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What are the effective theories of charge and
heat transport in systems without quasiparticles?

● A clean system has multiple different conduction mechanisms.

● Each has a characteristic timescale and imprints on the frequency-
dependent conductivities in a speci�c way.

● Can calculate the T-dependence of the conductivities under various
assumptions.

● As the system becomes dirtier, there is a qualitative change in the
conduction mechanisms and what timescales control them.
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Polarons in BEC

RF spectroscopy

Quasiparticle peak

Universal (dimension dependent)  
low frequency spectrum: signature of 
many-body orthogonality catastrophe

Universal (dimension dependent) high  
frequency tail: related to two particle physics

Fabian Grusdt, et al.,  
Phys.	  Rev.	  A	  89:053617	  (2014)	  	  
Phys.	  Rev.	  A	  90:063610	  (2014)	  	  
Scientific	  Reports	  5:12124	  (2015)

Related	  to	  Frolich	  polarons	  in	  solid	  state	  systems,	  
electrons	  in	  magnetic	  systems
Used	  non-‐perturbative	  approaches	  (RG,	  variational	  
wavefunctions)	  to	  study	  equilibrium	  and	  non-‐equilibrium	  
properties	  of	  Bose	  polarons

Effective mass



  

Richard Davison
Leiden University

What are the effective theories of charge and
heat transport in systems without quasiparticles?

● A clean system has multiple different conduction mechanisms.

● Each has a characteristic timescale and imprints on the frequency-
dependent conductivities in a speci�c way.

● Can calculate the T-dependence of the conductivities under various
assumptions.

● As the system becomes dirtier, there is a qualitative change in the
conduction mechanisms and what timescales control them.

RD, Goutéraux, Hartnoll 1507.07137 

RD, Goutéraux, Hartnoll 1507.07137 

RD, Schalm, Zaanen 1311.2451

RD, Goutéraux 1505.05092

RD, Goutéraux 1411.1062

Oxford, Leiden, Harvard



SM

FL

Figure: K. Fujita and J. C. Seamus Davis

YBa2Cu3O6+x



Conventional 
metal

Area enclosed by 
Fermi surface =1+p

M. Platé, J. D. F. Mottershead, I. S. Elfimov, D. C. Peets, Ruixing Liang, D. A. Bonn, W. N. Hardy,
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Pseudogap

1. Pseudogap 
metal 

at low p

Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,
Y. Kohsaka, M. Azuma, M. Takano, H. Takagi, Z.-X. Shen, Science 307, 901 (2005)
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1. Quasiparticle transport in ordinary metals

   Bloch vs. Peierls

2.  Transport without quasiparticles in strange metals

   Application to (less) strange metal in graphene

3.  The pseudogap metal

   Fermi liquid co-existing with topological order

Outline
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Quasiparticle transport in metals:

Phonons

Electrons

• Compute the scattering rate of charged quasiparti-

cles o↵ phonons: this leads to Bloch’s law (1930) : a

resistivity ⇢(T ) ⇠ T 5
.
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However, this ignores  
“phonon drag”

Quasiparticle transport in metals:
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hydrodynamics

memory matrix holography

universal constraints on transport

appropriate microscopics
for cuprates and graphene

few conserved quantities

perturbative 
limit

long time dynamics;
“renormalized IR fluid” 

emerges

matrix large N theory;
non-perturbative computations

A. Lucas and S. Sachdev, Physical Review B 91, 195122 (2015)
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Thermoelectric transport coefficients

Obtained in hydrodynamics, holography, and
by memory functions

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)
A. Lucas and S. Sachdev, PRB 91, 195122 (2015)
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In theories which are relativistic at high energies (including graphene), T↵Q(!) = �µ�Q(!),
T ̄Q(!) = µ2�Q(!), M = TS+µQ = H the enthalpy density, and Q = n the electron density
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Observation of the Dirac fluid
and the breakdown of the Wiedemann-Franz law in graphene
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Interactions between particles in quantum many-body systems can lead to collective behavior
described by hydrodynamics. One such system is the electron-hole plasma in graphene near the
charge neutrality point which can form a strongly coupled Dirac fluid. This charge neutral plasma
of quasi-relativistic fermions is expected to exhibit a substantial enhancement of the thermal con-
ductivity, due to decoupling of charge and heat currents within hydrodynamics. Employing high
sensitivity Johnson noise thermometry, we report the breakdown of the Wiedemann-Franz law in
graphene, with a thermal conductivity an order of magnitude larger than the value predicted by
Fermi liquid theory. This result is a signature of the Dirac fluid, and constitutes direct evidence of
collective motion in a quantum electronic fluid.

Understanding the dynamics of many interacting parti-
cles is a formidable task in physics, complicated by many
coupled degrees of freedom. For electronic transport in
matter, strong interactions can lead to a breakdown of
the Fermi liquid (FL) paradigm of coherent quasiparti-
cles scattering o↵ of impurities. In such situations, the
complex microscopic dynamics can be coarse-grained to
a hydrodynamic description of momentum, energy, and
charge transport on long length and time scales [1]. Hy-
drodynamics has been successfully applied to a diverse
array of interacting quantum systems, from high mobility
electrons in conductors [2], to cold atoms [3] and quark-
gluon plasmas [4]. As has been argued for strongly inter-
acting massless Dirac fermions in graphene at the charge-
neutrality point (CNP) [5–8], hydrodynamic e↵ects are
expected to greatly modify transport coe�cients as com-
pared to their FL counterparts.

