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The nature of the pseudogap phase of the copper oxides (‘cuprates’) 
remains a puzzle. Although there are indications that this phase 
breaks various symmetries, there is no consensus on its fundamental 
nature1. Fermi-surface, transport and thermodynamic signatures 
of the pseudogap phase are reminiscent of a transition into a phase 
with antiferromagnetic order, but evidence for an associated long-
range magnetic order is still lacking2. Here we report measurements 
of the thermal Hall conductivity (in the x–y plane, κxy) in the 
normal state of four different cuprates—La1.6−xNd0.4SrxCuO4, 
La1.8−xEu0.2SrxCuO4, La2−xSrxCuO4 and Bi2Sr2−xLaxCuO6+δ. We 
show that a large negative κxy signal is a property of the pseudogap 
phase, appearing at its critical hole doping, p*. It is also a property 
of the Mott insulator at p ≈ 0, where κxy has the largest reported 
magnitude of any insulator so far3. Because this negative κxy signal 
grows as the system becomes increasingly insulating electrically, it 
cannot be attributed to conventional mobile charge carriers. Nor is 
it due to magnons, because it exists in the absence of magnetic order. 
Our observation is reminiscent of the thermal Hall conductivity of 
insulators with spin-liquid states4–6, pointing to neutral excitations 
with spin chirality7 in the pseudogap phase of cuprates.

Among the different families of unconventional superconductors, 
magnetism and superconductivity are often closely associated8. A nota-
ble exception is the family of hole-doped cuprates, where superconduc-
tivity mostly coexists instead with the pseudogap phase, which is an 
enigmatic state of matter whose nature remains unclear1. The critical 
doping p* (for the onset of the pseudogap phase) bears the hallmarks 
of an antiferromagnetic quantum critical point2, with a sharp drop in 
the carrier density n from n ≈ 1 + p above p* to n ≈ p below p*, a 
resistivity linear with temperature T, and a specific heat with a log(1/T) 
dependence. Yet, there is no evidence for long-range magnetic order 
appearing at p*. However, numerical solutions of the Hubbard model 
have shown that a pseudogap phase can arise from short-range antifer-
romagnetic correlations9. It has been argued that an exotic state with 
topological order can account for such a pseudogap and for the drop 
in carrier density without breaking translational symmetry10, but the 
low-energy excitations of such a state have yet to be detected.

In recent years, the thermal Hall effect has emerged as a powerful 
probe of magnetic texture and topological excitations in insulators.  
On the theory side, a non-zero thermal Hall conductivity κxy was 
shown to arise even without long-range magnetic order, either from the 
spin chirality of a paramagnetic state7 or from fractionalized (topolog-
ical) excitations in a spin liquid11. On the experimental side, a sizeable 
κxy has been measured in insulators without magnetic order, such as 
the spin-ice system Tb2Ti2O7 (ref. 12) and the spin-liquid systems RuCl3 
(ref. 4), volborthite5 and Ca kapellasite6.

In cuprates, studies of κxy have so far been limited to the super-
conducting state13–15, except for the case of YBa2Cu3Oy (YBCO) at 
p = 0.11, where κxy was measured in the field-induced normal state16, 

which has charge-density-wave order2. See Methods for a discussion 
of this particular case.

Here, we investigate the thermal Hall response of the pseu-
dogap phase via measurements of κxy in four different cuprate 
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Fig. 1 | Phase diagram and thermal Hall conductivity of cuprates.  
a, Temperature–doping phase diagram of Nd-LSCO, Eu-LSCO and LSCO, 
showing the antiferromagnetic phase below the Néel temperature TN and 
the pseudogap phase below T* (ref. 29), which ends at the critical doping 
p* = 0.23 for both Nd-LSCO (ref. 17) and Eu-LSCO (ref. 30). For LSCO, 
p* ≈ 0.18 (ref. 29). Short-range incommensurate spin order occurs below 
Tm, as measured by µSR on Nd-LSCO (squares21), Eu-LSCO (circles31) and 
LSCO (triangles32). The coloured vertical strips indicate the temperature 
range where the thermal Hall conductivity κxy/T at the corresponding 
doping decreases towards negative values at low temperature (see b).  
b, Thermal Hall conductivity κxy/T versus temperature in a field H = 15 T, 
for four materials and dopings as indicated, colour-coded with the vertical 
strips in a. On the right vertical axis, the magnitude of κxy/T is expressed 
in fundamental units of thermal conductance per plane (kB

2/ħ).
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Extended Data Fig. 2 | Comparison of cuprates to other oxides. a, 
Thermal conductivity of two isostructural oxides, plotted as κxx/T versus 
T at H = 0, namely Y2Ti2O7 (red) and Tb2Ti2O7 (blue) (data points39). The 
presence of disordered magnetic moments in Tb2Ti2O7 produces a strong 
scattering of phonons, seen as a massive suppression of κxx (15-fold at 
T = 15 K). b, Field dependence of κxx, plotted as ∆κxx(H)/κxx(0) versus H, 
with ∆κxx = κxx(H) − κxx(0), at T = 15 K (blue data points12). The strong 
effect of field (30% in 8 T) is a direct signature of the strong coupling 
between phonons and spins in Tb2Ti2O7. Also shown is the transverse 
response in Tb2Ti2O7 at T = 15 K, plotted as κxy/T versus H (red data 
points12). Note that in Y2Ti2O7, κxy = 0 (ref. 12). c, Thermal conductivity of 

two Nd-LSCO samples, on either side of p* (red, p = 0.24; blue, p = 0.21), 
plotted as κxx/T versus T at H = 18 T (data points). We see that contrary 
to Tb2Ti2O7 (a), the appearance of the negative κxy signal in Nd-LSCO 
below p* is not accompanied by a large suppression of κxx (see Extended 
Data Fig. 3). d, Same as b but for LSCO p = 0.06, with the same x-axis 
and y-axis scales and data taken at (nearly) the same temperature (data 
points). We see that the situation in LSCO is very different to that found 
in Tb2Ti2O7 (b): instead of having a small κxy and a large ∆κxx (b), we now 
have a large κxy and a small ∆κxx. Quantitatively, κxy/∆κxx ≈ 1 in LSCO 
and approximately 0.01 in Tb2Ti2O7, at T = 15 K and H = 8 T (Table 1).
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Recent experiments on several cuprate compounds have identified an enhanced thermal
Hall response in the pseudogap phase. Most strikingly, this enhancement persists even in the
undoped system, which challenges our understanding of the insulating parent compounds.
To explain these surprising observations, we study the quantum phase transition of a square-
lattice antiferromagnet from a confining Néel state to a state with coexisting Néel and semion
topological order. The transition is driven by an applied magnetic field and involves no
change in the symmetry of the state. The critical point is described by a strongly-coupled
conformal field theory with an emergent global SO(3) symmetry. The field theory has
four di↵erent formulations in terms of SU(2) or U(1) gauge theories, which are all related
by dualities; we relate all four theories to the lattice degrees of freedom. We show how
proximity of the confining Néel state to the critical point can explain the enhanced thermal
Hall e↵ect seen in experiment.
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lattice antiferromagnet from a confining Néel state to a state with coexisting Néel and semion
topological order. The transition is driven by an applied magnetic field and involves no
change in the symmetry of the state. The critical point is described by a strongly-coupled
conformal field theory with an emergent global SO(3) symmetry. The field theory has
four di↵erent formulations in terms of SU(2) or U(1) gauge theories, which are all related
by dualities; we relate all four theories to the lattice degrees of freedom. We show how
proximity of the confining Néel state to the critical point can explain the enhanced thermal
Hall e↵ect seen in experiment.
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the cluster-update scheme [39] finds a direct Néel-to-VBS
transition occurring at J c1

2 /J1 ≈ 0.57 [40]. The finite-size
PEPS results did not identify the true nature of VBS order,
specifically between plaquette and columnar. They also find
corresponding critical exponents are consistent with the J -Q
models. A very recent SU (2)-symmetric infinite PEPS (iPEPS)
ansatz suggests a quantum-critical point at J c1

2 /J1 ≃ 0.5,
where in contrast to the finite-size PEPS results [40], the
extracted critical exponents seem to deviate from those of the
J -Q models [41].

In this paper, we aim to develop a fully U (1)-symmetric
iPEPS ansatz with an “improved” update scheme to reexamine
the phase diagram of the J1-J2 SHM. So far, the iPEPS update
algorithms [42,43] have been able to treat the first-neighbor
interactions with high efficiency. They have been shown in
practice to be quite accurate and stable providing reliable
results. However, in the case of longer-range interactions (e.g.,
second-neighbor interactions) a similarly efficient scheme is
still highly desired. To this end, we present an update method
based on the so-called positive approximant and reduced-
tensor application [39,44] to treat second-nearest-neighbor
interactions more accurately and efficiently. We find that this
update scheme significantly improves efficiency and provides
more accurate results in comparison with previous schemes
[43,45]. In addition, we also investigate the implementation of
U (1) symmetry into the iPEPS ansatz by introducing a general
scheme to pick up relevant symmetry sectors. We show that it
solves the loss of accuracy observed when applying continuous
symmetry groups [46] and provides the same accuracy as
nonsymmetric iPEPS.

By using the U (1)-symmetric iPEPS ansatz, we clarify the
quantum phase diagram and the nature of phase transitions
for the J1-J2 SHM with substantially improved variational
wave function (of the ground state), and bridge the gap
between the previous tensor-network and DMRG studies. We
show that the nonmagnetic phase appears in the range of
0.53 < J2/J1 ! 0.61. The critical point J c1

2 /J1 ≃ 0.53 is of
the deconfined type confirmed by continuously vanishing the
Néel order parameter and the divergence of the correlation
length ξ ∼ D1.2. By extrapolating dimer-dimer and spin-spin
correlation functions in the D → ∞ limit, we estimate the
critical anomalous exponents ηs ∼ 0.6 and ηd ∼ 1.9. The
pattern of the local nearest-neighboring bond energies shows
that a columnar VBS phase is established up to J c2

2 /J1 ≃ 0.61.
However, the observed (variational) energies from different
approaches [32] indicate both columnar and plaquette VBS
phases are competitive candidates for the intermediate phase.
With further increasing J2/J1, a first-order phase transition
takes place from VBS phase to the conventional Stripe phase.

The paper is organized as follows. We first introduce the
model and briefly summarize different types of the phases and
the resulting phase diagram obtained by our iPEPS studies in
Sec. II. In Sec. III, we briefly introduce the U (1)-symmetric
iPEPS ansatz and discuss a general scheme to select auto-
matically relevant symmetric sectors (Sec. III B). We then
present an iterative scheme in detail and compare it with
previous schemes (Sec. III C). Section IV provides the main
simulation results. The variational ground-state energy and
Néel order parameter are presented in Sec. IV C. We show
that the intermediate phase is a columnar VBS represented in

FIG. 1. Phase diagram of the J1-J2 SHM as a function of coupling
J2. The arrows show pattern of magnetic order appeared in AFM Néel
and Stripe phases. The eclipses in intermediate phase (columnar VBS)
stand for entangled spins (singlet states).

