature. Using the structure of the real-time dynamics of conformal field theories
described by the holographic gauge/gravity duality, we then make progress on the problem of analytically continuing the
numerical data to real time. Our method yields quantitative and experimentally testable results on the frequency-dependent
conductivity near the quantum critical point. Extensions to other observables and universality classes are discussed.

The quasiparticle concept is the foundation of our under-
standing of the dynamics of many-body quantum systems.
It originated in metallic Fermi liquids with electron-like

quasiparticles; but it is also useful in more exotic states, such as
the fractional quantum Hall states and one-dimensional Luttinger
liquids, which have quasiparticle excitations not simply related to
the electron. However, modern materials lacking a quasiparticle
description abound,1 and developing their theoretical description
remains one of the most important challenges in condensed matter
physics. Here we develop a quantitative description of the transport
properties of a system without quasiparticles by combining
high-precision quantum Monte Carlo with recent results from
string theory.

We focus on one of the simplest systems without a quasiparticle
description: the quantum-critical region of the quantum phase
transition between the superfluid and insulator in the Bose–
Hubbard model (BHM) in two spatial dimensions (Fig. 1a). This
quantum critical point (QCP) has special emergent symmetries at
low energies, Lorentz and scale invariance, and the quantum critical
dynamics is described by a conformal field theory (CFT). We will
look at lattice models closely related to the BHM, which are more
amenable to quantum Monte Carlo (QMC) studies: the quantum
rotor and the Villain models2,3. This QCP is also of great interest
because of its recent experimental realization in systems of ultra-
cold atoms loaded in optical lattices4–6.

Our studies are performed in an ‘imaginary’ time necessary
for e�cient simulations. We obtain high-precision results for
thermodynamic observables, and for the conductivity along the
imaginary frequency axis at the quantum-critical coupling. The
results for the conductivity, in units of the quantum of conductance
�Q = (e⇤)2/h (for carriers of charge e⇤), appear in Fig. 1b, and these
are muchmore precise than earlier studies7. They now convincingly
demonstrate that the conductivity, � , has a non-trivial and universal
dependence on h̄!/kBT = �h̄! (ref. 8), where T is the absolute
temperature. Furthermore, the results for the two di�erent lattice
realizations agree well with each other, confirming that they are

both computing the universal properties of the CFT describing the
superfluid–insulator transition. Complementary results along the
T =0 axis have appeared recently9.

For experimental comparison, we need predictions in real time,
and so cannot use the results from Fig. 1b directly. Without
further physical input, the analytic continuation from imaginary
to real frequencies represents an ill-posed problem in which
minute errors are invariably magnified by the continuation. We
argue here that powerful physical input can be obtained from
a tool that has recently emerged out of string theory, the
AdS/CFT or holographic correspondence10. It allows the study
of correlated CFTs (and deformations thereof), without relying
on weakly interacting quasiparticles, by postulating the duality
between specific CFTs/string theories. Of special interest is the
fact that one can tune the parameters of the CFT such that
it remains correlated, whereas, simultaneously, the string theory
description reduces to classical gravity on Anti de Sitter (AdS)
spacetime, in one higher spatial dimension. One can thus use well-
understood general relativity tools to study non-trivial quantum
field theories. We will show how such methods allow us to perform
the analytic continuation, and yield much information that is
potentially experimentally testable: on the frequency-dependent
conductivity and beyond, and on the positions of poles of response
functions in the lower-half of the complex frequency plane, which
we have identified as ‘quasinormal modes’11–13.

Simulating Bose–Hubbard quantum criticality
The extensively studied BHM realizes in a transparent fashion the
superfluid–insulator transition of interest to us; it is defined by
the Hamiltonian:

H =�t
X

hi,ji
b†
i bj �µ

X

i

ni +
U
2
X

i

ni(ni �1)

where b†
i is the creation operator for a boson at site i and ni =b†

i bi
measures the occupation number. Tuning t/U at commensurate
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Foundations of quantum many body theory:	


1. Ground states connected adiabatically to	

independent electron states	


2. Boltzmann-Landau theory of quasiparticles



Modern phases of quantum matter:	


1. Ground states disconnected from independent	

electron states: many-particle entanglement	


2. Boltzmann-Landau theory of quasiparticles

Famous examples:

The fractional quantum Hall effect of electrons in two 
dimensions (e.g. in graphene) in the presence of a 

strong magnetic field. The ground state is described 
by Laughlin’s wavefunction, and the excitations are 

quasiparticles which carry fractional charge.



