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Figure 1: Schematic picture of ferro- and antiferromagnets. The chequerboard pat-

tern in the antiferromagnet is called a Néel state.

the role of symmetry in physics. Using new experimental techniques, hidden
patterns of symmetry were discovered. For example, there are magnetic mate-
rials where the moments form a chequerboard pattern where the neighbouring
moments are anti-parallel, see Fig. 1. In spite of not having any net magneti-
zation, such antiferromagnets are nevertheless ordered states, and the pattern
of microscopic spins can be revealed by neutron scattering. The antiferro-
magnetic order can again be understood in terms of the associated symmetry
breaking.

In a mathematical description of ferromagnetism, the important variable is
the magnetization, ~mi = µ ~Si, where µ is the magnetic moment and ~Si the spin
on site i. In an ordered phase, the average value of all the spins is different from
zero, h~mii 6= 0. The magnetization is an example of an order parameter, which
is a quantity that has a non-zero average in the ordered phase. In a crystal it
is natural to think of the sites as just the atomic positions, but more generally
one can define “block spins” which are averages of spins on many neighbouring
atoms. The “renormalization group” techniques used to understand the theory
of such aggregate spins are crucial for understanding phase transitions, and
resulted in a Nobel Prize for Ken Wilson in 1982.

It is instructive to consider a simple model, introduced by Heisenberg, that
describes both ferro- and antiferromagnets. The Hamiltonian is

HF = �J
X

hiji

~Si · ~Sj � µ
X
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~B · ~Si (1)
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In spatial dimension d = 2, the symmetry ✓i ! ✓i + c is

preserved at all non-zero T . There is no LRO, and

h ii = 0 for all T > 0.

Nevertheless, there is a phase transition at T = TKT ,

where the nature of the correlations changes
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.

The low T phase also has topological order associated

with the suppression of vortices.
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Figure 3: To the left a single vortex configuration, and to the right a vortex-

antivortex pair. The angle ✓ is shown as the direction of the arrows, and the cores of

the vortex and antivortex are shaded in red and blue respectively. Note how the arrows

rotate as you follow a contour around a vortex. (Figure by Thomas Kvorning.)

by the Hamiltonian,

HXY = �J
X

hiji

cos(✓i � ✓j) (3)

where hiji again denotes nearest neighbours and the angular variables, 0 
✓i < 2⇡ can denote either the direction of an XY-spin or the phase of a
superfluid. We shall discuss this model in some detail below.

Although the GL and BCS theories were very successful in describing many
aspects of superconductors, as were the theories developed by Lev Landau
(Nobel Prize 1962), Nikolay Bogoliubov, Richard Feynman, Lars Onsager and
others for the Bose superfluids, not everything fit neatly into the Landau
paradigm of order parameters and spontaneous symmetry breaking. Problems
occur in low-dimensional systems, such as thin films or thin wires. Here, the
thermal fluctuations become much more important and often prevent ordering
even at zero temperature [39]. The exact result of interest here is due to
Wegner, who showed that there cannot be any spontaneous symmetry breaking
in the XY-model at finite temperature [53].

So far we have discussed phenomena that can be understood using classical
concepts, at least as long as one accepts that superfluids are characterised
by a complex phase. There are however important macroscopic phenomena
that cannot be explained without using quantum mechanics. To find the
ground state of a quantum many-body problem is usually very difficult, but
there are some important examples where solutions to simplified problems give
deep physical insights. Electromagnetic response in crystalline materials is an
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moments are anti-parallel, see Fig. 1. In spite of not having any net magneti-
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of microscopic spins can be revealed by neutron scattering. The antiferro-
magnetic order can again be understood in terms of the associated symmetry
breaking.

In a mathematical description of ferromagnetism, the important variable is
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on site i. In an ordered phase, the average value of all the spins is different from
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Add terms which suppress single but 
not double vortices…..
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• With K = 0, we can explicitly sum over �ij , and the
theory reduces to the ordinary XY model.
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• The theory has a Z2 gauge invariance: we can change

✓i ! ✓i + ⇡(1� ⌘i)

�ij ! ⌘i�ij⌘j ,

with ⌘i = ±1, and the energy remains unchanged.

• The XY order parameter  i = ei✓i is gauge invari-

ant, as are all physical observables. So this is an

XY model with a modified Hamiltonian, and no ad-

ditional degrees of freedom have been introduced.
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• A single (odd) 2⇡ vortex in ✓i hasQ
(ij)2⇤ cos [(✓i � ✓j)/2] < 0.

• So for J > 0, such a vortex will prefer
Q

(ij)2⇤ �ij = �1,
i.e. a 2⇡ vortex has Z2 flux = �1 in its core.

• So a large K > 0 will suppress (odd) 2⇡ vortices.

• There is no analogous suppression of (even) 4⇡ vortices.
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patterns of symmetry were discovered. For example, there are magnetic mate-
rials where the moments form a chequerboard pattern where the neighbouring
moments are anti-parallel, see Fig. 1. In spite of not having any net magneti-
zation, such antiferromagnets are nevertheless ordered states, and the pattern
of microscopic spins can be revealed by neutron scattering. The antiferro-
magnetic order can again be understood in terms of the associated symmetry
breaking.