Sec. IV D. The critical properties of the deconfined quantum-
critical point are discussed by studying correlation function and
correlation length in Sec. IV E; further plots of the correlation
functions are presented in the Appendix. Using different initial
tensors representing different symmetry-breaking states, we
determine the boundary of columnar VBS and the conventional
Stripe phase in Sec. IV F. Finally, we summarize our work with
some discussions in Sec. V.

II. MODEL

The J1-J2 SHM is defined by the Hamiltonian

H = J1

!

⟨i,j⟩
Si · Sj + J2

!

⟨⟨i,j⟩⟩
Si · Sj ,

where Si ≡(Sx
i ,S

y
i ,S

z
i ) are spin-1/2 operators. The couplings

J1 and J2 stand for the first- and second-neighbor antiferro-
magnetic (AFM) interactions. We set J1 = 1 throughout the
paper and consider the frustrated interaction J2 > 0.

In the extreme cases J2 ≈ 0 or J2 ≫ 1, the ground states
are, respectively, defined by two magnetically ordered phases,
i.e., AFM Néel and Stripe. The patterns of magnetic orders for
these phases have been shown in Fig. 1. All the earlier studies
suggest that these two phases are separated by an (or several)
intermediate phase(s). Our goal is to locate and characterize
the intermediate phase.

The obtained phase diagram has been illustrated in Fig. 1.
We find that the intermediate phase is a paramagnetic phase
that breaks lattice symmetry, i.e., a columnar VBS. As seen
in Fig. 1, columnar VBS order (in which vertical spins are
strongly entangled) only breaks lattice symmetry in the y
direction. The columnar VBS phase is separated from the
Néel one by a continuous phase transition occurred at J c1

2 =
0.530(5). In addition, the quantum phase transition between
VBS and AFM Stripe phases takes place at J c2

2 = 0.610(3),
which is of the first-order type.

III. METHOD

A. U(1)-symmetric iPEPS ansatz

An iPEPS is constructed by building-block tensors that
are sitting on sites of the physical lattice [47]. The tensors
are connected to each other by the so-called virtual bonds
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We develop an improved variant of U (1)-symmetric infinite projected entangled-pair states (iPEPS) ansatz to
investigate the ground-state phase diagram of the spin-1/2 square J1-J2 Heisenberg model. In order to improve
the accuracy of the ansatz, we discuss a simple strategy to select automatically relevant symmetric sectors and
also introduce an optimization method to treat second-neighbor interactions more efficiently. We show that
variational ground-state energies of the model obtained by the U (1)-symmetric iPEPS ansatz (for a fixed bond
dimension D) set a better upper bound, improving previous tensor-network-based results. By studying the finite-D
scaling of the magnetically order parameter, we find a Néel phase for J2/J1 < 0.53. For 0.53 < J2/J1 < 0.61,
a nonmagnetic columnar valence bond solid (VBS) state is established as observed by the pattern of local bond
energy. The divergent behavior of correlation length ξ ∼ D1.2 and vanishing order parameters are consistent
with a deconfined Néel-to-VBS transition at J

c1
2 /J1 = 0.530(5), where estimated critical anomalous exponents

are ηs ∼ 0.6 and ηd ∼ 1.9 for spin and dimer correlations, respectively. We show that the associated VBS order
parameter monotonically increases with J2/J1 and finally a first-order quantum phase transition takes place at
J

c2
2 /J1 = 0.610(2) to the conventional Stripe phase. We compare our results with earlier DMRG and PEPS studies

and suggest future directions for resolving remaining issues.
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I. INTRODUCTION

Understanding of quantum many-body systems is of fun-
damental importance. These systems, even in the simplest
form, reveal fascinating quantum collective behavior distinctly
different from noninteracting particles. For instance, frustrated
quantum spin systems, defined by a simple spin model, are
considered one of the most important playgrounds to observe
exotic phenomena. Quantum spin liquid [1,2] with a topo-
logical order [3,4], valence bond solid (VBS) order [5– 7],
and deconfined quantum criticality [8] are some of the well-
known examples manifested in such systems. Specifically,
searching for the quantum spin-liquid states has received
much attention due to their distinct characteristics, such as
long-range entanglement [9] and nontrivial anyon statistics
[3,10]. A comprehensive characterization of them might lead
to a new understanding in physics of frustrated quantum
magnetism and providing “a new theoretical framework” [11]
for characterizing exotic phases of matter.

The frustrated spin-1/2 J1-J2 square Heisenberg
model (SHM) is one of the candidate models featuring
aforementioned exotic phases. The J1-J2 SHM has stimulated
extensive theoretical studies over the last two decades, due to its
simplicity and its experimental realization in several materials
[12– 14], such as vanadium-layered oxides Li2VO(Si,Ge)O4
and polycrystalline samples BaCdVO(PO4)2. In particular,
these studies have established that the second-neighbor J2
coupling controlling frustration induces nonmagnetic phases
around the highly frustrated point J2/J1 = 0.5 [15– 31].
Despite that, depending on numerical approaches, several sce-
narios have been proposed around this point: the earlier studies
based on small-size exact diagonalization, spin-wave theory,

series expansion, and coupled cluster methods find different
candidate states, such as columnar [20,27– 29], plaquette VBS
states [16– 19], and resonating valence bond [20,21] spin-liquid
states.

The recent SU (2)-symmetric density matrix renormaliza-
tion group (DMRG) study has demonstrated an intermediate
plaquette VBS phase between a Néel and Stripe magnetically
ordered phase [32], which does not support the previous
DMRG results of gapped Z2 spin liquid as the intermediate
phase [33]. However, in a small window of 0.44 < J2/J1 !
0.5, the SU (2) DMRG results cannot distinguish between two
possible scenarios, between a true deconfined quantum-critical
point or a gapless spin-liquid phase. A very recent DMRG
study [34] further supports the possibility of a gapless spin
liquid between the Néel and the VBS phases by following the
energy level crossings between different low-energy excited
states. On the other hand, variational Monte Carlo (VMC)
results [35] predict a gapless Z2 spin liquid in the whole
region 0.45 ! J2/J1 ! 0.6, while a very recent VMC study
[36] challenged this result by predicting a columnar VBS order
for 0.5 ! J2/J1 ! 0.6. The critical exponents reported in this
study show small deviation from those of the J -Q models.
However, understanding the true nature of quantum-critical
points and the corresponding universality classes turn out to
be even more challenging using unbiased methods [32,33,37].

Recently, tensor-network-based methods have also been ap-
plied to study the J1-J2 SHM. An early plaquette renormalized
tensor-network study [38] has predicted a possible plaquette
VBS order for the intermediate phase. They estimated the
second-order phase transition between Néel and plaquette VBS
phase to occur around J c1

2 /J1 ≈ 0.40. On the other hand,
finite-size projected entangled-pair states (PEPS) ansatz with
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and deconfined quantum criticality [8] are some of the well-
known examples manifested in such systems. Specifically,
searching for the quantum spin-liquid states has received
much attention due to their distinct characteristics, such as
long-range entanglement [9] and nontrivial anyon statistics
[3,10]. A comprehensive characterization of them might lead
to a new understanding in physics of frustrated quantum
magnetism and providing “a new theoretical framework” [11]
for characterizing exotic phases of matter.

The frustrated spin-1/2 J1-J2 square Heisenberg
model (SHM) is one of the candidate models featuring
aforementioned exotic phases. The J1-J2 SHM has stimulated
extensive theoretical studies over the last two decades, due to its
simplicity and its experimental realization in several materials
[12– 14], such as vanadium-layered oxides Li2VO(Si,Ge)O4
and polycrystalline samples BaCdVO(PO4)2. In particular,
these studies have established that the second-neighbor J2
coupling controlling frustration induces nonmagnetic phases
around the highly frustrated point J2/J1 = 0.5 [15– 31].
Despite that, depending on numerical approaches, several sce-
narios have been proposed around this point: the earlier studies
based on small-size exact diagonalization, spin-wave theory,

series expansion, and coupled cluster methods find different
candidate states, such as columnar [20,27– 29], plaquette VBS
states [16– 19], and resonating valence bond [20,21] spin-liquid
states.

The recent SU (2)-symmetric density matrix renormaliza-
tion group (DMRG) study has demonstrated an intermediate
plaquette VBS phase between a Néel and Stripe magnetically
ordered phase [32], which does not support the previous
DMRG results of gapped Z2 spin liquid as the intermediate
phase [33]. However, in a small window of 0.44 < J2/J1 !
0.5, the SU (2) DMRG results cannot distinguish between two
possible scenarios, between a true deconfined quantum-critical
point or a gapless spin-liquid phase. A very recent DMRG
study [34] further supports the possibility of a gapless spin
liquid between the Néel and the VBS phases by following the
energy level crossings between different low-energy excited
states. On the other hand, variational Monte Carlo (VMC)
results [35] predict a gapless Z2 spin liquid in the whole
region 0.45 ! J2/J1 ! 0.6, while a very recent VMC study
[36] challenged this result by predicting a columnar VBS order
for 0.5 ! J2/J1 ! 0.6. The critical exponents reported in this
study show small deviation from those of the J -Q models.
However, understanding the true nature of quantum-critical
points and the corresponding universality classes turn out to
be even more challenging using unbiased methods [32,33,37].

Recently, tensor-network-based methods have also been ap-
plied to study the J1-J2 SHM. An early plaquette renormalized
tensor-network study [38] has predicted a possible plaquette
VBS order for the intermediate phase. They estimated the
second-order phase transition between Néel and plaquette VBS
phase to occur around J c1
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different from noninteracting particles. For instance, frustrated
quantum spin systems, defined by a simple spin model, are
considered one of the most important playgrounds to observe
exotic phenomena. Quantum spin liquid [1,2] with a topo-
logical order [3,4], valence bond solid (VBS) order [5– 7],
and deconfined quantum criticality [8] are some of the well-
known examples manifested in such systems. Specifically,
searching for the quantum spin-liquid states has received
much attention due to their distinct characteristics, such as
long-range entanglement [9] and nontrivial anyon statistics
[3,10]. A comprehensive characterization of them might lead
to a new understanding in physics of frustrated quantum
magnetism and providing “a new theoretical framework” [11]
for characterizing exotic phases of matter.

