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The Z2 spin liquid: Described by the simplest, non-trivial, topological field

theory with time-reversal symmetry:
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r
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rr 1
b

w

ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b

U/u

w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.
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over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic
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Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array
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b

w
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FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b

U/u

w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array
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b

w
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FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to
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w
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FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array
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FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to
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FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2
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# y

rr0 r0r00 $ H:c:% $ ub
X
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#n rr0%2 $U
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r
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r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
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rr0%2brbr0 $ H:c:'
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where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1
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#byr  rr0 $ H:c:%
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&rr0r00'
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Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
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, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
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where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b

U/u

w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.

VOLUME 89, NUMBER 27 P H Y S I C A L R E V I E W L E T T E R S 30 DECEMBER 2002

277004-2 277004-2

with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1
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Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (
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;
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p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring
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where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to
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Bosons at unit density on the square lattice; Nr = 1 for all r

In the limit of large U , we expect to prefer states in which
Nr = 1 at all r. By the usual procedure of perturbation
theory in 1/U , we obtain an e↵ective Hamiltonian within
the subspace of states with Nr = 1. To order 1/U , this
e↵ective Hamiltonian is



= 1p
2

 !

+
or  †= b† ;

Bosons at unit density on the square lattice; Nr = 1 for all r



= 1p
2

 !

+
or  †= b† ;

Bosons at unit density on the square lattice; Nr = 1 for all r



= 1p
2

 !

+
or  †= b† ;

Insulator with topological order

Bosons at unit density on the square lattice; Nr = 1 for all r



= 1p
2

 !

+
or  †= b† ;

Insulator with topological order

Bosons at unit density on the square lattice; Nr = 1 for all r



= 1p
2

 !

+
or  †= b† ;

Insulator with topological order

Bosons at unit density on the square lattice; Nr = 1 for all r



= 1p
2

 !

+
or  †= b† ;

Insulator with topological order

Bosons at unit density on the square lattice; Nr = 1 for all r



= 1p
2

 !

+
or  †= b† ;

Insulator with topological order

Bosons at unit density on the square lattice; Nr = 1 for all r



with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X
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Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (
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ubU
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;
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p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X
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where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1
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Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (
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, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X
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where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1
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Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b

U/u

w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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This e↵ective Hamiltonian has exactly the form of a U(1) lattice gauge
theory. We define br ⇠ e

i"r�r where "r = ±1 on the two sublattices, and
 rr0 ⇠ e

i"rar↵ , where r

0 = r + ê↵, ↵ = x, y. Then the above theory can be
written on cubic spacetime lattice in a “relativistic” from with action

S = �J

X

r

cos(�µ�r � 2arµ)

�K

X

⇤
cos(✏µ⌫��⌫a�)

The boson e

i�r has U(1) gauge charge 2. The Gauss law for this lattice
gauge theory is equivalent to the constraint Nr = 1 at all r.
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Bosons at unit density on the square lattice 

We can move beyond the Nr = 1 subspace, and account for these

half-charged states, by introducing an operator ei✓̄r which has U(1)

gauge charge 1, and global boson number charge "r/2. Then gauge-

invariant boson operators for the site and bond bosons now become

br = ei"r(�r�2✓̄r) ,  r↵ = ei"r(ar↵��↵✓̄r)

It is easy to verify that these new representations leave the J and

K terms in the previous spacetime lattice action for Nr = 1 in-

dependent of

¯✓r. We can also write the half-charge hopping terms

illustrated in the previous slides in this formulation. The final form

of the action so obtained is simplest in terms of a new field ✓r in

the mapping

¯✓r = ✓r when "r = 1 , ¯✓r = �✓r + �r when "r = �1

Note that ei✓r which has U(1) gauge charge 1, and global boson

number charge 1/2



Bosons at unit density on the square lattice 

Collecting these transformations, we obtain the complete action for the

full phase diagram is

S = �t
X

r

cos(�µ✓r � arµ �Arµ/2)

� J
X

r

cos(�µ�r � 2arµ)

�K
X

⇤
cos(✏µ⌫��⌫a�)

In this form, ei✓r has U(1) gauge charge 1, and boson number charge

1/2; ei�r
has U(1) gauge charge 2, and boson number charge 0. We

have also included an external (fixed) gauge field Aµ, which couples to

the boson number. The gauge-invariant boson operator is

br ⇠ e�i2✓r+i�r

and this only has Aµ charge 1/2.



Bosons at unit density on the square lattice 

What we have achieved so far:
We started with a model of bosons, b

i

on the square lattice, at a
density of one boson per site, with short-range interactions. This
model has a global U(1) symmetry under which b ! b ei↵.

We showed that this model can be rewritten (under certain con-
ditions) in terms of half-charged boson h ⇠ ei✓ and a Higgs field
� ⇠ ei�, so that

b ⇠ �(h⇤)2

This theory has the additional gauge invariance under which

� ! � e2i#(x) , h ! h ei#(x)

Then the phases of the theory can be described by the La-
grangian

L = |(@
µ

� ia
µ

� iA
µ

/2)h|2 +m2
h

|h|2 + u
h

|h|4

+ |(@
µ

� 2ia
µ

)�|2 +m2
�|�|2 + u�|�|4 �K cos(✏

µ⌫�

�
⌫

a
�

) . . .



Bosons at unit density on the square lattice 

The phases are:

(1) Superfluid: h�i 6= 0, hhi 6= 0. The global U(1) sym-
metry is broken, and so there is Goldstone mode. The
gauge fluctuations are completely Higgsed.