In a mathematical description of ferromagnetism, the important variable is
the magnetization, ~mi = µ ~Si, where µ is the magnetic moment and ~Si the spin
on site i. In an ordered phase, the average value of all the spins is different from
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is a quantity that has a non-zero average in the ordered phase. In a crystal it
is natural to think of the sites as just the atomic positions, but more generally
one can define “block spins” which are averages of spins on many neighbouring
atoms. The “renormalization group” techniques used to understand the theory
of such aggregate spins are crucial for understanding phase transitions, and
resulted in a Nobel Prize for Ken Wilson in 1982.
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-1

A quantum Hamiltonian in 2+1 dimensions

• In the topological phase,
the suppressed Z2 fluxes
of -1 become well-defined
gapped quasiparticle
excitations (‘visons’) above
the ground state.
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A quantum Hamiltonian in 2+1 dimensions

• In the topological phase, on a
torus, inserting the Z2 flux of
-1 into one of the cycles of the
torus leads to an orthogonal state
whose energy cost vanishes ex-
ponentially in the size of the
torus: there are 4 degenerate
ground states on a large torus.
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Fluctuating antiferromagnetism
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insulating behavior of the antiferromagnetic metal.
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Figure 1: Schematic picture of ferro- and antiferromagnets. The chequerboard pat-

tern in the antiferromagnet is called a Néel state.

the role of symmetry in physics. Using new experimental techniques, hidden
patterns of symmetry were discovered. For example, there are magnetic mate-
rials where the moments form a chequerboard pattern where the neighbouring
moments are anti-parallel, see Fig. 1. In spite of not having any net magneti-
zation, such antiferromagnets are nevertheless ordered states, and the pattern
of microscopic spins can be revealed by neutron scattering. The antiferro-
magnetic order can again be understood in terms of the associated symmetry
breaking.

In a mathematical description of ferromagnetism, the important variable is
the magnetization, ~mi = µ ~Si, where µ is the magnetic moment and ~Si the spin
on site i. In an ordered phase, the average value of all the spins is different from
zero, h~mii 6= 0. The magnetization is an example of an order parameter, which
is a quantity that has a non-zero average in the ordered phase. In a crystal it
is natural to think of the sites as just the atomic positions, but more generally
one can define “block spins” which are averages of spins on many neighbouring
atoms. The “renormalization group” techniques used to understand the theory
of such aggregate spins are crucial for understanding phase transitions, and
resulted in a Nobel Prize for Ken Wilson in 1982.

It is instructive to consider a simple model, introduced by Heisenberg, that
describes both ferro- and antiferromagnets. The Hamiltonian is
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We compute the electronic Green’s function of the topologically ordered Higgs phase of a SU(2)
gauge theory of fluctuating antiferromagnetism on the square lattice. The results are compared
with cluster extensions of dynamical mean field theory, and quantum Monte Carlo calculations, on
the pseudogap phase of the strongly interacting hole-doped Hubbard model. Good agreement is
found in the momentum, frequency, hopping, and doping dependencies of the spectral function and
electronic self-energy. We show that (approximate) lines of zeros of the zero-frequency electronic
Green’s function are signs of the underlying topological order of the gauge theory, and describe
how these lines of zeros appear in our theory of the Hubbard model. We also derive a modified,
non-perturbative version of the Luttinger theorem that holds in the Higgs phase.

The pseudogap metal is a novel state of electronic mat-
ter found in the hole-doped, cuprate high temperature
superconductors [1]. It exhibits clear evidence of electri-
cal transport with the temperature and frequency depen-
dence of a conventional metal obeying Fermi liquid the-
ory [2, 3]. However, a long-standing mystery in the study
of the cuprates is that photoemission experiments do not
show the ‘large’ Fermi surface that is expected from the
Luttinger theorem of Fermi liquid theory [4]. (Broken
square lattice translational symmetry can allow ‘small’
Fermi surfaces, but there is no sign of it over a wide
range of temperature and doping over which the pseudo-
gap state is present [1, 5], and we will not discuss states
with broken symmetry here.) There are non-perturbative
arguments [6–9] that deviations from the Luttinger vol-
ume are only possible in quantum states with topological
order. But independent evidence for the presence of topo-
logical order in the pseudogap has so far been lacking.

In this paper we employ a SU(2) gauge theory of fluc-
tuating antiferromagnetism (AF) in metals [10, 11] to
describe the pseudogap metal. Such a gauge theory de-
scribes fluctuations in the orientation of the AF order,
while preserving a local, non-zero magnitude. An alter-
native, semiclassical treatment of fluctuations of the AF
order parameter has been used to describe the electron-
doped cuprates [12], but this remains valid at low tem-
peratures (T ) only if the AF correlation length ⇠AF di-
verges as T ! 0. We are interested in the case where ⇠AF

remains finite at T = 0, and then a gauge theory formu-
lation is required to keep proper track of the fermionic
degrees of freedom in the background of the fluctuating
AF order. Such a gauge theory can formally be derived
from a lattice Hubbard model, as we will outline in the
next section. The SU(2) gauge theory yields a pseudogap
metal with only ‘small’ Fermi surfaces when the gauge

group is ‘Higgsed’ down to a smaller group. We will de-
scribe examples of Higgsing down to U(1) and Z2, and
these will yield metallic states with U(1) and Z2 topolog-
ical order. See Appendix A for a definition of topological
order in gapless systems; for the U(1) case we primarily
consider, the topological order is associated [13, 14] with
the suppression of ‘hedgehog’ defects in the spacetime
configuration of the fluctuating AF order.

We will present a mean-field computation of the elec-
tronic Green’s function across the entire Brillouin zone
in the U(1) Higgs phase of the SU(2) gauge theory. Such
results allow for a direct comparison with numerical com-
putations on the Hubbard model. One of our main results
will be that for a reasonable range of parameters in the
SU(2) gauge theory, both the real and imaginary parts of
the electron Green’s function of the gauge theory with
topological order closely resemble those obtained from
dynamical cluster approximation (DCA), a cluster ex-
tension of dynamical mean field theory (DMFT). While
DCA allows us to study the regime of strong correlations
down to low temperature, it has limited momentum-
space resolution. For this reason, we have also performed
determinant quantumMonte Carlo (DQMC) calculations
and find self-energies that, in the numerically accessible
temperature range, agree well with the gauge theory com-
putations. Additional results on the comparison between
the SU(2) gauge theory and the DCA and DQMC com-
putations, as a function of doping and second-neighbor
hopping, appear in a companion paper [15].

