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Electronic charges introduced in copper-oxide (CuO2) planes
generate high-transition-temperature (Tc) superconductivity but,
under special circumstances, they can also order into filaments
called stripes1. Whether an underlying tendency towards charge
order is present in all copper oxides and whether this has any
relationship with superconductivity are, however, two highly con-
troversial issues2,3. To uncover underlying electronic order, mag-
netic fields strong enough to destabilize superconductivity can be
used. Such experiments, including quantum oscillations4–6 in
YBa2Cu3Oy (an extremely clean copper oxide in which charge
order has not until now been observed) have suggested that super-
conductivity competes with spin, rather than charge, order7–9. Here
we report nuclear magnetic resonance measurements showing that
high magnetic fields actually induce charge order, without spin
order, in the CuO2 planes of YBa2Cu3Oy. The observed static, uni-
directional, modulation of the charge density breaks translational
symmetry, thus explaining quantum oscillation results, and we
argue that it is most probably the same 4a-periodic modulation
as in stripe-ordered copper oxides1. That it develops only when
superconductivity fades away and near the same 1/8 hole doping
as in La22xBaxCuO4 (ref. 1) suggests that charge order, although
visibly pinned by CuO chains in YBa2Cu3Oy, is an intrinsic pro-
pensity of the superconducting planes of high-Tc copper oxides.
The ortho II structure of YBa2Cu3O6.54 (p5 0.108, where p is the

hole concentration per planar Cu) leads to two distinct planar Cu
NMR sites: Cu2F are those Cu atoms located below oxygen-filled
chains, and Cu2E are those below oxygen-empty chains10. The main
discovery of ourwork is that, on cooling in a fieldH0 of 28.5 T along the
c axis (that is, in the conditions for which quantum oscillations are
resolved; see Supplementary Materials), the Cu2F lines undergo a
profound change, whereas theCu2E lines do not (Fig. 1). To first order,
this change can be described as a splitting of Cu2F into two sites having
both different hyperfine shiftsK5 Æhzæ/H0 (where Æhzæ is the hyperfine
field due to electronic spins) and quadrupole frequencies nQ (related to
the electric field gradient). Additional effects might be present (Fig. 1),
but they areminor in comparisonwith the observed splitting. Changes
in field-dependent and temperature-dependent orbital occupancy (for
example dx2{y2 versus dz2{r2 ) without on-site change in electronic
density are implausible, and any change in out-of-plane charge density
or lattice would affect Cu2E sites as well. Thus, the change in nQ can
only arise from a differentiation in the charge density between Cu2F
sites (or at the oxygen sites bridging them). A change in the asymmetry
parameter and/or in the direction of the principal axis of the electric
field gradient could also be associated with this charge differentiation,
but these are relatively small effects.
The charge differentiation occurs below Tcharge5 506 10K for

p5 0.108 (Fig. 1 and Supplementary Figs 9 and 10) and 676 5K for
p5 0.12 (Supplementary Figs 7 and 8). Within error bars, for each of
the samples Tcharge coincides with T0, the temperature at which the
Hall constant RH becomes negative, an indication of the Fermi surface

reconstruction11–13. Thus, whatever the precise profile of the static
charge modulation is, the reconstruction must be related to the trans-
lational symmetry breaking by the charge ordered state.
The absence of any splitting or broadening of Cu2E lines implies a