Many-body physics in graphene is interesting due to
electron-hole symmetry and a linear dispersion relation
at the CNP [9, 10]. In particular, the Fermi surface van-
ishes, leading to ine↵ective screening [11] and the forma-
tion of a strongly-interacting quasi-relativistic electron-
hole plasma, known as a Dirac fluid [12]. The Dirac fluid
shares many features with quantum critical systems [13]:
most importantly, the electron-electron scattering time is
fast [14–17], and well suited to a hydrodynamic descrip-
tion. A number of exotic properties have been predicted
including nearly perfect (inviscid) flow [18] and a diverg-
ing thermal conductivity resulting in the breakdown of
the Wiedemann-Franz law [5, 6].

Away from the CNP, graphene has a sharp Fermi sur-
face and the standard Fermi liquid (FL) phenomenology
holds. By tuning the chemical potential, we may mea-
sure thermal and electrical conductivity in both the Dirac

fluid (DF) and the FL in the same sample. In a FL,
the relaxation of heat and charge currents is closely re-
lated as they are carried by the same quasiparticles. The
Wiedemann-Franz (WF) law [19] states that the elec-
tronic contribution to a metal’s thermal conductivity e

is proportional to its electrical conductivity � and tem-
perature T , such that the Lorenz ratio L satisfies

L ⌘ e

�T
=

⇡2

3

✓
kB
e

◆2

⌘ L0 (1)

where e is the electron charge, kB is the Boltzmann con-
stant, and L0 is the Sommerfeld value derived from FL
theory. L0 depends only on fundamental constants, and
not on specific details of the system such as carrier den-
sity or e↵ective mass. As a robust prediction of FL the-
ory, the WF law has been verified in numerous metals
[19]. However, in recent years, an increasing number of
non-trivial violations of the WF law have been reported
in strongly interacting systems such as Luttinger liquids
[20], metallic ferromagnets [21], heavy fermion metals
[22], and underdoped cuprates [23], all related to the
emergence of non-Fermi liquid behavior.
The WF law is expected to be violated at the CNP

in a DF due to the strong Coulomb interactions between
thermally excited charge carriers. An electric field drives
electrons and holes in opposite directions; collisions be-
tween them introduce a frictional dissipation, resulting
in a finite conductivity even in the absence of disorder
[24]. In contrast, a temperature gradient causes electrons
and holes to move in the same direction inducing an en-
ergy current, which grows unimpeded by inter-particle
collisions (Fig. 3D inset). The thermal conductivity is
therefore limited only by the rate at which momentum is
relaxed due to residual impurities.

(submitted)
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
temperature, the minimum density is limited by disorder (charge puddles). However, above Tdis ⇠ 40 K, a crossover marked
in the half-tone background, thermal excitations begin to dominate and the sample enters the non-degenerate regime near
the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
compared to the Wiedemann-Franz law, �TL0 (blue lines). At low temperature and/or high doping (|µ| � kBT ), we find the
WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R
versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous
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FIG. 3. Disorder in the Dirac fluid. (A) Minimum car-
rier density as a function of temperature for all three sam-
ples. At low temperature each sample is limited by disorder.
At high temperature all samples become limited by thermal
excitations. Dashed lines are a guide to the eye. (B) The
Lorentz ratio of all three samples as a function of bath tem-
perature. The largest WF violation is seen in the cleanest
sample. (C) The gate dependence of the Lorentz ratio is well
fit to hydrodynamic theory of Ref. [5, 6]. Fits of all three
samples are shown at 60 K. All samples return to the Fermi
liquid value (black dashed line) at high density. Inset shows
the fitted enthalpy density as a function of temperature and
the theoretical value in clean graphene (black dashed line).
Schematic inset illustrates the di↵erence between heat and
charge current in the neutral Dirac plasma.

more pronounced peak but also a narrower density de-
pendence, as predicted [5, 6].

More quantitative analysis of L(n) in our experiment
can be done by employing a quasi-relativistic hydrody-
namic theory of the DF incorporating the e↵ects of weak
impurity scattering [5, 6, 39].

L =
LDF

(1 + (n/n0)2)
2 (2)

where

LDF =
HvFlm
T 2�min

and n2
0 =

H�min

e2vFlm
. (3)

Here vF is the Fermi velocity in graphene, �min is the elec-
trical conductivity at the CNP, H is the fluid enthalpy
density, and lm is the momentum relaxation length from

impurities. Two parameters in Eqn. 2 are undetermined
for any given sample: lm and H. For simplicity, we as-
sume we are well within the DF limit where lm and H
are approximately independent of n. We fit the experi-
mentally measured L(n) to Eqn. (2) for all temperatures
and densities in the Dirac fluid regime to obtain lm and
H for each sample. Fig 3C shows three representative fits
to Eqn. (2) taken at 60 K. lm is estimated to be 1.5, 0.6,
and 0.034 µm for samples S1, S2, and S3, respectively.
For the system to be well described by hydrodynamics,
lm should be long compared to the electron-electron scat-
tering length of ⇠0.1 µm expected for the Dirac fluid at
60 K [18]. This is consistent with the pronounced sig-
natures of hydrodynamics in S1 and S2, but not in S3,
where only a glimpse of the DF appears in this more
disordered sample. Our analysis also allows us to es-
timate the thermodynamic quantity H(T ) for the DF.
The Fig. 3C inset shows the fitted enthalpy density as
a function of temperature compared to that expected in
clean graphene (dashed line) [18], excluding renormal-
ization of the Fermi velocity. In the cleanest sample H
varies from 1.1-2.3 eV/µm2 for Tdis < T < Tel�ph. This
enthalpy density corresponds to ⇠ 20 meV or ⇠ 4kBT
per charge carrier — about a factor of 2 larger than the
model calculation without disorder [18].