In several discussions in the literature [16–22], viola-
tions of the Luttinger theorem have been linked to the
presence of lines of zeros (in two spatial dimensions) in
the electron Green’s function on a “Luttinger surface”.
The conventional perturbative proof of the Luttinger the-
orem yields an additional contribution to the volume en-
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We compute the electronic Green’s function of the topologically or-
dered Higgs phase of a SU(2) gauge theory of fluctuating antiferro-
magnetism on the square lattice. The results are compared with clus-
ter extensions of dynamical mean field theory, and quantum Monte
Carlo calculations, on the pseudogap phase of the strongly interact-
ing hole-doped Hubbard model. Good agreement is found in the mo-
mentum, frequency, hopping, and doping dependencies of the spec-
tral function and electronic self-energy. We show that lines of (ap-
proximate) zeros of the zero-frequency electronic Green’s function
are signs of the underlying topological order of the gauge theory,
and describe how these lines of zeros appear in our theory of the
Hubbard model. We also derive a modified, non-perturbative version
of the Luttinger theorem that holds in the Higgs phase.
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The pseudogap metal is a novel state of electronic mat-
ter found in the hole-doped, cuprate high temperature

superconductors [1]. It exhibits clear evidence of electrical
transport with the temperature and frequency dependence of
a conventional metal obeying Fermi liquid theory [2, 3]. How-
ever, a long-standing mystery in the study of the cuprates is
that photoemission experiments do not show the ‘large’ Fermi
surface that is expected from the Luttinger theorem of Fermi
liquid theory [4]. (Broken square lattice translational symme-
try can allow ‘small’ Fermi surfaces, but there is no sign of it
over a wide range of temperature and doping over which the
pseudogap state is present [1, 5], and we will not discuss states
with broken symmetry here.) There are non-perturbative ar-
guments [6–9] that deviations from the Luttinger volume are
only possible in quantum states with topological order. But
independent evidence for the presence of topological order in
the pseudogap has so far been lacking.

In this paper we employ a SU(2) gauge theory of fluctuating
antiferromagnetism (AF) in metals [10, 11] to describe the
pseudogap metal. Such a gauge theory describes fluctuations
in the orientation of the AF order, while preserving a local,
non-zero magnitude. An alternative, semiclassical treatment
of fluctuations of the AF order parameter has been used to
describe the electron-doped cuprates [12], but this remains
valid at low temperatures (T ) only if the AF correlation length
›AF diverges as T æ 0. We are interested in the case where
›AF remains finite at T = 0, and then a gauge theory formula-
tion is required to keep proper track of the fermionic degrees
of freedom in the background of the fluctuating AF order.
Such a gauge theory can formally be derived from a lattice
Hubbard model, as we will outline in the next section. The
SU(2) gauge theory yields a pseudogap metal with only ‘small’
Fermi surfaces when the gauge group is ‘Higgsed’ down to a
smaller group. We will describe examples of Higgsing down
to U(1) and Z2, and these will yield metallic states with U(1)

and Z2 topological order. See SI Appendix A for a definition
of topological order in gapless systems; for the U(1) case we
primarily consider, the topological order is associated [13, 14]
with the suppression of ‘hedgehog’ defects in the spacetime
configuration of the fluctuating AF order.

We will present a mean-field computation of the electronic
Green’s function across the entire Brillouin zone in the U(1)
Higgs phase of the SU(2) gauge theory. Such results allow
for a direct comparison with numerical computations on the
Hubbard model. One of our main results will be that for a
reasonable range of parameters in the SU(2) gauge theory, both
the real and imaginary parts of the electron Green’s function of
the gauge theory with topological order closely resemble those
obtained from dynamical cluster approximation (DCA), a clus-
ter extension of dynamical mean field theory (DMFT). While
DCA allows us to study the regime of strong correlations down
to low temperature, it has limited momentum-space resolution.
For this reason, we have also performed determinant quan-
tum Monte Carlo (DQMC) calculations and find self-energies
that, in the numerically accessible temperature range, agree
well with the gauge theory computations. Additional results
on the comparison between the SU(2) gauge theory and the
DCA and DQMC computations, as a function of doping and
second-neighbor hopping, appear in a companion paper [15].

In several discussions in the literature [16–22], violations
of the Luttinger theorem have been linked to the presence
of lines of zeros (in two spatial dimensions) in the electron
Green’s function on a “Luttinger surface”. The conventional
perturbative proof of the Luttinger theorem yields an addi-
tional contribution to the volume enclosed by the Fermi surface
when the electron Green’s function has lines of zeros: it was
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using 17O NMR measurements of an isotope-
enriched single crystal of ZnCu3(OH)6Cl2. We
demonstrated that the spin excitation spectrum
exhibits a finite gap D = 0.03J to 0.07J be-
tween a S = 0 spin-liquid ground state and the
excited states, where J ~ 200 K represents the
Cu-Cu superexchange interaction (5, 21).
A major advantage of using a single crystal for