The frustrated spin-1/2 J1-J2 square Heisenberg
model (SHM) is one of the candidate models featuring
aforementioned exotic phases. The J1-J2 SHM has stimulated
extensive theoretical studies over the last two decades, due to its
simplicity and its experimental realization in several materials
[12– 14], such as vanadium-layered oxides Li2VO(Si,Ge)O4
and polycrystalline samples BaCdVO(PO4)2. In particular,
these studies have established that the second-neighbor J2
coupling controlling frustration induces nonmagnetic phases
around the highly frustrated point J2/J1 = 0.5 [15– 31].
Despite that, depending on numerical approaches, several sce-
narios have been proposed around this point: the earlier studies
based on small-size exact diagonalization, spin-wave theory,

series expansion, and coupled cluster methods find different
candidate states, such as columnar [20,27– 29], plaquette VBS
states [16– 19], and resonating valence bond [20,21] spin-liquid
states.

The recent SU (2)-symmetric density matrix renormaliza-
tion group (DMRG) study has demonstrated an intermediate
plaquette VBS phase between a Néel and Stripe magnetically
ordered phase [32], which does not support the previous
DMRG results of gapped Z2 spin liquid as the intermediate
phase [33]. However, in a small window of 0.44 < J2/J1 !
0.5, the SU (2) DMRG results cannot distinguish between two
possible scenarios, between a true deconfined quantum-critical
point or a gapless spin-liquid phase. A very recent DMRG
study [34] further supports the possibility of a gapless spin
liquid between the Néel and the VBS phases by following the
energy level crossings between different low-energy excited
states. On the other hand, variational Monte Carlo (VMC)
results [35] predict a gapless Z2 spin liquid in the whole
region 0.45 ! J2/J1 ! 0.6, while a very recent VMC study
[36] challenged this result by predicting a columnar VBS order
for 0.5 ! J2/J1 ! 0.6. The critical exponents reported in this
study show small deviation from those of the J -Q models.
However, understanding the true nature of quantum-critical
points and the corresponding universality classes turn out to
be even more challenging using unbiased methods [32,33,37].

Recently, tensor-network-based methods have also been ap-
plied to study the J1-J2 SHM. An early plaquette renormalized
tensor-network study [38] has predicted a possible plaquette
VBS order for the intermediate phase. They estimated the
second-order phase transition between Néel and plaquette VBS
phase to occur around J c1

2 /J1 ≈ 0.40. On the other hand,
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the cluster-update scheme [39] finds a direct Néel-to-VBS
transition occurring at J c1

2 /J1 ≈ 0.57 [40]. The finite-size
PEPS results did not identify the true nature of VBS order,
specifically between plaquette and columnar. They also find
corresponding critical exponents are consistent with the J -Q
models. A very recent SU (2)-symmetric infinite PEPS (iPEPS)
ansatz suggests a quantum-critical point at J c1

2 /J1 ≃ 0.5,
where in contrast to the finite-size PEPS results [40], the
extracted critical exponents seem to deviate from those of the
J -Q models [41].

In this paper, we aim to develop a fully U (1)-symmetric
iPEPS ansatz with an “improved” update scheme to reexamine
the phase diagram of the J1-J2 SHM. So far, the iPEPS update
algorithms [42,43] have been able to treat the first-neighbor
interactions with high efficiency. They have been shown in
practice to be quite accurate and stable providing reliable
results. However, in the case of longer-range interactions (e.g.,
second-neighbor interactions) a similarly efficient scheme is
still highly desired. To this end, we present an update method
based on the so-called positive approximant and reduced-
tensor application [39,44] to treat second-nearest-neighbor
interactions more accurately and efficiently. We find that this
update scheme significantly improves efficiency and provides
more accurate results in comparison with previous schemes
[43,45]. In addition, we also investigate the implementation of
U (1) symmetry into the iPEPS ansatz by introducing a general
scheme to pick up relevant symmetry sectors. We show that it
solves the loss of accuracy observed when applying continuous
symmetry groups [46] and provides the same accuracy as
nonsymmetric iPEPS.

By using the U (1)-symmetric iPEPS ansatz, we clarify the
quantum phase diagram and the nature of phase transitions
for the J1-J2 SHM with substantially improved variational
wave function (of the ground state), and bridge the gap
between the previous tensor-network and DMRG studies. We
show that the nonmagnetic phase appears in the range of
0.53 < J2/J1 ! 0.61. The critical point J c1

2 /J1 ≃ 0.53 is of
the deconfined type confirmed by continuously vanishing the
Néel order parameter and the divergence of the correlation
length ξ ∼ D1.2. By extrapolating dimer-dimer and spin-spin
correlation functions in the D → ∞ limit, we estimate the
critical anomalous exponents ηs ∼ 0.6 and ηd ∼ 1.9. The
pattern of the local nearest-neighboring bond energies shows
that a columnar VBS phase is established up to J c2

2 /J1 ≃ 0.61.
However, the observed (variational) energies from different
approaches [32] indicate both columnar and plaquette VBS
phases are competitive candidates for the intermediate phase.
With further increasing J2/J1, a first-order phase transition
takes place from VBS phase to the conventional Stripe phase.

The paper is organized as follows. We first introduce the
model and briefly summarize different types of the phases and
the resulting phase diagram obtained by our iPEPS studies in
Sec. II. In Sec. III, we briefly introduce the U (1)-symmetric
iPEPS ansatz and discuss a general scheme to select auto-
matically relevant symmetric sectors (Sec. III B). We then
present an iterative scheme in detail and compare it with
previous schemes (Sec. III C). Section IV provides the main
simulation results. The variational ground-state energy and
Néel order parameter are presented in Sec. IV C. We show
that the intermediate phase is a columnar VBS represented in

FIG. 1. Phase diagram of the J1-J2 SHM as a function of coupling
J2. The arrows show pattern of magnetic order appeared in AFM Néel
and Stripe phases. The eclipses in intermediate phase (columnar VBS)
stand for entangled spins (singlet states).

Sec. IV D. The critical properties of the deconfined quantum-
critical point are discussed by studying correlation function and
correlation length in Sec. IV E; further plots of the correlation
functions are presented in the Appendix. Using different initial
tensors representing different symmetry-breaking states, we
determine the boundary of columnar VBS and the conventional
Stripe phase in Sec. IV F. Finally, we summarize our work with
some discussions in Sec. V.

II. MODEL

The J1-J2 SHM is defined by the Hamiltonian

H = J1

!

⟨i,j⟩
Si · Sj + J2

!

⟨⟨i,j⟩⟩
Si · Sj ,

where Si ≡(Sx
i ,S

y
i ,S

z
i ) are spin-1/2 operators. The couplings

J1 and J2 stand for the first- and second-neighbor antiferro-
magnetic (AFM) interactions. We set J1 = 1 throughout the
paper and consider the frustrated interaction J2 > 0.

In the extreme cases J2 ≈ 0 or J2 ≫ 1, the ground states
are, respectively, defined by two magnetically ordered phases,
i.e., AFM Néel and Stripe. The patterns of magnetic orders for
these phases have been shown in Fig. 1. All the earlier studies
suggest that these two phases are separated by an (or several)
intermediate phase(s). Our goal is to locate and characterize
the intermediate phase.

The obtained phase diagram has been illustrated in Fig. 1.
We find that the intermediate phase is a paramagnetic phase
that breaks lattice symmetry, i.e., a columnar VBS. As seen
in Fig. 1, columnar VBS order (in which vertical spins are
strongly entangled) only breaks lattice symmetry in the y
direction. The columnar VBS phase is separated from the
Néel one by a continuous phase transition occurred at J c1

2 =
0.530(5). In addition, the quantum phase transition between
VBS and AFM Stripe phases takes place at J c2

2 = 0.610(3),
which is of the first-order type.

III. METHOD

A. U(1)-symmetric iPEPS ansatz

An iPEPS is constructed by building-block tensors that
are sitting on sites of the physical lattice [47]. The tensors
are connected to each other by the so-called virtual bonds
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We use the density matrix renormalization group method to calculate several energy eigenvalues of the
frustrated S ¼ 1=2 square-lattice J1 − J2 Heisenberg model on 2L × L cylinders with L ≤ 10. We identify
excited-level crossings versus the coupling ratio g ¼ J2=J1 and study their drifts with the system size L.
The lowest singlet-triplet and singlet-quintuplet crossings converge rapidly (with corrections ∝ L−2) to
different g values, and we argue that these correspond to ground-state transitions between the Néel
antiferromagnet and a gapless spin liquid, at gc1 ≈ 0.46, and between the spin liquid and a valence-bond
solid at gc2 ≈ 0.52. Previous studies of order parameters were not able to positively discriminate between
an extended spin liquid phase and a critical point. We expect level-crossing analysis to be a generically
powerful tool in density matrix renormalization group studies of quantum phase transitions.
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The spin-1=2 frustrated J1-J2 Heisenberg model on the
two-dimensional (2D) square lattice (where J1 and J2 are
the strengths of the first and second neighbor couplings
Si · Sj, respectively) has been studied and debated since the
early days of the high-Tc cuprate superconductors [1–12].
The initial interest in the system stemmed from the proposal
that frustrated antiferromagnetic (AFM) couplings could
lead to a spin liquid (SL) in which preformed pairs
(resonating valence bonds [13]) become superconducting
upon doping [14,15]. Later, with frustrated quantum
magnets emerging in their own right as an active research
field [16], the J1-J2 model became a prototypical 2D
system for theoretical and computational studies of quan-
tum phase transitions and nonmagnetic states [17–33]. Of
primary interest is the transition from the long-range Néel
AFM ground state [34–36] at small g ¼ J2=J1 to a non-
magnetic state in a window around g ≈ 0.5 (before a stripe
AFM phase at g≳ 0.6). The nature of this quantum phase
transition has remained enigmatic [12,17–21], despite a
large number of calculations with numerical tools of ever
increasing sophistication, e.g., the density matrix renorm-
alization group (DMRG) method [28,29,37,38], tensor-
product states [20,21,30–33], and variational Monte Carlo
calculations [27,39].
The nonmagnetic state may be one with spontaneously

broken lattice symmetries due to formation of a pattern of
singlets (a valence-bond solid, VBS) or a SL. Within these
two classes of potential ground states there are several
different proposals, e.g., a columnar [6,7,12] versus a
plaquette [17,23,29,31] VBS, and gapless [27] or gapped
[28] SLs. The quantum phase transition out of the AFM

state may possibly be an unconventional “deconfined”
transition [40–42], which recently has been investigated
primarily within other models [43–51] hosting direct
AFM-VBS transitions. In the J1-J2 model, some studies
have indicated that the nonmagnetic phase may actually
comprise two different phases, with an entire gapless SL
phase—not just a critical point—existing between the AFM
and VBS states [29,39]. However, because of the small
system sizes accessible, it was not possible to rule out a
direct AFM-VBS transition. We here demonstrate an
intervening gapless SL by locating the AFM-SL and SL-
VBS transitions using a numerical level-spectroscopy
approach, where finite-size transition points are defined
using excited-level crossings. These crossing points exhibit
smooth size dependence and can be more reliably extrapo-
lated to infinite size than the order parameters and gaps
used in past studies.
We use a variant of the DMRG method [37,38,52,53] to

calculate the ground-state energy as well as several of the
lowest singlet, triplet, and quintuplet excited energies. In
the AFM state, the lowest excitation above the singlet
ground state in a finite system with an even number of sites
is a triplet—the lowest state in the Anderson tower of
“quantum rotor” states [34]. If the nonmagnetic ground
state is a degenerate singlet when the system length
L → ∞, as it should be in both a VBS and a topological
(gapped) SL, there must be a crossing of the lowest singlet
and triplet excitation at a point gðLÞ that approaches gc
with increasing L. This is indeed observed at the
dimerization transition of the 1D J1-J2 chain [54–56]
and related systems [57,58], and size extrapolations give
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antiferromagnet and a gapless spin liquid, at gc1 ≈ 0.46, and between the spin liquid and a valence-bond
solid at gc2 ≈ 0.52. Previous studies of order parameters were not able to positively discriminate between
an extended spin liquid phase and a critical point. We expect level-crossing analysis to be a generically
powerful tool in density matrix renormalization group studies of quantum phase transitions.