In a hydrodynamic system, the ratio of shear viscosity
⌘ to entropy density s is an indicator of the strength of
the interactions between constituent particles. It is sug-
gested that the DF can behave as a nearly perfect fluid
[18]: ⌘/s approaches a “universal” lower bound conjec-
ture by Kovtun-Son-Starinets, (⌘/s)/(~/kB) � 1/4⇡ for
a strongly interacting system [40]. Though we cannot
directly measure ⌘, we comment on the implications of
our measurement for its value. Within relativistic hy-
drodynamics, we can estimate the shear viscosity of the
electron-hole plasma in graphene from the enthalpy den-
sity as ⌘ ⇠ H⌧ee [40], where ⌧ee is the electron-electron
scattering time. Increasing the strength of interactions
decreases ⌧ee, which in turn decreases ⌘ and ⌘/s. Employ-
ing the expected Heisenberg limited inter-particle scat-
tering time, ⌧ee ⇠ ~/kBT [5, 6], we find a shear viscosity
of ⇠ 10�20 kg/s in two-dimensional units, corresponding
to ⇠ 10�10 Pa · s. The value of ⌧ee used here is consistent
with recent optical experiments on graphene [14, 16, 17].
Using the theoretical entropy density for clean graphene
(SM), we estimate (⌘/s)/(~/kB) ⇠ 3. This is comparable
to ⇠0.7 found in liquid helium at the Lambda-point [41],
⇠0.3 measured in cold atoms [3], and  0.4 for quark-
gluon plasmas [4].

To fully incorporate the e↵ects of disorder, a hydrody-
namic theory treating inhomogeneity non-perturbatively
may be needed [42]. The enthalpy densities reported here
are larger than the theoretical estimation obtained for
disorder free graphene; consistent with the picture that
chemical potential fluctuations prevent the sample from
reaching the Dirac point. While we find thermal conduc-

Thermal conductivity  = ̄� T↵2/�
Lorentz ratio L = /(T�)

=

H⌧

T 2�Q

1
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(Ong, PRL 1991); such data cannot be explained in a quasiparticle model.
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Evolution of the Hall Coefficient and the Peculiar Electronic Structure
of the Cuprate Superconductors

Yoichi Ando,* Y. Kurita,† Seiki Komiya, S. Ono, and Kouji Segawa
Central Research Institute of Electric Power Industry, Komae, Tokyo 201-8511, Japan

(Received 3 July 2003; published 13 May 2004)

Although the Hall coefficient RH is an informative transport property of metals and semiconductors,
its meaning in the cuprate superconductors has been ambiguous because of its unusual characteristics.
Here we show that a systematic study of RH in La2!xSrxCuO4 single crystals over a wide doping range
establishes a qualitative understanding of its peculiar evolution, which turns out to reflect a two-
component nature of the electronic structure caused by an unusual development of the Fermi surface
recently uncovered by photoemission experiments.

DOI: 10.1103/PhysRevLett.92.197001 PACS numbers: 74.25.Fy, 74.25.Jb, 74.72.Dn

During the past 17 years after the high-Tc supercon-
ductivity was discovered in cuprates, virtually all mea-
surable properties of their ‘‘normal state,’’ the state in the
absence of superconductivity, have been studied to under-
stand the stage for novel superconductivity. However,
there is yet no established picture for even such basic
properties as the resistivity and the Hall coefficient [1],
not to mention other more elaborate properties. The Hall
coefficient RH of conventional metals is independent of
temperature and signifies the Fermi surface (FS) topol-
ogy and carrier density, but in cuprates RH shows strong,
sometimes peaked, temperature dependences as well as a
complicated doping dependence. An advance in under-
standing came when Chien,Wang, and Ong found [2] that
the cotangent of the Hall angle, cot!H (which is the ra-
tio of the in-plane resistivity !ab to the Hall resistivity
!H), approximately shows a simple linear-in-T2 behavior,
which suggests the existence of a quasiparticle-relaxation
rate that changes as "T2. However, while it appears that
the Hall problem in cuprates can be simplified when
analyzed in terms of cot!H, it was argued by Ong and
Anderson [3] that cot!H is after all a derived quantity,
and the central anomaly resides in the directly measured
quantities !ab and RH.

In this Letter, we address the notoriously difficult prob-
lem of the Hall effect with the recent knowledge on the
physics of lightly doped cuprates and the peculiar evolu-
tion of the FS recently elucidated by the angle-resolved
photoemission spectroscopy (ARPES) experiments [4,5].
We first show that the behavior of RH and !ab in the
lightly doped cuprates mimics rather well the behavior
of a conventional Fermi liquid, and discuss that this
behavior signifies the physics on the ‘‘Fermi arc,’’ a small
portion of the FS near the Brillouin-zone diagonals. We
then discuss that the peculiar hole-doping dependence
and the temperature dependence of RH reflect a gradual
participation of the ‘‘flatband’’ near #"; 0$ of the Brillouin
zone, which brings about a sort of two-band nature to the
transport. The measurements of RH and !ab using a stan-
dard six-probe method are done on high-quality single

crystals of La2!xSrxCuO4 (LSCO) and YBa2Cu3Oy
(YBCO), the details of which have been described
elsewhere [6].