(2) Trivial insulator: h�i = 0, hhi = 0 and h�i = 0,
hhi 6= 0: Strong gauge fluctuations confine � and h into
the composite b ⇠ �⇤h2. The b quanta are gapped excita-
tions. Such a description is obtained in the confining phase
of the compact U(1) gauge theory where there is no Higgs
condensate. However, it is also obtained in the Higgs phase
where there is a h condensate, and such a Higgs phase is
smoothly connected to the confining phase.

(3) Insulator with topological order: h�i 6= 0, hhi = 0.
Now the � field is condensed and this gaps the U(1) gauge
excitations, and h quanta are deconfined gapped excita-
tions. However, there is another gapped excitation: the
analog of the Abrikosov vortex in �, which we denote by v.
We perform a particle-vortex duality transform to obtain
an e↵ective action for the gapped field v. Then we obtain
the field theory with the continuum Lagrangian (we are
being a little sloppy about the role of monopoles here)

L = |(@µ � iaµ)h|2 +m2
h|h|2 + u2

h|h|4

+ |(@µ � ibµ)v|2 +m2
v|v|2 + u2

v|v|4

+
i

⇡
✏µ⌫�aµ@⌫b� +

i

2⇡
✏µ⌫�Aµ@⌫b�
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TQFT
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r

2

rr 1
b

w

ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
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rr0%2brbr0 $ H:c:'
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# y
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where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to
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FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b

U/u

w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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Bosons at unit density on the square lattice 

Transition from superfluid to

insulator with Z2 topological order

The boson field � ⇠ ei� is condensed in both phases. This
gaps out the aµ field. So the quantum criticality is just the
critical theory of the half-charged boson h ⇠ ei✓

L = |(@µ �Aµ/2)h|2 +m2
h|h|2 + u|h|4

This is the O(2)⇤ Wilson-Fisher theory. The ⇤ refers to the
fact that the spectrum of the theory only contains operators
which are invariant under h ! �h: it is not possible to create
a single half-boson, and they always appear in pairs. The
critical theory therefore involves a fractionalized field, and not

the order parameter: this is an example of a deconfined critical

point .



Exotic Order in Simple Models of Bosonic Systems
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r

2

rr 1
b

w

ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b
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w
/u Fractionalized

Conventional
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FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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Bosons at unit density on the square lattice 

Transition from trivial insulator

to insulator with Z2 topological order

The half-charged boson h ⇠ ei✓ is gapped in both phases.
So as a first attempt, we just write down the theory of the
critical Higgs field � ⇠ ei�

L = |(@µ � 2iaµ)�|2 +m2
�|�|2 + u|�|4 + 1

2e2
(✏µ⌫�@⌫a�)

2

However, this turns out to be incorrect: we cannot ignore the
monopoles is the compact U(1) gauge field, aµ.



Bosons at unit density on the square lattice 

Transition from trivial insulator

to insulator with Z2 topological order

The correct theory can be obtained by performing a particle-vortex du-
ality on both the half-charged boson h ⇠ ei✓ (to a double-vortex d) and
the Higgs field � ⇠ ei� (to the vortex v)

L = |(@µ � icµ)d|2 +m2
d|d|2 + |(@µ � ibµ)v|2 +m2

v|v|2

+
i

2⇡
✏µ⌫�bµ@⌫A� +

i

2⇡
✏µ⌫�aµ@⌫(c� � 2b�)�K

X

⇤
cos(✏µ⌫��⌫a�)

After integrating over aµ this becomes equivalent to the field theory

L = |(@µ � i2bµ)d|2 +m2
d|d|2 + |(@µ � ibµ)v|2 +m2

v|v|2

+
i

2⇡
✏µ⌫�bµ@⌫A� � ym d⇤ v2 + c.c.,

where ym is the monopole fugacity.



Bosons at unit density on the square lattice 

Transition from trivial insulator

to insulator with Z2 topological order

The double vortex d is condensed in both phases: so we can
replace d by a constant, and ignore the gapped bµ gauge
field. Because of the monopole fugacity term, the symme-
try v ! vei' is broken. Only the real part of v becomes
critical at the transition. Denoting w ⇠ v + v⇤, the vison
field, we have the critical theory

L = (@µw)
2 +m2

ww
2 + uw4

This is the Ising⇤ Wilson-Fisher critical theory. Again, the
⇤ refers to the fact that all observable operators must be
invariant under w ! �w.



Bosons at unit density on the square lattice 

An alternative formulation in two dimensions preemptively
accounts for the strong e↵ects of monopoles. We take the
strong-coupling limit, in which the Higgs field is locally
condensed, to a Z2 gauge field where ei�r = 1 and eiarµ =
±1. Then we have the Hamiltonian of a Z2 gauge field
coupled to a half-charged boson ei✓r :

H = �t
X

r,↵=x,y

⌧z
r↵

cos(�
↵

✓
r

�A
r↵

/2)

�K
X

⇤
⌧z⌧z⌧z⌧z

� g
X

r,↵=x,y

⌧x
r↵

The Z2 gauge field is dual to the Ising* theory encountered
earlier.
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r
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w
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FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b
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w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r

2

rr 1
b

w

ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b
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w
/u Fractionalized

Conventional
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Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r

2

rr 1
b

w

ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b
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w
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FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r
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b

w

ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b

U/u

w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r

2

rr 1
b

w

ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b

U/u

w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r

2

rr 1
b

w

ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to
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FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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Bosons at half-integer density on the square lattice 

At half-integer density, we obtain an additional Berry phase term
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The Berry phases prohibit a “trivial” phase with no broken symme-

try and no topological order: instead we obtain a phase with valence

bond solid order and broken translational symmetry. Also, the Z2

spin liquid is now a “symmetry enriched topological” (SET) state.
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Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r