one-dimensional character of the modulation within the planes and
imposes strong constraints on the charge pattern. Actually, only two
types of modulation are compatible with a Cu2F splitting (Fig. 2). The
first is a commensurate short-range (2a or 4a period) modulation
running along the (chain) b axis. However, this hypothesis is highly
unlikely: to the best of our knowledge, no such modulation has ever
been observed in the CuO2 planes of any copper oxide; it would there-
fore have to be triggered by a charge modulation pre-existing in the
filled chains. A charge-density wave is unlikely because the finite-size
chains are at best poorly conducting in the temperature and doping
range discussed here11,14. Any inhomogeneous charge distribution
such as Friedel oscillations around chain defects would broaden rather
than split the lines. Furthermore, we can conclude that charge order
occurs only for high fields perpendicular to the planes because the
NMR lines neither split at 15T nor split in a field of 28.5 T parallel
to the CuO2 planes (along either a or b), two situations in which
superconductivity remains robust (Fig. 1). This clear competition
between charge order and superconductivity is also a strong indication
that the charge ordering instability arises from the planes.
Theonlyother patterncompatiblewithNMRdata is an alternationof

more and less charged Cu2F rows defining a modulation with a period
of four lattice spacings along the a axis (Fig. 2). Strikingly, this corre-
sponds to the (site-centred) charge stripes found in La22xBaxCuO4 at
doping levels near p5 x5 0.125 (ref. 1). Being a proven electronic
instability of the planes, which is detrimental to superconductivity2,
stripe ordernot onlyprovides a simple explanationof theNMRsplitting
but also rationalizes the striking effect of the field. Stripe order is also
fully consistent with the remarkable similarity of transport data in
YBa2Cu3Oy and in stripe-ordered copper oxides (particularly the
dome-shaped dependence ofT0 around p5 0.12)11–13. However, stripes
must be parallel from plane to plane in YBa2Cu3Oy, whereas they are
perpendicular in, for example, La22xBaxCuO4. We speculate that this
explains why the charge transport along the c axis in YBa2Cu3Oy

becomes coherent in high fields below T0 (ref. 15). If so, stripe fluctua-
tions must be involved in the incoherence along c above T0.
Once we know the doping dependence of nQ (ref. 16), the difference

DnQ5 3206 50 kHz for p5 0.108 implies a charge density variation
as small as Dp5 0.036 0.01 hole between Cu2Fa and Cu2Fb. A
canonical stripe description (Dp5 0.5 hole) is therefore inadequate
at the NMR timescale of ,1025 s, at which most (below T0) or all
(above T0) of the charge differentiation is averaged out by fluctuations
faster than 105 s21. This should not be a surprise: themetallic nature of
the compound at all fields is incompatible with full charge order, even
if this order is restricted to the direction perpendicular to the stripes17.
Actually, there is compelling evidence of stripe fluctuations down to
very low temperatures in stripe-ordered copper oxides18, and indirect
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evidence (explaining the rotational symmetry breaking) over a broad
temperature range in YBa2Cu3Oy (refs 14, 19–22). Therefore, instead
of being a defining property of the ordered state, the small amplitude of
the charge differentiation is more likely to be a consequence of stripe
order (the smectic phase of an electronic liquid crystal17) remaining
partly fluctuating (that is, nematic).
In stripe copper oxides, charge order at T5Tcharge is always accom-

panied by spin order at Tspin,Tcharge. Slowing down of the spin

fluctuations strongly enhances the spin–lattice (1/T1) and spin–spin
(1/T2) relaxation rates between Tcharge and Tspin for

139La nuclei. For
themore strongly hyperfine-coupled 63Cu, the relaxation rates become
so large that the Cu signal is gradually ‘wiped out’ on cooling below
Tcharge (refs 18, 23, 24). In contrast, the 63Cu(2) signal here in
YBa2Cu3Oy does not experience any intensity loss and 1/T1 does not
show any peak or enhancement as a function of temperature (Fig. 3).
Moreover, the anisotropy of the linewidth (Supplementary
Information) indicates that the spins, although staggered, align mostly
along the field (that is, c axis) direction, and the typical width of the
central lines at base temperature sets an uppermagnitude for the static
spin polarization as small as gÆSzæ# 23 1023mB for both samples in
fields of,30T. These consistent observations rule out the presence of
magnetic order, in agreement with an earlier suggestion based on the
presence of free-electron-like Zeeman splitting6.
In stripe-ordered copper oxides, the strong increase of 1/T2 on