In slightly hole-doped LSCO and YBCO, which are
usually considered to be antiferromagnetic insulators, it
was demonstrated [6] that the charge transport shows a
surprisingly metallic behavior with a hole mobility com-
parable to that of optimally doped superconductors at
moderate temperatures. Detailed ARPES measurements
were subsequently performed on lightly doped LSCO [5]
and YBCO [7], which revealed that only patches of FS,
called ‘‘Fermi arcs’’ [8], are observed at the zone diago-
nals, where quasiparticlelike peaks were detected in har-
mony with the transport results. The ARPES results
indicate that, for some reason, a significant fraction of
the large FS (that is observed in optimally doped cuprates
[9]) is destroyed and the remaining small portion is
responsible for the metallic transport. Thus, by looking
at the transport properties of the lightly doped cuprates,
one can gain insight into the physics of the Fermi arc,
whose origin is currently under debate [10].

Figures 1(a) and 1(b) show an example of the behavior
of !ab#T$ and RH#T$ in a lightly doped cuprate: Here the
data are for YBCO with y % 6:30 (hole doping of about
3% per Cu [6]), which is an antiferromagnet with the Néel
temperature of 230 K [11]. As we have reported previ-
ously [6,12], RH is virtually T independent (as in conven-
tional metals) at moderate temperatures in the lightly
doped samples; as a result, !ab and cot!H have the
same T dependence [see Figs. 1(c) and 1(d)], which, in-
triguingly, is most consistent with "T2 and not with "T.
This implies that the relaxation rate of the ‘‘quasipar-
ticles’’ on the Fermi arc changes as "T2, which inciden-
tally is the same as the behavior of conventional Fermi
liquids. Note that the low-temperature upturn in !ab and
RH is due to localization effects [13], which just obscure
the intrinsic low-temperature behavior of the system.

We found that the T dependence of !ab is consistent
with "T2 not only in lightly doped YBCO but also in
lightly doped LSCO, as shown in Fig. 2(a) for x % 0:02;
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however, it should be noted that the temperature range
for the T2 law is a bit narrow [Fig. 2(a) shows the data
up to 250 K] and !ab!T" deviates downwardly from the T2

dependence at high temperatures. As is shown for x #
0:08 [Fig. 2(b)], the deviation tends to start from lower
temperature at larger x. One possible way to interpret this
deviation is to ascribe it to an increase in the density of
states at the Fermi energy EF with increasing T, which
happens, for example, when a gap is filled in with T. In
fact, the band structure of LSCO elucidated by ARPES
[4,5] suggests such a possibility: In lightly doped LSCO a
flatband [located near !"; 0" of the Brillouin zone] lies
below EF and this band gradually moves up to EF with
increasing doping; therefore, if thermal activation causes
some holes to reside on the flatband and to contribute to
the conductivity, the high-temperature deviation from the

T2 behavior and its doping dependence can be understood,
at least qualitatively.

The systematics of RH!T" and cot!H!T" of LSCO for
a very wide range of doping (x # 0:02–0:25) is shown
in Fig. 3. Let us first compare the robustness of the T2

behavior in cot!H to that in !ab: One can see in Fig. 3(b)
that cot!H for both x # 0:02 and 0.08, where the behavior
of !ab was discussed, shows no high-temperature devia-
tion from the T2 behavior up to 300 K. This contrast
between !ab!T" and cot!H!T" regarding the robustness
of the T2 law is qualitatively understandable if both !ab
and RH reflect a change in the effective carrier density
neff due to the temperature-dependent participation of the
flatband, since such a change tends to be canceled in
cot!H; remember, H cot!H is equal to the inverse Hall
mobility and, thus, would normally be free from a change
in the carrier density. This observation suggests that the
relative simplicity in the behavior of cot!H comes from
its lack of a direct dependence on neff , while both !ab and
RH depend directly on neff .

Thus, our data are most consistent with an emerg-
ing picture that a Fermi-liquid-like transport results
from the quasiparticles on the Fermi arcs in lightly
hole-doped cuprates, and the rest of the FS starts to
contribute to the transport at higher doping and/or tem-
perature. It should be noted, however, that there cannot be
a real ‘‘Fermi liquid’’ on the Fermi arcs, because the large
magnitude of !ab in the lightly doped cuprates would
indicate that the mean-free path of the electrons at EF
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Cuprate high-Tc superconductors exhibit enigmatic behavior in the
nonsuperconducting state. For carrier concentrations near “opti-
mal doping” (with respect to the highest Tcs) the transport and
spectroscopic properties are unlike those of a Landau–Fermi liquid.
On the Mott-insulating side of the optimal carrier concentration,
which corresponds to underdoping, a pseudogap removes quasi-
particle spectral weight from parts of the Fermi surface and causes
a breakup of the Fermi surface into disconnected nodal and anti-
nodal sectors. Here, we show that the near-nodal excitations of
underdoped cuprates obey Fermi liquid behavior. The lifetime τ(ω,
T) of a quasi-particle depends on its energy ω as well as on the
temperature T. For a Fermi liquid, 1/τ(ω, T) is expected to collapse
on a universal function proportional to (h#ω)2 + (pπkBT)

2. Magneto-
transport experiments, which probe the properties in the limit ω =
0, have provided indications for the presence of a T2 dependence
of the dc (ω = 0) resistivity of different cuprate materials. How-
ever, Fermi liquid behavior is very much about the energy depen-
dence of the lifetime, and this can only be addressed by
spectroscopic techniques. Our optical experiments confirm the
aforementioned universal ω- and T dependence of 1/τ(ω, T), with
p∼ 1.5. Our data thus provide a piece of evidence in favor of a Fermi
liquid-like scenario of the pseudogap phase of the cuprates.

