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The recent discovery of superconductivity with relatively high
transition temperature (Tc) in the layered iron-based quaternary
oxypnictides La[O1"xFx] FeAs by Kamihara et al. [Kamihara Y,
Watanabe T, Hirano M, Hosono H (2008) Iron-based layered su-
perconductor La[O1-xFx] FeAs (x # 0.05–0.12) with Tc # 26 K. J Am
Chem Soc 130:3296–3297.] was a real surprise and has generated
tremendous interest. Although superconductivity exists in alloy
that contains the element Fe, LaOMPn (with M # Fe, Ni; and Pn #
P and As) is the first system where Fe plays the key role to the
occurrence of superconductivity. LaOMPn has a layered crystal
structure with an Fe-based plane. It is quite natural to search
whether there exists other Fe based planar compounds that exhibit
superconductivity. Here, we report the observation of supercon-
ductivity with zero-resistance transition temperature at 8 K in the
PbO-type !-FeSe compound. A key observation is that the clean
superconducting phase exists only in those samples prepared with
intentional Se deficiency. FeSe, compared with LaOFeAs, is less
toxic and much easier to handle. What is truly striking is that this
compound has the same, perhaps simpler, planar crystal sublattice
as the layered oxypnictides. Therefore, this result provides an
opportunity to better understand the underlying mechanism of
superconductivity in this class of unconventional superconductors.

electronic properties ! Fe-oxypnictide

A lthough superconductivity exists in alloy (1) that contains
the element Fe, LaOMPn (2–9) (with M ! Fe, Ni; and Pn !

P and As) is the first system where Fe plays the key role in the
occurrence of superconductivity. LaOMPn has a layered crystal
structure with an Fe-based plane. It is quite natural to ask
whether other Fe-based planar compounds exist that exhibit
superconductivity. Here, we report the observation of super-
conductivity with zero resistance transition temperature at 8 K
in the PbO-type !-FeSe compound. Although FeSe has been
studied quite extensively (10, 11), a key observation is that the
clean superconducting phase exists only in those samples pre-
pared with intentional Se deficiency.

FeSe comes in several phases: (i) a tetragonal phase !-FeSe
with PbO-structure, (ii) a NiAs-type "-phase with a wide range
of homogeneity showing a transformation from hexagonal to
monoclinic symmetry, and (iii) an FeSe2 phase that has the
orthorhombic marcasite structure. The most studied of these
compounds are the hexagonal Fe7Se8, which is a ferrimagnet
with Curie temperature at "125 K, and monoclinic Fe3Se4.

Unlike the high-temperature (high-Tc) superconductors (12)
discovered #20 years ago that have a CuO2 plane that is essential
for the observed superconductivity, the tetragonal phase !-FeSe
with PbO structure has an Fe-based planar sublattice equivalent
to the layered iron-based quaternary oxypnictides, which have a
layered crystal structure belonging to the P4/nmm space group
(2). The crystal of !-FeSe is composed of a stack of edge-sharing
FeSe4-tetrahedra layer by layer, as shown schematically in Fig. 1.
Polycrystalline samples with nominal concentration FeSe1$x
(x ! 0.03 and 0.18) were synthesized and studied. X-ray diffrac-
tion analysis of the samples in Fig. 2 shows that !-FeSe is
dominant, and "-FeSe phases exist in trace amounts. This result
is reasonable because in the Fe-Se binary alloy system, the

!-phase is considered as a slightly Se-deficient phase [45–49.4
atomic percent (at%) Se] and the "-phase, in contrast, persists
in a wide range of compositions from slightly Fe-rich to Se-rich
(49.5–58 at% Se) (13). In FeSe0.82, the possible iron oxide
impurity phases could come from either starting materials
(99.9% Fe) or surface oxidation during sintering, and the
silicides might be the product of reactions between the sample
and silica ampoules. Nevertheless, the samples contained only
trace amounts of these impurity phases (note that the y axis of
Fig. 2 is in log scale). The calculated lattice constants are a !
0.37693 (1) nm and c ! 0.54861 (2) nm for FeSe0.82, and a !
0.37676 (2) nm and c ! 0. 54847 (1) nm for FeSe0.88. The lattice
constant slightly expands in the a axis and shrinks in the c axis
for both samples as compared with those of !-FeSe in the Joint
Committee on Powder Diffraction Standards Card (85-0735,
unpublished) (13) (a ! 0.3765 nm and c ! 0.5518 nm). This
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Fig. 1. Schematic crystal structure of !-FeSe. Four unit cells are shown to
reveal the layered structure.
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Superconductivity above 100K in single-layer
FeSe films on doped SrTiO3

Jian-Feng Ge1, Zhi-Long Liu1, Canhua Liu1,2*, Chun-Lei Gao1,2, Dong Qian1,2, Qi-Kun Xue3*, Ying Liu1,2,4
and Jin-Feng Jia1,2*
Recent experiments on FeSe films grown on SrTiO3 (STO)
suggest that interface e�ects can be used as a means to
reach superconducting critical temperatures (Tc) of up to
80K (ref. 1). This is nearly ten times the Tc of bulk FeSe
and higher than the record value of 56K for known bulk
Fe-based superconductors2. Together with recent studies of
superconductivity at oxide heterostructure interfaces3–6, these
results rekindle the long-standing idea that electron pairing
at interfaces between two di�erent materials can be tailored
toachievehigh-temperaturesuperconductivity7–12. Subsequent
angle-resolved photoemission spectroscopy measurements
of the FeSe/STO system revealed an electronic structure
distinct from bulk FeSe (refs 13,14), with an energy gap
vanishing at around 65K. However, ex situ electrical transport
measurements1,15 have so far detected zero resistance—the
key experimental signature of superconductivity—only below
30K. Here, we report the observation of superconductivity
with Tc above 100K in the FeSe/STO system by means of
in situ four-point probe electrical transport measurements.
This finding confirms FeSe/STO as an ideal material for
studying high-Tc superconductivity.

The search for superconductors with a Tc above the liquid
nitrogen temperature (77K) led to the discovery of high-Tc
cuprates with a Tc as high as 130K more than two decades ago16.
Even though the value of Tc is only 26K in the first Fe-based
superconductor, LaFeAsO (ref. 17), subsequent work on a series
of Fe-based superconductors showed that the highest Tc under
ambient pressure was as high as 56K—found in SmFeAsO (ref. 2).
So far, superconductors with a Tc > 77 K have been limited to the
cuprates. Recently, interface e�ects have been employed to enhance
the superconductivity in FeSe. Single-layer films of FeSe grown on
SrTiO3(001) substrates, referred to below as FeSe/STO, were found
to exhibit a superconducting energy gap, �, as large as 20.1meV,
detected by in situ scanning tunnelling microscopy/spectroscopy
(STM/STS) measurements at 4.2 K (ref. 1). A Tc value as high as
86K would be expected if the ratio of 2�/kBTc =5.5 found in bulk
FeSe (Tc =9.4 K (ref. 18)) were applicable for the FeSe/STO system.
This work, together with the earlier work on superconducting
oxide interfaces3–6, demonstrates that the interface between two
di�erent materials provides not only a rich system for studying two-
dimensional (2D) superconductivity, but also a potential pathway to
high-Tc superconductivity7–12.

Indeed, recent angle-resolved photoemission spectroscopy
experiments on the FeSe/STO system revealed a di�erent electronic
structure from those of bulk FeSe, and a possible occurrence of

superconductivity around 65K (refs 13,14). An ex situ transport
measurement performed on FeSe/STO protected by multiple layers
of FeTe and an amorphous Si overlay revealed a zero-resistance Tc
of 23.5 K and an onset Tc > 40K (ref. 15). Evidently the addition
of protection layers suppresses superconductivity in single-layer
FeSe. In this work, we report electrical transport measurements on
single-layer films of FeSe grown on Nb-doped SrTiO3 substrates
using an in situ four-point probe (4PP) technique. We found that
superconductivity could be obtained even at a temperature as high
as 109K.

Single-layer films of FeSe were grown on Nb-doped SrTiO3(001)
surfaces by the same method as reported previously1, employing a
molecular beam epitaxy (MBE) system equippedwith STM/STS and
4PP capabilities. The growth process was monitored by reflection
high-energy electron di�raction (RHEED; Fig. 1a), which allows
the precise control of film growth needed to achieve one unit-
cell thickness. The crystal nature of the films was confirmed by
STM imaging at both large and atomic scales, as shown in Fig. 1b
and c, respectively.

The 4PP technique was first used in the study of superconducting
single-layer Pb films grown on Si(111) surfaces by Hasegawa’s
group12,19. There are two basic measurement configurations that
have been proposed since the 1950s (refs 20,21 and Supplementary
Information): C1423 and C1234 (Fig. 2a). In C1423 (C1234), a
d.c. current, I14 (I12), is applied through Tips 1 and 4 (1 and 2)
while the voltage drop, V23 (V34), is measured between Tips 2 and
3 (3 and 4). The applicability of the 4PP technique to extremely
thin films is well documented12. Further limits exist for detecting
films grown on an insulating substrate, as the feedback required
to control the contact between the film and the tip is extremely
di�cult. Nevertheless, the 4PP technique is a powerful tool for
investigating superconductivity in films that cannot be taken out of
an ultrahigh vacuum system, or for interfaces that are not accessible
by surface probes.

Before 4PP measurements, the contacts between each tip and
samples were examined, as shown in Supplementary Fig. 1, and
all contacts were Ohmic. To test the capability of detecting
superconductivity using our 4PP, we performed measurements on
an optimally doped Bi2Sr2CaCu2O8+� single crystal (Tc ⇠91K); the
measured I–V curves are shown in Supplementary Fig. 3. From
our measurements, Tc was found to be ⇠90K, which indicates the
measured sample temperature deviates little from the real transition
temperature (Supplementary Information). It should be noted that
similar critical current (Ic) values were obtained for two di�erent
configurations (Supplementary Fig. 3).
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key experimental signature of superconductivity—only below
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This finding confirms FeSe/STO as an ideal material for
studying high-Tc superconductivity.

The search for superconductors with a Tc above the liquid
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cell thickness. The crystal nature of the films was confirmed by
STM imaging at both large and atomic scales, as shown in Fig. 1b
and c, respectively.
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3 (3 and 4). The applicability of the 4PP technique to extremely
thin films is well documented12. Further limits exist for detecting
films grown on an insulating substrate, as the feedback required
to control the contact between the film and the tip is extremely
di�cult. Nevertheless, the 4PP technique is a powerful tool for
investigating superconductivity in films that cannot be taken out of
an ultrahigh vacuum system, or for interfaces that are not accessible
by surface probes.