cooling below Tcharge is accompanied by a crossover of the time decay
of the spin-echo from the high-temperature Gaussian form
exp(2K(t/T2G)2) to an exponential form exp(2t/T2E)18,23. A similar
crossover occurs here, albeit in a less extreme manner because of the
absence ofmagnetic order: 1/T2 sharply increases belowTcharge and the
decay actually becomes a combination of exponential and Gaussian
decays (Fig. 3). In Supplementary Information we provide evidence
that the typical values of the 1/T2E below Tcharge imply that antiferro-
magnetic (or ‘spin-density-wave’) fluctuations are slow enough to
appear frozen on the timescale of a cyclotron orbit 1/vc< 10212 s.
In principle, such slow fluctuations could reconstruct the Fermi sur-
face, provided that spins are correlated over large enough distances25,26

(see also ref. 9). It is unclear whether this condition is fulfilled here. The
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field-induced spin order has been predicted for p. 0.08 (ref. 8) by analogy with
La1.855Sr0.145CuO4, for which the non-magnetic ground state switches to
antiferromagnetic order in fields greater than a few teslas (ref. 7 and references
therein).Ourwork, however, shows that spin order does not occur up to,30T.
In contrast, the field-induced charge order reported here raises the question of
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Figure 3 | Slow spin fluctuations instead of spin order. a, b, Temperature
dependence of the planar 63Cu spin-lattice relaxation rate 1/T1 for p5 0.108
(a) and p5 0.12 (b). The absence of any peak/enhancement on cooling rules
out the occurrence of a magnetic transition. c, d, Increase in the 63Cu spin–spin
relaxation rate 1/T2 on cooling below,Tcharge, obtained from a fit of the spin-
echo decay to a stretched form s(t) / exp(2(t/T2)

a), for p5 0.108 (c) and
p5 0.12 (d). e, f, Stretching exponent a for p5 0.108 (e) and p5 0.12 (f). The
deviation from a5 2 on cooling arises mostly from an intrinsic combination of
Gaussian and exponential decays, combined with some spatial distribution of
T2 values (Supplementary Information). The grey areas define the crossover
temperature Tslow below which slow spin fluctuations cause 1/T2 to increase
and to become field dependent; note that the change of shape of the spin-echo
decay occurs at a slightly higher (,115K) temperature than Tslow. Tslow is
slightly lower thanTcharge, which is consistentwith the slow fluctuations being a
consequence of charge-stripe order. The increase of a at the lowest
temperatures probably signifies that the condition cÆhz2æ1/2tc= 1, where tc is
the correlation time, is no longer fulfilled, so that the associated decay is no
longer a pure exponential. We note that the upturn of 1/T2 is already present at
15T, whereas no line splitting is detected at this field. The field therefore affects
the spin fluctuations quantitatively but not qualitatively. g, Plot of NMR signal
intensity (corrected for a temperature factor 1/T and for the T2 decay) against
temperature. Open circles, p5 0.108 (28.5T); filled circles, p5 0.12 (33.5T).
The absence of any intensity loss at low temperatures also rules out the presence
of magnetic order with any significant moment. Error bars represent the added
uncertainties in signal analysis, experimental conditions andT2measurements.
All measurements are with H | | c.
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chains, and Cu2E are those below oxygen-empty chains10. The main
discovery of ourwork is that, on cooling in a fieldH0 of 28.5 T along the
c axis (that is, in the conditions for which quantum oscillations are
resolved; see Supplementary Materials), the Cu2F lines undergo a
profound change, whereas theCu2E lines do not (Fig. 1). To first order,
this change can be described as a splitting of Cu2F into two sites having
both different hyperfine shiftsK5 Æhzæ/H0 (where Æhzæ is the hyperfine
field due to electronic spins) and quadrupole frequencies nQ (related to
the electric field gradient). Additional effects might be present (Fig. 1),
but they areminor in comparisonwith the observed splitting. Changes
in field-dependent and temperature-dependent orbital occupancy (for
example dx2{y2 versus dz2{r2 ) without on-site change in electronic
density are implausible, and any change in out-of-plane charge density
or lattice would affect Cu2E sites as well. Thus, the change in nQ can
only arise from a differentiation in the charge density between Cu2F
sites (or at the oxygen sites bridging them). A change in the asymmetry
parameter and/or in the direction of the principal axis of the electric
field gradient could also be associated with this charge differentiation,
but these are relatively small effects.
The charge differentiation occurs below Tcharge5 506 10K for