Modern phases of quantum matter:	


1. Ground states disconnected from independent	

electron states: many-particle entanglement	


2. Quasiparticle structure of excited states2. No quasiparticles

Only 2 examples:

1. Conformal field theories in spatial dimension d >1 
!

2. Quantum critical metals in dimension d=2



[bj , b
†
k] = �jk

The Superfluid-Insulator transition

Boson Hubbard model

M.P. A. Fisher,  P.B. Weichmann, G. Grinstein, and D.S. Fisher, Phys. Rev. B 40, 546 (1989).



M. Greiner, O. Mandel, T. Esslinger, T. W. Hänsch, and I. Bloch, Nature 415, 39 (2002).

Superfluid-insulator transition

Observation of Quantum Criticality with
Ultracold Atoms in Optical Lattices
Xibo Zhang,* Chen-Lung Hung, Shih-Kuang Tung, Cheng Chin*

Quantum criticality emerges when a many-body system is in the proximity of a continuous
phase transition that is driven by quantum fluctuations. In the quantum critical regime, exotic,
yet universal properties are anticipated; ultracold atoms provide a clean system to test these
predictions. We report the observation of quantum criticality with two-dimensional Bose gases
in optical lattices. On the basis of in situ density measurements, we observe scaling behavior of
the equation of state at low temperatures, locate the quantum critical point, and constrain the
critical exponents. We observe a finite critical entropy per particle that carries a weak dependence
on the atomic interaction strength. Our experiment provides a prototypical method to study
quantum criticality with ultracold atoms.

In the vicinity of a continuous quantum phase
transition, a many-body system enters the
quantum critical regime, where quantum

fluctuations lead to nonclassical universal behav-
ior (1, 2). Quantum criticality not only provides
novel routes to new material design and discov-
ery (1, 3–6), but also provides a common frame-
work for problems in condensed matter, nuclear
physics (7, 8), and cosmology (1, 9). Quantum
criticality plays a central role in strongly cor-
related systems such as heavy-fermion materials
(5), spin dimer systems (10), Ising ferromagnets
(11), and chromium at high pressure (12).

Ultracold atoms offer a clean setting for quan-
titative and precise investigation of quantum phase
transitions (13–16) and critical phenomena (17).
For example, the superfluid-to-Mott insulator quan-
tum phase transition can be realized by loading
atomic Bose-Einstein condensates into optical lat-
tices (13). In recent experiments, scaling behavior
of physical observables was reported in interacting
Bose gases in three (17) and two dimensions
(18), and in Rydberg gases (19), where collective
behavior is insensitive to microscopic details. In
addition, suppression of the superfluid critical
temperature near the Mott transition was observed
in three-dimensional (3D) optical lattices (20).
Studying quantum criticality in cold atoms on
the basis of finite-temperature thermodynamic
measurements, however, remains challenging
and has attracted increasing theoretical interest
in recent years (21–24).

We report the observation of quantum critical
behavior of ultracold cesium atoms in a two-
dimensional (2D) optical lattice across the vacuum-
to-superfluid transition. This phase transition can
be viewed as a transition between a Mott insulator
with zero occupation number and a superfluid, and
can be described by the Bose-Hubbard model

(25). Our measurements are performed on atomic
samples near the normal-to-superfluid transition,
connecting to the vacuum-to-superfluid quantum
phase transition in the zero-temperature limit.

The quantum phase transition and quantum
critical regime in this study are illustrated in Fig. 1.
The zero-temperature vacuum-to-superfluid tran-
sition occurs when the chemical potential m ap-
proaches its critical value m0. Sufficiently close to
the quantum critical point, the critical temper-
ature Tc for the normal-to-superfluid transition is
expected to decrease according to the following
scaling (25)

kBTc
t

¼ c
m − m0

t

! "zn
(1)

where kB is the Boltzmann constant, t is the tun-
neling energy, z is the dynamical critical expo-
nent, n is the correlation length exponent, and c is
a constant. In the quantum critical regime (shaded
area in Fig. 1), the temperature T provides the
sole energy scale, and all thermodynamic observ-
ables are expected to scale with T (25). Thus, the
equation of state is predicted to obey the follow-
ing scaling (21)