Before 4PP measurements, the contacts between each tip and
samples were examined, as shown in Supplementary Fig. 1, and
all contacts were Ohmic. To test the capability of detecting
superconductivity using our 4PP, we performed measurements on
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measured I–V curves are shown in Supplementary Fig. 3. From
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similar critical current (Ic) values were obtained for two di�erent
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To examine this, Fig. 3 presents the temperature dependence
of the electronic structure of the 50ML film. Indeed, with
increasing temperature, the separated bands gradually become
degenerate again above 125K (Fig. 3a,b), which is an intrinsic
effect beyond the temperature broadening, as illustrated in Fig. S3
of the Supplementary Information. Such a band separation has
been shown to be caused by the different dispersions along the
ferromagnetic and AFM directions of the SDW order in BaFe2As2
(ref. 11) and NaFeAs (ref. 16). Because photoemission is a very
fast probe, it can sense the short-ranged nematic fluctuations
or SDWs that emerge at a higher characteristic temperature TA
than the static ordering temperature TN observed by neutron
scattering16,18,19,21. Therefore, our results prove that at least short-
ranged SDWs exist in the 50ML FeSe thin films below 125K.
In practice, TA is the temperature at which the separated bands
become degenerate, and here it could be determined by themerging
of two dips in the second derivative of the energy distribution
curves (EDCs) at (�⇡ ,0) in Fig. 3c. On the other hand, we found
that the band structure near the zone centre does not change
much across the transition, and band folding due to SDWs is
not observed (Fig. 3d). The SDW-induced folding is often very
weak for iron pnictides, probably as a result of the lack of long-
range coherence. Consequently, the Fermi surface is more strongly
reconstructed near the zone corner (Fig. 3f). At high temperatures,
the band structure of the 50ML FeSe film is determined from
the second derivative of the photoemission data with respect to
energy (Fig. 3e,b(vii)), which shows a qualitative agreement with
the calculation of bulk FeSe in the nonmagnetic state (Fig. 3g). The
band renormalization factor is about 2–3, similar to those of most
iron pnictides. Because high-quality FeSe single crystals were not
available, and particularly as the natural crystal surface is the (110)
plane, it was very difficult to obtain the electronic structure of bulk
FeSe. Our data on the thick film give the first experimental bulk
electronic structure of FeSe.

The band reconstructions observed in the 50ML film have
been observed in all the films with more than 1ML thickness
(their data are presented in Supplementary Figs S4–S8). Using the
temperature dependence of the EDCs at (�⇡ ,0) as representative,
Fig. 4 examines how such a signature of SDW order evolves with
film thickness. Similarly to Fig. 3c, the two features merge into
one above temperature TA for the 3ML, 13ML, 15ML, 25ML and
35ML films (Fig. 4a–e), respectively at 165K, 155K, 145K, 135K
and 125K within error bars of ±5K. The band separation saturates
at low temperatures, and Fig. 4f collects EDCs at (�⇡ ,0) taken at
30K. As summarized in Fig. 4g, the maximal separation decreases
with increasing thickness, asymptotically reaching a constant above
35ML. Such a separation characterizes the strength of the SDW
order24; thus, as expected, TA also decreases and becomes flat in
the thick films. In Fig. 4h, the relation between the maximal band
separation and TA is shown together with all those existing ones
measured on the SDW state of various iron pnictides17,18,25,26. The
band separation follows TA rather linearly in bulk samples. For
FeSe films, the amplitude of band separation is slightly smaller than
those of the iron pnictides, and there is a monotonic but nonlinear
correlation between TA and the band separation. For many iron
pnictides, such as BaFe2As2 (refs 11,17,20),TA andTN coincide with
the structural transition temperature TS, however, for compounds
such as NaFeAs (ref. 16), TA > TS > TN. Because TS is about 105K
for bulk FeSe (ref. 1) and TA of the thick films are about 125K,
we expect FeSe follows the latter case, namely, TN is somewhere
below TS. This certainly needs to be confirmed by more direct
measurements in the future.

Our results in Fig. 3 indicate that the SDW order exists in thick
FeSe films. The TA values determined for the thick films (⇠125K)
agree well with the ⇠130K temperature scale determined by recent
static and transient optical spectroscopy on a 460 nm thick (101)
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Figure 5 | Phase diagram of FeSe. Values of Tc and TA for FeSe are plotted
against the lattice constant. The points on the right are based on our thin
film ARPES data, whereas points on the left are based on the transport data
of a FeSe single crystal under hydrostatic pressure taken from ref. 2. The
dashed line represents the extrapolated values of TA, suggesting the
existence of SDW order in bulk FeSe under pressure. Values of Tc for other
iron selenides are also plotted in the elliptical region.

FeSe film grownon aMgO substrate27, where the nature of the phase
transition was associated with nematicity-induced orbital or charge
ordering above the structural transition. Our data suggest that the
optical data could be attributed to SDW fluctuations/ordering in
FeSe. The large electronic structure reconstruction observed here
explains the spectral weight transfer and partial gap opening in the
optical data. In fact, density functional theory calculations3 have
shown that the ground state of bulk FeSe is in the SDW state,
instead of the bi-collinear AFM order as for FeTe, because the
third nearest neighbour AFM exchange interaction mediated by
the 4p bands of Se is much smaller than that in FeTe. Our results
substantiate this prediction.

The asymptotic behaviour in the thick films indicates that film
properties are similar to the bulk behaviour when the lattice is
relaxed to its bulk value. Therefore the thickness dependence is
actually a negative pressure (tensile strain) dependence of the FeSe
system. In Fig. 5 we plot the phase diagram of FeSe as a function of
lattice constant, together with the bulk FeSe phase diagram under
hydrostatic pressure2, where the Tc maximum is 37K at 7GPa.
The resulting phase diagram possesses all the same generic features
as those of the iron pnictides; for example, superconductivity
arises when the SDW is weakened, except the tuning parameter
is now the lattice constant instead of doping. In particular, it
resembles the phase diagram of BaFe2(As1�x

P
x

)2 (ref. 28) and
Ba(Fe1�x

Ru
x

)2As2 (ref. 29), where physical or chemical pressure
was found to induce similar effects. Several other FeSe-based
superconductors have been plotted on the same phase diagram;
K

x

Fe2�y

Se2 (ref. 10) and Li
x

(NH2)y(NH3)1�y

Fe2Se2 (ref. 30) are
heavily electron-doped, like the 1ML FeSe/STO. Intriguingly, the
electronic structure of the 1ML FeSe film resembles that of
K

x

Fe2�y

Se2, which was considered to be a second class of iron-based
superconductors owing to its unique electronic structure10. Our
results reunify systems such as K

x

Fe2�y

Se2 and 1ML FeSe/STO
with other iron-based superconductors via a smooth evolution in
the ‘doping + lattice constant’ parameter space. Furthermore, we
speculate that the Tc of Kx

Fe2�y

Se2 could have been much higher
and closer to the dash-dotted line, if it were not for its severe phase
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Figure 4 | Phase diagram of potassium-coated FeSe single crystal. a, the Lifshitz 

transitions of Fermi surface in two-iron (upper panel) and one-iron (lower panel) BZ. The red 

arrows denote the vectors of inter-pocket scattering. b, Phase diagram of potassium-coated 

FeSe single crystal. The black dashed lines represent the two Lifshitz transitions. The Tc is 

around 8.4 K for bulk FeSe25 and the SCh-e dome is illustrated by red solid line according to 

ref. 26. 

	

 

Figure 1 | Evolution of the photoemission spectra in potassium-coated FeSe single 

crystal. a-h, Doping dependence of the second derivative photoemission spectra taken along 

the (0, 0)-(π, π) high symmetry direction. The cut momentum is illustrated by the red solid 

line in the inset of panel a. We use D0-D14 to denote the doping sequence, where D0 

represents the undoped sample. For the convenience to observe the evolution of the bands, we 

label out the bulk states (Bulk) and different bands (α, β, γ, δ, ζ, β1, β2, and η) in the 

representative panels. i, Schematic of potassium doping process. Only the top layer is dosed 

by the potassium ions while the bottom layers remain undoped. 
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perconductor La[O1-xFx] FeAs (x # 0.05–0.12) with Tc # 26 K. J Am
Chem Soc 130:3296–3297.] was a real surprise and has generated
tremendous interest. Although superconductivity exists in alloy
that contains the element Fe, LaOMPn (with M # Fe, Ni; and Pn #
P and As) is the first system where Fe plays the key role to the
occurrence of superconductivity. LaOMPn has a layered crystal
structure with an Fe-based plane. It is quite natural to search
whether there exists other Fe based planar compounds that exhibit
superconductivity. Here, we report the observation of supercon-
ductivity with zero-resistance transition temperature at 8 K in the
PbO-type !-FeSe compound. A key observation is that the clean
superconducting phase exists only in those samples prepared with
intentional Se deficiency. FeSe, compared with LaOFeAs, is less
toxic and much easier to handle. What is truly striking is that this
compound has the same, perhaps simpler, planar crystal sublattice
as the layered oxypnictides. Therefore, this result provides an
opportunity to better understand the underlying mechanism of
superconductivity in this class of unconventional superconductors.

electronic properties ! Fe-oxypnictide

A lthough superconductivity exists in alloy (1) that contains
the element Fe, LaOMPn (2–9) (with M ! Fe, Ni; and Pn !

P and As) is the first system where Fe plays the key role in the
occurrence of superconductivity. LaOMPn has a layered crystal
structure with an Fe-based plane. It is quite natural to ask
whether other Fe-based planar compounds exist that exhibit
superconductivity. Here, we report the observation of super-
conductivity with zero resistance transition temperature at 8 K
in the PbO-type !-FeSe compound. Although FeSe has been
studied quite extensively (10, 11), a key observation is that the
clean superconducting phase exists only in those samples pre-
pared with intentional Se deficiency.

FeSe comes in several phases: (i) a tetragonal phase !-FeSe
with PbO-structure, (ii) a NiAs-type "-phase with a wide range
of homogeneity showing a transformation from hexagonal to
monoclinic symmetry, and (iii) an FeSe2 phase that has the
orthorhombic marcasite structure. The most studied of these
compounds are the hexagonal Fe7Se8, which is a ferrimagnet
with Curie temperature at "125 K, and monoclinic Fe3Se4.