NMR is that we can achieve high resolution by
applying an external magnetic field Bext along
specific crystallographic directions. In Fig. 2A,
we present the 17O (nuclear spin I = 5/2; gyro-
magnetic ratio gn/2p = 5.772 MHz/T) NMR line
shape measured at 295 K in Bext = 9 T, applied
along the c axis; the temperature dependence of
the line shape is presented in Fig. 2C. Unlike pre-
viously measured powder-averaged 35Cl and 17O
NMR line shapes (22, 23), we can resolve the five
Iz =m tom + 1 transitions (Iz, z component of the
nuclear spin angularmomentum;magnetic quan-
tum number m = –5/2, –3/2, –1/2, +1/2, +3/2),
which are separated by a nuclear quadrupole

frequency nQ
(c). In addition, the central peak

frequency f for the Iz = –1/2 to +1/2 transition is
shifted from the bare resonance frequency fo =
(gn/2p)Bext by the effects of the hyperfine mag-
netic fields from nearby Cu2+ sites, and the shift
of the peak (marked “main” in Fig. 2A) is pro-
portional to ckagome. Such an NMR frequency
shift may be expressed in terms of the Knight
shift, 17K (c) = f/fo – 1 = Ahf ckagome, where Ahf is
the hyperfine coupling constant between the 17O
nuclear spin and the Cu2+ electron spins. We can
fit the line shape in Fig. 2A with three sets of five
peakswith three distinct values of 17K (c) and nQ

(c).
That is, the presence of the Cu2+ defects at the
Zn2+ sites results in three distinct 17O sites in
ZnCu3(OH)6Cl2. Taking into account the differ-
ence in the transverse relaxation that affects the
apparent signal intensities (fig. S1), we estimated
the population of the three sites as 13 ± 4%, 28 ±
5%, and59±8%, in agreementwith earlier 2DNMR
observations of three corresponding sites in a
deuterated single crystal of ZnCu3(OD)6Cl2 (24).
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Fig. 2. Influence of the Cu2+ defects and NMR Knight shift in 9 T. (A) 17O NMR line shape at 295 K in
Bext = 9 T || c, fitted with three sets of five peaks arising from themain (nQ

(c) ~ 360 kHz), NN (nQ
(c) ~ 310 kHz),

andNNN(nQ
(c) ~ 350 kHz) sites.The vertical dashed line represents the zero-shift frequency fo = (gn/2p)Bext

~ 51.9 MHz, where 17K(c) = 0. (B) A summary of 17K(a*) and 17K(c) measured in 9 T. Solid and open symbols
represent the data for themain and NN sites, respectively. Also plotted is the 2D NMR frequency shift 2K

ðcÞ

NN
at theNN 2D sites,measured in 8.4 T, that is dominated entirely by cdefect; the solid curve is a Curie-Weiss fit,
2KðcÞ

NN~ –(T– q)–1, with q ~ –1.2 K (24). (C) Representative 17O NMR line shapes measured in Bext = 9 T || c
below 295 K. Red arrows show the central peak of the main sites, whereas blue arrows mark the five
transitions of the NN sites. Error bars represent uncertainties in the NMR signal intensity in (A) and (C) and
experimental errors of the Knight shifts in (B).

Fig. 1. Kagome lattice and the structure of
ZnCu3(OH)6Cl2. (A) A kagome lattice formed by
corner-shared triangles.Theantiferromagnetic interac-
tions between NN sites frustrate the spin system
(black arrows indicate two spins forming a singlet
pair; the red double-headed arrowwith the question
mark represents a frustrated spin). (B) Top view of
the Cu3O3 kagome layer in ZnCu3(OH)6Cl2. The
local geometries of the main1 and main2 17O sites
(marked as 1 and 2, respectively) are not equivalent
under thepresenceofBext ||a*. (C) Zn

2+ sites (purple)
are located either above or below the center of the
Cu3O3 triangles (blue and red) and have 6NN (navy
blue) and 12 NNN (gray) 17O sites in the adjacent
kagomeplanes. (D)Oblique viewof ZnCu3(OH)6Cl2.
(E) Cu2+ defect moment at a Zn2+ site polarized by
Bext || c (gold arrow), and its local environment.
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using 17O NMR measurements of an isotope-
enriched single crystal of ZnCu3(OH)6Cl2. We
demonstrated that the spin excitation spectrum
exhibits a finite gap D = 0.03J to 0.07J be-
tween a S = 0 spin-liquid ground state and the
excited states, where J ~ 200 K represents the
Cu-Cu superexchange interaction (5, 21).
A major advantage of using a single crystal for

NMR is that we can achieve high resolution by
applying an external magnetic field Bext along
specific crystallographic directions. In Fig. 2A,
we present the 17O (nuclear spin I = 5/2; gyro-
magnetic ratio gn/2p = 5.772 MHz/T) NMR line
shape measured at 295 K in Bext = 9 T, applied
along the c axis; the temperature dependence of
the line shape is presented in Fig. 2C. Unlike pre-
viously measured powder-averaged 35Cl and 17O
NMR line shapes (22, 23), we can resolve the five
Iz =m tom + 1 transitions (Iz, z component of the
nuclear spin angularmomentum;magnetic quan-
tum number m = –5/2, –3/2, –1/2, +1/2, +3/2),
which are separated by a nuclear quadrupole

frequency nQ
(c). In addition, the central peak

frequency f for the Iz = –1/2 to +1/2 transition is
shifted from the bare resonance frequency fo =
(gn/2p)Bext by the effects of the hyperfine mag-
netic fields from nearby Cu2+ sites, and the shift
of the peak (marked “main” in Fig. 2A) is pro-
portional to ckagome. Such an NMR frequency
shift may be expressed in terms of the Knight
shift, 17K (c) = f/fo – 1 = Ahf ckagome, where Ahf is
the hyperfine coupling constant between the 17O
nuclear spin and the Cu2+ electron spins. We can
fit the line shape in Fig. 2A with three sets of five
peakswith three distinct values of 17K (c) and nQ

(c).
That is, the presence of the Cu2+ defects at the
Zn2+ sites results in three distinct 17O sites in
ZnCu3(OH)6Cl2. Taking into account the differ-
ence in the transverse relaxation that affects the
apparent signal intensities (fig. S1), we estimated
the population of the three sites as 13 ± 4%, 28 ±
5%, and59±8%, in agreementwith earlier 2DNMR
observations of three corresponding sites in a
deuterated single crystal of ZnCu3(OD)6Cl2 (24).
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Fig. 2. Influence of the Cu2+ defects and NMR Knight shift in 9 T. (A) 17O NMR line shape at 295 K in
Bext = 9 T || c, fitted with three sets of five peaks arising from themain (nQ