2

rr 1
b

w

ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b

U/u

w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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“Anomaly” constraints on phase diagram
Consider a general lattice Hamiltonian with 2 global symmetries: translation by a lattice

spacing, T̂
x

, and a global U(1) symmetry, U , associated in our case with conservation of
boson number. The global U(1) symmetry is generated by

U = exp

 
i↵

X

i

n̂

i

!

where ↵ is the rotation angle, and n̂

i

is the boson number on site i. There two symmetries
clearly commute

T̂

x

U = U T̂

x

Now place the system on a L

x

⇥L

y

torus, let us consider a spatially-dependent rotation
angle (i.e. we gauge the U(1) symmetry)

U
G

= exp

 
i

2⇡

L

x

X

i

x

i

n̂

i

!
.

It is now easy to show that T̂
x

and U
G

do not commute, and

T̂

x

U
G

= exp

✓
�i2⇡

N

L

x

◆
U
G

T̂

x

where N is the total number of bosons. This anomaly is an obstruction to gauging the
U(1)⇥T̂

x

global symmetry.



“Anomaly” constraints on phase diagram
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Ly

Flux
quantum

The operator U
G

is equivalent to the adiabatic insertion of one flux quantum of the
external gauge field, A

µ

, which couples to the boson number. Specifically, we have A
x

=
f(t)/L

x

, where f(t) increases slowly from 0 to 2⇡. However, in the action of the TQFT we
have the term

exp

✓
i
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Z
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= exp

✓
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y

Here b
µ

is the gauge field that couples to the vison, and W
y

is the ‘branch-cut’ operator.
So we have the basic result that in an insulator with Z2 topological order, when acting on
the low-energy sector

U
G

= W
y



“Anomaly” constraints on phase diagram

Lx

Ly

Flux
quantum

The operator U
G

is equivalent to the adiabatic insertion of one flux quantum of the
external gauge field, A

µ

, which couples to the boson number. Specifically, we have A
x

=
f(t)/L

x

, where f(t) increases slowly from 0 to 2⇡. However, in the action of the TQFT we
have the term

exp

✓
i

2⇡

Z
d3r ✏

µ⌫�

b
µ

@
⌫

A
�

◆
= exp

✓
i

2⇡

Z
dydt b

y

df

dt

◆
= exp

✓
i

Z
dy b

y

◆
⌘ W

y

Here b
µ

is the gauge field that couples to the vison, and W
y

is the ‘branch-cut’ operator.
So we have the basic result that in an insulator with Z2 topological order, when acting on
the low-energy sector

U
G

= W
y

Wy



“Anomaly” constraints on phase diagram

Combining our results we have for bosons at density ⌫

ˆT
x

W
y

= exp (2⇡i⌫L
y

)W
y

T
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ˆT
y

W
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= exp (2⇡i⌫L
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T
y

As the Wilson loop operator transports a vison around the

torus, in a translationally invariant system, we can write

these relations as a constraint on the translation operator

acting on single vison states

ˆT
x

ˆT
y

= exp (2⇡i⌫) ˆT
y

ˆT
x

.

So the vison sees each boson as a 2⇡ flux quantum. At ⌫ =

1/2, this implies that each vison state is at least doubly-

degenerate, and it transforms non-trivially under lattice

translations.



Exotic Order in Simple Models of Bosonic Systems
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We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.

DOI: 10.1103/PhysRevLett.89.277004 PACS numbers: 74.20.Mn, 71.10.Fd, 71.10.Hf

Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array

r

2

rr 1
b

w

ψ w

FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
#nbr %2

$ u 
X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b

U/u

w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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Transition from VBS insulator

to insulator with Z2 topological order

Our previous incorrect attempt for this transition at ⌫ = 1
turns out to correct at ⌫ = 1/2 (up to irrelevant terms at the
critical point)! The half-charged boson h ⇠ ei✓ is gapped in
both phases. So we just write down the theory of the critical
Higgs field � ⇠ ei�

L = |(@µ � 2iaµ)�|2 +m2
�|�|2 + u|�|4 + 1

2e2
(✏µ⌫�@⌫a�)

2

The multiple vison species suppress monopoles in the com-
pact U(1) gauge field, aµ. This theory is dual at an O(2)⇤

Wilson-Fisher theory, and that is the critical theory of the Z⇤
8

transition.

Bosons at half-integer density on the square lattice 



Exotic Order in Simple Models of Bosonic Systems

O. I. Motrunich and T. Senthil
Massachusetts Institute of Technology, 77 Massachusetts Avenue, Cambridge, Massachusetts 02139

(Received 15 May 2002; published 20 December 2002)

We show that simple Bose Hubbard models with unfrustrated hopping and short range two-body
repulsive interactions can support stable fractionalized phases in two and higher dimensions, and in
zero magnetic field. The simplicity of the constructed models advances the possibility of a controlled
experimental realization and novel applications of such unconventional states.

DOI: 10.1103/PhysRevLett.89.277004 PACS numbers: 74.20.Mn, 71.10.Fd, 71.10.Hf

Recent theoretical developments [1–4] have shown that
two- or three-dimensional strongly correlated systems in
zero magnetic field could display quantum phases with
fractional quantum numbers. This theoretical progress,
inspired mostly by the search for a theory of the high-
temperature superconductors [5], is likely to play an im-
portant role in our eventual understanding of the
mysterious properties of several strongly interacting elec-
tronic systems. However, until now, no such experimental
system has been unambiguously shown to display frac-
tional quantum numbers. Further impetus for the search
for experimental realizations of fractionalization comes
from the possibility of using such states to construct
qubits [6,7]. The topological structure inherent in these
states naturally protects the system from decoherence.