optical spectroscopy | superconductivity | mass renormalization |
self energy

The compound HgBa2CuO4+δ (Hg1201) is the single-layer
cuprate that exhibits the highest Tc (97 K). We therefore

measured the optical conductivity of strongly underdoped single
crystals of Hg1201 ðTc = 67 KÞ. Here we are interested in the
optical conductivity of the CuO2 layers. We therefore express the
optical conductivity as a 2D sheet conductance GðωÞ= dcσðωÞ,
where dc is the interlayer spacing. The real part of the sheet
conductance normalized by the conduction quantum G0 = 2e2=h
is shown in Fig. 1. As seen in the figure, a gap-like suppression
below 140 meV is clearly observable for temperatures below Tc
and remains visible in the normal state up to ∼250 K. This is a
clear optical signature of the pseudogap. We also observe the
zero-energy mode due to the free charge carrier response, which
progressively narrows upon lowering the temperature. In mate-
rials where the charge carrier relaxation is dominated by impu-
rity scattering, the width of this “Drude” peak corresponds to the
relaxation rate of the charge carriers. Relaxation processes
arising from interactions have the effect of replacing the constant
(frequency-independent) relaxation rate with a frequency-
dependent one. The general expression for the optical conduc-
tivity of interacting electrons is then

Gðω;TÞ= iπK
Zω+Mðω;TÞ

G0: [1]

The spectral weight K corresponds to minus the kinetic en-
ergy if the frequency integration of the experimental data is
restricted to intraband transitions. The effect of electron–electron
interactions and coupling to collective modes is described by
the memory function Mðω;TÞ=M1ðω;TÞ+ iM2ðω;TÞ, where
Z−1M2ðω;TÞ= 1=τðω;TÞ represents the dynamical (or optical) re-
laxation rate in the case of a Fermi liquid.
The zero frequency limit of the optical conductivity of Fig. 1

corroborates the recently reported temperature dependence of the
dc resistivity (1) as shown in Fig. 2. Because K is practically tem-
perature independent in the normal state (2), the low-temperature
T2 dependence of the resistivity is due to the quadratic tempera-
ture variation of M2ð0;TÞ= Z=τð0;TÞ. The infrared data confirm
that Hg1201 exhibits the lowest residual resistance among the
cuprates and a change to a linear temperature dependence above
T* associated with the sudden closing of a pseudogap (3, 4). Fig. 2B
shows this as a clear departure from the T2 curve at ∼5 × 104 K2.
The dc transport data, owing to the higher precision, allow for
Hg1201 crystals of the same composition and doping to identify
T*∼ 350 K as the temperature above which the resistivity has
a linear temperature dependence, and T**∼ 220 K as the tem-
perature below which the temperature dependence is purely qua-
dratic. Finally, superconducting fluctuations become noticeable
at T′∼ 85 K.
The doping dependences of K and of the coherent spectral

weight, defined as K*=K/(1+M1(ω,T)Zω)jω=0, are summarized
in Fig. 3 for a number of hole-doped cuprates. The theoretical
values of K based on the band parameters obtained from local
density approximation (LDA) ab initio calculations are about
a factor of 2 larger than the measured values, which is due to
strong correlation predicted by the Hubbard model for U=t≥ 4
(6). K decreases when the hole doping decreases, but does not
extrapolate to zero for zero doping in accordance with the
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χ″ðΩÞ, where spin (charge) refers to electron–hole pairs carrying
(no) net spin. χ″ðΩÞ can be strongly renormalized, but the
property that χ″ðΩÞ∝Ω in the limit Ω→ 0 is generic for Fermi
liquids (24). Integration of the susceptibility multiplied with the
interaction vertex I2χ″ðΩÞ over all possible decay channels from
zero to ξ leads us to conclude that indeed M2 ∝ ξ2, as reported
experimentally in the present article. In this description the
cross-over ξ0 corresponds to the energy where I2χ″ðΩÞ is trun-
cated, leading to a leveling off of M2 for ξ> ξ0. The strong
temperature dependence of M1ðω;TÞ is also a natural conse-
quence of this description; it was shown in ref. 36 that, in leading
orders of temperature, χ″ðΩÞ of a correlated Fermi liquid
decreases as a function of temperature.
In summary, we have shown from optical spectroscopy meas-

urements that the ungapped near-nodal excitations of underdoped
cuprate superconductors obey Fermi liquid behavior when mate-
rials with reduced amount of disorder are considered. This ob-
servation, which is at variance with some established paradigms,
provides leads toward understanding of themetallic state and high-
temperature superconductivity in these materials.

Materials and Methods
Sample Preparation. Single crystals were grown using a flux method, char-
acterized, and heat treated to the desired doping level as described in refs. 37
and 38. The conductivity data in Fig. 1 are of a sample which has an onset
critical temperature of 67 K and a transition width of 2 K. The crystal surface
is oriented along the a–b plane with a dimension of about 1.51 × 1.22 mm2.
Hg1201 samples are hygroscopic. Therefore, the last stage of the prepara-
tion of the sample surface is done under a continuous flow of nitrogen,
upon which the sample is transferred to a high-vacuum chamber (10−7 mbar)

within a few minutes. Before each measurement the surface is carefully
checked for any evidence of oxidation.