DOI: 10.1103/PhysRevLett.121.107202

The spin-1=2 frustrated J1-J2 Heisenberg model on the
two-dimensional (2D) square lattice (where J1 and J2 are
the strengths of the first and second neighbor couplings
Si · Sj, respectively) has been studied and debated since the
early days of the high-Tc cuprate superconductors [1–12].
The initial interest in the system stemmed from the proposal
that frustrated antiferromagnetic (AFM) couplings could
lead to a spin liquid (SL) in which preformed pairs
(resonating valence bonds [13]) become superconducting
upon doping [14,15]. Later, with frustrated quantum
magnets emerging in their own right as an active research
field [16], the J1-J2 model became a prototypical 2D
system for theoretical and computational studies of quan-
tum phase transitions and nonmagnetic states [17–33]. Of
primary interest is the transition from the long-range Néel
AFM ground state [34–36] at small g ¼ J2=J1 to a non-
magnetic state in a window around g ≈ 0.5 (before a stripe
AFM phase at g≳ 0.6). The nature of this quantum phase
transition has remained enigmatic [12,17–21], despite a
large number of calculations with numerical tools of ever
increasing sophistication, e.g., the density matrix renorm-
alization group (DMRG) method [28,29,37,38], tensor-
product states [20,21,30–33], and variational Monte Carlo
calculations [27,39].
The nonmagnetic state may be one with spontaneously

broken lattice symmetries due to formation of a pattern of
singlets (a valence-bond solid, VBS) or a SL. Within these
two classes of potential ground states there are several
different proposals, e.g., a columnar [6,7,12] versus a
plaquette [17,23,29,31] VBS, and gapless [27] or gapped
[28] SLs. The quantum phase transition out of the AFM

state may possibly be an unconventional “deconfined”
transition [40–42], which recently has been investigated
primarily within other models [43–51] hosting direct
AFM-VBS transitions. In the J1-J2 model, some studies
have indicated that the nonmagnetic phase may actually
comprise two different phases, with an entire gapless SL
phase—not just a critical point—existing between the AFM
and VBS states [29,39]. However, because of the small
system sizes accessible, it was not possible to rule out a
direct AFM-VBS transition. We here demonstrate an
intervening gapless SL by locating the AFM-SL and SL-
VBS transitions using a numerical level-spectroscopy
approach, where finite-size transition points are defined
using excited-level crossings. These crossing points exhibit
smooth size dependence and can be more reliably extrapo-
lated to infinite size than the order parameters and gaps
used in past studies.
We use a variant of the DMRG method [37,38,52,53] to

calculate the ground-state energy as well as several of the
lowest singlet, triplet, and quintuplet excited energies. In
the AFM state, the lowest excitation above the singlet
ground state in a finite system with an even number of sites
is a triplet—the lowest state in the Anderson tower of
“quantum rotor” states [34]. If the nonmagnetic ground
state is a degenerate singlet when the system length
L → ∞, as it should be in both a VBS and a topological
(gapped) SL, there must be a crossing of the lowest singlet
and triplet excitation at a point gðLÞ that approaches gc
with increasing L. This is indeed observed at the
dimerization transition of the 1D J1-J2 chain [54–56]
and related systems [57,58], and size extrapolations give

PHYSICAL REVIEW LETTERS 121, 107202 (2018)

0031-9007=18=121(10)=107202(7) 107202-1 © 2018 American Physical Society



ssc

⇥z�⇤ �= 0 �z�⇥ = 0

(a)

(b)

(a)

(b)or

O.I. Motrunich and A. Vishwanath, Phys. Rev. B 70, 075104 (2004). 
T. Senthil, A. Vishwanath, L. Balents, S. Sachdev and M.P.A. Fisher,  Science 303, 1490 (2004).

Quantum criticality in a frustrated square lattice antiferromagnet
N. Read and S. Sachdev, PRL 62, 1694 (1989)

Critical CP1 theory for photons and deconfined spinons:

Sz =

Z
d2rd⌧


|(@µ�iaµ)z↵|2+s|z↵|2+u(|z↵|2)2+

1

2e20
(✏µ⌫�@⌫a�)

2

�

<latexit sha1_base64="Z8pecz3iR4Fxe3MxmJ1PvBAb7ls="></latexit>
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Critical U(1) gauge (aµ) theory of Nb = 2 relativistic bosons
is dual to

SU(2) gauge (Aµ) theory of Nf = 2 Dirac fermions.
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Critical U(1) gauge (aµ) theory of Nb = 2 relativistic bosons
is dual to

SU(2) gauge (Aµ) theory of Nf = 2 Dirac fermions.
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The fermion theory has a SO(5) global flavor symmetry, and

the gauge-invariant fermion bilinears form a SO(5) vector

which transforms as the Néel and VBS order parameters!

(Nx, Ny, Nz, Vx, Vy)
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The classical cubic-lattice dimer model undergoes an unconventional transition between a columnar
crystal and a dimer liquid, in the same universality class as the deconfined quantum critical point in spin-
1=2 antiferromagnets but with very different microscopic physics and microscopic symmetries. Using
Monte Carlo simulations, we show that this transition has emergent SO(5) symmetry relating quantities
characterizing the two phases. While the low-temperature phase has a conventional order parameter, the
defining property of the Coulomb liquid on the high-temperature side is deconfinement of monomers, and
so SO(5) relates fundamentally different types of objects. Studying linear system sizes up to L ¼ 96, we
find that this symmetry applies with an excellent precision, consistently improving with system size over
this range. It is remarkable that SO(5) emerges in a system as basic as the cubic dimer model, with only
simple discrete degrees of freedom. Our results are important evidence for the generality of the SO(5)
symmetry that has been proposed for the noncompact CP1 field theory. We describe an interpretation for
these results in terms of a consistent hypothesis for the renormalization-group flow structure, allowing for
the possibility that SO(5) may ultimately be a near-symmetry rather than exact.

DOI: 10.1103/PhysRevLett.122.080601

The classical dimer model on the cubic lattice illustrates
three key mechanisms in three-dimensional (3D) critical
phenomena. Two of these are the appearance of artificial
gauge fields and unconventional phase transitions where
topological effects play a key role. The third, which we
demonstrate here, is the emergence in the infrared (IR) of
unusual non-Abelian symmetries that would be impossible
at a conventional Wilson-Fisher-like critical point.
The close-packed dimer model has a power-law corre-

lated “Coulomb” phase [1,2], governed by an emergent
U(1) gauge field whose conserved flux arises from a
“magnetic field” defined in terms of dimers. A remarkable
phase transition [3] separates this liquid from a “columnar”
phase, illustrated in Fig. 1(a), in which the dimers form a
crystal, spontaneously breaking lattice symmetries. Despite
being entirely classical, this transition is not described by
Ginzburg-Landau theory, but is instead a Higgs transition
of the U(1) gauge theory [4–6]. The effective field theory is
the noncompact CP1 model (NCCP1), in which the gauge
field couples to a two-component bosonic matter field that
condenses at the transition.
NCCP1 is also the effective field theory for the “decon-

fined” Néel-valence-bond solid (VBS) phase transition
[7,8] in 2þ 1D quantum antiferromagnets [9–18] and a
related lattice loop model [19]. This raises the possibility
that the dimer model exhibits a surprising emergent
symmetry: Simulations of the loop model show SO(5)

symmetry emerging at large scales [20]—either exactly or
to an extremely good approximation. Earlier work on
topological sigma models for deconfined critical points
[21,22] revealed that SO(5) is a consistent possibility in the
IR, despite the fact that it cannot be made manifest in the
gauge theory [23]. The Néel-VBS transition involves a
three-component antiferromagnetic order parameter and a
two-component VBS order parameter; SO(5) allows all five
components to be rotated into each other. This symmetry
can be understood through a set of dualities for NCCP1 and
related theories [24].

FIG. 1. Dimer model phases and interactions. (a) Columnar
phase (one of six symmetry-related ground states). (b) Disordered
configuration typical of high-temperature Coulomb phase.
(c) Pairs of nearest-neighbor parallel dimers (back face of cube)
contribute energy −v2. (d) Four parallel dimers around a cube
contribute v4.
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“Studying linear system sizes up to L=96, we find that this symmetry 
applies with an excellent precision, consistently improving with system size 
over this range. It is remarkable that SO(5) emerges in a system as basic as 
the cubic dimer model, with only simple discrete degrees of freedom. Our 
results are important evidence for the generality of the SO(5) symmetry 
that has been proposed for the noncompact CP1 field theory. We describe 
an interpretation for these results in terms of a consistent hypothesis for 
the renormalization-group flow structure, allowing for the possibility that 
SO(5) may ultimately be a near-symmetry rather than exact.”
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Néel
<latexit sha1_base64="cHZ+hdHQ7ZaQctcccFVVh0hrSw4=">AAACAHicdVDLSsNAFJ34rPVVdelmsIiuQpoqxp3oxpVUsFUwpUymN+3YySRkbtQSuvEL3OoXuBO3/okf4H84rXVR0QMDl3POcM89QSKFRsf5sKamZ2bn5gsLxcWl5ZXV0tp6Q8dZyqHOYxmnVwHTIIWCOgqUcJWkwKJAwmXQOxnql7eQahGrC+wn0IxYR4lQcIaGapz5OwCyVSo79r5b9fY96tjOCGZwD6sH3iGtjJkyGaPWKn367ZhnESjkkml9XXESbOYsRcElDIp+piFhvMc6kI8yDui2odo0jFPzFNIRO+Fjkdb9KDDOiGFX/9aG5F/adYah18yFSjIExb8XhZmkGNPhwbQtUuAo+5RxbvJmDE0O3mUp42iKKfoaTGuqg93cR7jHO9E2m/I9oQaml5/j6f9Dw7UrVds9d8tHx+OGCmSTbJFdUiEH5IickhqpE05uyCN5Is/Wg/VivVpv39Ypa/xng0zAev8CCPiXmA==</latexit> VBS