The primary goal of this paper is the identification and
possible design of specific condensed matter systems
which display the phenomenon of fractional quantum
numbers. To that end, we study particularly simple models
of bosons with unfrustrated hopping and short ranged
two-body repulsive interactions on a two-dimensional
(2D) square lattice. We show that, in particular parameter
ranges, a fractionalized insulating phase exists where
there are excitations whose charge is one-half that of
the underlying bosons. Superfluid or more conventional
insulating phases result in other parameter ranges. The
simplicity of our models opens up the possibility that they
can be realized in arrays of quantum Josephson junctions,
or possibly in ultracold atomic gases. This would provide
a definite experimental realization of a fractionalized
phase which could then possibly be exploited to construct
topologically protected qubits.

The fractionalized phase appears in a region of inter-
mediate correlations where neither the boson kinetic en-
ergy nor repulsive potential energy completely dominates
over the other. This lends support to the general notion
that fractionalization is to be looked for in a many-body
system at intermediate correlations. For example, in the
interacting electron system, fractionalization possibly
occurs at intermediate values of density somewhere be-
tween the extreme low density Wigner crystal and the
high density Fermi liquid regimes. Similarly, electronic

Mott insulators that are close to the metal-insulator tran-
sition may be good candidates for fractionalization.

The generalization of our models to three dimensions
(3D) is of some interest. The 3D version of our boson
Hubbard model has in fact two distinct fractionalized
insulating phases: First, there is a fractionalized phase
similar to the one in 2D, with the distinct excitations
being a charge-1=2 chargon and a Z2 vortex (vison) line.
The topological order in this phase is stable up to a finite
nonzero temperature. Experimental realization of this
phase may therefore be of interest for the quantum com-
puting application as a way of controlling errors due to
nonzero temperature. Another distinct fractionalized in-
sulator also appears in 3D. In this phase, the excitations
are a gapped charge-1=2 chargon, a gapless linear dis-
persing ‘‘photon,’’ and a gapped topological point defect
(the ‘‘monopole’’). Wen [8] has recently pointed out that
stable mean field theories may be constructed for quan-
tum phases where a masslessU!1" gauge boson (a photon)
emerges in the low-energy description. Our results pro-
vide an explicit and concrete model for such a phase.

Fractionalization of bosons in two dimensions.—Con-
sider bosons moving on the lattice shown in Fig. 1. A
physical realization may be a Josephson junction array
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b

w
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FIG. 1 (color online). Josephson junction array on a 2D bond-
centered square lattice modeled by the Hamiltonian Eq. (1).
Each shaded area indicates schematically cluster charging
energy UN2

r .
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with superconducting islands arranged on the sites of the
‘‘bond-centered’’ square lattice and Josephson coupled
with each other as indicated by the links.We also stipulate
repulsive interactions between the bosons (‘‘charging en-
ergy’’) that favors charge neutrality not only on indi-
vidual islands but also on the shaded clusters (note that
neighboring clusters share one site) [9]. The correspond-
ing Hamiltonian is

H ! "w1

X

r;r02r
#byr  rr0 $ H:c:%

" w2

X

&rr0r00'
# y

rr0 r0r00 $ H:c:% $ ub
X

r
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X

hrr0i
#n rr0%2 $U

X

r

N2
r : (1)

Here, byr ! ei!r represent bosons (Cooper pairs) residing
on the corner sites of the lattice, and  y

rr0 ! ei"rr0 repre-
sent bosons on the bond-centered sites (identified by the
bond end points); nbr , n rr0 are the corresponding boson
numbers, &!r; nbr ' ! i, and similarly for the  bosons.
Throughout, we work with a number-phase (quantum
rotor) representation of the bosons, as is particularly ap-
propriate in the Josephson junction array realization [10].

The w1 term is a boson hopping (Josephson coupling)
between the corner and the bond-centered sites, and
r0 2 r sums over all such bonds emanating from r. The
w2 term is a boson hopping between the neighboring
bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u terms represent on-site boson
repulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The operator
Nr associated with each cluster is defined through

Nr ! 2nbr $
X

r02r
n rr0 : (2)

The total boson number of the system is Ntot ! 1
2

P

r Nr.
Both the b bosons and the  bosons are assigned charge
qb. The model has only a globalU#1% charge conservation
symmetry.

For large w1; w2 ( ub; u ; U the system is a superfluid.
In the opposite limit, ub; u ; U ( w1; w2, the system is a
conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging
energies U and ub; u are varied separately, there is an
intermediate regime U ( w1; w2 (

!!!!!!!!!

ubU
p

;
!!!!!!!!!!

u U
p

, in
which the system is a stable fractionalized insulator
with charge qb=2 excitations and charge 0 visons above
a ground state with no conventional broken symmetries.
A schematic phase diagram of our model is shown in
Fig. 2.

The analysis in the limit of large cluster interaction
U ( w1; w2; ub; u is similar to that in the large U limit
of the electronic Hubbard model at half filling. If the
other terms are all zero, there is a degenerate manifold of
ground states specified by the requirement Nr ! 0 for
each r (recall that the operators nbr and n rr0 are defined
as conjugates of the corresponding phase variables and

have eigenvalues that can take all integer values including
negative ones; thus, the constrained Hilbert space Nr ! 0
is indeed nontrivial). This ground state sector is separated
by a large charge gap U from the nearest sectors.
Including the w1; w2; ub; u terms lifts the degeneracy
in each such zeroth-order sector, and this is best described
by deriving the corresponding effective Hamiltonians for
small perturbing couplings.