p5 0.108 (Fig. 1 and Supplementary Figs 9 and 10) and 676 5K for
p5 0.12 (Supplementary Figs 7 and 8). Within error bars, for each of
the samples Tcharge coincides with T0, the temperature at which the
Hall constant RH becomes negative, an indication of the Fermi surface

reconstruction11–13. Thus, whatever the precise profile of the static
charge modulation is, the reconstruction must be related to the trans-
lational symmetry breaking by the charge ordered state.
The absence of any splitting or broadening of Cu2E lines implies a

one-dimensional character of the modulation within the planes and
imposes strong constraints on the charge pattern. Actually, only two
types of modulation are compatible with a Cu2F splitting (Fig. 2). The
first is a commensurate short-range (2a or 4a period) modulation
running along the (chain) b axis. However, this hypothesis is highly
unlikely: to the best of our knowledge, no such modulation has ever
been observed in the CuO2 planes of any copper oxide; it would there-
fore have to be triggered by a charge modulation pre-existing in the
filled chains. A charge-density wave is unlikely because the finite-size
chains are at best poorly conducting in the temperature and doping
range discussed here11,14. Any inhomogeneous charge distribution
such as Friedel oscillations around chain defects would broaden rather
than split the lines. Furthermore, we can conclude that charge order
occurs only for high fields perpendicular to the planes because the
NMR lines neither split at 15T nor split in a field of 28.5 T parallel
to the CuO2 planes (along either a or b), two situations in which
superconductivity remains robust (Fig. 1). This clear competition
between charge order and superconductivity is also a strong indication
that the charge ordering instability arises from the planes.
Theonlyother patterncompatiblewithNMRdata is an alternationof

more and less charged Cu2F rows defining a modulation with a period
of four lattice spacings along the a axis (Fig. 2). Strikingly, this corre-
sponds to the (site-centred) charge stripes found in La22xBaxCuO4 at
doping levels near p5 x5 0.125 (ref. 1). Being a proven electronic
instability of the planes, which is detrimental to superconductivity2,
stripe ordernot onlyprovides a simple explanationof theNMRsplitting
but also rationalizes the striking effect of the field. Stripe order is also
fully consistent with the remarkable similarity of transport data in
YBa2Cu3Oy and in stripe-ordered copper oxides (particularly the
dome-shaped dependence ofT0 around p5 0.12)11–13. However, stripes
must be parallel from plane to plane in YBa2Cu3Oy, whereas they are
perpendicular in, for example, La22xBaxCuO4. We speculate that this
explains why the charge transport along the c axis in YBa2Cu3Oy

becomes coherent in high fields below T0 (ref. 15). If so, stripe fluctua-
tions must be involved in the incoherence along c above T0.
Once we know the doping dependence of nQ (ref. 16), the difference

DnQ5 3206 50 kHz for p5 0.108 implies a charge density variation
as small as Dp5 0.036 0.01 hole between Cu2Fa and Cu2Fb. A
canonical stripe description (Dp5 0.5 hole) is therefore inadequate
at the NMR timescale of ,1025 s, at which most (below T0) or all
(above T0) of the charge differentiation is averaged out by fluctuations
faster than 105 s21. This should not be a surprise: themetallic nature of
the compound at all fields is incompatible with full charge order, even
if this order is restricted to the direction perpendicular to the stripes17.
Actually, there is compelling evidence of stripe fluctuations down to
very low temperatures in stripe-ordered copper oxides18, and indirect