(c) ~ 360 kHz), NN (nQ
(c) ~ 310 kHz),

andNNN(nQ
(c) ~ 350 kHz) sites.The vertical dashed line represents the zero-shift frequency fo = (gn/2p)Bext

~ 51.9 MHz, where 17K(c) = 0. (B) A summary of 17K(a*) and 17K(c) measured in 9 T. Solid and open symbols
represent the data for themain and NN sites, respectively. Also plotted is the 2D NMR frequency shift 2K

ðcÞ

NN
at theNN 2D sites,measured in 8.4 T, that is dominated entirely by cdefect; the solid curve is a Curie-Weiss fit,
2KðcÞ

NN~ –(T– q)–1, with q ~ –1.2 K (24). (C) Representative 17O NMR line shapes measured in Bext = 9 T || c
below 295 K. Red arrows show the central peak of the main sites, whereas blue arrows mark the five
transitions of the NN sites. Error bars represent uncertainties in the NMR signal intensity in (A) and (C) and
experimental errors of the Knight shifts in (B).

Fig. 1. Kagome lattice and the structure of
ZnCu3(OH)6Cl2. (A) A kagome lattice formed by
corner-shared triangles.Theantiferromagnetic interac-
tions between NN sites frustrate the spin system
(black arrows indicate two spins forming a singlet
pair; the red double-headed arrowwith the question
mark represents a frustrated spin). (B) Top view of
the Cu3O3 kagome layer in ZnCu3(OH)6Cl2. The
local geometries of the main1 and main2 17O sites
(marked as 1 and 2, respectively) are not equivalent
under thepresenceofBext ||a*. (C) Zn

2+ sites (purple)
are located either above or below the center of the
Cu3O3 triangles (blue and red) and have 6NN (navy
blue) and 12 NNN (gray) 17O sites in the adjacent
kagomeplanes. (D)Oblique viewof ZnCu3(OH)6Cl2.
(E) Cu2+ defect moment at a Zn2+ site polarized by
Bext || c (gold arrow), and its local environment.
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Kagome lattice antiferromagnet

Herbertsmithite: ZnCu3 (OH)6 Cl2

Candidate for an insulator with Z2 topo-
logical order which has charge neutral, spin
S = 1/2, “spinon” excitations.

S. Sachdev, Physical Review B 45, 12377 (1992)
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FIG. 3: Qualitative comparison between experimental measurements [5] and our theoretical results for the dynamic structure
factor S(k,!). Experimental data at fixed frequency are shown for (a) ! = 0.75meV and (b) ! = 6meV. Theoretical results
for the Q1=Q2 spin liquid at fixed frequency are plotted for (c) ! = 0.37J and (d) ! = 0.6J . The extended Brillouin zone
is indicated by the dashed hexagons. Note that the peak at the M point at low frequencies, as well as the flatness of S(k,!)
between the M and K points at higher frequencies is captured by our theory. Cuts of our theoretical results for S(k,!) along
high symmetry directions at di↵erent frequencies are plotted in (e) between the M and K point, as well as in (f) between the
� and K point, again showing the peak at the M point at low frequencies. Panel (g) shows details of the calculated structure
factor as function of frequency for various momenta between the M (bottom curve) and K point (top curve). Note that all
curves in (g) are shifted by 0.12J with respect to each other for better visibility. All theoretical data shown was computed for
the Q1 = Q2 state with a spinon-vison interaction strength g0 = 0.6 and other parameters as in Fig. 1.

vison interaction vertex, with p (q) the momentum of
the outgoing (incoming) spinon. Note that the six spinon
bands come in three degenerate pairs due to the SU(2)
spin-symmetry. Furthermore, note that the flat vison
band is not renormalized at arbitrary order in the spinon-
vison coupling.

The dynamic structure factor can be obtained from the
susceptibility (3.2) via

S(k,!) =
Im�(k, i!n ! ! + i0+)

1� e��!
. (3.6)

Results of this calculation at zero temperature are shown
in Figs. 1 and 3 for theQ1 = Q2 state for di↵erent spinon-
vison interaction strengths g0. In the region around and
in-between the high symmetry points M and K the low-
est order vertex correction shown in Fig. 2 gives only
a relatively small contribution to S(k,!) and thus has
been neglected in the data shown in these figures (see
supplementary material for a discussion).

IV. DISCUSSION

Fig. 1 shows the two spinon contribution to the dy-
namic structure factor for the Q1 = Q2 state (results
for the Q1 = �Q2 state can be found in the supplemen-
tary material). The onset of the two spinon continuum,
which has a minimum at the M point, is clearly visible
in Fig. 1(a) as the line of frequencies below which the dy-

namic structure factor vanishes. Moreover, several sharp
peaks appear inside the spinon continuum. We note that
such features in the two-spinon contribution to S(k,!)
are generic and are present also for gapless Dirac spin liq-
uids. Since none of these structures have been observed
in experiment, it is clearly necessary to go beyond this
level of approximation.
Figs. 1(d) and (e) show the dynamic structure factor

along the same high symmetry directions as in Fig. 1(a),
but now including the e↵ect of spinon-induced vison pair
production for two di↵erent interaction strengths g0. The
non-dispersing visons act as powerful momentum sink for
the spinons and lead to a considerable shift of spectral
weight below the two-spinon continuum. The computed
structure factor is almost structureless and considerably
flattened at intermediate energies. Our results for the
Q1 = Q2 state also capture the small low-frequency peak
in S(k,!) at the M point, which has been seen in ex-
periment. This peak is a remnant of a minimum in the
threshold of the two-spinon continuum at the M point,
and we conjecture that it might be an indication that
this particular Z2 spin liquid state is realized in Herbert-
smithite. In Fig. 3 we show plots of S(k,!) at constant
energy, where this peak is clearly visible, and compare
our results qualitatively to the experimental data.
In Figs. 1(e) and 3(g) one can barely see small os-

cillations of S(k,!) at low frequencies. These oscilla-
tions originate from the self-consistent computation of
the spinon self-energy ⌃(k,!) and are related to reso-
nances in the self-energy at energies corresponding to the
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FRUSTRATED MAGNETISM