Consider the ground state sector Nr ! 0 for all r. An
elementary calculation gives

H#0%
eff ! Hub;u " Jbond

X

hrr0i
&# y

rr0%2brbr0 $ H:c:'

" Kring

X

!

# y
12 23 

y
34 41 $ H:c:%; (3)

where Hub;u stands for the on-site repulsion terms as in
Eq. (1), Jbond ! w2

1=U, and Kring ! 2w2
2=U.

A simple change of variables shows [4] that H#0%
eff to-

gether with the constraint Nr ! 0 can be regarded as the
well-studied [11] #2$ 1%D compact U#1% gauge theory
coupled to a charge 2 scalar field. In #2$ 1%D, there are
two distinct phases shown in Fig. 3. For Jbond; Kring & ub;
u , the gauge theory is ‘‘confined,’’ and all excitations
carrying nonzero ‘‘gauge charge’’ are confined. Zero
gauge charge excitations carrying physical charge quan-
tized in units of qb of course exist with a gap of order
2U. This is the conventional Mott insulator of our
boson model.

In the opposite regime, Jbond; Kring * ub; u , the gauge
theory is in the ‘‘deconfined Higgs’’ phase. Objects with
Nr ! 1 at some site, i.e., physical charge qb=2 (chargon),
have gauge charge 1, are not confined, and can propagate
above a finite gap of orderU. There is also a stable gapped
Z2 vortex excitation (vison). The deconfined phase has a
topological order [12,13]: e.g., the ground state is twofold
degenerate on a cylinder, obtained by threading no or one
vison through the hole of the cylinder.

The details of the chargon motion are determined by
the effective Hamiltonians that obtain in the charged
sectors. Straightforward calculation shows that the pres-
ence of the chargon induces a weakening of the back-
ground on the bonds and plaquettes that are connected to

b

b

U/u

w
/u Fractionalized

Conventional
Mott Insulator

Superfluid

FIG. 2. Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ) w1 ’ w2 and ub ’ u 
through the parameter space.
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H = �
X

i<j

tijc
†
i↵cj↵ + U

X

i

✓
ni" �

1

2

◆✓
ni# �

1

2

◆
� µ

X

i

c†i↵ci↵

tij ! “hopping”. U ! local repulsion, µ ! chemical potential

Spin index ↵ =", #

ni↵ = c†i↵ci↵

c†i↵cj� + cj�c
†
i↵ = �ij�↵�

ci↵cj� + cj�ci↵ = 0

The Hubbard Model

Will study on the square lattice
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Fermi surfaces in electron- and hole-doped cuprates

Hole 
states 

occupied

Electron 
states 

occupied

�
E↵ective Hamiltonian for quasiparticles:

H0 = �
X

i<j

tijc
†
i↵cj↵ ⌘

X

k

"kc
†
k↵ck↵

with tij non-zero for first, second and third neighbor, leads to satisfactory agree-
ment with experiments. The area of the occupied electron states, Ae, from
Luttinger’s theory is

Ae =

⇢
2⇡2(1� x) for hole-doping x
2⇡2(1 + p) for electron-doping p

The area of the occupied hole states, Ah, which form a closed Fermi surface and
so appear in quantum oscillation experiments is Ah = 4⇡2 �Ae.



“Anomaly” constraints on the Fermi surface size

Lx

Ly

M. Oshikawa, PRL 84, 3370 (2000)
A. Paramekanti and A. Vishwanath,

PRB 70, 245118 (2004)

The anomaly argument can be restated as a computation of the change in

crystal momentum, P , of the many-body state due to piercing by a flux

quantum

P
xf

� P
xi

=

2⇡N

L
x

(mod 2⇡) = 2⇡⌫L
y

(mod 2⇡)

where ⌫ = N/(L
x

L
y

) is the density of fermions.

Flux
quantum



�P
x

= 2⇡⌫L
y

(mod 2⇡) , �P
y

= 2⇡⌫L
x

(mod 2⇡)

Now we compute the momentum balance assuming that the only low energy exci-

tations are quasiparticles near the Fermi surface, and these react like free particles

to a su�ciently slow flux insertion. So each quasiparticle picks up a momentum

~

�p ⌘ (2⇡/L

x

, 0), and then we can write (with �n

p

the quasiparticle density excited

by the flux insertion)

�P

x

=

X

p

�n

p

p

x

.

Now �n

p

= ±1 on a shell of thickness

~

�p · d~S
p

on the Fermi surface (where

~

S

p

is an

area element on the Fermi surface). So we can write the above as a surface integral

�P

x

=

I

FS
p

x

✓
L

x

L

y

4⇡

2

◆
~

�p · d~S
p

= (

~

�p · x̂)
Z

FV

✓
L

x

L

y

4⇡

2

◆
dV

by the divergence theorem. So

�P

x

=

✓
2⇡

L

x

◆
L

x

L

y

4⇡

2
VFS , �P

y

=

✓
2⇡

L

y

◆
L

x

L

y

4⇡

2
VFS

where VFS is the volume of the Fermi surface. So, although the quasiparticles

are only defined near the Fermi surface, by using Gauss’s Law on the momentum

acquired by quasiparticles near the Fermi surface, we have converted the answer to

an integral over the volume enclosed by the Fermi surface.