<latexit sha1_base64="uPoEJMJvjPXtwbG1x8MCLr1Pg+o=">AAAB/XicdVDLTsJAFJ3iC/GFunQzkZi4Ii2g1h3BjUsM8kgoIdPpABOm06Zzq5KG+AVu9QvcGbd+ix/gfzhAXWD0JpOcnHMm99zjhoIrMM1PI7Oyura+kd3MbW3v7O7l9w9aKogjypo0EEHUcYligkvWBA6CdcKIEd8VrO2Or2Z6+45FigfyFiYh6/lkKPmAUwKaarRqjX6+YBbN80vbLmMN5qOBfWZXrDK2UqaA0qn381+OF9DYZxKoIEp1LTOEXkIi4FSwac6JFQsJHZMhS+YBp/hEUx4eBJF+EvCcXfIRX6mJ72qnT2Ckfmsz8i+tG8PA7iVchjEwSReLBrHAEODZtdjjEaMgJphQqvPGBHQOOiIRoaBbyTmK6crkEEaJA+wB7rmnNyUVLqe6l5/j8f+gVSpa5WLpplSo1tKGsugIHaNTZKELVEXXqI6aiKIhekLP6MV4NF6NN+N9Yc0Y6Z9DtDTGxzfKGpZY</latexit>

Quantum critical theory + J� + Néel order
<latexit sha1_base64="rDCJoPEwyVbf6RS2ADlFMKxRNC0="></latexit>

Sf =

Z
d2rd⌧


f�µ(@µ � iAµ)f

�

<latexit sha1_base64="kWxJo8YKPHbEl79BTrNp8zzNjoo="></latexit>

(a)

(b)



H =
X

n.n.

J1Si ·Sj+
X

n.n.n.

J2Si ·Sj+J�

X

4
Si ·(Sj⇥Sk)�

X

i

BZ ·Si .

<latexit sha1_base64="pUDkRBoNqHLIyCr/fSKa7CEFmRY="></latexit>

J2/J1
<latexit sha1_base64="G9P2QTuAClBk/GGfooSmq4LxCrc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqe5WQY9FL9JTBfsB7bJk02wbms0uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJxnczv/PElOaxfDSThHkRGUoeckqMlToNv3bR8F2/XHGqzhx4lbg5qUCOpl/+6g9imkZMGiqI1j3XSYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5udO8ZlVBjiMlS1p8Fz9PZGRSOtJFNjOiJiRXvZm4n9eLzXhjZdxmaSGSbpYFKYCmxjPfscDrhg1YmIJoYrbWzEdEUWosQmVbAju8surpF2rupfV2sNVpX6bx1GEEziFc3DhGupwD01oAYUxPMMrvKEEvaB39LFoLaB85hj+AH3+APK5jqg=</latexit>

Néel
<latexit sha1_base64="cHZ+hdHQ7ZaQctcccFVVh0hrSw4=">AAACAHicdVDLSsNAFJ34rPVVdelmsIiuQpoqxp3oxpVUsFUwpUymN+3YySRkbtQSuvEL3OoXuBO3/okf4H84rXVR0QMDl3POcM89QSKFRsf5sKamZ2bn5gsLxcWl5ZXV0tp6Q8dZyqHOYxmnVwHTIIWCOgqUcJWkwKJAwmXQOxnql7eQahGrC+wn0IxYR4lQcIaGapz5OwCyVSo79r5b9fY96tjOCGZwD6sH3iGtjJkyGaPWKn367ZhnESjkkml9XXESbOYsRcElDIp+piFhvMc6kI8yDui2odo0jFPzFNIRO+Fjkdb9KDDOiGFX/9aG5F/adYah18yFSjIExb8XhZmkGNPhwbQtUuAo+5RxbvJmDE0O3mUp42iKKfoaTGuqg93cR7jHO9E2m/I9oQaml5/j6f9Dw7UrVds9d8tHx+OGCmSTbJFdUiEH5IickhqpE05uyCN5Is/Wg/VivVpv39Ypa/xng0zAev8CCPiXmA==</latexit> VBS

<latexit sha1_base64="uPoEJMJvjPXtwbG1x8MCLr1Pg+o=">AAAB/XicdVDLTsJAFJ3iC/GFunQzkZi4Ii2g1h3BjUsM8kgoIdPpABOm06Zzq5KG+AVu9QvcGbd+ix/gfzhAXWD0JpOcnHMm99zjhoIrMM1PI7Oyura+kd3MbW3v7O7l9w9aKogjypo0EEHUcYligkvWBA6CdcKIEd8VrO2Or2Z6+45FigfyFiYh6/lkKPmAUwKaarRqjX6+YBbN80vbLmMN5qOBfWZXrDK2UqaA0qn381+OF9DYZxKoIEp1LTOEXkIi4FSwac6JFQsJHZMhS+YBp/hEUx4eBJF+EvCcXfIRX6mJ72qnT2Ckfmsz8i+tG8PA7iVchjEwSReLBrHAEODZtdjjEaMgJphQqvPGBHQOOiIRoaBbyTmK6crkEEaJA+wB7rmnNyUVLqe6l5/j8f+gVSpa5WLpplSo1tKGsugIHaNTZKELVEXXqI6aiKIhekLP6MV4NF6NN+N9Yc0Y6Z9DtDTGxzfKGpZY</latexit>

Chiral spin liquid (CSL)
with

semion topological order
<latexit sha1_base64="WPfAOeQx8IQ0QpdxAcUvqDZbBzo="></latexit>

Quantum critical theory + J� + Néel order
<latexit sha1_base64="rDCJoPEwyVbf6RS2ADlFMKxRNC0="></latexit>

Sf =

Z
d2rd⌧


f�µ(@µ � iAµ)f +m� ff

�

<latexit sha1_base64="5pwmSfpwIgd4cb81lJ/UFHwDf/c="></latexit>

J�
J1

/ B?
<latexit sha1_base64="yDkwGhRdqmdJZQ5UdhppVuR05Vo=">AAACInicbVDLSgMxFM3UV62vUZdugkUQF2WmCrosdSOuKtha6AxDJs20oclMSDJCGeYf/Ai/wa2u3YkrwY1/YtrOwrYeCDmccy/33hMKRpV2nC+rtLK6tr5R3qxsbe/s7tn7Bx2VpBKTNk5YIrshUoTRmLQ11Yx0hSSIh4w8hKPrif/wSKSiSXyvx4L4HA1iGlGMtJEC+8yLJMLZbeDhIc3N7+bQEzIROoGZF3LYzIPME0SKPLCrTs2ZAi4TtyBVUKAV2D9eP8EpJ7HGDCnVcx2h/QxJTTEjecVLFREIj9CA9AyNESfKz6Y35fDEKH0YJdK8WMOp+ rcjQ1ypMQ9NJUd6qBa9ifif10t1dOVnNBapJjGeDYpSBs3Bk4Bgn0qCNRsbgrCkZleIh8iEpE2Mc1NCPsnEXUxgmXTqNfe8Vr+7qDaaRTplcASOwSlwwSVogBvQAm2AwRN4Aa/gzXq23q0P63NWWrKKnkMwB+v7F/p4pRM=</latexit>



H =
X

n.n.

J1Si ·Sj+
X

n.n.n.

J2Si ·Sj+J�

X

4
Si ·(Sj⇥Sk)�

X

i

BZ ·Si .

<latexit sha1_base64="pUDkRBoNqHLIyCr/fSKa7CEFmRY="></latexit>

J2/J1
<latexit sha1_base64="G9P2QTuAClBk/GGfooSmq4LxCrc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqe5WQY9FL9JTBfsB7bJk02wbms0uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJxnczv/PElOaxfDSThHkRGUoeckqMlToNv3bR8F2/XHGqzhx4lbg5qUCOpl/+6g9imkZMGiqI1j3XSYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5udO8ZlVBjiMlS1p8Fz9PZGRSOtJFNjOiJiRXvZm4n9eLzXhjZdxmaSGSbpYFKYCmxjPfscDrhg1YmIJoYrbWzEdEUWosQmVbAju8surpF2rupfV2sNVpX6bx1GEEziFc3DhGupwD01oAYUxPMMrvKEEvaB39LFoLaB85hj+AH3+APK5jqg=</latexit>

Néel
<latexit sha1_base64="cHZ+hdHQ7ZaQctcccFVVh0hrSw4=">AAACAHicdVDLSsNAFJ34rPVVdelmsIiuQpoqxp3oxpVUsFUwpUymN+3YySRkbtQSuvEL3OoXuBO3/okf4H84rXVR0QMDl3POcM89QSKFRsf5sKamZ2bn5gsLxcWl5ZXV0tp6Q8dZyqHOYxmnVwHTIIWCOgqUcJWkwKJAwmXQOxnql7eQahGrC+wn0IxYR4lQcIaGapz5OwCyVSo79r5b9fY96tjOCGZwD6sH3iGtjJkyGaPWKn367ZhnESjkkml9XXESbOYsRcElDIp+piFhvMc6kI8yDui2odo0jFPzFNIRO+Fjkdb9KDDOiGFX/9aG5F/adYah18yFSjIExb8XhZmkGNPhwbQtUuAo+5RxbvJmDE0O3mUp42iKKfoaTGuqg93cR7jHO9E2m/I9oQaml5/j6f9Dw7UrVds9d8tHx+OGCmSTbJFdUiEH5IickhqpE05uyCN5Is/Wg/VivVpv39Ypa/xng0zAev8CCPiXmA==</latexit> VBS

<latexit sha1_base64="uPoEJMJvjPXtwbG1x8MCLr1Pg+o=">AAAB/XicdVDLTsJAFJ3iC/GFunQzkZi4Ii2g1h3BjUsM8kgoIdPpABOm06Zzq5KG+AVu9QvcGbd+ix/gfzhAXWD0JpOcnHMm99zjhoIrMM1PI7Oyura+kd3MbW3v7O7l9w9aKogjypo0EEHUcYligkvWBA6CdcKIEd8VrO2Or2Z6+45FigfyFiYh6/lkKPmAUwKaarRqjX6+YBbN80vbLmMN5qOBfWZXrDK2UqaA0qn381+OF9DYZxKoIEp1LTOEXkIi4FSwac6JFQsJHZMhS+YBp/hEUx4eBJF+EvCcXfIRX6mJ72qnT2Ckfmsz8i+tG8PA7iVchjEwSReLBrHAEODZtdjjEaMgJphQqvPGBHQOOiIRoaBbyTmK6crkEEaJA+wB7rmnNyUVLqe6l5/j8f+gVSpa5WLpplSo1tKGsugIHaNTZKELVEXXqI6aiKIhekLP6MV4NF6NN+N9Yc0Y6Z9DtDTGxzfKGpZY</latexit>