Ñ ¼ Fðm̃Þ (2)

in which F(x) is a generic function, and

Ñ ¼ N − Nr
!
kBT
t

"D
z þ1 − 1

zn
and m̃ ¼

m − m0
t!

kBT
t

" 1
zn

(3)

are the scaled occupation number and scaled
chemical potential, respectively. Here, N is the
occupation number,D is the dimensionality, and
Nr is the nonuniversal part of the occupation num-
ber. For the vacuum-to-superfluid transition in the
2DBose-Hubbardmodel, we haveNr = 0 andD=
2, and the predicted critical exponents are z = 2
and n = 1/2, characteristics of the dilute Bose gas
universality class (2, 22, 25). We note that in a

2D system, there can be logarithmic corrections
to scaling functions, including those in this study,
near the quantum critical point (2). Within the
temperature range of our experiment, however,
the measurement is consistent with the above
scaling laws in the absence of logarithmic correc-
tions. Scaling behavior of Tc in the quantum crit-
ical regime was also observed in 2D condensates
of spin triplets (10).

Our experiment is based on 2D atomic gases
of cesium-133 in 2D square optical lattices
(26, 27). The 2D trap geometry is provided by the
weak horizontal (r-) confinement and strong
vertical (z-) confinement (27), with envelope trap
frequencies fr = 9.6 Hz and fz = 1940 Hz, re-
spectively. Typically, 4000 to 20,000 atoms are
loaded into the lattice. The lattice constant is d =
l/2 = 0.532 mm and the depth is VL = 6.8 ER,
where ER = kB × 63.6 nK is the recoil energy, l =
1064 nm is the lattice laser wavelength, and h is
the Planck constant. In the lattice, the tunneling
energy is t = kB × 2.7 nK, the on-site interaction is
U = kB × 17 nK, and the scattering length is a =
15.9 nm. The sample temperature is controlled in
the range of 5.8 to 31 nK.

We determine the equation of state n(m,T) of
the sample from the measured in situ density
distribution n(x,y) (18, 26). The chemical po-
tential m(x,y) and the temperature T are obtained
by fitting the low-density tail of the sample where
the atoms are normal. The fit is based on a mean-
field model that accounts for interaction (28–30).
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Fig. 1. The vacuum-to-superfluid quantum phase
transition in 2D optical lattices. At zero temper-
ature, a quantum phase transition from vacuum
(horizontal thick blue line) to superfluid occurs
when the chemical potential m reaches the critical
value m0. Sufficiently close to the transition point
m0, quantum criticality prevails (red shaded area),
and the normal-to-superfluid transition temper-
ature Tc [measurements (30) shown as empty
circles] is expected to vanish as Tc ~ (m − m0)

zn;
the blue line is a guide to the eye. From the
prediction zn = 1 (22, 23, 25), the linearly extra-
polated critical chemical potential is m0 = −3.6(6)t,
consistent with the theoretical value −4t (28). Both
the thermal energy scale kBT and the chemical po-
tential m are normalized by the tunneling t.
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Figure 1 | Probing quantum critical dynamics. a, Phase diagram near the superfluid–insulator quantum phase transition as a function of t/U (hopping
amplitude relative to the on-site repulsion) and temperature T at integer filling of the bosons. The conformal quantum critical point (QCP) at T =0 is
indicated by a blue disk. b, Quantum Monte Carlo data for the frequency-dependent conductivity, � , near the QCP along the imaginary frequency axis, for
both the quantum rotor and Villain models. The data has been extrapolated to the thermodynamic limit and zero temperature. The error bars are statistical,
and do not include systematic errors arising from the assumed forms of the fitting functions, which we estimate to be 5–10%.

filling results in a continuous quantum phase transition from a
Mott insulator to a superfluid, as shown in the phase diagram
in Fig. 1a. The intervening conformal QCP is characterized by a
U(1) conserved charge and belongs to the so-called (2+ 1)D XY
critical universality class. This is the simplest non-trivial CFT in two
dimensions with a continuous symmetry, and it describes a wide
range of critical systems. It is strongly correlated, so that many of
its basic finite-temperature properties remain unknown.