Now we equate these values to those obtained above, and obtain

N � L

x

L

y

VFS

4⇡

2
= L

x

m

x

, N � L

x

L

y

VFS

4⇡

2
= L

y

m

y

for some integers m

x

, m

y

. By choosing L

x

, L

y

mutually prime integers we can now

show

⌫ =

N

L

x

L

y

=

VFS

4⇡

2
+m

for some integer m: this is Luttinger’s theorem.

~�p
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where VFS is the volume of the Fermi surface. So, although the quasiparticles

are only defined near the Fermi surface, by using Gauss’s Law on the momentum
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This is Luttinger’s theorem.
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The electron spin polarization obeys
�

⌃S(r, �)
⇥

= ⌃⇥(r, �)eiK·r

where K is the ordering wavevector.

+

Fermi surface+antiferromagnetism



We use the operator equation (valid on each site i):

U

✓
n" �

1

2

◆✓
n# �

1

2

◆
= �2U

3

~S2
+

U

4

(1)

Then we decouple the interaction via

exp

 
2U

3

X

i

Z
d⌧ ~S2

i

!
=

Z
D ~Ji(⌧) exp

 
�
X

i

Z
d⌧


3

8U
~J2
i � ~Ji~Si

�!

(2)

We now integrate out the fermions, and look for the saddle point of the

resulting e↵ective action for

~Ji. At the saddle-point we find that the lowest

energy is achieved when the vector has opposite orientations on the A and

B sublattices. Anticipating this, we look for a continuum limit in terms of

a field ~'i where

~Ji = ~'i e
iK·ri

(3)

Fermi surface+antiferromagnetism



In this manner, we obtain the “spin-fermion” model

Z =

Z
Dc↵D~' exp (�S)

S =

Z
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X
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Fermi surface+antiferromagnetism
In the Hamiltonian form (ignoring, for now, the time depen-
dence of ~'), the coupling between ~' and the electrons takes the
form

Hsdw = �
X

k,q,↵,�

~'q · c†k+q,↵~�↵�ck+K,�

where ~� are the Pauli matrices, the boson momentum q is small,
while the fermion momenum k extends over the entire Brillouin
zone. In the antiferromagnetically ordered state, we may take
~' / (0, 0, 1) , and the electron dispersions obtained by diago-
nalizing H0 +Hsdw are

Ek± =
"k + "k+K

2
±

s✓
"k � "k+K

2

◆2

+ �2|~'|2

This leads to the Fermi surfaces shown in the following slides
as a function of increasing |~'|.
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Spin density wave order, topological order,

and Fermi surface reconstruction
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Abstract
In the conventional theory of density wave ordering in metals, the onset of spin density wave (SDW)

order co-incides with the reconstruction of the Fermi surfaces into small ‘pockets’. We present models

which display this transition, while also displaying an alternative route between these phases via an

intermediate phase with topological order, no broken symmetry, and pocket Fermi surfaces. The models

involve coupling emergent gauge fields to a fractionalized SDW order, but retain the canonical electron

operator in the underlying Hamiltonian. We establish an intimate connection between the suppression

of certain defects in the SDW order, and the presence of Fermi surface sizes distinct from the Luttinger

value in Fermi liquids. We discuss the relevance of such models to the physics of the hole-doped cuprates

near optimal doping.
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insulator with Néel order present in the Hertz model.

A. Easy-plane model

The most transparent introduction to our models is obtained by focusing on the case in which

the spin density wave order parameter is restricted to lie in the x-y plane in spin space. Such

a restriction can only arise from spin-orbit couplings, which are known to be rather weak in the

cuprates. Nevertheless, we will describe this case first because of its simplicity.

1. Hertz theory

The Hertz theory for the onset of SDW order can be described by the following Hamiltonian

Hsdw = H
c

+H
✓

+H
Y

, (1.1)

where H
c

describes electrons (of density (1 � p)) hopping on the sites of a square lattice

H
c

= �
X

i,j

(t
ij

+ µ�
ij

) c†
i↵

c
j↵

(1.2)

with c
i↵

the electron annihilation operator on site i with spin ↵ =", #. We represent the SDW

order by a lattice XY rotor model, described by an angle ✓
i

, and its canonically conjugate number

operator N
i

, obeying

H
✓

= �
X

i<j

J
ij

cos(✓
i

� ✓
j

) + 4�
X

i

N2
i

; [✓
i

, N
j

] = i�
ij

, (1.3)

where J
ij

positive exchange constants, and � is proportional to the bare spin-wave gap (the 4 is for

future convenience). A term linear in N
i

is also allowed in H
✓

, but we ignore it for simplicity; such

a linear term will not be allowed when we consider models with SU(2) symmetry in Section IV.

Finally, there is a ‘Yukawa’ coupling between the XY order parameter, ei✓, and the fermions

H
Y

= ��
X

i

⌘
i

h
e�i✓

ic†
i"ci# + ei✓ic†

i#ci"

i
, (1.4)

where

⌘
i

⌘ (�1)xi

+y

i (1.5)

is the staggering factor representing the opposite spin orientations on the two sublattices. Note

that the Yukawa coupling, and the remaining Hamiltonian, commute with the total spin along the

z direction

S
z

=
X

i

✓
N

i

+
1

2
c†
i"ci" � 1

2
c†
i#ci#

◆
. (1.6)
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, obeying

H
✓

= �
X

i<j

J
ij

cos(✓
i

� ✓
j

) + 4�
X

i

N2
i

; [✓
i

, N
j

] = i�
ij

, (1.3)

where J
ij

positive exchange constants, and � is proportional to the bare spin-wave gap (the 4 is for

future convenience). A term linear in N
i

is also allowed in H
✓

, but we ignore it for simplicity; such

a linear term will not be allowed when we consider models with SU(2) symmetry in Section IV.