Chiral spin liquid (CSL)
with

semion topological order
<latexit sha1_base64="WPfAOeQx8IQ0QpdxAcUvqDZbBzo="></latexit>

Quantum critical theory + J� + Néel order
<latexit sha1_base64="rDCJoPEwyVbf6RS2ADlFMKxRNC0="></latexit>

Sf =

Z
d2rd⌧


f�µ(@µ � iAµ)f +m� ff

�

<latexit sha1_base64="5pwmSfpwIgd4cb81lJ/UFHwDf/c="></latexit>

Infinitesimal J�
induces a CSL
with quantized

xy/T =
(⇡/6)k2B/~!<latexit sha1_base64="q5IJxUQKGV/F9hx8/+5D9/8wSco="></latexit>

J�
J1

/ B?
<latexit sha1_base64="yDkwGhRdqmdJZQ5UdhppVuR05Vo=">AAACInicbVDLSgMxFM3UV62vUZdugkUQF2WmCrosdSOuKtha6AxDJs20oclMSDJCGeYf/Ai/wa2u3YkrwY1/YtrOwrYeCDmccy/33hMKRpV2nC+rtLK6tr5R3qxsbe/s7tn7Bx2VpBKTNk5YIrshUoTRmLQ11Yx0hSSIh4w8hKPrif/wSKSiSXyvx4L4HA1iGlGMtJEC+8yLJMLZbeDhIc3N7+bQEzIROoGZF3LYzIPME0SKPLCrTs2ZAi4TtyBVUKAV2D9eP8EpJ7HGDCnVcx2h/QxJTTEjecVLFREIj9CA9AyNESfKz6Y35fDEKH0YJdK8WMOp+ rcjQ1ypMQ9NJUd6qBa9ifif10t1dOVnNBapJjGeDYpSBs3Bk4Bgn0qCNRsbgrCkZleIh8iEpE2Mc1NCPsnEXUxgmXTqNfe8Vr+7qDaaRTplcASOwSlwwSVogBvQAm2AwRN4Aa/gzXq23q0P63NWWrKKnkMwB+v7F/p4pRM=</latexit>



Sf =

Z
d2rd⌧


f�µ(@µ � iAµ)f +m� ff +mN f�f

�

<latexit sha1_base64="oMsm1TvI3lr0ylbcXH18UQgPUI4="></latexit>

H =
X

n.n.

J1Si ·Sj+
X

n.n.n.

J2Si ·Sj+J�

X

4
Si ·(Sj⇥Sk)�

X

i

BZ ·Si .

<latexit sha1_base64="pUDkRBoNqHLIyCr/fSKa7CEFmRY="></latexit>

J2/J1
<latexit sha1_base64="G9P2QTuAClBk/GGfooSmq4LxCrc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqe5WQY9FL9JTBfsB7bJk02wbms0uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJxnczv/PElOaxfDSThHkRGUoeckqMlToNv3bR8F2/XHGqzhx4lbg5qUCOpl/+6g9imkZMGiqI1j3XSYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5udO8ZlVBjiMlS1p8Fz9PZGRSOtJFNjOiJiRXvZm4n9eLzXhjZdxmaSGSbpYFKYCmxjPfscDrhg1YmIJoYrbWzEdEUWosQmVbAju8surpF2rupfV2sNVpX6bx1GEEziFc3DhGupwD01oAYUxPMMrvKEEvaB39LFoLaB85hj+AH3+APK5jqg=</latexit>

Néel
<latexit sha1_base64="cHZ+hdHQ7ZaQctcccFVVh0hrSw4=">AAACAHicdVDLSsNAFJ34rPVVdelmsIiuQpoqxp3oxpVUsFUwpUymN+3YySRkbtQSuvEL3OoXuBO3/okf4H84rXVR0QMDl3POcM89QSKFRsf5sKamZ2bn5gsLxcWl5ZXV0tp6Q8dZyqHOYxmnVwHTIIWCOgqUcJWkwKJAwmXQOxnql7eQahGrC+wn0IxYR4lQcIaGapz5OwCyVSo79r5b9fY96tjOCGZwD6sH3iGtjJkyGaPWKn367ZhnESjkkml9XXESbOYsRcElDIp+piFhvMc6kI8yDui2odo0jFPzFNIRO+Fjkdb9KDDOiGFX/9aG5F/adYah18yFSjIExb8XhZmkGNPhwbQtUuAo+5RxbvJmDE0O3mUp42iKKfoaTGuqg93cR7jHO9E2m/I9oQaml5/j6f9Dw7UrVds9d8tHx+OGCmSTbJFdUiEH5IickhqpE05uyCN5Is/Wg/VivVpv39Ypa/xng0zAev8CCPiXmA==</latexit> VBS

<latexit sha1_base64="uPoEJMJvjPXtwbG1x8MCLr1Pg+o=">AAAB/XicdVDLTsJAFJ3iC/GFunQzkZi4Ii2g1h3BjUsM8kgoIdPpABOm06Zzq5KG+AVu9QvcGbd+ix/gfzhAXWD0JpOcnHMm99zjhoIrMM1PI7Oyura+kd3MbW3v7O7l9w9aKogjypo0EEHUcYligkvWBA6CdcKIEd8VrO2Or2Z6+45FigfyFiYh6/lkKPmAUwKaarRqjX6+YBbN80vbLmMN5qOBfWZXrDK2UqaA0qn381+OF9DYZxKoIEp1LTOEXkIi4FSwac6JFQsJHZMhS+YBp/hEUx4eBJF+EvCcXfIRX6mJ72qnT2Ckfmsz8i+tG8PA7iVchjEwSReLBrHAEODZtdjjEaMgJphQqvPGBHQOOiIRoaBbyTmK6crkEEaJA+wB7rmnNyUVLqe6l5/j8f+gVSpa5WLpplSo1tKGsugIHaNTZKELVEXXqI6aiKIhekLP6MV4NF6NN+N9Yc0Y6Z9DtDTGxzfKGpZY</latexit>

VBS
+CSL

<latexit sha1_base64="Kay7A7ZG06EIBFNGY8n99G1pMWY="></latexit>

Néel
+CSL

<latexit sha1_base64="deBLsLlfkarDesqPgWgmvXs0940="></latexit>

Chiral spin liquid (CSL)
with

semion topological order
<latexit sha1_base64="WPfAOeQx8IQ0QpdxAcUvqDZbBzo="></latexit>

Quantum critical theory + J� + Néel order
<latexit sha1_base64="rDCJoPEwyVbf6RS2ADlFMKxRNC0="></latexit>

J�
J1

/ B?
<latexit sha1_base64="yDkwGhRdqmdJZQ5UdhppVuR05Vo=">AAACInicbVDLSgMxFM3UV62vUZdugkUQF2WmCrosdSOuKtha6AxDJs20oclMSDJCGeYf/Ai/wa2u3YkrwY1/YtrOwrYeCDmccy/33hMKRpV2nC+rtLK6tr5R3qxsbe/s7tn7Bx2VpBKTNk5YIrshUoTRmLQ11Yx0hSSIh4w8hKPrif/wSKSiSXyvx4L4HA1iGlGMtJEC+8yLJMLZbeDhIc3N7+bQEzIROoGZF3LYzIPME0SKPLCrTs2ZAi4TtyBVUKAV2D9eP8EpJ7HGDCnVcx2h/QxJTTEjecVLFREIj9CA9AyNESfKz6Y35fDEKH0YJdK8WMOp+ rcjQ1ypMQ9NJUd6qBa9ifif10t1dOVnNBapJjGeDYpSBs3Bk4Bgn0qCNRsbgrCkZleIh8iEpE2Mc1NCPsnEXUxgmXTqNfe8Vr+7qDaaRTplcASOwSlwwSVogBvQAm2AwRN4Aa/gzXq23q0P63NWWrKKnkMwB+v7F/p4pRM=</latexit>



Sf =

Z
d2rd⌧


f�µ(@µ � iAµ)f +m� ff +mN f�f

�

<latexit sha1_base64="oMsm1TvI3lr0ylbcXH18UQgPUI4="></latexit>

H =
X

n.n.

J1Si ·Sj+
X

n.n.n.

J2Si ·Sj+J�

X

4
Si ·(Sj⇥Sk)�

X

i

BZ ·Si .

<latexit sha1_base64="pUDkRBoNqHLIyCr/fSKa7CEFmRY="></latexit>

J2/J1
<latexit sha1_base64="G9P2QTuAClBk/GGfooSmq4LxCrc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqe5WQY9FL9JTBfsB7bJk02wbms0uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJxnczv/PElOaxfDSThHkRGUoeckqMlToNv3bR8F2/XHGqzhx4lbg5qUCOpl/+6g9imkZMGiqI1j3XSYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5udO8ZlVBjiMlS1p8Fz9PZGRSOtJFNjOiJiRXvZm4n9eLzXhjZdxmaSGSbpYFKYCmxjPfscDrhg1YmIJoYrbWzEdEUWosQmVbAju8surpF2rupfV2sNVpX6bx1GEEziFc3DhGupwD01oAYUxPMMrvKEEvaB39LFoLaB85hj+AH3+APK5jqg=</latexit>

Néel
<latexit sha1_base64="cHZ+hdHQ7ZaQctcccFVVh0hrSw4=">AAACAHicdVDLSsNAFJ34rPVVdelmsIiuQpoqxp3oxpVUsFUwpUymN+3YySRkbtQSuvEL3OoXuBO3/okf4H84rXVR0QMDl3POcM89QSKFRsf5sKamZ2bn5gsLxcWl5ZXV0tp6Q8dZyqHOYxmnVwHTIIWCOgqUcJWkwKJAwmXQOxnql7eQahGrC+wn0IxYR4lQcIaGapz5OwCyVSo79r5b9fY96tjOCGZwD6sH3iGtjJkyGaPWKn367ZhnESjkkml9XXESbOYsRcElDIp+piFhvMc6kI8yDui2odo0jFPzFNIRO+Fjkdb9KDDOiGFX/9aG5F/adYah18yFSjIExb8XhZmkGNPhwbQtUuAo+5RxbvJmDE0O3mUp42iKKfoaTGuqg93cR7jHO9E2m/I9oQaml5/j6f9Dw7UrVds9d8tHx+OGCmSTbJFdUiEH5IickhqpE05uyCN5Is/Wg/VivVpv39Ypa/xng0zAev8CCPiXmA==</latexit> VBS
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Giant thermal Hall conductivity in the pseudogap 
phase of cuprate superconductors
G. Grissonnanche1*, A. Legros1,2, S. Badoux1, E. Lefrançois1, V. Zatko1, M. Lizaire1, F. Laliberté1, A. Gourgout1, J.-S. Zhou3,  
S. Pyon4,5, T. Takayama4,6, H. Takagi4,6,7,8, S. Ono9, N. Doiron-Leyraud1 & L. Taillefer1,10*