1Laboratoire National des Champs Magnétiques Intenses, UPR 3228, CNRS-UJF-UPS-INSA, 38042 Grenoble, France. 2Department of Physics and Astronomy, University of British Columbia, Vancouver,
British Columbia V6T1Z1, Canada. 3Canadian Institute for Advanced Research, Toronto, Ontario M5G1Z8, Canada.
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evidence (explaining the rotational symmetry breaking) over a broad
temperature range in YBa2Cu3Oy (refs 14, 19–22). Therefore, instead
of being a defining property of the ordered state, the small amplitude of
the charge differentiation is more likely to be a consequence of stripe
order (the smectic phase of an electronic liquid crystal17) remaining
partly fluctuating (that is, nematic).
In stripe copper oxides, charge order at T5Tcharge is always accom-

panied by spin order at Tspin,Tcharge. Slowing down of the spin

fluctuations strongly enhances the spin–lattice (1/T1) and spin–spin
(1/T2) relaxation rates between Tcharge and Tspin for

139La nuclei. For
themore strongly hyperfine-coupled 63Cu, the relaxation rates become
so large that the Cu signal is gradually ‘wiped out’ on cooling below
Tcharge (refs 18, 23, 24). In contrast, the 63Cu(2) signal here in
YBa2Cu3Oy does not experience any intensity loss and 1/T1 does not
show any peak or enhancement as a function of temperature (Fig. 3).
Moreover, the anisotropy of the linewidth (Supplementary
Information) indicates that the spins, although staggered, align mostly
along the field (that is, c axis) direction, and the typical width of the
central lines at base temperature sets an uppermagnitude for the static
spin polarization as small as gÆSzæ# 23 1023mB for both samples in
fields of,30T. These consistent observations rule out the presence of
magnetic order, in agreement with an earlier suggestion based on the
presence of free-electron-like Zeeman splitting6.
In stripe-ordered copper oxides, the strong increase of 1/T2 on

cooling below Tcharge is accompanied by a crossover of the time decay
of the spin-echo from the high-temperature Gaussian form
exp(2K(t/T2G)2) to an exponential form exp(2t/T2E)18,23. A similar
crossover occurs here, albeit in a less extreme manner because of the
absence ofmagnetic order: 1/T2 sharply increases belowTcharge and the
decay actually becomes a combination of exponential and Gaussian
decays (Fig. 3). In Supplementary Information we provide evidence
that the typical values of the 1/T2E below Tcharge imply that antiferro-
magnetic (or ‘spin-density-wave’) fluctuations are slow enough to
appear frozen on the timescale of a cyclotron orbit 1/vc< 10212 s.
In principle, such slow fluctuations could reconstruct the Fermi sur-
face, provided that spins are correlated over large enough distances25,26

(see also ref. 9). It is unclear whether this condition is fulfilled here. The
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Figure 4 | Phase diagram of underdoped YBa2Cu3Oy. The charge ordering
temperature Tcharge (defined as the onset of the Cu2F line splitting; blue open
circles) coincides with T0 (brown plus signs), the temperature at which the Hall
constant RH changes its sign. T0 is considered as the onset of the Fermi surface
reconstruction11–13. The continuous line represents the superconducting
transition temperature Tc. The dashed line indicates the speculative nature of
the extrapolation of the field-induced charge order. The magnetic transition
temperatures (Tspin) are frommuon-spin-rotation (mSR) data (green stars)27.T0
and Tspin vanish close to the same critical concentration p5 0.08. A scenario of
field-induced spin order has been predicted for p. 0.08 (ref. 8) by analogy with
La1.855Sr0.145CuO4, for which the non-magnetic ground state switches to
antiferromagnetic order in fields greater than a few teslas (ref. 7 and references
therein).Ourwork, however, shows that spin order does not occur up to,30T.
In contrast, the field-induced charge order reported here raises the question of
whether a similar field-dependent charge order actually underlies the field
dependence of the spin order in La22xSrxCuO4 and YBa2Cu3O6.45. Error bars
represent the uncertainty in defining the onset of theNMR line splitting (Fig. 1f
and Supplementary Figs 8–10).
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Figure 3 | Slow spin fluctuations instead of spin order. a, b, Temperature
dependence of the planar 63Cu spin-lattice relaxation rate 1/T1 for p5 0.108
(a) and p5 0.12 (b). The absence of any peak/enhancement on cooling rules
out the occurrence of a magnetic transition. c, d, Increase in the 63Cu spin–spin
relaxation rate 1/T2 on cooling below,Tcharge, obtained from a fit of the spin-
echo decay to a stretched form s(t) / exp(2(t/T2)