Evidence for a gapped
spin-liquid ground state in a kagome
Heisenberg antiferromagnet
Mingxuan Fu,1 Takashi Imai,1,2* Tian-Heng Han,3,4 Young S. Lee5,6

The kagome Heisenberg antiferromagnet is a leading candidate in the search for a spin
system with a quantum spin-liquid ground state. The nature of its ground state remains
a matter of active debate. We conducted oxygen-17 single-crystal nuclear magnetic
resonance (NMR) measurements of the spin-1/2 kagome lattice in herbertsmithite
[ZnCu3(OH)6Cl2], which is known to exhibit a spinon continuum in the spin excitation
spectrum. We demonstrated that the intrinsic local spin susceptibility ckagome, deduced
from the oxygen-17 NMR frequency shift, asymptotes to zero below temperatures of
0.03J, where J ~ 200 kelvin is the copper-copper superexchange interaction. Combined
with the magnetic field dependence of ckagome that we observed at low temperatures,
these results imply that the kagome Heisenberg antiferromagnet has a spin-liquid ground
state with a finite gap.

T
he realization and characterization of a
kagomeHeisenberg antiferromagnet (KHA)
with a corner-shared triangle structure
(Fig. 1A) is crucial to the search for a quan-
tum spin-liquid ground state (1, 2). Spin

liquids consist of entangled pairs of spin singlets
and do not undergo amagnetic phase transition.
The successful synthesis of the structurally ideal
kagome lattice of Cu2+ ions (spin S = 1/2) in
herbertsmithite [ZnCu3(OH)6Cl2; Fig. 1, B to E]
(3) was a major milestone (4). ZnCu3(OH)6Cl2 re-
mains paramagnetic at least down to ~50 mK
(5, 6). Moreover, inelastic neutron scatteringmea-
surements (7) on single crystals (8) have demon-
strated that the spin excitation spectrum does not
exhibit conventional magnons, but rather a spinon
continuum. Despite the recent progress, funda-

mental issues regarding the nature of the ground
state of the KHA are not yet understood. For ex-
ample, the central question of the existence of a
gap in the spin excitation spectrum has not been
settled. This information is critical for compara-
tively evaluating the leading theories on the ground
state of the S = 1/2 KHA: a gapped spin liquid, gap-
less spin liquid, or valence-bond solid (1, 2, 9–14)
In ZnCu3(OH)6Cl2, weakly interacting Cu2+

defects occupy the nonmagnetic Zn2+ sites between
the kagome layers with ~15% probability (15).
Their contributions dominate bulk-averaged ther-
modynamic properties at low temperatures
(3, 5, 8, 16, 17), making it difficult to measure the
intrinsic low-energy properties of this material.
Similarly, the Cu2+ impurity moments can con-
tribute to the inelastic neutron scattering, ob-
scuring the response of the intrinsic kagome spins
at low energies (<2 meV) (7). Nuclear magnetic
resonance (NMR) is an ideal local probe with
which to investigate the intrinsic magnetic be-
havior under the presence ofmagnetic defects, as
demonstratedby successful investigations ofKondo
oscillations and analogous phenomena in metals
(18), high-temperature superconductors (19), and
low-dimensional spin systems (20). Our primary
goal was to uncover the intrinsic behavior of the
spin susceptibility, ckagome, separately from the
defect-induced local spin susceptibility, cdefect,

SCIENCE sciencemag.org 6 NOVEMBER 2015 • VOL 350 ISSUE 6261 655

1Department of Physics and Astronomy, McMaster
University, Hamilton, Ontario L8S4M1, Canada. 2Canadian
Institute for Advanced Research, Toronto, Ontario M5G1Z8,
Canada. 3James Franck Institute and Department of Physics,
University of Chicago, Chicago, IL 60637, USA. 4Materials
Science Division, Argonne National Laboratory, Argonne, IL
60439, USA. 5Department of Physics, Massachusetts
Institute of Technology, Cambridge, MA 02139, USA.
6Department of Applied Physics and Department of Photon
Science, Stanford University and SLAC National Accelerator
Laboratory, Stanford, CA 94305, USA.
*Corresponding author. E-mail: imai@mcmaster.ca

RESEARCH | REPORTS

on August 20, 2017
 

http://science.sciencem
ag.org/

D
ow

nloaded from
 

in competition with autoreduction by radiolysis
intermediates, with Am(VI) more susceptible to
reduction than Am(V).
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The kagome Heisenberg antiferromagnet is a leading candidate in the search for a spin
system with a quantum spin-liquid ground state. The nature of its ground state remains
a matter of active debate. We conducted oxygen-17 single-crystal nuclear magnetic
resonance (NMR) measurements of the spin-1/2 kagome lattice in herbertsmithite
[ZnCu3(OH)6Cl2], which is known to exhibit a spinon continuum in the spin excitation
spectrum. We demonstrated that the intrinsic local spin susceptibility ckagome, deduced
from the oxygen-17 NMR frequency shift, asymptotes to zero below temperatures of
0.03J, where J ~ 200 kelvin is the copper-copper superexchange interaction. Combined
with the magnetic field dependence of ckagome that we observed at low temperatures,
these results imply that the kagome Heisenberg antiferromagnet has a spin-liquid ground
state with a finite gap.