The nature of the pseudogap phase of the copper oxides (‘cuprates’) 
remains a puzzle. Although there are indications that this phase 
breaks various symmetries, there is no consensus on its fundamental 
nature1. Fermi-surface, transport and thermodynamic signatures 
of the pseudogap phase are reminiscent of a transition into a phase 
with antiferromagnetic order, but evidence for an associated long-
range magnetic order is still lacking2. Here we report measurements 
of the thermal Hall conductivity (in the x–y plane, κxy) in the 
normal state of four different cuprates—La1.6−xNd0.4SrxCuO4, 
La1.8−xEu0.2SrxCuO4, La2−xSrxCuO4 and Bi2Sr2−xLaxCuO6+δ. We 
show that a large negative κxy signal is a property of the pseudogap 
phase, appearing at its critical hole doping, p*. It is also a property 
of the Mott insulator at p ≈ 0, where κxy has the largest reported 
magnitude of any insulator so far3. Because this negative κxy signal 
grows as the system becomes increasingly insulating electrically, it 
cannot be attributed to conventional mobile charge carriers. Nor is 
it due to magnons, because it exists in the absence of magnetic order. 
Our observation is reminiscent of the thermal Hall conductivity of 
insulators with spin-liquid states4–6, pointing to neutral excitations 
with spin chirality7 in the pseudogap phase of cuprates.

Among the different families of unconventional superconductors, 
magnetism and superconductivity are often closely associated8. A nota-
ble exception is the family of hole-doped cuprates, where superconduc-
tivity mostly coexists instead with the pseudogap phase, which is an 
enigmatic state of matter whose nature remains unclear1. The critical 
doping p* (for the onset of the pseudogap phase) bears the hallmarks 
of an antiferromagnetic quantum critical point2, with a sharp drop in 
the carrier density n from n ≈ 1 + p above p* to n ≈ p below p*, a 
resistivity linear with temperature T, and a specific heat with a log(1/T) 
dependence. Yet, there is no evidence for long-range magnetic order 
appearing at p*. However, numerical solutions of the Hubbard model 
have shown that a pseudogap phase can arise from short-range antifer-
romagnetic correlations9. It has been argued that an exotic state with 
topological order can account for such a pseudogap and for the drop 
in carrier density without breaking translational symmetry10, but the 
low-energy excitations of such a state have yet to be detected.

In recent years, the thermal Hall effect has emerged as a powerful 
probe of magnetic texture and topological excitations in insulators.  
On the theory side, a non-zero thermal Hall conductivity κxy was 
shown to arise even without long-range magnetic order, either from the 
spin chirality of a paramagnetic state7 or from fractionalized (topolog-
ical) excitations in a spin liquid11. On the experimental side, a sizeable 
κxy has been measured in insulators without magnetic order, such as 
the spin-ice system Tb2Ti2O7 (ref. 12) and the spin-liquid systems RuCl3 
(ref. 4), volborthite5 and Ca kapellasite6.

In cuprates, studies of κxy have so far been limited to the super-
conducting state13–15, except for the case of YBa2Cu3Oy (YBCO) at 
p = 0.11, where κxy was measured in the field-induced normal state16, 

which has charge-density-wave order2. See Methods for a discussion 
of this particular case.

Here, we investigate the thermal Hall response of the pseu-
dogap phase via measurements of κxy in four different cuprate 

1Département de physique, Institut quantique, and RQMP, Université de Sherbrooke, Sherbrooke, Québec, Canada. 2SPEC, CEA, CNRS-UMR3680, Université Paris-Saclay, Gif-sur-Yvette, France. 
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Fig. 1 | Phase diagram and thermal Hall conductivity of cuprates.  
a, Temperature–doping phase diagram of Nd-LSCO, Eu-LSCO and LSCO, 
showing the antiferromagnetic phase below the Néel temperature TN and 
the pseudogap phase below T* (ref. 29), which ends at the critical doping 
p* = 0.23 for both Nd-LSCO (ref. 17) and Eu-LSCO (ref. 30). For LSCO, 
p* ≈ 0.18 (ref. 29). Short-range incommensurate spin order occurs below 
Tm, as measured by µSR on Nd-LSCO (squares21), Eu-LSCO (circles31) and 
LSCO (triangles32). The coloured vertical strips indicate the temperature 
range where the thermal Hall conductivity κxy/T at the corresponding 
doping decreases towards negative values at low temperature (see b).  
b, Thermal Hall conductivity κxy/T versus temperature in a field H = 15 T, 
for four materials and dopings as indicated, colour-coded with the vertical 
strips in a. On the right vertical axis, the magnitude of κxy/T is expressed 
in fundamental units of thermal conductance per plane (kB

2/ħ).
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in the physics of network models of edge states akin to the
Chalker-Coddington network model for the integer quantum
Hall transition38. We will then turn to powerful numerical tools
to unambiguously identify the universal properties of the chiral
spin liquid.

The key step of our first argument is to view each triangle of
spins as the seed of a chiral topological phase, a puddle encircled
by an edge state, as illustrated in Fig. 2a. The natural candidate for
the phase filling the puddle is the bosonic n¼ 1/2 Laughlin
state39, which is the simplest bosonic quantum Hall state known
to possess the SU(2) symmetry required by our construction. It is
also the state envisioned by Kalmeyer and Laughlin4. Forming a
lattice out of the elementary triangles, we should then consider a
situation with many individual puddles of this topological phase.
To see what collective state is formed, we have to understand how
two corner-sharing triangles of the Kagome lattice are joined.
This situation of edges meeting at the corner spin shared by two
triangles is an incarnation of two-channel Kondo physics40,41, for
which it is well-known that the edges will heal42,43 if the coupling
to the centre spin is symmetric, as illustrated in Fig. 2b and
discussed in more detail in the Methods section. Thus, the corner
spin has merged the two triangles to form a larger puddle
encircled by a single edge state, that is, to form a larger region of
the topological phase. We can repeat the above step (Fig. 2) for all
pairs of corner-sharing triangles of the Kagome lattice. The
system then forms one macroscopic, extended region of a single
topological phase with one edge state encircling its outer
boundary, as illustrated in Fig. 1b, and with closed loops
encircling the interior hexagons of the Kagome lattice. We thus
obtain a direct realization of the Kalmeyer–Laughlin state for a
CSL phase.

Numerical identification of the CSL. We now turn to a
numerical identification of the CSL at the chiral point y¼p/2 of
Hamiltonian (2) and in its vicinity by studying the three hallmark
properties of a chiral topological phase: the presence of a gapped
spectrum with a topological degeneracy on the torus, a gapless
edge state with a universal spectrum of low-energy excitations,
and anyonic bulk excitations. On a technical level, we resort to
exact diagonalization and density-matrix renormalization group
(DMRG) calculations to extract energy spectra, entanglement
spectra and modular matrices for various system configurations.
To label their diameter and boundary condition, we will use the
notation introduced in ref. 30; see also the Methods section.

We first demonstrate that the system has a finite gap in the
thermodynamic limit. To this end, we consider a sequence of
XT4-0 tori of length up to 5 unit cells, shown in Fig. 3a. For
systems with NZ18 sites, there clearly is a low-lying excitation,
which can be attributed to a twofold near-degeneracy of the
ground state. All excitations above these near-degenerate ground
states are separated by a spectral gap of roughly DE0.05. Further
consistent evidence for the gap can be obtained from exact
diagonalization of a 36-site XT6-3 cluster and on XT4-2 clusters
of size up to 30 sites (not shown). As a further consistency check,
we can extract the gap for long, thin cylinders using DMRG.
Performing this for cylinders of type XC4-0 with up to 100 sites,

a b

Figure 1 | Hamiltonian and network model perspective. (a) Kagome lattice considered in this manuscript, where grey shading indicates the elementary
triangles. Arrows on the bonds indicate the direction induced by the magnetic flux F enclosed in each triangle. (b) Visualization of the network-model
perspective on the chiral spin liquid phase arising from Hamiltonian (2). Consistent with a chiral topological phase, a collective edge state encircles the
whole systems. In this particular model, additional closed edges encircle each hexagon.

Two-channel Kondo physics

a

b

Figure 2 | Network model perspective. (a) Sketch of a puddle of
topological phase replacing each triangle of three spins. (b) Behaviour of
two corner-sharing triangular puddles of the topological phase.
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Figure 3 | Exact diagonalization results. (a) Excitation energies on small
tori of type XT4-0 up to length 5. (b) Energy gap on a thin, long strip of
width 4 sites; dashed lines indicate the extrapolation to N-N. The two
different branches denote systems with an even (black) and odd (blue)
number of unit cells. (c) Entanglement entropy at the centre of the same
system as (b) on a semi-logarithmic scale for even (black) and odd (blue)
number of unit cells; dashed lines indicate a fit. Both fits are consistent with
c¼ 1. In all panels, N is the total number of lattice sites.
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Semion topological order,
i.e. the Kalmeyer-Laughlin chiral spin liquid,

appears for J�/J > 0.01.
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FIG. 19. (Color online) iDMRG results for the scalar chiral
order parameter, O�, Eq. (34), versus J� for the groundstates
of H�, Eq. (35), constructed from a YC8-̂i sector. Each data-
point represents a O�[m ! 1, J�], which is the result of a
separate extrapolation on individual O� versus "m toward the
thermodynamic limit of "m ! 0 (m ! 1). The red line is

our attempted fit of b̃0 + b̃1J
b̃2
� to the black circles, excluding

the first two J� points (where the chirality is zero within the
error-bars), which is used to estimate the phase transition
when O�[m ! 1, Jcritical

� ] = 0. A zoom-in plot is presented
in the inset, as a guide to the eyes.

part, leading another question of our interest: is the SL
phase robust against perturbing HJ2 with a term that
explicitly breaks the ⌧ -symmetry and forms a chiral long-
range order? To answer this question, one can study the
J1-J2-J� model,

H� = HJ2 + J�
X

hi,j,ki

(Si ⇥ Sj) · Sk , (35)

where hi, j, ki indicates the sum over all NN triangular
plaquettes in a Hamiltonian unit cell. The phase diagram
of H� is previously studied using variational QMC87 and
ED84 techniques, however, no clear result has emerged on
the nature of the J� ! 0 limit. To shed some lights on
this matter, in this section we study the response of the
YC8-̂i groundstates85 to the chiral field by adiabatically
adding a J�-term to HJ2 , as in Eq. (35), and finding
new groundstates using the SU(2)-symmetric iMPS and
iDMRG methods.