Comparison with dc Resistivity. Transport measurements have been per-
formed using the four-terminal method. Due to the irregular shape of the
cleaved samples the absolute value of the dc resistivity can only be de-
termined with about 20% accuracy. However, we obtained very high relative
accuracy of the temperature dependence of the dc resistivity, as seen from
identical temperature dependences of samples of the same composition and
doping, regardless of having significantly different dimensions and shapes.
An independent check of the dc resistivity was obtained from the ω= 0 limit
of the experimental infrared optical conductivity (Fig. 2). The dc resistivity
had to be scaled by a factor of 0.66 to match the optical data, most likely due
to the aforementioned influence of the irregular shape of the crystals on the
absolute value of the measured dc resistances. The excellent match of the
two temperature dependences demonstrates the high quality of both dc
resistivity and optical conductivity data.

ACKNOWLEDGMENTS. We thank A. Chubukov, A. J. Leggett, T. Giamarchi,
T. M. Rice, and T. Timusk for discussions and communications. This work was
supported by the Swiss National Science Foundation (SNSF) through Grant
200020-140761 and the National Center of Competence in Research, Materials
with Novel Electronic Properties. The crystal growth and characterization work
was supported by the US Department of Energy, Office of Basic Energy Scien-
ces. X.Z. acknowledges support from the National Natural Science Foundation,
China; N.B. acknowledges support from the European Commission under
the [Intra-European Fellowships (IEF)] Marie Curie Fellowship Programme;
and E.v.H. acknowledges support through the Vernieuwingsimpuls (VENI) pro-
gram funded by the Netherlands Organisation for Scientific Research.

1. Bari!si"c N, et al. (2012) Universal sheet resistance of the cuprate superconductors. ar-
Xiv:1207.1504.

2. Norman M, Chubukov A, van Heumen E, Kuzmenko AB, van der Marel D (2007) Optical
integral in the cuprates and the question of sum-rule violation. Phys Rev B 76(22):220509.

3. Bucher B, Steiner P, Karpinski J, Kaldis E, Wachter P (1993) Influence of the spin gap
on the normal state transport in YBa2Cu4O8. Phys Rev Lett 70(13):2012–2015.

4. Ando Y, Komiya S, Segawa K, Ono S, Kurita Y (2004) Electronic phase diagram of
high-Tc cuprate superconductors from a mapping of the in-plane resistivity
curvature. Phys Rev Lett 93(26 Pt 1):267001.

5. van Heumen E, et al. (2009) Optical determination of the relation between the
electron-boson coupling function and the critical temperature in high-Tc cuprates.
Phys Rev B 79(18):184512.

6. Rozenberg MJ, et al. (1995) Optical conductivity in Mott-Hubbard systems. Phys Rev
Lett 75(1):105–108.

7. Comanac A, de’ Medici L, Capone M, Millis AJ (2008) Optical conductivity and the
correlation strength of high-temperature copper-oxide superconductors. Nat Phys
4(4):287–290.

8. Uchida S, et al. (1991) Optical spectra of La2-xSrxCuO4: Effect of carrier doping on
the electronic structure of the CuO2 plane. Phys Rev B Condens Matter 43(10):
7942–7954.

9. Padilla WJ, et al. (2005) Constant effective mass across the phase diagram of high-Tc
cuprates. Phys Rev B 72(6):060511.

10. Brinkman WF, Rice TM (1970) Application of Gutzwiller’s variational method to the
metal-insulator transition. Phys Rev B 2(10):4302–4304.

11. Fournier D, et al. (2010) Loss of nodal quasiparticle integrity in underdoped
YBa2Cu3O6+x. Nat Phys 6(11):905–911.

12. Kanigel A, et al. (2006) Evolution of the pseudogap from Fermi arcs to the nodal
liquid. Nat Phys 2(7):447–451.

0 10000 20000 30000 40000
0

100

200

300

400

0 2000 4000 6000
0

100

200

( )2 (meV2)

M
2(ω
)
(m
eV
)

( ω)2 (meV2)

M
2(ω
)
(m
eV
)

Fig. 5. Dynamical relaxation rate of underdoped Hg1201. Imaginary part of
the memory function of underdoped Hg1021 ðTc = 67  KÞ for temperatures
between 10 and 390 K in 20-K steps as a function of ω2. Thick lines are used
to highlight the 70-, 280-, and 390-K data. (Inset) Zoom of the low-ω range
showing a linear fit; temperatures are from 70 to 270 K in 20-K steps.

0 1 2 3 40 1 2 3
0

100

200

300

400

500

0 1 2 3

Bi2201
x = 0.1
Tc= 10 K

C

ξ2 (104 meV2)

250 K
210 K
180 K
140 K
100 K
60 K
20 K

Hg1201
x=0.1
Tc= 67 K

A

M
2(ω
)
(m
eV
)

320 K
280 K
240 K
200 K
160 K
120 K
80 K

295 K
244 K
200 K
171 K
147 K
126 K
100 K
67 K

B
Y123
x = 0.1
Tc = 57 K

Fig. 6. Collapse of the frequency and temperature dependence of the re-
laxation rate of underdoped cuprate materials. Normal state M2ðω; TÞ as a
function of ξ2 ≡ ðZωÞ2 + ðpπkBTÞ2 with p=1:5. (A) Hg1201 ðx ≅ 0:1; Tc = 67  KÞ.
(B) Y123 ðx ≅ 0:1; Tc = 57  KÞ, spectra by Hwang et al. (19) (digitized data of
Fig. 6 represented here as a function of ξ2). (C) Bi2201 ðx ≅ 0:1; Tc = 10  KÞ;
data of van Heumen et al. (20) represented here as a function of ξ2. The data
displayed in A and C are in 10-K intervals with color coding indicated for
temperatures in 40-K steps. In between these steps the color evolves grad-
ually as a function of temperature. In B the color coding is given for all
temperatures displayed.