Unlike the high-temperature (high-Tc) superconductors (12)
discovered #20 years ago that have a CuO2 plane that is essential
for the observed superconductivity, the tetragonal phase !-FeSe
with PbO structure has an Fe-based planar sublattice equivalent
to the layered iron-based quaternary oxypnictides, which have a
layered crystal structure belonging to the P4/nmm space group
(2). The crystal of !-FeSe is composed of a stack of edge-sharing
FeSe4-tetrahedra layer by layer, as shown schematically in Fig. 1.
Polycrystalline samples with nominal concentration FeSe1$x
(x ! 0.03 and 0.18) were synthesized and studied. X-ray diffrac-
tion analysis of the samples in Fig. 2 shows that !-FeSe is
dominant, and "-FeSe phases exist in trace amounts. This result
is reasonable because in the Fe-Se binary alloy system, the

!-phase is considered as a slightly Se-deficient phase [45–49.4
atomic percent (at%) Se] and the "-phase, in contrast, persists
in a wide range of compositions from slightly Fe-rich to Se-rich
(49.5–58 at% Se) (13). In FeSe0.82, the possible iron oxide
impurity phases could come from either starting materials
(99.9% Fe) or surface oxidation during sintering, and the
silicides might be the product of reactions between the sample
and silica ampoules. Nevertheless, the samples contained only
trace amounts of these impurity phases (note that the y axis of
Fig. 2 is in log scale). The calculated lattice constants are a !
0.37693 (1) nm and c ! 0.54861 (2) nm for FeSe0.82, and a !
0.37676 (2) nm and c ! 0. 54847 (1) nm for FeSe0.88. The lattice
constant slightly expands in the a axis and shrinks in the c axis
for both samples as compared with those of !-FeSe in the Joint
Committee on Powder Diffraction Standards Card (85-0735,
unpublished) (13) (a ! 0.3765 nm and c ! 0.5518 nm). This
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Fig. 1. Schematic crystal structure of !-FeSe. Four unit cells are shown to
reveal the layered structure.
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Fermi surface+antiferromagnetism

The electron spin polarization obeys
�

⌃S(r, �)
⇥

= ⌃⇥(r, �)eiK·r

where K is the ordering wavevector.

+

Metal with “large” 
Fermi surface



K

Hot spots in a single band model

Fermi surface+antiferromagnetism



Pairing “glue” from antiferromagnetic fluctuations
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The theory for the onset of antiferromagnetism 
in a metal flows to strong coupling in d=2



• Pairing glue becomes stronger.

• There is stronger fermion-boson scat-
tering, and fermionic quasiparticles lose
their integrity.

• Other instabilities can appear: to charge
and bond density waves, to nematic
order, and to “topological” order and
emergent gauge fields
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the dynamics of charged black holes horizons



1. Sign-problem-free quantum Monte Carlo 
for the onset of anti ferromagnetism in 
metals.

2. Mott insulators: “intertwined orders”, 
long-range entanglement,  and emergent 
gauge fields

3. Quantum matter without quasiparticles:       
strange metals in superconductors and 
graphene, 
the quark-gluon plasma, and 
the superfluid-insulator transition of ultra-cold atoms, and
the dynamics of charged black holes horizons



K

Hot spots in a single band model

Fermi surface+antiferromagnetism



Faithful 
realization

of the 
generic 

universal 
low

energy 
theory for 
the onset 

of 
antiferro-

magnetism. 

K

Hot spots in a two band model
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point-group 
symmetries or 
commensurate 
densities not 

required !

Sign 
problem is 
absent as 
long as K 
connects 

hotspots in 
distinct 
bands 

E. Berg, 
M. Metlitski, and 

S. Sachdev, 
Science 338, 1606  

(2012).



Competing Orders in a Nearly Antiferromagnetic Metal
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We study the onset of spin-density wave order in itinerant electron systems via a two-dimensional lattice
model amenable to numerically exact, sign-problem-free determinantal quantum Monte Carlo simulations. The
finite-temperature phase diagram of the model reveals a dome-shaped d-wave superconducting phase near the
magnetic quantum phase transition. Above the critical superconducting temperature, we observe an extended
fluctuation regime, which manifests itself in the opening of a gap in the electronic density of states and an en-
hanced diamagnetic response. While charge density wave fluctuations are moderately enhanced in the proximity
of the magnetic quantum phase transition, they remain short-ranged. The striking similarity of our results to the
phenomenology of many unconventional superconductors points a way to a microscopic understanding of such
strongly coupled systems in a controlled manner.

PACS numbers: 74.25.Dw, 74.40.Kb

A common feature of many strongly correlated metals, such
as the cuprates, the Fe-based superconductors, heavy-fermion
compounds, and organic superconductors, is the close prox-
imity of unconventional superconductivity (SC) and spin den-
sity wave (SDW) order in their phase diagrams. This sug-
gests that there is a common, universal mechanism at work
behind both phenomena [1]. In some of these systems, ad-
ditional types of competing or coexisting orders appear upon
suppressing the SDW order, such as nematic, charge-density
wave (CDW), or possibly also pair density wave (PDW) or-
der. Such a complex interplay between multiple types of elec-
tronic order, with comparable onset temperature scales, is a
recurring theme in strongly correlated systems [2].

These findings call for a detailed understanding of the
physics of metals on the verge of an SDW transition. It
has long been proposed that nearly–critical antiferromag-
netic fluctuations can mediate unconventional superconduc-
tivity [3, 4]. Many studies have focused on the universal prop-
erties of an antiferromagnetic quantum critical point (QCP)
in a metal [5–11]. In particular, it has been proposed that
superconductivity is anomalously enhanced at the magnetic
QCP [12–15]. The same antiferromagnetic interaction can
enhance other subsidiary orders, such as CDW [14, 16, 17]
or PDW [18, 19]. Near the QCP, an approximate symme-
try relating the SC and density wave order may emerge [14].
The resulting multi-component order parameter would have a
substantial fluctuation regime, proposed as the origin of the
“pseudogap” observed in the cuprates [16, 20–22]. A deep
minimum in the penetration depth of the SC at low tempera-
ture, seen in the iron-based SC BaFe

2

(As
1�x

P
x

)
2

[23], has
been proposed as a generic manifestation of the underlying
antiferromagnetic QCP [24, 25].

Due to the strong coupling nature of the problem of a nearly
antiferromagnetic metal, obtaining analytically controlled so-
lutions has proven difficult. In Ref. [26], a two-dimensional
lattice model of a nearly-antiferromagnetic metal amenable
to sign-problem-free, determinantal quantum Monte-Carlo
(DQMC) simulations has been introduced. In this manuscript,
we discuss the finite-temperature phase diagram obtained by
large scale simulations of a closely related model. Our sim-

ulations provide numerically exact, unbiased results, which,
when extrapolated to the thermodynamic limit, are highly
reminiscent of the behavior of many unconventional super-
conductors. In the vicinity of the magnetic quantum phase
transition (see Fig. 1), we find a d-wave superconducting
dome with a maximum T

c

of the order of E
F

/30, where E
F

is the Fermi energy. Above T
c

, there is a substantial regime of
strong superconducting fluctuations which is seen in a large
diamagnetic response and in a reduction of the tunneling den-
sity of states. In the superconducting state we find a region of
possible coexistence with SDW order [27].

In addition to SC order, we have examined CDW and PDW
ordering tendencies near the magnetic quantum phase transi-
tion (QPT). While the CDW susceptibility shows a moderate
enhancement in the vicinity of the QPT, there is no sign of a
near-degeneracy between the SC and CDW order parameters
as the QPT is approached. Finally, the low-temperature super-
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FIG. 1. (Color online) Phase diagram of model (1) showing the tran-
sition temperature T

SDW

to magnetic spin density wave (SDW) or-
der, the superconducting T

c

, and the onset of diamagnetism at T
dia

.
The solid lines indicate a Berezinskii-Kosterlitz-Thouless transition.
The SDW transition inside the SC dome, marked by a dashed line,
possibly is a weakly first-order transition (see the main text).
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The nature of e↵ective interaction in cuprate superconductors: a sign-problem-free

quantum Monte-Carlo study
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Superconductivity is an emergent phenomena
in the sense that the energy scale associated with
Cooper pairing is generically much lower than
the typical kinetic energy of electrons. Address-
ing the mechanism of Cooper pairing amounts
to determine the e↵ective interaction that oper-
ates at low energies. Deriving such an interaction
from a bottom-up approach has not been possible
for any superconductor, especially strongly corre-
lated ones. Top-down approaches, where one as-
sumes an e↵ective interaction, is plagued with the
di�culty of extracting the implied electronic in-
stabilities without uncontrolled approximations.
These facts severely hinder our ability to deter-
mine the pairing mechanism for high temperature
superconductors. Here we perform large-scale
sign-problem-free quantum Monte-Carlo simula-
tions on an e↵ective theory, featured with anti-
ferromagnetic and nematic fluctuations, to study
the intertwined antiferromagnetic, superconduct-
ing, and charge density wave instabilities of the
cuprates. Our results suggest the inclusion of ne-
matic fluctuations is essential in order to produce
the observed type of charge density wave order-
ing. Interestingly we find that the d-wave Cooper
pairing is enhanced by nematic fluctuations.

In the last few years it is established that in addi-
tion to the antiferromagnetic (AF) and superconducting
(SC) orders both electron and hole doped cuprates su-
perconductors exhibit the propensity toward charge den-
sity wave (CDW) order[1–12] . These instabilities to-
gether with nematicity[13–16] form the so-called “inter-
twined orders” of the cuprate superconductors[17–19]. It
is highly demanded to find the correct e↵ective interac-
tion for the cuprates that drives all the above instabili-
ties.