a), for p5 0.108 (c) and
p5 0.12 (d). e, f, Stretching exponent a for p5 0.108 (e) and p5 0.12 (f). The
deviation from a5 2 on cooling arises mostly from an intrinsic combination of
Gaussian and exponential decays, combined with some spatial distribution of
T2 values (Supplementary Information). The grey areas define the crossover
temperature Tslow below which slow spin fluctuations cause 1/T2 to increase
and to become field dependent; note that the change of shape of the spin-echo
decay occurs at a slightly higher (,115K) temperature than Tslow. Tslow is
slightly lower thanTcharge, which is consistentwith the slow fluctuations being a
consequence of charge-stripe order. The increase of a at the lowest
temperatures probably signifies that the condition cÆhz2æ1/2tc= 1, where tc is
the correlation time, is no longer fulfilled, so that the associated decay is no
longer a pure exponential. We note that the upturn of 1/T2 is already present at
15T, whereas no line splitting is detected at this field. The field therefore affects
the spin fluctuations quantitatively but not qualitatively. g, Plot of NMR signal
intensity (corrected for a temperature factor 1/T and for the T2 decay) against
temperature. Open circles, p5 0.108 (28.5T); filled circles, p5 0.12 (33.5T).
The absence of any intensity loss at low temperatures also rules out the presence
of magnetic order with any significant moment. Error bars represent the added
uncertainties in signal analysis, experimental conditions andT2measurements.
All measurements are with H | | c.
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Clear separation of regions of spin and charge order is an 
important simplifying feature of YBCO. Focus on the region 

where only charge order is seen.
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FIG. 1: The temperature dependence of the CDW scattering intensity at Q = [-0.31 0 1.48] in

YBa2Cu3O6.67 measured by resonant x-ray scattering in Ref. [4]. This sample has T

c

⇡ 65.5K.

intensity at the antiferromagnetic wavevector in the insulating antiferromagnet La2CuO4

between 550K and 350K [6]. This increase was explained by the classical thermal, angular

fluctuations of the 3-component antiferromagnetic order parameter in d = 2 spatial di-

mensions [7]. Indeed, this is a special case of a general result of Polyakov [8] who showed

that order parameters with N � 3 components are dominated by angular fluctuations in

d = 2; here, we will use the N = 6 case to describe X-ray scattering in the pseudogap of

YBa2Cu3O6.67.

The observed decrease in charge order with decreasing T in YBa2Cu3O6.67 at low T was

predicted in Ref. [9] using a Landau theory framework [10] to describe competition between

superconductivity and charge density wave order. Here we will extend the theory to a

much wider regime of temperatures. The Landau theory introduces a complex field  (r)

to represent the superconductivity, and two complex fields �
x,y

(r) to represent the charge

order. The latter can represent modulations at the wavevectors Q
x,y

in not only the site
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We extend recent low-temperature analyses of competing orders in the cuprate superconductors to the
pseudogap regime where all orders are fluctuating. A universal continuum limit of a classical Ginzburg-Landau
functional is used to characterize fluctuations of the superconducting order: this describes the crossover from
Gaussian fluctuations at high temperatures to the vortex-binding physics near the onset of global phase coher-
ence. These fluctuations induce affiliated corrections in the correlations of other orders, and in particular, in the
different realizations of charge order. Implications for scanning tunneling spectroscopy and neutron-scattering
experiments are noted: there may be a regime of temperatures near the onset of superconductivity where the
charge order is enhanced with increasing temperatures.
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I. INTRODUCTION