Mirzaei et al. PNAS | April 9, 2013 | vol. 110 | no. 15 | 5777

PH
YS

IC
S

Electrical and optical evidence for Fermi 
surface of long-lived quasiparticles of density p

�
xx

⇠ 1

(�i! + 1/⌧)

with
1

⌧
⇠ !2 + T 2



In-Plane Magnetoresistance Obeys Kohler’s Rule in the Pseudogap Phase
of Cuprate Superconductors
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We report in-plane resistivity (ρ) and transverse magnetoresistance (MR) measurements for underdoped
HgBa2CuO4þδ (Hg1201). Contrary to the long-standing view that Kohler’s rule is strongly violated in
underdoped cuprates, we find that it is in fact satisfied in the pseudogap phase of Hg1201. The transverse MR
shows a quadratic field dependence, δρ=ρ0 ¼ aH2, with aðTÞ ∝ T−4. In combination with the observed
ρ ∝ T2 dependence, this is consistent with a single Fermi-liquid quasiparticle scattering rate. We show that
this behavior is typically masked in cuprates with lower structural symmetry or strong disorder effects.

DOI: 10.1103/PhysRevLett.113.177005 PACS numbers: 74.72.Kf, 74.25.fc, 74.72.Gh

The unusual metallic “normal state” of the cuprates has
remained an enigma. Atypical observations at odds with
Fermi-liquid theory have been made particularly in the so-
called strange-metal regime above the pseudogap (PG)
temperature T% [inset of Fig. 1(b)] [1]. In this regime, the
in-plane resistivity exhibits an anomalous extended linear
temperature dependence, ρ ∝ T [2], and the Hall effect is
often described as RH ∝ 1=T [3,4]. In order to account for
this anomolous behavior without abandoning a Fermi-
liquid formalism, some descriptions have been formulated
based on a scattering rate whose magnitude varies around
the in-plane Fermi surface, for example, due to anisotropic
umklapp scattering or coupling to a bosonic mode [1] (e.g.,
spin [5] or charge [6] fluctuations). Prominent non-Fermi-
liquid prescriptions, such as the two-lifetime picture [7] and
the marginal-Fermi liquid [8], have also been put forth. The
former implies charge-spin separation while the latter is a
signature of a proximate quantum critical point.
The transport behavior in the PG state (T < T%) has

furthermore been complicated not only because of the
opening of the PG along portions of the Fermi surface, but
also due to possible superconducting (SC) [10], antiferro-
magnetic [5,11] and charge-spin stripe fluctuations [12].
Recent developments, however, suggest that T% marks a

phase transition [13] into a state with broken time-reversal
symmetry [14,15]. Additionally, the measurable extent of
SC fluctuations is likely limited to only a rather small
temperature range (≈ 30 K) above Tc [16,17]. These
strong indications that the PG regime is indeed a distinct
phase calls for a clear description of its intrinsic properties.
In fact, a simple ρ ¼ A2T2 dependence was recently

reported for underdoped HgBa2CuO4þδ (Hg1201) [9]. It
was also found that this Fermi-liquid-like behavior appears
below a characteristic temperature T%% [Tc < T%% < T%;
inset of Fig. 1(b)] and that the coefficient A2 per CuO2
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FIG. 1 (color online). (a) Temperature dependence of the in-
plane resistivity for two Hg1201 samples. Dotted lines are linear
fits to the high-temperature behavior. Inset: Magnetic suscep-
tibility shows Tc ¼ 70& 1 and 80.5& 0.5 K for the two samples,
HgUD70b (black) and HgUD81 (red). The Tc values are defined
as the midpoint of the transition, and the uncertainties correspond
to 90% of the transition width. (b) Resistivity plotted versus T2.
Dotted lines are fits to ρ ¼ A2T2. There is some uncertainty in the
conversion to units of ρ due to difficulties in measuring the exact
cleaved sample dimensions [9]. For consistency, we have
assumed the same magnitude of ρ for the two Tc ¼ 70 K
samples. Inset: Schematic temperature-hole doping phase dia-
gram. The superconducting (SC), strange metal (SM), and
pseudogap (PG) phases as well as the characteristic temperatures
T% and T%% are indicated. The circles represent the two doping
levels of the present study.
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We report in-plane resistivity (ρ) and transverse magnetoresistance (MR) measurements for underdoped
HgBa2CuO4þδ (Hg1201). Contrary to the long-standing view that Kohler’s rule is strongly violated in
underdoped cuprates, we find that it is in fact satisfied in the pseudogap phase of Hg1201. The transverse MR
shows a quadratic field dependence, δρ=ρ0 ¼ aH2, with aðTÞ ∝ T−4. In combination with the observed
ρ ∝ T2 dependence, this is consistent with a single Fermi-liquid quasiparticle scattering rate. We show that
this behavior is typically masked in cuprates with lower structural symmetry or strong disorder effects.
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The unusual metallic “normal state” of the cuprates has
remained an enigma. Atypical observations at odds with
Fermi-liquid theory have been made particularly in the so-
called strange-metal regime above the pseudogap (PG)
temperature T% [inset of Fig. 1(b)] [1]. In this regime, the
in-plane resistivity exhibits an anomalous extended linear
temperature dependence, ρ ∝ T [2], and the Hall effect is
often described as RH ∝ 1=T [3,4]. In order to account for
this anomolous behavior without abandoning a Fermi-
liquid formalism, some descriptions have been formulated
based on a scattering rate whose magnitude varies around
the in-plane Fermi surface, for example, due to anisotropic
umklapp scattering or coupling to a bosonic mode [1] (e.g.,
spin [5] or charge [6] fluctuations). Prominent non-Fermi-
liquid prescriptions, such as the two-lifetime picture [7] and
the marginal-Fermi liquid [8], have also been put forth. The
former implies charge-spin separation while the latter is a
signature of a proximate quantum critical point.
The transport behavior in the PG state (T < T%) has