T
he realization and characterization of a
kagomeHeisenberg antiferromagnet (KHA)
with a corner-shared triangle structure
(Fig. 1A) is crucial to the search for a quan-
tum spin-liquid ground state (1, 2). Spin

liquids consist of entangled pairs of spin singlets
and do not undergo amagnetic phase transition.
The successful synthesis of the structurally ideal
kagome lattice of Cu2+ ions (spin S = 1/2) in
herbertsmithite [ZnCu3(OH)6Cl2; Fig. 1, B to E]
(3) was a major milestone (4). ZnCu3(OH)6Cl2 re-
mains paramagnetic at least down to ~50 mK
(5, 6). Moreover, inelastic neutron scatteringmea-
surements (7) on single crystals (8) have demon-
strated that the spin excitation spectrum does not
exhibit conventional magnons, but rather a spinon
continuum. Despite the recent progress, funda-

mental issues regarding the nature of the ground
state of the KHA are not yet understood. For ex-
ample, the central question of the existence of a
gap in the spin excitation spectrum has not been
settled. This information is critical for compara-
tively evaluating the leading theories on the ground
state of the S = 1/2 KHA: a gapped spin liquid, gap-
less spin liquid, or valence-bond solid (1, 2, 9–14)
In ZnCu3(OH)6Cl2, weakly interacting Cu2+

defects occupy the nonmagnetic Zn2+ sites between
the kagome layers with ~15% probability (15).
Their contributions dominate bulk-averaged ther-
modynamic properties at low temperatures
(3, 5, 8, 16, 17), making it difficult to measure the
intrinsic low-energy properties of this material.
Similarly, the Cu2+ impurity moments can con-
tribute to the inelastic neutron scattering, ob-
scuring the response of the intrinsic kagome spins
at low energies (<2 meV) (7). Nuclear magnetic
resonance (NMR) is an ideal local probe with
which to investigate the intrinsic magnetic be-
havior under the presence ofmagnetic defects, as
demonstratedby successful investigations ofKondo
oscillations and analogous phenomena in metals
(18), high-temperature superconductors (19), and
low-dimensional spin systems (20). Our primary
goal was to uncover the intrinsic behavior of the
spin susceptibility, ckagome, separately from the
defect-induced local spin susceptibility, cdefect,
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in competition with autoreduction by radiolysis
intermediates, with Am(VI) more susceptible to
reduction than Am(V).
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The kagome Heisenberg antiferromagnet is a leading candidate in the search for a spin
system with a quantum spin-liquid ground state. The nature of its ground state remains
a matter of active debate. We conducted oxygen-17 single-crystal nuclear magnetic
resonance (NMR) measurements of the spin-1/2 kagome lattice in herbertsmithite
[ZnCu3(OH)6Cl2], which is known to exhibit a spinon continuum in the spin excitation
spectrum. We demonstrated that the intrinsic local spin susceptibility ckagome, deduced
from the oxygen-17 NMR frequency shift, asymptotes to zero below temperatures of
0.03J, where J ~ 200 kelvin is the copper-copper superexchange interaction. Combined
with the magnetic field dependence of ckagome that we observed at low temperatures,
these results imply that the kagome Heisenberg antiferromagnet has a spin-liquid ground
state with a finite gap.

T
he realization and characterization of a
kagomeHeisenberg antiferromagnet (KHA)
with a corner-shared triangle structure
(Fig. 1A) is crucial to the search for a quan-
tum spin-liquid ground state (1, 2). Spin

liquids consist of entangled pairs of spin singlets
and do not undergo amagnetic phase transition.
The successful synthesis of the structurally ideal
kagome lattice of Cu2+ ions (spin S = 1/2) in
herbertsmithite [ZnCu3(OH)6Cl2; Fig. 1, B to E]
(3) was a major milestone (4). ZnCu3(OH)6Cl2 re-
mains paramagnetic at least down to ~50 mK
(5, 6). Moreover, inelastic neutron scatteringmea-
surements (7) on single crystals (8) have demon-
strated that the spin excitation spectrum does not
exhibit conventional magnons, but rather a spinon
continuum. Despite the recent progress, funda-

mental issues regarding the nature of the ground
state of the KHA are not yet understood. For ex-
ample, the central question of the existence of a
gap in the spin excitation spectrum has not been
settled. This information is critical for compara-
tively evaluating the leading theories on the ground
state of the S = 1/2 KHA: a gapped spin liquid, gap-
less spin liquid, or valence-bond solid (1, 2, 9–14)
In ZnCu3(OH)6Cl2, weakly interacting Cu2+

defects occupy the nonmagnetic Zn2+ sites between
the kagome layers with ~15% probability (15).
Their contributions dominate bulk-averaged ther-
modynamic properties at low temperatures
(3, 5, 8, 16, 17), making it difficult to measure the
intrinsic low-energy properties of this material.
Similarly, the Cu2+ impurity moments can con-
tribute to the inelastic neutron scattering, ob-
scuring the response of the intrinsic kagome spins
at low energies (<2 meV) (7). Nuclear magnetic
resonance (NMR) is an ideal local probe with
which to investigate the intrinsic magnetic be-
havior under the presence ofmagnetic defects, as
demonstratedby successful investigations ofKondo
oscillations and analogous phenomena in metals
(18), high-temperature superconductors (19), and
low-dimensional spin systems (20). Our primary
goal was to uncover the intrinsic behavior of the
spin susceptibility, ckagome, separately from the
defect-induced local spin susceptibility, cdefect,
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FIG. 1. (a) Schematic crystal structure of Cu3Zn(OH)6FBr with copper Cu2+ ions (blue) forming the kagome planes AA
stacked along c-axis. Kagome planes are separated by non-magnetic Zn2+ (blond) ions. (b) Top view of the Cu3Zn(OH)6FBr
crystal structure, where F (brown) is in the center between two hexagons of two kagome Cu planes. (c) Scanning electron
microscope image of crystal grain in the polycrystalline samples. (d) Measured (brown “+”) and calculated (green line) XRD
di↵raction intensities of polycrystalline samples. The blue curve indicates the di↵erence between the measured and calculated
intensities. The vertical lines indicate peak positions.