A number of recent perspectives1–8 have highlighted new
experimental9–14 and theoretical15–27 works exploring the in-
terplay between the multiple order parameters which charac-
terize the ground state of some of the cuprate superconduct-
ors. Good evidence was obtained for a strong coupling
between the superconducting order and density wave order
in spin/charge/bond correlations !described more precisely
below". In particular, by tuning the superconducting order by
an applied magnetic field at very low temperatures (T), a
strong field-dependent variation was observed in the latter
correlations.
In this paper, we explore the possibility of observing re-

lated connections in the finite temperature ‘‘pseudogap’’ re-
gion above the superconducting critical temperature Tc .
Here, the superconducting order has strong T-dependent
fluctuations; we will compute these fluctuations in the frame-
work of a two-dimensional Ginzburg-Landau theory, includ-
ing a precise characterization of strong fluctuations obtained
from numerical studies. We will show that the model of Ref.
16 predicts that such fluctuations lead to a corresponding
sympathetic variation in the autocorrelations of the other or-
ders. Working to linear order in the coupling between super-
conductivity and these orders, we provide a computation of
certain universal characteristics of the T dependence of the
latter fluctuations. Our results will also be formally extended
to T#Tc for completeness, but it must be noted that we
neglect the interlayer coupling and quantum effects, which
become important at lower T.28
We begin by defining the order parameters under consid-

eration. The primary order is the complex superconducting
order #(r) which describes the spatial variation in the order
associated with condensation of Cooper pairs. This is ex-
pected to undergo strong ‘‘phase’’ fluctuations29 for T near
Tc . Using the proximity of the underdoped cuprates to a
superfluid-insulator quantum transition, Refs. 30,31 argued
that ‘‘amplitude’’ fluctuations should be treated at an equal
footing,32 and proposed that such thermal fluctuations could

be described by a classical partition function of a suitable
universal continuum limit of the Ginzburg-Landau free en-
ergy: this will be reviewed here in Sec. III. Such an approach
describes the crossover from Gaussian superconducting fluc-
tuations at temperatures well above Tc , to the vortex physics
of the Kosterlitz-Thouless transition near Tc . A dynamic
theory with a similar static component !although with a lat-
tice cutoff" was recently used33–35 to describe the notable
measurements36 of the Nernst effect.
This fluctuating superconductor is also expected to have

appreciable correlations in other order parameters. The spin-
density-wave order is described by the complex three-
component vectors $x% , $y% , where %$x ,y ,z extends over
the three spin directions, and the spin operator on site r,
S%(r) is given by

S%!r"$Re&eiKsx•r$x%!r""eiKsy•r$y%!r"' . !1.1"

Here Ksx ,y are the spin-density-wave ordering wave vectors
along the x and y principle axes of the square lattice: near a
doping of ($1/8, we have Ksx$(3)/4,)) and Ksy
$() ,3)/4). In a similar manner we can define bond order
parameters *ax ,y(r) by examining the modulations in the
exchange energy of a pair of spins separated by a distance a:

S%!r"S%!r"a"$Re&eiKcx•r*ax!r""eiKcy•r*ay!r"' .
!1.2"