Finally, there is a ‘Yukawa’ coupling between the XY order parameter, ei✓, and the fermions

H
Y

= ��
X

i

⌘
i

h
e�i✓

ic†
i"ci# + ei✓ic†

i#ci"

i
, (1.4)

where

⌘
i

⌘ (�1)xi

+y

i (1.5)

is the staggering factor representing the opposite spin orientations on the two sublattices. Note

that the Yukawa coupling, and the remaining Hamiltonian, commute with the total spin along the

z direction

S
z

=
X

i

✓
N

i

+
1

2
c†
i"ci" � 1

2
c†
i#ci#

◆
. (1.6)

3

Hertz theory for XY SDW order



Metal with “large” 
Fermi surface

Quantum phase transition with 
Fermi surface reconstruction

h~'i = 0

Metal with electron 
and hole pockets

Increasing SDW order

h~'i 6= 0



to realizing nearly-free  ± fermions in a regime where
⌦
ei✓

↵
= 0. The phase with no XY order

described byHsdw has proliferating 2⇡ vortices in the SDW order, and the half-angle transformation

in Eq. (1.7) shows that  ± are not single-valued around such vortices. So the  ± fermions must

be confined at the same point where the XY order disappears. In other words, we are back to the

conventional scenario in which Fermi surface reconstruction and XY ordering co-incide.

But the above argument also suggests a route around such an obstacle: the  ± fermions are

single-valued around doubled 4⇡ vortices, and so we need the disappearance of XY order to be

associated with the proliferation of doubled vortices.

There is a simple route to the loss of XY order by doubled vortices that has been much studied

in the literature [28–31]: it involves coupling the square-root of the XY order, the ‘spinon’ field

ei✓/2, to a Z2 gauge field. The model we wish to study is obtained by replacing H
✓

in Hsdw by

the model studied in Refs. 28 and 29. In this manner, we obtain the Hamiltonian (written out

completely because of our focus on it in this paper)

H1 = H
c

+H
✓,Z2 +H

Y

H
c

= �
X

i,j

(t
ij

+ µ�
ij

) c†
i↵

c
j↵

H
Y

= ��
X

i

⌘
i

h
e�i✓

ic†
i"ci# + ei✓ic†

i#ci"

i

H
✓,Z2 = �

X

i<j

J
ij

µz

ij

cos ((✓
i

� ✓
j

)/2) + 4�
X

i

N2
i

� g
X

hiji

µx

ij

� K
X

⇤

"
Y

⇤
µz

ij

#
, (1.9)

where µx,z are Pauli matrices on the links of the square lattice representing the Z2 gauge field. The

forms of H
c

and H
Y

are the same as those in the Hertz theory, and only the action for the spin

density wave order has been modified by terms that are e↵ectively multi-spin exchange interactions.

(It will become clear from our discussion later that at p = 0 and small �, H1 reduces to the model

studied in Ref. 31.) The Hamiltonian H1 is invariant under the Z2 gauge transformation

ei✓i/2 ! s
i

ei✓i/2 , µz

ij

! s
i

µz

ij

s
j

, (1.10)

where s
i

= ±1 is an arbitrary function of i, and the other operators remain invariant. Associated

with this gauge invariance is the existence of an extensive number of conserved charges, Ĝ
i

, which

commute with H1 and obey Ĝ2
i

= 1; we restrict our attention to the sector of the Hilbert space in

which all the Ĝ
i

= 1:

Ĝ
i

⌘ e2i⇡N̂i

Y

j2n.n.(i)

µx

ij

= 1, (1.11)

where j extends over the nearest-neighbors of i.

The main term driving the appearance of exotic phases in H1 is the K term, which penalizes

configurations with non-zero Z2 gauge flux. For small K, we can trace over the Z2 gauge field in

6

Z2 gauge theory for fractionalized 
XY SDW order coupled to electrons



Consider the phase with Z2 topological order. In this state it is useful

to perform a rotation about the z axis in spin space by introducing the

fermion operators

 + = ei✓/2c" ,  � = e�i✓/2c#.

Then the Yukawa coupling, HY , takes a simple form independent of the

orientation of the XY order:

HY = ��
X

i

⌘i

h
 †
i+ i� +  †

i� i+

i
.

In other words, the  ± fermions move in the presence of a spacetime-

independent XY order, even though the actual orientation of the XY order

rotates from point to point. Moreover, from the electron hopping term

in Hc, we can obtain an e↵ective hopping Zijtij( 
†
i+ j+ +  †

i� j�) where

Zij = he±i(✓i�✓j)/2i is a renormalization factor of order unity. So it appears

we can realize a situation in which the  ± fermions are approximately free,

and their observation of constant XY order implies that they will form small

pocket Fermi surfaces (or be fully gapped at p = 0).
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FIG. 1. Schematic, minimal, phase diagram of the easy-plane Hamiltonian H1 in Eq. (1.9). The vortices

are the usual defects in the XY SDW order. We propose that with increasing doping, the electron-doped

cuprates follow a path similiar to B-A, while the hole-doped cuprates follow a path similar to B-C-A. The

Fermi surfaces are shown in the first Brillouin zone: those in A and B are of electrons, while those in

C can be either of electrons or chargons. In phase C, the single vortices in the SDW order are gapped

excitations, identified as the visons of the Z2 topological order. The sketched Fermi surfaces are for hole-

doping with the cuprate band structure: in phases B and C only hole pockets are shown, but electron

pockets will appear near the boundaries to phase A.