The theoretical progress in the cuprate high tempera-
ture superconductors has been hindered by the strong
electron-electron correlations. In particular un-biased

calculations with no uncontrolled approximation are ex-
tremely rare. Under such circumstance phenomenologi-
cal approaches based on various degree of approximations
and the assumption that antiferromagnetic fluctuation is
mainly responsible for high temperature superconductiv-
ity and all its “intertwined” orders have been useful for

(a) (b) (c)

FIG. 1. (a) A prototypical Fermi surface of the cuprates. The
hot spots are denoted by green dots and the purple arrow
indicate the AF ordering wavevector. (b) The Fermi surface
of the two-band model where the positions of hot spots and
the Fermi velocity at hot spots are made to mimic those in
the single-band model used to describe the cuprates. The
red/blue Fermi surfaces are derived from the bands formed by
the x and y orbitals described by the action in Eq. (S1). (c)
The nematically distorted Fermi surface. The arrows indicate
the distortion.

the understanding of the plethora of electronic instabili-
ties in cuprates[18–25].
Low energy e↵ective theories involving the AF fluctu-

ations and the electrons around hot spots (i.e. the mo-
mentum space points situated at the intersections of the
normal state Fermi surface and the AF Brillouin zone
boundary as shown in Fig. 1(a)) have been used to ad-
dress the AF quantum phase transition[26–29]. Recently
an insightful work of Berg et. al. [30] has achieved in per-
forming a sign-problem-free finite temperature quantum
Monte-Carlo simulation on an e↵ective model featuring
the AF fluctuations and electrons whose band structure
shares the same hot spots as the cuprates. The results
suggest that quantum critical AF fluctuation enhances
Cooper pair correlations in the d-wave channel (although
the d-wave long-range order has not be numerically ob-
served). Since recent experimental progresses show an
incommensurate CDW instability is ubiquitous among
all cuprates,it is natural to ask whether such an e↵ective
theory can account for the CDW instability as well.
Here we perform large-scale zero-temperature sign-

problem-free projector QMC simulations[31–33] to an-
swer this question (see supplemtnary information VI for
a detailed description). The main results are summa-
rized as follows. (1) We show that the ground state of
the e↵ective theory in Ref. [30] has d-wave superconduct-
ing long-range order and the d-wave pairing is strongest
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Superconductivity is an emergent phenomena
in the sense that the energy scale associated with
Cooper pairing is generically much lower than
the typical kinetic energy of electrons. Address-
ing the mechanism of Cooper pairing amounts
to determine the e↵ective interaction that oper-
ates at low energies. Deriving such an interaction
from a bottom-up approach has not been possible
for any superconductor, especially strongly corre-
lated ones. Top-down approaches, where one as-
sumes an e↵ective interaction, is plagued with the
di�culty of extracting the implied electronic in-
stabilities without uncontrolled approximations.
These facts severely hinder our ability to deter-
mine the pairing mechanism for high temperature
superconductors. Here we perform large-scale
sign-problem-free quantum Monte-Carlo simula-
tions on an e↵ective theory, featured with anti-
ferromagnetic and nematic fluctuations, to study
the intertwined antiferromagnetic, superconduct-
ing, and charge density wave instabilities of the
cuprates. Our results suggest the inclusion of ne-
matic fluctuations is essential in order to produce
the observed type of charge density wave order-
ing. Interestingly we find that the d-wave Cooper
pairing is enhanced by nematic fluctuations.

In the last few years it is established that in addi-
tion to the antiferromagnetic (AF) and superconducting
(SC) orders both electron and hole doped cuprates su-
perconductors exhibit the propensity toward charge den-
sity wave (CDW) order[1–12] . These instabilities to-
gether with nematicity[13–16] form the so-called “inter-
twined orders” of the cuprate superconductors[17–19]. It
is highly demanded to find the correct e↵ective interac-
tion for the cuprates that drives all the above instabili-
ties.

The theoretical progress in the cuprate high tempera-
ture superconductors has been hindered by the strong
electron-electron correlations. In particular un-biased

calculations with no uncontrolled approximation are ex-
tremely rare. Under such circumstance phenomenologi-
cal approaches based on various degree of approximations
and the assumption that antiferromagnetic fluctuation is
mainly responsible for high temperature superconductiv-
ity and all its “intertwined” orders have been useful for

(a) (b) (c)

FIG. 1. (a) A prototypical Fermi surface of the cuprates. The
hot spots are denoted by green dots and the purple arrow
indicate the AF ordering wavevector. (b) The Fermi surface
of the two-band model where the positions of hot spots and
the Fermi velocity at hot spots are made to mimic those in
the single-band model used to describe the cuprates. The
red/blue Fermi surfaces are derived from the bands formed by
the x and y orbitals described by the action in Eq. (S1). (c)
The nematically distorted Fermi surface. The arrows indicate
the distortion.

the understanding of the plethora of electronic instabili-
ties in cuprates[18–25].
Low energy e↵ective theories involving the AF fluctu-

ations and the electrons around hot spots (i.e. the mo-
mentum space points situated at the intersections of the
normal state Fermi surface and the AF Brillouin zone
boundary as shown in Fig. 1(a)) have been used to ad-
dress the AF quantum phase transition[26–29]. Recently
an insightful work of Berg et. al. [30] has achieved in per-
forming a sign-problem-free finite temperature quantum
Monte-Carlo simulation on an e↵ective model featuring
the AF fluctuations and electrons whose band structure
shares the same hot spots as the cuprates. The results
suggest that quantum critical AF fluctuation enhances
Cooper pair correlations in the d-wave channel (although
the d-wave long-range order has not be numerically ob-
served). Since recent experimental progresses show an
incommensurate CDW instability is ubiquitous among
all cuprates,it is natural to ask whether such an e↵ective
theory can account for the CDW instability as well.
Here we perform large-scale zero-temperature sign-

problem-free projector QMC simulations[31–33] to an-
swer this question (see supplemtnary information VI for
a detailed description). The main results are summa-
rized as follows. (1) We show that the ground state of
the e↵ective theory in Ref. [30] has d-wave superconduct-
ing long-range order and the d-wave pairing is strongest
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FIG. 4. (a) �S

d

( ~Q) for r

s

= 0.5 and L = 16 is plotted over
the first quadrant of the Brillouin zone. The peak is situated
around ~

Q = (2⇡/3, 2⇡/3); (b) �S

d

( ~Q) for L = 16, driven
by both spin (r

s

= 0.5) and nematic (r
n

= 0.5) fluctuations.

The strongest peaks are situated around ~

Q = (2⇡/3, 0) and
(0, 2⇡/3).

The fact the predicted directions of the CDW ordering
wavevector are inconsistent with experiments makes us
to suspect that AF fluctuations alone is insu�cient to
account for the intertwined orders in the cuprates. Moti-
vated by the fact that nematicity have been observed in
many cuprates[13–16], we add the nematic fluctuations to
the e↵ective action (see supplementary information IV).
The parameter that controls the strength of the nematic
fluctuations is rn. Large rn causes the nematic order
parameter to become disordered. In Fig. 3(c) we plot
Ss/d( ~Q) after the inclusion of the nematic fluctuations.
Here we choose rs = 0.5, rn = 0.5 which is on the disor-
der side of both the AF and nematic phase transitions.
The results show the d-wave bond CDW with wavevec-
tors ~Q = (±2⇡/�, 0) and (0,±2⇡/�) where � ⇡ 8a/3 be-
comes the dominant instability ! The Sd( ~Q) without and
with the nematic fluctuations are plotted over the entire
Brillouin zone in Fig. 4(a) and Fig. 4(b). These plots
confirm the global maximum of �Sd( ~Q) in the whole
Brillouin zone indeed locates at the previously described
locations.

Even with the nematic fluctuations the CDW corre-
lation is short-range. This is shown by the red points
of Fig. 3(d) which plots �Sd( ~Q0

) as a function of 1/L,
again the extrapolation to the thermodynamic limit sug-
gests there is no CDW long range order. However even
short-range CDW correlations can imply a substantial
CDW susceptibility. In its presence an actual CDW pat-
tern may be induced when there is external translation
symmetry breaking perturbations such as quenched dis-
orders. Such kind of patterns can be observed in an STM
experiment. In Fig. 5(a), we show a static CDW pattern
induced by the open boundary condition in the system
of size L = 16. The action used to generate this pat-
tern has su�ciently strong nematic fluctuations so that
the CDW ordering wavevectors are in the horizontal and
vertical directions. The CDW modulation wavevector is
about 2⇡/3a agreeing with the momentum distance be-
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FIG. 5. (a) The d-wave bond CDW order parameter
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a system of size L = 16 with open boundary conditions. Here
�

0

is the identity matrix in the spin space. The black dots
represent the lattice sites. The pattern of bond CDW order
parameter modulations obtained numerically is almost per-
fectly consistent with the expected modulations with 3a pe-
riod. (b) The concurrence probability P (B

x

, B

y

) in the QMC
simulations is plotted as a function of B

x

and B

y

, where B
x/y

are the d-wave bond CDW order parameters associated with
ordering wavevector (2⇡/3, 0) and (0, 2⇡/3), respectively. The
system size in this computation is L = 15, and the parameters
(r

s

, r

n

) used is (0.5, 0.5).

tween two horizontally displaced hot spots. In addition
the d-wave nature of the bond CDW is transparent.

An open and interesting issue concerning the CDW
is whether it is uni- or bi-directional. The answer
relies on the sign of the quartic coupling between the
horizontal and vertical CDW order parameters in the
Ginzburg-Landau action. Since the quartic term only
becomes significant when the magnitude of the order
parameter is appreciable, it is di�cult to answer this
question by watching the induced CDW pattern, such
as that in Fig. 5(a), in a system without the CDW long
range order. However in a Monte-Carlo simulation we
can determine the concurrence probability P (Bx, By)
where Bx,y are the CDW order parameters associated

with ~Q = (±2⇡/3a, 0) and (0,±2⇡/3a), respectively. If
the quartic coupling favors the uni-directional CDW, the
peaks of P should appear on the horizontal and vertical
axes of the (Bx, By) plane. Conversely if the quartic
coupling favors the bi-directional CDW the peaks should
appear along the diagonal direction. In Fig. 5(b) we plot
P over the (Bx, By) plane. Four peaks on horizontal
and vertical axes are seen, implying the quartic coupling
term favors the uni-directional (stripe) CDW.

The e↵ects of nematic fluctuation on pairing
Finally we return to superconductivity. Specifically we
study the e↵ects of nematic fluctuation on the SC order.
In Fig. 2(c), we plot the SC pair correlation at ~x

max

for
L=14, with and without nematic order parameter fluctu-
ations, as a function of rs. The d-wave SC pairing corre-
lations is moderately enhanced in the presence of nematic
fluctuations (rn = 0.5). In Fig. 2(d), we perform a finite-
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Single unit cell thick FeSe films grown on
SrTiO

3

substrate [(FeSe)
1

/STO] show supercon-
ducting gap and gap closing T

c

which are al-
most an order of magnitude larger than those
of the bulk FeSe. This large enhancement
of superconductivity is unique among all FeSe-
based superconductors. This fact and the angle-
resolved photoemission spectroscopy observation
of “replica” bands in (FeSe)

1

/STO suggest that
the interaction between FeSe electrons and STO
phonons is the mechanism responsible for the
T

c

enhancement. Here we study the coopera-
tion between electron-phonon and pure electron
mechanisms of pairing by unbiased sign-problem-
free quantum Monte Carlo computation on e↵ec-
tive models capturing the low energy physics of
(FeSe)

1

/STO. Our results clearly indicate that ir-
respective to the pure electronic driving force of
Cooper pairing and the resulting pairing symme-
try, nematic fluctuations and especially forward-
focusing electron-phonon couplings significantly
enhance the superconductivity.