We performed QMC simulations at µ = 0, corresponding to
integer filling, on a quantum rotor model and its Villain version3,14;
these are closely related to the BHM and have been shown to have
QCPs in the same universality class for µ = 0. The details of the
simulations are discussed in theMethods. First, we have determined
the temperature scaling of various thermodynamic quantities in
the quantum critical regime, such as the compressibility (charge
susceptibility), � , and heat capacity, cV , and have confirmed the
CFT predictions:

� =A�

kBT
(h̄c)2

, cV =AcV

✓kBT
h̄c

◆2
(1)

where A� = 0.339(5) for the Villain model, for which the velocity
of ‘light’, c, is known. This result is close to the large-N field theory
estimate of 0.24 (ref. 15). In the case of the quantum rotormodel, c is
not known and so ameaningful quantity to give is the dimensionless
ratio W =AcV /A� = cV/(kBT�), which we found to be 6.2(1), in
excellent agreement with the field theory estimate of 6.14 (ref. 15).
Combining this with the value of A� for the Villain model, we find
AcV =2.1, which lies close to a recent non-perturbative RG result16,
1.8; the field theory estimate15 is 1.5. Exploiting the universality of
Equation (1) it is now possible to estimate c for the quantum rotor
model. In the simulations h̄=1 as well as the lattice spacing a=1;
in that case c has dimensions of energy and it is then natural to
estimate c/U . By calculating�/(kBT )U 2 =A�/(c/U )2 =3.87(3) for
the quantum rotor model, combined with the previous result for A�

obtained from the Villain model, we then find at the critical point
c/U = 0.29(1), in complete accordance with a spin-wave estimate
yielding c/U =p

t/(2U )=0.295 at the QCP. To our knowledge, our
simulations are the first to determine these universal coe�cients.

We now turn to themain result, namely the imaginary-frequency
conductivity in the quantum critical regime, Fig. 1b. It was obtained
by first extrapolating the finite-size data to the thermodynamic
limit, which was facilitated by the fact that much larger system

system sizes were used than previously. Second, we extrapolated to
zero temperature to obtain the universal scaling dependence, the
latter procedure being shown in Fig 2a,b. Both models, although
distinct at the lattice level, show the same conductivity, confirming
the universality of our results. As has been mentioned in the
introduction, to get the observable real-time conductivity one needs
to perform a di�cult analytic continuation. Our main claim is that
holography can be of practical help in this, and below we describe
the crux of the method.

A hand from string theory
We first briefly summarize the holographic computation of � (!/T );
we refer the reader to a number of reviews on AdS/CFT aimed
towards condensed matter applications17–21, and a brief discussion
in the Supplementary Information. The key ingredient in the
calculation is that a current operator in the CFT, Jµ(t , x , y), maps
to a dynamical gauge field in the higher dimensional gravitational
theory, Aµ(t , x , y; r), where r is the coordinate along the extra
dimension, see Fig. 3. The spacetime inwhich the gauge field evolves
is described by the metric:

ds2 = r 2

L2

⇥�f (r)dt 2 +dx2 +dy2⇤+ L2dr 2

r 2f (r)

where f (r)=1� r 30 /r 3, and L is the radius of AdS4. It asymptotically
tends to AdS4 as r ! 1, and contains a black hole whose event
horizon is located at r = r0. The latter allows a finite temperature
in the boundary CFT, which is in fact determined by the position of
the horizon, r0 =T (4⇡L2/3). Heuristically, the Hawking radiation
emanating from the black hole escapes to r =1 and ‘heats up’ the
boundary, where the CFT exists. The behaviour of the gauge field is
determined by extremizing the action22,23:

Sbulk =
Z

d4x
p

�g
✓

� 1
4g 2

4
FabFab +�

L2

g 2
4
CabcdFabF cd

◆
(2)

where Fab =@aAb �@bAa is the field strength (roman indices run over
t , x , y and r) and g4 is the bulk gauge coupling, which determines
the T = 0 conductivity of the CFT: � (!/T ! 1) = 1/g 2

4 . Cabcd
is the Weyl tensor, that is, the traceless part of the Riemann
curvature tensor and � a dimensionless coupling. The conductivity
is obtained by solving the modified Maxwell equation associated
with equation (2) for Fourier modes with frequency !. (The spatial
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Quantum Monte Carlo for lattice bosons