We have successfully synthesized Cu3Zn(OH)6FBr
polycrystalline samples by replacing the interkagome
Cu2+ sites in Cu4(OH)6FBr with non-magnetic Zn2+.
Our thermodynamical (e.g. magnetic susceptibility and
specific heat) measurements were carried out on the
Physical Properties Measurement Systems (PPMS). The
NMR spectra of 19F with the nuclear gyromagnetic ratio
� = 40.055 MHz/T were obtained by integrating the spin
echo as a function of the RF frequency at constant ex-
ternal magnetic fields of 0.914 T, 3 T, 5.026 T and 7.864

TABLE I. Structure parameters of Cu3Zn(OH)6FBr at room
temperature. Space group P63/mmc; a = b = 6.6678(2) Å,
c = 9.3079(3) Å.

Site w x y z B (Å2)

Cu 6g 0.5 0 0 1.48(6)

Zn 2d 1/3 2/3 3/4 1.93(8)

Br 4c 2/3 1/3 3/4 1.99(5)

F 4b 0.0 0.0 3/4 0.34(2)

O 12k 0.1882 0.8111(5) 0.9021(7) 2.22(2)

H 12k 0.1225 0.8775 0.871 1.0

T, respectively.

Figure 1 (a) and 1 (b) depict the crystal structure of
Cu3Zn(OH)6FBr. Micrometer-size crystals are easily ob-
served by the scanning electron microscope (SEM) (Fig. 1
(c)). The refinement of the powder X-ray di↵raction pat-
tern (Fig. 1 (d)) shows that the material crystallizes in
P63/mmc space group with Cu2+ ions forming a direct
stack of undistorted kagome planes separated by non-
magnetic Zn2+ ions (Fig. 1 (a) and (b)) as expected
from theoretical calculations [34]. Cu3Zn(OH)6FBr is
a charge-transfer insulator and the charge gap between
Cu-3d9 and O-2p orbitals is around 1.8 eV according
to first principles calculations [34, 36]. Powder X-ray
di↵raction measurements were carried out using Cu K↵

radiation at room temperature. The di↵raction data
is analyzed by the Rietveld method using the program
RIETAN-FP [37]. All positions are refined as fully
occupied with the initial atomic positions taken from
Cu4(OH)6FBr [31]. The refined results are summarized
in Table I.

No phase transition is observed in our thermodynam-
ical measurements (Fig. 2), establishing strong evidence
for a QSL ground state in Cu3Zn(OH)6FBr. Tempera-
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FIG. 3. (a) 19F NMR spectra under 3 T at di↵erent temperatures. The vertical dash line f0 = 120.199 MHz, corresponding
to the chemical shift, is a guide to the eyes. (b) Temperature dependence of the Knight shift 19K determined from the peak
positions of the spectra. The dotted horizontal line shows the position of Kchem obtained from 19K-� plot at high temperatures
as shown in the inset. (c) Magnetic field dependence of the spin gap. The black short-dash line is fitted by�(B) = �(0)�gµBSB
with spin quantum number S = 1/2. For comparison, we also plot �(B) for S = 1 shown by the blue dash line constrained by
the value at 0.914 T, which hardly describes the data. Inset shows the Arrhenius plot of 19K � Kchem with the vertical axis
in logarithmic scale, which demonstrates visually that the gap decreases with increasing magnetic field. The solid curve is the
fitting function A exp(��/T ) for 19K �Kchem.

ments in Cu3Zn(OH)6FBr. A unique advantage of
Cu3Zn(OH)6FBr for the NMR measurements is that it
contains 19F. It is known that 2D, 17O and 35Cl NMR
measurements in herbertsmithite are rather di�cult due
to multiple resonance peaks resulted from nuclear spins
I = 1, I = 5/2 and I = 3/2, respectively [20, 23, 28, 29].
In contrast, only one resonance peak needs to be resolved
for 19F with I = 1/2 nuclear spin, as shown in Fig. 3 (a).
The sharp high-temperature peaks suggest that few Zn2+

exists in kagome planes. Moreover, no extra peak due
to RIC moments is observed even at low temperatures.
The line shape asymmetry may arise from the magnetic
anisotropy, e.g. gk/g? = 2.42/2.21 in Barlowite [35]. We
have also carried out the measurements with di↵erent
pulse interval (⌧) in NMR echo to exclude the possibil-
ity of impurity moment contributions in the NMR spec-

trum [44].

In a gapped QSL, the spin susceptibility should be-
come zero at low temperature. The Knight shift is related
to the uniform susceptibility � as 19K = Ahf� +Kchem,
where Ahf is the hyperfine coupling constant between the
19F nuclear spin and the electron spins and Kchem is the
T -independent chemical shift. Kchem = 0.015% is ob-
tained from 19K-� plot at high temperatures as shown
in the inset of Fig. 3 (b), where � is DC susceptibility at
B = 3 T. Figure 3 (b) shows that the Knight shift drops
quickly below ⇠ 30 K. At high temperatures (⇠ 100 K),
Knight shift 19K has a systematic variation as a function
of magnetic field, whose origin is unclear at present and
left for future investigation, but we note that such a be-
havior would not change our results at low temperatures
below 30 K. The Knight shift at low fields (0.914 T and 3
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