The strong Cooper pairing in (FeSe)
1

/STO[1] contin-
ues to attract a great deal of attentions. Very recently the
mutual inductance measurement made on a sample show-
ing a 65K gap opening temperature in angle-resolved
photoemission spectroscopy (ARPES) measurements[2–
4] has seen the onset of Meissner e↵ect at the same
temperature[5]. This largely settles the long standing
doubt that the energy gap measured by ARPES might
not be related to superconductivity.

Since the discovery of (FeSe)
1

/STO several other
FeSe-related high temperature superconductors have
been made. These include the bulk superconductor
Li

1�x

Fe
x

OHFe
1�y

Se[6] (composed of FeSe layers inter-
calated with the dopant layers), and the K-dosed n-layer
FeSe on STO (K

x

(FeSe)
n

/STO) interface systems[7–9].
These progresses clearly show that su�cient electron
doping is important for raising the superconducting tran-
sition temperature. Indeed the electronic structure of all
the optimal T

c

compounds among these systems shows
only electron-like Fermi surfaces centered at the edges of
the Brillouin zone (see Fig. 1(a)) which is indicative of
substantial electron doping. The fact that without the
STO substrate the T

c

of Li
1�x

Fe
x

OHFe
1�y

Se can reach
41K suggests moderately strong Cooper pairing is an in-

FIG. 1. (a) The Fermi surfaces generated by the two band
model used in our calculation. (b) The dashed line represents
the AFM or AFO Brillouin zone. The peak wavevector (⇡,⇡)
of the AFM/AFO fluctuations is shown as the green vector.
(c) Dashed lines represent the nematically distorted Fermi
surfaces.

trinsic property of the electron-doped FeSe layers. Thus
the extra T

c

enhancement in (FeSe)
1

/STO can be at-
tributed to the e↵ects of the interface[1, 10, 11].

An experiment that sheds lots of light on the role
played by the interface is the ARPES result of Ref. [10],
where all low binding energy bands exhibit a replica
⇠ 100 meV away from the main band. Such phe-
nomenon is explained in terms of “phonon shake o↵”,
namely, as a photon photoemits an electron part of
its energy is used to excite a ⇠ 100 meV vibration
quantum. Such vibration modes are identified with
the longitudinal optical phonon branch of STO[10, 11].
The shake o↵ phenomenon and the nearly identical dis-
persion for the replica and the main bands signifies
the existence of strong forward-focusing electron-phonon
coupling[10, 11].

Based on the empirical facts discussed above it is con-
jectured that the high T

c

of (FeSe)
1

/STO is due to the
cooperative e↵ects of two types of pairing mechanisms[10,
11]: (1) a pure electronic mechanism which operates
within the electron-doped FeSe layer, and (2) the attrac-
tive intra-pocket pairing mediated by the STO phonon.

Up to the present time all theoretical studies of
iron-based superconductors involve various degrees of
approximations in handling the correlation between
the electrons. In the mean time there are mounting
experimental and theoretical evidence that iron-based
superconductors, in particular the iron-chalcogenide
superconductors are strongly correlated[12, 13]. So far a
theoretical method free of uncontrolled approximations
suitable for handling such situation is unavailable. In the
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its energy is used to excite a ⇠ 100 meV vibration
quantum. Such vibration modes are identified with
the longitudinal optical phonon branch of STO[10, 11].
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In contrast to bulk FeSe, which exhibits nematic order and low temperature superconductivity, in
atomic layers of FeSe the situation is reversed, with high temperature superconductivity appearing
along with suppression of nematic order. To investigate this phenomenon, we study a minimal
electronic model of FeSe, with interactions that enhance nematic fluctuations. This model is sign
problem free, and is simulated using determinant quantum Monte Carlo (DQMC). We developed a
DQMC algorithm with parallel tempering, which proves to be an e�cient source of global updates
and allows us to access the region of strong interactions. Over a wide range of intermediate couplings,
we observe superconductivity with an extended s-wave order parameter, along with enhanced, but
short ranged, q = (0, 0) ferro-nematic order. These results are consistent with approximate weak
coupling treatments that predict that ferro-nematic fluctuations lead to superconducting pairing.
Surprisingly, in the parameter range under study, we do not observe ferro-nematic long range order.
Instead, at stronger coupling an unusual insulating phase with q = (⇡,⇡) antiferro-nematic order
appears, which are missed by the weak coupling approximations.

PACS numbers: 05.30.Rt,74.25.Dw,74.70.Xa,74.40.Kb

Introduction.— A remarkable recent development has
been the observation of enhanced superconductivity in
single layers of FeSe, grown initially on SrTiO

3

(STO)
substrates [1, 2]. In contrast to bulk FeSe which under-
goes a superconducting transition at a relatively low tem-
perature of 6 K [3], Tc in monolayers is at least an order of
magnitude larger, in excess of 60 K [4] with even higher
transition temperatures reported by an unconventional
transport measurement [5]. Initial studies attributed the
enhancement of superconductivity to coupling between
electrons in the FeSe layer and an STO phonon, which
was also implicated in creating shadow electron bands ob-
served in angle resolved photoemission experiments [6, 7].
However, such shadow bands are also observed for elec-
trons on the surface of STO itself, which do not super-
conduct [8]. Furthermore, recent studies have observed
enhancement of Tc ⇠ 40 K in FeSe in the absence of
STO substrate – for example by surface electron doping
by depositing potassium [9–12], or in the layered mate-
rial (Li

0.8Fe0.2)OHFeSe [13, 14]. Since the phonon spec-
tra of these materials are entirely di↵erent from STO,
an alternate mechanism must be at play, which is intrin-
sic to the FeSe layers. The common element between
these and the original FeSe on STO studies is that heavy
electron doping leads to a pair of electron like Fermi sur-
faces [11, 12, 15–18]. Hence we seek a mechanism for su-
perconductivity that is intrinsic to the FeSe layers, that
is controlled by electron doping. It has been speculated
that the even higher Tc of FeSe on STO is due to a pairing
boost arising from the STO phonon [18, 19], in addition
to the intrinsic mechanism.

What is the origin of this intrinsic Tc enhancement?
An attractive possibility is nematic fluctuations for the

following reasons (i) Bulk FeSe undergoes a nematic tran-
sition at 100K, and is unique in the family of iron pnic-
tides/chalcogenides in not having a proximate magnetic
transition. In fact, no magnetic order is observed down to
the lowest temperatures [20, 21] (ii) electron doping has
been shown to suppress nematic order [18] in K doped
FeSe, following which superconductivity appears. (iii)
Theoretically, fluctuations of nematic order in the vicin-
ity of the quantum critical point out of the nematic or-
dered phase, is expected to lead to superconductivity,
and this e↵ect is particularly pronounced in 2D [22–24].
However, existing analytical theories have focused on uni-
versal aspects of the physics and are unable to capture
non-universal aspects that are relevant to experiments.
On the other hand, treatments that incorporate details
of FeSe band structure and interactions, are necessarily
treated approximately [19, 25–27], and may not correctly
capture the true phase structure of the system.

In this paper we investigate the role of nematic fluc-
tuations in enhancing superconductivity, by studying a
sign problem free model of the FeSe monolayer, using de-
terminant quantum Monte Carlo (DQMC) calculations.
We find that the numerically obtained phase diagram
di↵ers substantially from that obtained from a Random
Phase Approximation (RPA) approximation [26], partic-
ularly in the strong coupling limit. At intermediate cou-
plings though, we find a region with substantially en-
hanced nematic fluctuations, and superconductivity. Al-
though there is no long range ordered nematic, a notable
feature is that the maximum enhancement of uniform
nematic fluctuations coincides with peak in a supercon-
ducting dome. Moreover, we find that superconductiv-
ity responds in an essentially asymmetric way to doping:
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FIG. 1. (a) Definitions of hopping coe�cients tabij , where
d
xz

and d
yz

are schematically shown in red/blue color. All
hoppings except for t

4

conserve orbital index. (b) Fermi sur-
face for chemical potential µ = 0.6 (solid lines) and µ = 2
(dashed lines) at g = 0, showing two hole pockets at �,M
and two electron pockets at X,Y . The hopping values are
t
1

= �1.0, t
2

= 1.5, t
3

= �1.2, t
4

= �0.95. The filling frac-
tions are f = 0.43, 0.58 at µ = 0.6, 2 respectively.

electron doping enhances superconductivity, while hole
doping results in its suppression. All these findings link
the emergence of superconductivity to ferro-nematic fluc-
tuations, and are potentially relevant for physics of FeSe
films.

Other models recently studied using DQMC have had
the order parameter - such as antiferro-magnetism or ne-
matic order, introduced as a separate, dynamic bosonic
degree of freedom [28, 29]. While this is appropriate to
studying universal aspects of quantum phase transitions,
here we will be interested in more microscopic questions.
Interestingly, superconductivity was not observed in the
e↵ective model considered by [29]. We emphasize that
our model defined below includes only electronic degrees
of freedom, with properly chosen interactions that are
sign problem free. Similar techniques can be used to
study many other multi-orbital models, for which the
presence of two spin species removes the sign problem
at any doping.

Model.— We consider a two-band tight binding model,
where electrons occupy the dxz, dyz orbitals of iron atoms
on a square lattice. This simplified model captures basic
features of the iron pnictide bandstructure [30] and allows
for nematic symmetry breaking. We take the Hamilto-
nian

H = �
X

ij,ab,�

(tabij c
†
ia�cjb� + h.c.)� µ

X

i,a

ni,a

� g

2

X

i

(ni,xz � ni,yz)
2 (1)

where a, b = xz, yz are orbital indices, � =", # is the spin
index and ni,a =

P
� c

†
ia�cia� is the occupation of orbital

a on lattice site i.
Allowed hopping coe�cients tabij are dictated by the

symmetry of the dxz,yz orbitals and we include hop-
ping between nearest-neighbor (t

1

, t
2

) and next-nearest-
neighbor sites (t

3

, t
4

), as shown in Fig. 1(a). The values
of t

1,...,4 coincide with those used in Ref. [26], and energy
will be measured in units of t

1

. The Fermi surface in
the non-interacting limit (g = 0) with chemical potential
µ = 0.6 consists of two electron pockets at X,Y and two
hole pockets at �,M [Fig. 1(b)]. Upon increasing µ the
hole pocket at M disappears, while the electron pockets
grow.
The attractive interaction term (g > 0) in the second

line of (1) favors an on-site nematic symmetry by split-
ting the two orbitals and breaking C

4

rotational symme-
try. This is characterized by a non-zero order parameter
�ni = ni,xz � ni,yz. Since the interaction is strictly on-
site, the pattern of any nematic ordering is not specified
a priori.