We present our results for the extrapolated O� in the
thermodynamic limit of m ! 1 in Fig. 19. We no-
tice that, within our resolution, upon varying J�, there
is at least one (significant) point exposed to nonzero
chiral perturbations, but has negligible O�(m ! 1)
within the error-bars. This means that the topological
SL phase is robust against chirality and one needs to
provide ⌧ -symmetry-breaking terms larger than a finite-
value, namely Jcritical

�
, to impose a chiral groundstate.

To further predict this small Jcritical
�

, we applied a fit of

b̃0 + b̃1J b̃2
�

to the data and find Jcritical
�

= (� b0
b1
)

1
b2 =

0.0014(1). These results also suggest the existence of
a second order phase transition toward the CSL phase.
This is consistent with the suggestion from Wietek and
Läuchli84, and may clarify the results of Hu et al.87,
where it is unclear if O� would be zero or not in the
J� ! 0 limit.

X. CONCLUSION

We have presented comprehensive results for the phase
diagram of the J1-J2 Heisenberg model on triangular
lattices, using infinite-length YC structures. Using the
Binder ratio of the magnetization order parameter, Ur,
Eq. (31), and TOS columns of the momentum-resolved
ES, we have obtained phase boundaries and character-
ized the nature of the symmetry breaking magnetic or-
der. We found that the Binder ratio reliably detects
phase boundaries between magnetically ordered states,
even when using SU(2) symmetry, where the order pa-
rameter itself is zero by construction. We identified
the 120�-ordered groundstate as a three-sublattice LRO
with full SU(2)-symmetry-breaking in the thermody-
namic limit; the columnar-ordered groundstate as a two-
sublattice LRO with partial SU(2)-symmetry-breaking
at the thermodynamic limit, and confirm the nonmag-
netic nature of the SL states on infinite cylinders of
widths up to 12 sites. In addition, we have discovered
the stabilization of a new ASL phase, with power-law
correlation lengths, for width-6 infinite cylinders. We
have pinpointed the phase transitions between the infi-
nite cylinder’s groundstates of the THM, precisely, us-
ing the Binder ratios. The transitions are relatively
close to the phase boundaries found from the direct mea-
surements of the local order parameters using fDMRG
on Ly = 3, 4, 5, 6-cylinders, and short-range correlations
and fidelity susceptibility phase diagrams from iDMRG
calculations. In addition, for the columnar order, we
have numerically proved that the entropies consistently
obey SEE = a0(Ly) + (↵0 + ↵1Ly) log(⇠), a mixture of
the area-law and the quantum critical behavior, as ex-
pected for the magnetic phases built by the inherently
one-dimensional SU(2)-symmetric iMPS ansatz. To the
best of our knowledge, a set of numerical tools to ef-
ficiently distinguish and classify LROs were previously
absent in the SU(2)-symmetric iDMRG literature. Con-
sidering the advantages of SU(2)-symmetric calculations,
we suggest that the proposed methods can be applied
widely to detect symmetry broken states using the iMPS.

Finally, to unravel the true nature of time-reversal
symmetry-breaking in the topological SL, we have in-
vestigated the robustness of YC8-̂i sector under perturb-
ing HJ2 with a chiral term, Eq. (35) (it was previously
suggested77 that YC8-̂i states are prone to become chi-
ral under applying bond anisotropies to the Hamilto-
nian). The results of the scalar chiral order parameter,

O�(m ! 1), versus J� can be fitted using b̃0+b̃1J b̃2
�

with

Triangular lattice antiferromagnet

S. N. Saadatmand and I. P. McCulloch, PRB 96, 075117 (2017)

J2/J1 = 1/8; critical J� = 0.0014
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Giant thermal Hall conductivity in the pseudogap 
phase of cuprate superconductors
G. Grissonnanche1*, A. Legros1,2, S. Badoux1, E. Lefrançois1, V. Zatko1, M. Lizaire1, F. Laliberté1, A. Gourgout1, J.-S. Zhou3,  
S. Pyon4,5, T. Takayama4,6, H. Takagi4,6,7,8, S. Ono9, N. Doiron-Leyraud1 & L. Taillefer1,10*

The nature of the pseudogap phase of the copper oxides (‘cuprates’) 
remains a puzzle. Although there are indications that this phase 
breaks various symmetries, there is no consensus on its fundamental 
nature1. Fermi-surface, transport and thermodynamic signatures 
of the pseudogap phase are reminiscent of a transition into a phase 
with antiferromagnetic order, but evidence for an associated long-
range magnetic order is still lacking2. Here we report measurements 
of the thermal Hall conductivity (in the x–y plane, κxy) in the 
normal state of four different cuprates—La1.6−xNd0.4SrxCuO4, 
La1.8−xEu0.2SrxCuO4, La2−xSrxCuO4 and Bi2Sr2−xLaxCuO6+δ. We 
show that a large negative κxy signal is a property of the pseudogap 
phase, appearing at its critical hole doping, p*. It is also a property 
of the Mott insulator at p ≈ 0, where κxy has the largest reported 
magnitude of any insulator so far3. Because this negative κxy signal 
grows as the system becomes increasingly insulating electrically, it 
cannot be attributed to conventional mobile charge carriers. Nor is 
it due to magnons, because it exists in the absence of magnetic order. 
Our observation is reminiscent of the thermal Hall conductivity of 
insulators with spin-liquid states4–6, pointing to neutral excitations 
with spin chirality7 in the pseudogap phase of cuprates.

Among the different families of unconventional superconductors, 
magnetism and superconductivity are often closely associated8. A nota-
ble exception is the family of hole-doped cuprates, where superconduc-
tivity mostly coexists instead with the pseudogap phase, which is an 
enigmatic state of matter whose nature remains unclear1. The critical 
doping p* (for the onset of the pseudogap phase) bears the hallmarks 
of an antiferromagnetic quantum critical point2, with a sharp drop in 
the carrier density n from n ≈ 1 + p above p* to n ≈ p below p*, a 
resistivity linear with temperature T, and a specific heat with a log(1/T) 
dependence. Yet, there is no evidence for long-range magnetic order 
appearing at p*. However, numerical solutions of the Hubbard model 
have shown that a pseudogap phase can arise from short-range antifer-
romagnetic correlations9. It has been argued that an exotic state with 
topological order can account for such a pseudogap and for the drop 
in carrier density without breaking translational symmetry10, but the 
low-energy excitations of such a state have yet to be detected.

In recent years, the thermal Hall effect has emerged as a powerful 
probe of magnetic texture and topological excitations in insulators.  
On the theory side, a non-zero thermal Hall conductivity κxy was 
shown to arise even without long-range magnetic order, either from the 
spin chirality of a paramagnetic state7 or from fractionalized (topolog-
ical) excitations in a spin liquid11. On the experimental side, a sizeable 
κxy has been measured in insulators without magnetic order, such as 
the spin-ice system Tb2Ti2O7 (ref. 12) and the spin-liquid systems RuCl3 
(ref. 4), volborthite5 and Ca kapellasite6.

In cuprates, studies of κxy have so far been limited to the super-
conducting state13–15, except for the case of YBa2Cu3Oy (YBCO) at 
p = 0.11, where κxy was measured in the field-induced normal state16, 

which has charge-density-wave order2. See Methods for a discussion 
of this particular case.

Here, we investigate the thermal Hall response of the pseu-
dogap phase via measurements of κxy in four different cuprate 

1Département de physique, Institut quantique, and RQMP, Université de Sherbrooke, Sherbrooke, Québec, Canada. 2SPEC, CEA, CNRS-UMR3680, Université Paris-Saclay, Gif-sur-Yvette, France. 
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Fig. 1 | Phase diagram and thermal Hall conductivity of cuprates.  
a, Temperature–doping phase diagram of Nd-LSCO, Eu-LSCO and LSCO, 
showing the antiferromagnetic phase below the Néel temperature TN and 
the pseudogap phase below T* (ref. 29), which ends at the critical doping 
p* = 0.23 for both Nd-LSCO (ref. 17) and Eu-LSCO (ref. 30). For LSCO, 
p* ≈ 0.18 (ref. 29). Short-range incommensurate spin order occurs below 
Tm, as measured by µSR on Nd-LSCO (squares21), Eu-LSCO (circles31) and 
LSCO (triangles32). The coloured vertical strips indicate the temperature 
range where the thermal Hall conductivity κxy/T at the corresponding 
doping decreases towards negative values at low temperature (see b).  
b, Thermal Hall conductivity κxy/T versus temperature in a field H = 15 T, 
for four materials and dopings as indicated, colour-coded with the vertical 
strips in a. On the right vertical axis, the magnitude of κxy/T is expressed 
in fundamental units of thermal conductance per plane (kB

2/ħ).
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Extended Data Fig. 2 | Comparison of cuprates to other oxides. a, 
Thermal conductivity of two isostructural oxides, plotted as κxx/T versus 
T at H = 0, namely Y2Ti2O7 (red) and Tb2Ti2O7 (blue) (data points39). The 
presence of disordered magnetic moments in Tb2Ti2O7 produces a strong 
scattering of phonons, seen as a massive suppression of κxx (15-fold at 
T = 15 K). b, Field dependence of κxx, plotted as ∆κxx(H)/κxx(0) versus H, 
with ∆κxx = κxx(H) − κxx(0), at T = 15 K (blue data points12). The strong 
effect of field (30% in 8 T) is a direct signature of the strong coupling 
between phonons and spins in Tb2Ti2O7. Also shown is the transverse 
response in Tb2Ti2O7 at T = 15 K, plotted as κxy/T versus H (red data 
points12). Note that in Y2Ti2O7, κxy = 0 (ref. 12). c, Thermal conductivity of 

two Nd-LSCO samples, on either side of p* (red, p = 0.24; blue, p = 0.21), 
plotted as κxx/T versus T at H = 18 T (data points). We see that contrary 
to Tb2Ti2O7 (a), the appearance of the negative κxy signal in Nd-LSCO 
below p* is not accompanied by a large suppression of κxx (see Extended 
Data Fig. 3). d, Same as b but for LSCO p = 0.06, with the same x-axis 
and y-axis scales and data taken at (nearly) the same temperature (data 
points). We see that the situation in LSCO is very different to that found 
in Tb2Ti2O7 (b): instead of having a small κxy and a large ∆κxx (b), we now 
have a large κxy and a small ∆κxx. Quantitatively, κxy/∆κxx ≈ 1 in LSCO 
and approximately 0.01 in Tb2Ti2O7, at T = 15 K and H = 8 T (Table 1).