furthermore been complicated not only because of the
opening of the PG along portions of the Fermi surface, but
also due to possible superconducting (SC) [10], antiferro-
magnetic [5,11] and charge-spin stripe fluctuations [12].
Recent developments, however, suggest that T% marks a

phase transition [13] into a state with broken time-reversal
symmetry [14,15]. Additionally, the measurable extent of
SC fluctuations is likely limited to only a rather small
temperature range (≈ 30 K) above Tc [16,17]. These
strong indications that the PG regime is indeed a distinct
phase calls for a clear description of its intrinsic properties.
In fact, a simple ρ ¼ A2T2 dependence was recently

reported for underdoped HgBa2CuO4þδ (Hg1201) [9]. It
was also found that this Fermi-liquid-like behavior appears
below a characteristic temperature T%% [Tc < T%% < T%;
inset of Fig. 1(b)] and that the coefficient A2 per CuO2
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FIG. 1 (color online). (a) Temperature dependence of the in-
plane resistivity for two Hg1201 samples. Dotted lines are linear
fits to the high-temperature behavior. Inset: Magnetic suscep-
tibility shows Tc ¼ 70& 1 and 80.5& 0.5 K for the two samples,
HgUD70b (black) and HgUD81 (red). The Tc values are defined
as the midpoint of the transition, and the uncertainties correspond
to 90% of the transition width. (b) Resistivity plotted versus T2.
Dotted lines are fits to ρ ¼ A2T2. There is some uncertainty in the
conversion to units of ρ due to difficulties in measuring the exact
cleaved sample dimensions [9]. For consistency, we have
assumed the same magnitude of ρ for the two Tc ¼ 70 K
samples. Inset: Schematic temperature-hole doping phase dia-
gram. The superconducting (SC), strange metal (SM), and
pseudogap (PG) phases as well as the characteristic temperatures
T% and T%% are indicated. The circles represent the two doping
levels of the present study.
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Electrical and optical evidence for Fermi 
surface of long-lived quasiparticles of density p
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Can we have a metal with no broken translational 
symmetry,  and with long-lived electron-like 
quasiparticles on a Fermi surface of size p ? 



Can we have a metal with no broken translational 
symmetry,  and with long-lived electron-like 
quasiparticles on a Fermi surface of size p ? 

Answer:  Yes.  
There can be a Fermi surface of size p,

but it must be accompanied by 
topological order, in a 

“fractionalized Fermi liquid”.

At T=0, such a metal must be separated from 
a Fermi liquid (with a Fermi surface of size 
1+p) by a quantum phase transition
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A fermionic “dimer” describing a 
“bonding” orbital between two sites

Realizes a 
metal with a 

Fermi 
surface of 

area p 
co-existing 

with 
“topological 

order”

M. Punk, A. Allais, and S. S., arXiv:1501.00978, PNAS to appear

Density of fermionic dimers = p; 
density of holes relative to filled band = 1+ p
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Quantum dimer model with 
bosonic and fermionic dimers 

M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978 

Dispersion and quasiparticle residue of a single fermionic dimer for J = V = 1,

and hopping parameters obtained from the t-J model for the cuprates,

t1 = �1.05, t2 = 1.95 and t3 = �0.6, on a 8⇥ 8 lattice.



“Back side” of Fermi surface is suppressed for observables 
which change electron number in the square lattice 
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Y. Qi and S. Sachdev,
Phys. Rev. B 81, 115129 (2010)

M. Punk, A. Allais, and S. S., 
arXiv:1501.00978, PNAS to appear



Pseudogap

Pseudogap 
metal 

at low p

Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,
Y. Kohsaka, M. Azuma, M. Takano, H. Takagi, Z.-X. Shen, Science 307, 901 (2005)

SM

FL



A fractionalized Fermi 
liquid (FL*) — with 

electron-like 
quasiparticles on a 

Fermi surface of size p
coexisting with 

topological order
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FL
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FL

Y. Kohsaka et al., Science 315, 1380 (2007)

Pseudogap

Density wave (DW) 
order at low T and p

SM



FL

Identified as a 
predicted “d-form 

factor density wave”SM

M. A. Metlitski and S. Sachdev, PRB 82, 075128 (2010). S. Sachdev R. La Placa, PRL 111, 027202 (2013).

K. Fujita, M. H Hamidian, S. D. Edkins, Chung Koo Kim, Y. Kohsaka, M. Azuma, M. Takano, H. Takagi,

H. Eisaki, S. Uchida, A. Allais, M. J. Lawler, E.-A. Kim, S. Sachdev, and J. C. Davis, PNAS 111, E3026 (2014)
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d-form factor
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The high T FL* can help explain the 
“d-form factor density wave” observed at low T

D. Chowdhury and S.S., Phys. Rev. B 90, 245136 (2014).
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