The weak coupling Random Phase Approximation
(RPA) considers the leading instability of the system
from the free fermion susceptibility and predicts a va-
riety of orders for (1), depending on the value of µ. In
the range 0.2 < µ < 2.5, including the original param-
eters considered in Ref. [26], the RPA predicts onset of
uniform nematic order for gc ⇡ 1.7. For µ > 2.5, the
susceptibility peaks at wave-vector (0,⇡) and (⇡, 0) pre-
dicting stripe order, while for µ < 0.2 the susceptibility
peaks at wave-vector (⇡,⇡) predicting antiferro-nematic
(AFN) [antiferro-quadrupolar (AFQ)] order.

When interactions dominate g � t, µ, we can get in-
tuition from a strong coupling expansion in t/g. At ze-
roth order, the ground state is doubly degenerate – either
orbital xz or yz are fully occupied on each site. This
degeneracy is split by second order processes, leading
to nearest- and next-nearest-neighbor Ising-type interac-
tions of order ⇠ t2/g. For our hopping parameters, the
ground state of resulting Ising model is a checkerboard
pattern [31] – this corresponds to AFN order at half-
filling (f = 0.5 electrons per site per orbital per spin).
On the other hand, intuition from anti-ferromagnetic or-
der in the half-filled Hubbard model [32] suggests that
doping will quickly destroy this checkerboard order.

The sensitivity of the weak coupling instability to µ,
along with the instability of AFN order with respect to
doping away from half filling suggest a number of com-
peting orders and we proceed to study the phase diagram
of (1) numerically.

Sign-problem-free DQMC.— We simulate the model
in an unbiased fashion using Determinant Quantum
Monte Carlo (DQMC) with discretized time-steps as de-
scribed in [33–35]. In order to sample the full imagi-
nary time partition function Z = Tr e��H , we decou-
ple the interactions in the nematic channel using a con-
tinuous auxiliary Hubbard-Stratonovich field '. Inte-
grating out the fermions analytically, the partition func-
tion becomes a path integral of the auxiliary field, Z =R
D' e�Sb(') DetG�1('), and can be sampled using the
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M. Platé, J. D. F. Mottershead, I. S. Elfimov, D. C. Peets, Ruixing Liang, D. A. Bonn, W. N. Hardy,
S. Chiuzbaian, M. Falub, M. Shi, L. Patthey, and A. Damascelli, Phys. Rev. Lett. 95, 077001 (2005)

SM

FL

SM

FL



Pseudogap

2. Pseudogap 
metal 

at low p

Kyle M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C. Ingle, W. S. Lee, W. Meevasana,
Y. Kohsaka, M. Azuma, M. Takano, H. Takagi, Z.-X. Shen, Science 307, 901 (2005)

SM

FL



A metal with long-
range entanglement 

and emergent 
gauge fields — 

with electron-like 
quasiparticles on a 
Fermi surface of 

size p

SM

FL

Pseudogap

Y. Qi and S. Sachdev, Phys. Rev. B 81, 115129 (2010)
M. Punk, A. Allais, and S. Sachdev, PNAS 112, 9552 (2015)

FL* ?



This a metal with:

  A Fermi surface of electrons enclosing volume p, 
and not the Luttinger volume of 1+p
  Additional low energy excitations, not associated 
with quasiparticles, described by emergent gauge 
fields

There is a general and fundamental relationship 
between these two characteristics.

T. Senthil, M. Vojta, and S. Sachdev, Phys. Rev. B 69, 035111 (2004)
M. Oshikawa, Phys. Rev. Lett. 84, 3370 (2000)

FL* 



Anti-
ferromagnet
with p holes
per square



Spin liquid
with density 
p of spinless, 
charge +e  
“holons”.

These can form 
a Fermi surface 
of size p, but 
this is not 
visible in 
electron 

photo-emission

S.A. Kivelson, D.S. Rokhsar and J.P. Sethna, PRB 35, 8865 (1987)
N. Read and B. Chakraborty, PRB 40, 7133 (1989)

= (|"#i � |#"i) /
p
2

E. Fradkin and S.  A. Kivelson, Mod. Phys. Lett. B 4, 225 (1990) 
G. Baskaran and P.  W.  Anderson, Phys. Rev. B 37, 580(R) (1988) 



Spin liquid
with density 
p of spinless, 
charge +e  
“holons”.

These can form 
a Fermi surface 
of size p, but 
this is not 
visible in 
electron 

photo-emission

= (|"#i � |#"i) /
p
2

N. Read and B. Chakraborty, PRB 40, 7133 (1989)

E. Fradkin and S.  A. Kivelson, Mod. Phys. Lett. B 4, 225 (1990) 
G. Baskaran and P.  W.  Anderson, Phys. Rev. B 37, 580(R) (1988) 

S.A. Kivelson, D.S. Rokhsar and J.P. Sethna, PRB 35, 8865 (1987)



Spin liquid
with density 
p of spinless, 
charge +e  
“holons”.

These can form 
a Fermi surface 
of size p, but 
this is not 
visible in 
electron 

photo-emission

= (|"#i � |#"i) /
p
2

N. Read and B. Chakraborty, PRB 40, 7133 (1989)

E. Fradkin and S.  A. Kivelson, Mod. Phys. Lett. B 4, 225 (1990) 
G. Baskaran and P.  W.  Anderson, Phys. Rev. B 37, 580(R) (1988) 

S.A. Kivelson, D.S. Rokhsar and J.P. Sethna, PRB 35, 8865 (1987)



Spin liquid
with density 
p of spinless, 
charge +e  
“holons”.

These can form 
a Fermi surface 
of size p, but 
this is not 
visible in 
electron 

photo-emission

= (|"#i � |#"i) /
p
2

N. Read and B. Chakraborty, PRB 40, 7133 (1989)

E. Fradkin and S.  A. Kivelson, Mod. Phys. Lett. B 4, 225 (1990) 
G. Baskaran and P.  W.  Anderson, Phys. Rev. B 37, 580(R) (1988) 

S.A. Kivelson, D.S. Rokhsar and J.P. Sethna, PRB 35, 8865 (1987)



Spin liquid
with density 
p of spinless, 
charge +e  
“holons”.

These can form 
a Fermi surface 
of size p, but 
this is not 
visible in 
electron 

photo-emission

= (|"#i � |#"i) /
p
2

N. Read and B. Chakraborty, PRB 40, 7133 (1989)

E. Fradkin and S.  A. Kivelson, Mod. Phys. Lett. B 4, 225 (1990) 
G. Baskaran and P.  W.  Anderson, Phys. Rev. B 37, 580(R) (1988) 

S.A. Kivelson, D.S. Rokhsar and J.P. Sethna, PRB 35, 8865 (1987)



Spin liquid
with density 
p of spinless, 
charge +e  
“holons”.

These can form 
a Fermi surface 
of size p, but 
this is not 
visible in 
electron 

photo-emission

= (|"#i � |#"i) /
p
2

N. Read and B. Chakraborty, PRB 40, 7133 (1989)

E. Fradkin and S.  A. Kivelson, Mod. Phys. Lett. B 4, 225 (1990) 
G. Baskaran and P.  W.  Anderson, Phys. Rev. B 37, 580(R) (1988) 

S.A. Kivelson, D.S. Rokhsar and J.P. Sethna, PRB 35, 8865 (1987)



Spin liquid
with density 
p of spinless, 
charge +e  
“holons”.

These can form 
a Fermi surface 
of size p, but 
this is not 
visible in 
electron 

photo-emission

= (|"#i � |#"i) /
p
2

N. Read and B. Chakraborty, PRB 40, 7133 (1989)

E. Fradkin and S.  A. Kivelson, Mod. Phys. Lett. B 4, 225 (1990) 
G. Baskaran and P.  W.  Anderson, Phys. Rev. B 37, 580(R) (1988) 

S.A. Kivelson, D.S. Rokhsar and J.P. Sethna, PRB 35, 8865 (1987)



Spin liquid
with density 
p of spinless, 
charge +e  
“holons”.

These can form 
a Fermi surface 
of size p, but 
this is not 
visible in 
electron 

photo-emission

= (|"#i � |#"i) /
p
2

N. Read and B. Chakraborty, PRB 40, 7133 (1989)

E. Fradkin and S.  A. Kivelson, Mod. Phys. Lett. B 4, 225 (1990) 
G. Baskaran and P.  W.  Anderson, Phys. Rev. B 37, 580(R) (1988) 

S.A. Kivelson, D.S. Rokhsar and J.P. Sethna, PRB 35, 8865 (1987)



= (|"#i � |#"i) /
p
2



= (|"#i � |#"i) /
p
2



= (|"#i � |#"i) /
p
2



= (|"#i � |#"i) /
p
2



= (|"#i � |#"i) /
p
2



= (|"#i � |#"i) /
p
2



= (|"#i � |#"i) /
p
2



= (|"#i � |#"i) /
p
2



FL* 
R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, PRB 75, 235122 (2007)
S. Sachdev PRB 49, 6770 (1994); X.-G. Wen and P. A. Lee PRL 76, 503 (1996)

M. Punk, A. Allais, and S. Sachdev, PNAS 112, 9552 (2015) 

= (|"#i � |#"i) /
p
2 = (|" �i+ |� "i) /

p
2

Metal with 
emergent 

gauge fields 
— detectable 
by  violation 
of Luttinger 
theorem by 

Fermi surface 
of size p



R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, PRB 75, 235122 (2007)
S. Sachdev PRB 49, 6770 (1994); X.-G. Wen and P. A. Lee PRL 76, 503 (1996)