In other words, the  ± fermions move in the presence of a spacetime-independent XY order, even

though the actual orientation of the XY order rotates from point to point. If we realize a situation

in which the  ± fermions are approximately free, then their observation of constant XY order

implies that they will form small pocket Fermi surfaces (or be fully gapped at p = 0). From (1.6),

it can be verified that the  ± fermions have S
z

= 0, and so these are spinless fermions which carry

only the charge of the electron: we will refer to them as ‘chargons’ in the remaining discussion.

A metallic phase with chargon Fermi surfaces was called an ‘algebraic charge liquid’ (ACL) in

Ref. 27.

However, further thought based upon the structure of (1.7) shows that there is a crucial obstacle
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FIG. 1. Schematic, minimal, phase diagram of the easy-plane Hamiltonian H1 in Eq. (1.9). The vortices

are the usual defects in the XY SDW order. We propose that with increasing doping, the electron-doped

cuprates follow a path similiar to B-A, while the hole-doped cuprates follow a path similar to B-C-A. The

Fermi surfaces are shown in the first Brillouin zone: those in A and B are of electrons, while those in

C can be either of electrons or chargons. In phase C, the single vortices in the SDW order are gapped

excitations, identified as the visons of the Z2 topological order. The sketched Fermi surfaces are for hole-

doping with the cuprate band structure: in phases B and C only hole pockets are shown, but electron

pockets will appear near the boundaries to phase A.

In other words, the  ± fermions move in the presence of a spacetime-independent XY order, even

though the actual orientation of the XY order rotates from point to point. If we realize a situation

in which the  ± fermions are approximately free, then their observation of constant XY order

implies that they will form small pocket Fermi surfaces (or be fully gapped at p = 0). From (1.6),

it can be verified that the  ± fermions have S
z

= 0, and so these are spinless fermions which carry

only the charge of the electron: we will refer to them as ‘chargons’ in the remaining discussion.

A metallic phase with chargon Fermi surfaces was called an ‘algebraic charge liquid’ (ACL) in

Ref. 27.

However, further thought based upon the structure of (1.7) shows that there is a crucial obstacle
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FIG. 1. Schematic, minimal, phase diagram of the easy-plane Hamiltonian H1 in Eq. (1.9). The vortices

are the usual defects in the XY SDW order. We propose that with increasing doping, the electron-doped

cuprates follow a path similiar to B-A, while the hole-doped cuprates follow a path similar to B-C-A. The

Fermi surfaces are shown in the first Brillouin zone: those in A and B are of electrons, while those in

C can be either of electrons or chargons. In phase C, the single vortices in the SDW order are gapped

excitations, identified as the visons of the Z2 topological order. The sketched Fermi surfaces are for hole-

doping with the cuprate band structure: in phases B and C only hole pockets are shown, but electron

pockets will appear near the boundaries to phase A.

In other words, the  ± fermions move in the presence of a spacetime-independent XY order, even

though the actual orientation of the XY order rotates from point to point. If we realize a situation

in which the  ± fermions are approximately free, then their observation of constant XY order

implies that they will form small pocket Fermi surfaces (or be fully gapped at p = 0). From (1.6),

it can be verified that the  ± fermions have S
z

= 0, and so these are spinless fermions which carry

only the charge of the electron: we will refer to them as ‘chargons’ in the remaining discussion.

A metallic phase with chargon Fermi surfaces was called an ‘algebraic charge liquid’ (ACL) in

Ref. 27.

However, further thought based upon the structure of (1.7) shows that there is a crucial obstacle
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Metal with “large” 
Fermi surface

Metal with electron 
and hole pockets

Increasing SDW order

h~'i 6= 0
h~'i = 0

Algebraic Charge liquid 
(ACL) or Fractionalized 
Fermi liquid (FL*) phase

with no symmetry 
breaking and pocket 

Fermi surfaces

h~'i = 0

Separating onset of SDW order
and Fermi surface reconstruction 

Electron and/or hole 
Fermi pockets form in 
“local” SDW order, but 
quantum fluctuations 
destroy long-range

SDW order

T. Senthil, S. Sachdev, and M. Vojta, Phys. Rev. Lett. 90, 216403 (2003)
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A conventional 
metal:

the Fermi liquid 
with Fermi 

surface of size 
1+p

M. Platé, J. D. F. Mottershead, I. S. Elfimov, D. C. Peets, Ruixing Liang, D. A. Bonn, W. N. Hardy,
S. Chiuzbaian, M. Falub, M. Shi, L. Patthey, and A. Damascelli, Phys. Rev. Lett. 95, 077001 (2005)
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SM

FL

Pseudogap 
metal 

at low p
Many indications that 
this metal behaves like 
a Fermi liquid, but with 

Fermi surface size p 
and not 1+p.

S. Badoux, W. Tabis, F. Laliberté, G. Grissonnanche, B. Vignolle, D. Vignolles, J. Béard, D.A. Bonn,
W.N. Hardy, R. Liang, N. Doiron-Leyraud, L. Taillefer, and C. Proust, Nature 531, 210 (2016).



SM

FL

Pseudogap 
metal 

at low p
Many indications that 
this metal behaves like 
a Fermi liquid, but with 

Fermi surface size p 
and not 1+p.

If present at T=0, a 
metal with a size p 
Fermi surface (and 

translational symmetry 
preserved) must have 

topological order

T. Senthil, M. Vojta and S. Sachdev, PRB 69, 035111 (2004)



Hall effect measurements in YBCO

Badoux, Proust, Taillefer et al., Nature 531, 210 (2016)
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order: 
Fermi 

surface of 
size p !