W. Witczak-Krempa, E. Sorensen, and S. Sachdev, Nature Physics 10, 361 (2014)

See also K. Chen, L. Liu, Y. Deng, L. Pollet, and N. Prokof’ev, Phys. Rev. Lett. 112, 030402 (2013)



Analytic continuation by a holographic model
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Figure 4 | Holographic continuation. a, The black points represent Monte Carlo data for the conductivity at the superfluid–insulator QCP at imaginary
frequencies, see Fig. 1b. The solid green line is the best fit to the holographic conductivity, obtained when � =0.08, with a rescaling of the !/T-dependence
by ↵=0.35 (the purple dotted line is without the rescaling). The red dashed curve is for � =�0.08, and suggests that a vortex-like � does not occur.
b, Real part of the holographic conductivity evaluated at complex frequencies, where the imaginary/real axis dependence is highlighted by the green/blue
line. The arrow represents the continuation procedure. c, Resulting conductivity at real frequencies (solid blue line). The dashed line is the vortex-like
response obtained for � =�0.08.

D-QNM

−10 −5 0
Re /2πT

5 10

−14

−12

−10

−8

−6

−4

−2

0

Im
 

/2
πT

ω

ω

Figure 5 | Spectrum of quasinormal charge excitations of the
superfluid-insulator QCP. The crosses/circles identify poles/zeros of
� (!/T) in the complex frequency plane. The dominant quasinormal mode
(QNM), labeled D-QNM, is found to be a pole. It gives rise to a peak in
Re � (!/T) at small frequencies.

A new ingredient is the need to rescale !/T by ↵ = 0.35. This
parameter does not appear naturally in the holographic procedure
described above, andmight inform us about the di�erences between
‘small-N ’ CFTs and those with simple AdS duals. Notwithstanding,
such a rescaling of the holographic form is benign in that it does not
alter the essential properties of � , such as the asymptotics, pole/zero
structure, or sum rules12,30 (see below). So we can view our analytic
continuation as a best fit of the imaginary frequency data to the
positions of the poles and zeroes of the conductivity in the lower-
half of the complex plane, while maintaining their relative positions
in the gravity theory.

There are numerous non-trivial merits of the holographic
continuationmethod. For example, the resulting conductivity obeys
a sum rule12,30,

R 1
0 d![Re� (!/T ) � � (1)] = 0, that was derived

usingAdS/CFTbutwhichwas conjectured12 to hold in genericCFTs.
It was in fact shown to hold12 at the conformal QCP of the quantum
O(N ) rotor model (a large-N extension of the one simulated
here) in the N = 1 limit, and for free Dirac fermions. Another
interesting point arises from the fact that � fixes the entire current
auto-correlation function, hJµJ⌫i ⇠ Cµ⌫(!, k). Thus, extracting �
from the fit, we can predict the momentum dependence13,25 of the
charge and current response using the conductivity data alone.
Other continuation procedures naturally do not give access to
such information. These predictions will be tested in further work
(W.W-K., E.S.S. and S.S., in preparation).

Fingerprint of excitations
The holographic continuation procedure in addition gives access
to the excitation spectrum of the QCP at finite temperature. The
holographic conductivity has poles and zeroes occurring at complex
frequencies12, specifically in the lower half-plane Im !  0, as
required by causality. These are the quasinormal modes (QNMs)
and can be interpreted as substitutes of quasiparticles in a strongly
correlated setting. Interestingly, on the gravitational side of the
AdS/CFT duality these correspond to damped eigenmodes of the
black hole11. From the holographic fit to the QMC data, we can
identify the QNMs of � , which are shown in Fig. 5 (cf. Fig. 4b,
which shows the three dominant poles). One of them is particularly
important: it is located directly on the imaginary axis closest to
! = 0, and was called12 the D-QNM due to its damped nature
(no real part) and formal relation to the Drude conductivity.
Such a purely imaginary pole was previously found31 in a large-N
extension of the quantum rotor model studied in this work from
O(2) symmetry to O(N ), as well as in the study of graphene in
the presence of Coulomb interaction32. It allows a sharp distinction
between particle-like and vortex-like responses: in the former case
the D-QNM is a pole whereas in the latter it is zero. In addition
to that pole, the spectrum contains two infinite branches of QNMs
composed of alternating poles and zeroes.

Insights into the QNM spectrum help in understanding why
Padé approximants are ill-suited for the analytic continuation. In
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