M. Punk, A. Allais, and S. Sachdev, PNAS 112, 9552 (2015) 

= (|"#i � |#"i) /
p
2 = (|" �i+ |� "i) /

p
2

FL* 

Metal with 
emergent 

gauge fields 
— detectable 
by  violation 
of Luttinger 
theorem by 

Fermi surface 
of size p



R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, PRB 75, 235122 (2007)
S. Sachdev PRB 49, 6770 (1994); X.-G. Wen and P. A. Lee PRL 76, 503 (1996)

M. Punk, A. Allais, and S. Sachdev, PNAS 112, 9552 (2015) 

= (|"#i � |#"i) /
p
2 = (|" �i+ |� "i) /

p
2

FL* 

Metal with 
emergent 

gauge fields 
— detectable 
by  violation 
of Luttinger 
theorem by 

Fermi surface 
of size p



R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, PRB 75, 235122 (2007)
S. Sachdev PRB 49, 6770 (1994); X.-G. Wen and P. A. Lee PRL 76, 503 (1996)

M. Punk, A. Allais, and S. Sachdev, PNAS 112, 9552 (2015) 

= (|"#i � |#"i) /
p
2 = (|" �i+ |� "i) /

p
2

FL* 

Metal with 
emergent 

gauge fields 
— detectable 
by  violation 
of Luttinger 
theorem by 

Fermi surface 
of size p



R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, PRB 75, 235122 (2007)
S. Sachdev PRB 49, 6770 (1994); X.-G. Wen and P. A. Lee PRL 76, 503 (1996)

M. Punk, A. Allais, and S. Sachdev, PNAS 112, 9552 (2015) 

= (|"#i � |#"i) /
p
2 = (|" �i+ |� "i) /

p
2

FL* 

Metal with 
emergent 

gauge fields 
— detectable 
by  violation 
of Luttinger 
theorem by 

Fermi surface 
of size p



R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, PRB 75, 235122 (2007)
S. Sachdev PRB 49, 6770 (1994); X.-G. Wen and P. A. Lee PRL 76, 503 (1996)

M. Punk, A. Allais, and S. Sachdev, PNAS 112, 9552 (2015) 

= (|"#i � |#"i) /
p
2 = (|" �i+ |� "i) /

p
2

FL* 

Metal with 
emergent 

gauge fields 
— detectable 
by  violation 
of Luttinger 
theorem by 

Fermi surface 
of size p



R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, PRB 75, 235122 (2007)
S. Sachdev PRB 49, 6770 (1994); X.-G. Wen and P. A. Lee PRL 76, 503 (1996)

M. Punk, A. Allais, and S. Sachdev, PNAS 112, 9552 (2015) 

= (|"#i � |#"i) /
p
2 = (|" �i+ |� "i) /

p
2

FL* 

Metal with 
emergent 

gauge fields 
— detectable 
by  violation 
of Luttinger 
theorem by 

Fermi surface 
of size p



R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, PRB 75, 235122 (2007)
S. Sachdev PRB 49, 6770 (1994); X.-G. Wen and P. A. Lee PRL 76, 503 (1996)

M. Punk, A. Allais, and S. Sachdev, PNAS 112, 9552 (2015) 

= (|"#i � |#"i) /
p
2 = (|" �i+ |� "i) /

p
2

FL* 

Metal with 
emergent 

gauge fields 
— detectable 
by  violation 
of Luttinger 
theorem by 

Fermi surface 
of size p



1. Sign-problem-free quantum Monte Carlo 
for the onset of anti ferromagnetism in 
metals.

2. Mott insulators: “intertwined orders”, 
long-range entanglement,  and emergent 
gauge fields

3. Quantum matter without quasiparticles:       
strange metals in superconductors and 
graphene, 
the quark-gluon plasma, and 
the superfluid-insulator transition of ultra-cold atoms, and
the dynamics of charged black holes horizons
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Quantum matter without quasiparticles:

• Strange metals in high temperature 
superconductors

• Graphene

• Superfluid-insulator transition of 
ultracold atoms in an optical lattice

• Quark-gluon plasma

• Charged black hole horizons in           
anti-de Sitter space
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Wiedemann-Franz Law

I Wiedemann-Franz law in a Fermi liquid:



�T
⇡ ⇡2k2

B

3e2
⇡ 2.45 ⇥ 10�8 W · ⌦

K2
.

I in hydrodynamics one finds



�T
=

Lhydro

(1 + (Q/Q0)2)
2 , Lhydro � 1.

hence the Lorenz ratio, L, departs from the Sommer- 
feld value, L o 

L -  efT (4) 

The important scattering processes in thermal and 
electrical conduction are: (i) elastic scattering by solute 
atoms, impurities and lattice defects, (ii) scattering of 
the electrons by phonons, and (iii) electron-electron 
interactions. In the elastic scattering region, i.e. at very 
low temperature, IE = IT and hence L = L 0. At higher 
temperatures, electron-electron scattering and elec- 
tron-phonon scattering dominate and the collisions 
are inelastic. Then IE#l T and hence L deviates 
from L o. 

Deviations from the Sommerfeld value of the 
Lorenz number are due to various reasons. In metals, 
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Re la t i ve  e lec t r ica l  c o n d u c t i v i t y  

thermal conductivities, A, measured by 
Wiedemann and Franz (AAg assumed to be = 100) and relative 
electrical conductivities, ~, measured by ( 9 Riess, (A) Becquerel, 
and (V) Lorenz. C~Ag assumed to be - 100. After Wiedemann and 
Franz [1]. 

at low temperatures the deviations are due to the 
inelastic nature of electron-phonon interactions. In 
some cases, a higher Lorenz number is due to the 
presence of impurities. The phonon contribution to 
thermal conductivity sometimes increases the Lorenz 
number, and this contribution, when phonon 
Umklapp scattering is present, is inversely propor- 
tional to the temperature. The deviations in Lorenz 
number can also be due to the changes in band 
structure. In magnetic materials, the presence of mag- 
nons also can change the Lorenz number at low 
temperatures. In the presence of a magnetic field, the 
Lorenz number varies directly with magnetic field. 
Changes in Lorenz number are sometimes due to 
structural phase transitions. In recent years, the 
Lorenz number has also been investigated at higher 
temperatures and has been found to deviate from the 
Sommerfeld value [14-20] and it is sometimes at- 
tributed to the incomplete degeneracy (Fermi 
smearing) [21] of electron gas. The Lorenz number 
has also been found to vary with pressure [-22, 23]. 

In alloys, the thermal conductivity and hence the 
Lorenz number have contributions from the electronic 
and lattice parts at low temperatures. The apparent 
Lorenz ratio (L/Lo) for many alloys has a peak at low 
temperatures. At higher temperatures the apparent 
Lorenz ratio is constant for each sample and ap- 
proaches Lo as the percentage of alloying, x, increases. 
In certain alloys at high temperatures, the ordering 
causes a peak in L/L  o. 

The Lorenz number of degenerate semiconductors 
also shows a similar deviation to that observed in 
metals and alloys. Up to a certain temperature, in- 
elastic scattering determines the Lorenz number value, 
and below this the scattering is elastic which is due to 
impurities. Supression of the electronic contribution 
to thermal conductivity and hence the separation of 
the lattice and electronic parts of conductivity can be 
done by application of a transverse magnetic field and 
hence the Lorenz number can be evaluated. The devi- 
ation of the Lorenz number in some degenerate semi- 
conductors is attributed to phonon drag. In some 
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Figure 2 Experimental Lorenz number  of elemental metals in the low-temperature residual resistance regime, see Table I. Also shown are our 
own data points on a doped, degenerate semiconductor (Table III). Data are plotted versus electrical conductivity and also versus carrier 
concentration, taken from Ashcroft and Mermin [24] except for the semiconductors. 

4262 
G. S. Kumar, G. Prasad, and R.O. Pohl, J. Mat. Sci. 28, 4261 (1993)

L0 =

Transport with quasiparticles
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Wiedemann-Franz Law Violations in Experiment
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Summary

hydrodynamics

memory matrix holography

universal constraints on transport

appropriate microscopics 
for cuprates

few conserved quantities

perturbative  
limit

long time dynamics; 
“renormalized IR fluid”  

emerges

matrix large N theory; 
non-perturbative computations

[Lucas JHEP]

[Lucas 1506]
[Donos, Gauntlett 1506]

[Lucas, Sachdev PRB]

[Forster ’70s]

[Hartnoll, others]

figure from [Lucas, Sachdev, Physical Review B91 195122 (2015)]

Transport in Strange Metals 

S. A. Hartnoll, P. K. Kovtun, M. Müller, and S. Sachdev, PRB 76, 144502 (2007)

Dynamics of charged
black hole horizons
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
temperature, the minimum density is limited by disorder (charge puddles). However, above Tdis ⇠ 40 K, a crossover marked
in the half-tone background, thermal excitations begin to dominate and the sample enters the non-degenerate regime near
the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
compared to the Wiedemann-Franz law, �TL0 (blue lines). At low temperature and/or high doping (|µ| � kBT ), we find the
WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R
versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous

4

0 100 200
0

5

10

15

20

25

Temperature (K)

L 
/ 

L 0

 

 

B

1 10 100 1000
109

1010

1011

Temperature (K)

n
m

in
 (c

m
-2

)

Disorder
Limited

Thermally
Limited

S3
S2
S1

A

−6 −4 −2 0 2 4 6
0

4

8

12

16

20

n (1010 cm−2)

L/
L 0

 

C

40 60 80 100
0

2

4

6

8

10

T (K)

H
  

(e
V

/µ
m

2
)

 

 

CH
e

h

-V+V
e

h

∆Vg = 0

FIG. 3. Disorder in the Dirac fluid. (A) Minimum car-
rier density as a function of temperature for all three sam-
ples. At low temperature each sample is limited by disorder.
At high temperature all samples become limited by thermal
excitations. Dashed lines are a guide to the eye. (B) The
Lorentz ratio of all three samples as a function of bath tem-
perature. The largest WF violation is seen in the cleanest
sample. (C) The gate dependence of the Lorentz ratio is well
fit to hydrodynamic theory of Ref. [5, 6]. Fits of all three
samples are shown at 60 K. All samples return to the Fermi
liquid value (black dashed line) at high density. Inset shows
the fitted enthalpy density as a function of temperature and
the theoretical value in clean graphene (black dashed line).
Schematic inset illustrates the di↵erence between heat and
charge current in the neutral Dirac plasma.

more pronounced peak but also a narrower density de-
pendence, as predicted [5, 6].

More quantitative analysis of L(n) in our experiment
can be done by employing a quasi-relativistic hydrody-
namic theory of the DF incorporating the e↵ects of weak
impurity scattering [5, 6, 39].

L =
LDF

(1 + (n/n0)2)
2 (2)

where

LDF =
HvFlm
T 2�min

and n2
0 =

H�min

e2vFlm
. (3)

Here vF is the Fermi velocity in graphene, �min is the elec-
trical conductivity at the CNP, H is the fluid enthalpy
density, and lm is the momentum relaxation length from

impurities. Two parameters in Eqn. 2 are undetermined
for any given sample: lm and H. For simplicity, we as-
sume we are well within the DF limit where lm and H
are approximately independent of n. We fit the experi-
mentally measured L(n) to Eqn. (2) for all temperatures
and densities in the Dirac fluid regime to obtain lm and
H for each sample. Fig 3C shows three representative fits
to Eqn. (2) taken at 60 K. lm is estimated to be 1.5, 0.6,
and 0.034 µm for samples S1, S2, and S3, respectively.
For the system to be well described by hydrodynamics,
lm should be long compared to the electron-electron scat-
tering length of ⇠0.1 µm expected for the Dirac fluid at
60 K [18]. This is consistent with the pronounced sig-
natures of hydrodynamics in S1 and S2, but not in S3,
where only a glimpse of the DF appears in this more
disordered sample. Our analysis also allows us to es-
timate the thermodynamic quantity H(T ) for the DF.
The Fig. 3C inset shows the fitted enthalpy density as
a function of temperature compared to that expected in
clean graphene (dashed line) [18], excluding renormal-
ization of the Fermi velocity. In the cleanest sample H
varies from 1.1-2.3 eV/µm2 for Tdis < T < Tel�ph. This
enthalpy density corresponds to ⇠ 20 meV or ⇠ 4kBT
per charge carrier — about a factor of 2 larger than the
model calculation without disorder [18].

In a hydrodynamic system, the ratio of shear viscosity
⌘ to entropy density s is an indicator of the strength of
the interactions between constituent particles. It is sug-
gested that the DF can behave as a nearly perfect fluid
[18]: ⌘/s approaches a “universal” lower bound conjec-
ture by Kovtun-Son-Starinets, (⌘/s)/(~/kB) � 1/4⇡ for
a strongly interacting system [40]. Though we cannot
directly measure ⌘, we comment on the implications of
our measurement for its value. Within relativistic hy-
drodynamics, we can estimate the shear viscosity of the
electron-hole plasma in graphene from the enthalpy den-
sity as ⌘ ⇠ H⌧ee [40], where ⌧ee is the electron-electron
scattering time. Increasing the strength of interactions
decreases ⌧ee, which in turn decreases ⌘ and ⌘/s. Employ-
ing the expected Heisenberg limited inter-particle scat-
tering time, ⌧ee ⇠ ~/kBT [5, 6], we find a shear viscosity
of ⇠ 10�20 kg/s in two-dimensional units, corresponding
to ⇠ 10�10 Pa · s. The value of ⌧ee used here is consistent
with recent optical experiments on graphene [14, 16, 17].
Using the theoretical entropy density for clean graphene
(SM), we estimate (⌘/s)/(~/kB) ⇠ 3. This is comparable
to ⇠0.7 found in liquid helium at the Lambda-point [41],
⇠0.3 measured in cold atoms [3], and  0.4 for quark-
gluon plasmas [4].

To fully incorporate the e↵ects of disorder, a hydrody-
namic theory treating inhomogeneity non-perturbatively
may be needed [42]. The enthalpy densities reported here
are larger than the theoretical estimation obtained for
disorder free graphene; consistent with the picture that
chemical potential fluctuations prevent the sample from
reaching the Dirac point. While we find thermal conduc-

Lorentz ratio L = /(T�)

=

v2FH⌧imp

T 2�Q

1

(1 + e2v2FQ2⌧imp/(H�Q))
2

J. Crossno, Jing K. Shi, Ke Wang, Xiaomeng Liu, A. Harzheim, 
A. Lucas, S. Sachdev, Philip Kim, Takashi Taniguchi, Kenji 
Watanabe, T. A. Ohki, and Kin Chung Fong, arXiv:1509.04713; 
Science, to appear

Strange metal in graphene



1 

Negative local resistance due to viscous electron backflow in graphene 

D. A. Bandurin1, I. Torre2,3, R. Krishna Kumar1,4, M. Ben Shalom1,5, A. Tomadin6, A. Principi7, G. H. Auton5, 
E. Khestanova1,5, K. S. NovoseIov5, I. V. Grigorieva1, L. A. Ponomarenko1,4, A. K. Geim1, M. Polini3,6 

1School of Physics & Astronomy, University of Manchester, Oxford Road, Manchester M13 9PL, United Kingdom 
2National Enterprise for nanoScience and nanoTechnology, Scuola Normale Superiore, I‐56126 Pisa, Italy 

3Istituto Italiano di Tecnologia, Graphene labs, Via Morego 30 I‐16163 Genova (Italy)   
4Physics Department, Lancaster University, Lancaster LA14YB, United Kingdom 

5National Graphene Institute, University of Manchester, Manchester M13 9PL, United Kingdom 
6National Enterprise for nanoScience and nanoTechnology, Istituto Nanoscienze‐Consiglio Nazionale delle Ricerche 

and Scuola Normale Superiore, I‐56126 Pisa, Italy 
7Radboud University, Institute for Molecules and Materials, NL‐6525 AJ Nijmegen, The Netherlands 

 

 

Graphene  hosts  a  unique  electron  system  that  due  to  weak  electron‐phonon  scattering  allows 
micrometer‐scale  ballistic  transport  even  at  room  temperature  whereas  the  local  equilibrium  is 
provided by  frequent electron‐electron collisions. Under these conditions, electrons can behave as a 
viscous  liquid  and  exhibit  hydrodynamic  phenomena  similar  to  classical  liquids.  Here  we  report 
unambiguous evidence  for  this  long‐sought  transport regime.  In particular, doped graphene exhibits 
an  anomalous  (negative)  voltage  drop  near  current  injection  contacts,  which  is  attributed  to  the 
formation of submicrometer‐size whirlpools in the electron flow. The viscosity of graphene’s electron 
liquid is found to be an order of magnitude larger than that of honey, in quantitative agreement with 
many‐body theory. Our work shows a possibility to study electron hydrodynamics using high quality 
graphene.   

 
 

Collective  behavior  of many‐particle  systems  that  undergo  frequent  inter‐particle  collisions  has  been 
studied for more than two centuries and is routinely described by the theory of hydrodynamics [1,2]. The 
theory  relies  only  on  the  conservation  of mass, momentum  and  energy  and  is  highly  successful  in 
explaining  the response of classical gases and  liquids  to external perturbations varying slowly  in space 
and  time.  More  recently,  it  has  been  shown  that  hydrodynamics  can  also  be  applied  to  strongly 
interacting quantum systems including ultra‐hot nuclear matter and ultra‐cold atomic Fermi gases in the 
unitarity limit [3‐6].   

In principle, the hydrodynamic approach can also be employed to describe many‐electron phenomena in 
condensed matter physics [7‐13]. The theory becomes applicable if electron‐electron scattering provides 
the  shortest  spatial  scale  in  the  problem  such  that  ℓee ≪ , ℓ  where  ℓee  is  the  electron‐electron 
scattering length,    the sample size,  ℓ ≡   the mean free path,    the Fermi velocity, and    the 
mean free time with respect to momentum‐non‐conserving collisions such as those involving impurities, 
phonons, etc. The above  inequalities are difficult to meet experimentally.  Indeed, at  low temperatures 
( )  ℓee   varies  approximately  as  ∝   reaching  a  micrometer  scale  below  a  few  K  [14],  which 
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Figure 1. Viscous backflow in doped graphene. (a,b) Steady‐state distribution of current injected through 
a narrow slit for a classical conducting medium with zero    (a) and a viscous Fermi liquid (b). (c) Optical 
micrograph of one of our SLG devices. The schematic explains  the measurement geometry  for vicinity 
resistance.  (d,e)  Longitudinal  conductivity    and    for  this device as a  function of    induced by 
applying gate voltage.  0.3	PA;  1	Pm. For more detail, see Supplementary Information.   

To  elucidate  hydrodynamics  effects, we  employed  the  geometry  shown  in  Fig.  1c.  In  this  case,  	is 
injected through a narrow constriction into the graphene bulk, and the voltage drop    is measured at 
the nearby side contacts located only at the distance  ~1  Pm away from the  injection point. This can 
be considered as nonlocal measurements, although stray currents are not exponentially small  [24]. To 
distinguish from the proper nonlocal geometry [24], we refer to the linear‐response signal measured in 
our  geometry  as  “vicinity  resistance”,  / .  The  idea  is  that,  in  the  case  of  a  viscous  flow, 
whirlpools emerge as shown  in Fig. 1b, and  their appearance can  then be detected as sign reversal of 

, which  is positive for the conventional current  flow (Fig. 1a) and negative for viscous backflow  (Fig. 
1b). Fig. 1e shows examples of    for  the same SLG device as  in Fig. 1d, and other devices exhibited 
similar behavior (Supplementary Fig. 1). One can see that, away from the charge neutrality point (CNP), 

  is indeed negative over a large range of    and that the conventional behavior is recovered at room 
.   

Figure 2 details our observations further by showing maps  ,   for SLG and BLG. Near room  , SLG 
devices exhibited positive    that evolved qualitatively similar  to  longitudinal  resistivity  1/  
as expected  for a classical electron  system.  In contrast,    was  found negative over a  large  range of 

250  K and for    away from the CNP. The behavior was slightly different for BLG (Fig. 2b) reflecting 
the different electronic spectrum but again    was negative over a large range of    and  . Two more 

  maps are provided  in Supplementary Figure 9.  In total, six multiterminal devices were  investigated 
showing the vicinity behavior that was highly reproducible for both different contacts on a same device 
and different devices, although we note  that  the electron backflow was more pronounced  for devices 
with highest    and lowest charge inhomogeneity.   
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1. Sign-problem-free quantum Monte Carlo 
for the onset of anti ferromagnetism in 
metals.

2. Mott insulators: “intertwined orders”, 
long-range entanglement,  and emergent 
gauge fields

3. Quantum matter without quasiparticles:       
strange metals in superconductors and 
graphene, 
the quark-gluon plasma, and 
the superfluid-insulator transition of ultra-cold atoms, and
the dynamics of charged black holes horizons