The special case a$0 of *ax ,y is a measure of the charge-
density wave order. Comparison between Eqs. !1.2" and !1.1"
suggests that the ordering wave vectors are related by Kcx ,y
$2Ksx ,y , and this is observed experimentally.
A number of other order parameters which are invariant

under spin rotations, like *ax ,y , can also be defined.16,21
These include the site charge density, the average electron
kinetic energy in a bond, or modulations in the pairing am-
plitude. By symmetry, all such quantities will have modula-
tions at the wave vectors Kcx ,y , and we can therefore expect
that their order parameter fluctuations will track those of
*ax ,y . Differences in microscopic physics can, of course,

PHYSICAL REVIEW B 69, 144504 !2004"
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At high T, onset is unlike an arrested ordering transition, 
or precursor critical fluctuations.

At low T, “competing order” effect is remarkably large.
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A very similar result was obtained by Kopietz in the
Schwinger boson formalism. The constant C& is not
determined by our experiment, and in Fig. 6{b) the
overall scale was adjusted in order to obtain the best fit of
Eq. (10) to the data.
In order to estimate the effect of the cutoff in the ener-

gy integration on the correlation length deduced in our
experiment, we have calculated the integral Eq. (5) nu-
merically, using the dynamic structure factor of Tyc
et al. These authors find that the characteristic energy
of the spin system is given by c00=cg '[T/2frp, ]'~ . For
energies up to 12 meV, this prediction has been experi-
mentally verified by Yamada et al. We have fitted the
data generated by a numerical integration of Eq. (5) to
simple Lorentzians and thus established a conversion
table between the correlation length measured in our ex-
periment and the intrinsic correlation length. We found
that the two lengths are indistinguishable over most of
the temperature range. A noticeable difference, although
still within the experimental error bar, only appears
above 500 K. To take this discrepancy into account, we
have adjusted the error bars of the highest temperature
points in Fig. 6(a). The insensitivity of the measured
correlation length to the cutoff is hardly surprising, since
even at 600 K the characteristic frequency is still only 20

FIG. 5. Representative energy-integrating scans along
(H, 0.38,0) for carrier-free La2Cu04 (T&=325 K). The dashed
line is the experimental resolution function; the solid line the re-
sult of a fit to a convolution of the resolution function with a
two-dimensional Lorentzian scattering function.

0.045
La&cu0& &

I I

——Ref. 22 {2np,=0.94J}—Ref. 22 {2np, fitted)
0030 - --—-

to simple Lorentzians, S(q)=S(0)/(1+q g ) convoluted
with the experimental resolution function. The result of
this procedure is shown in Fig. 6(a), together with the
theoretical predictions Eqs. (8) and (9). Since J-135
meV has been determined experimentally, the Monte
Carlo prediction contains no adjustable parameters. For
the analytical formula Eq. (8) we obtained 2frp, =150
meV=1. 11J from a least-squares fit to our data. The
agreement between the fitted curve, the Monte Carlo
simulation, and our data is clearly good. For compar-
ison, the curve calculated from Eq. (8) with the spin-wave
theory value' of 2~p, =0.94J deviates significantly from
both the experimental and the numerical data. This indi-
cates an —15% error in calculating 2', from spin-wave
theory. As we will see shortly, our estimate of this error
is somewhat reduced if corrections to the 2D Heisenberg
Hamiltonian are taken into account. It is gratifying to
see that both experiment and theory are now sufficiently
far advanced that this small error is clearly noticeable.
The temperature dependence of S(0), the q =0 instan-

taneous correlation function, is shown in Fig. 6(b). Up to
a negligibly small O(T) correction, the predictions of
Chakravarty, Halperin, and Nelson' and Tyc, Halperin,
and Chakravarty for S(0) are

0.015
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FIG. 6. (a) Inverse magnetic correlation length of a carrier-
free La2Cu04 sample together with several theoretical predic-
tions, as discussed in the text. (b) Peak intensities of the 2D
Lorentzian fits to the energy-integrating scans for this sample.
The short-dashed line in both figures refers to the expression of
Hasenfratz and Niedermayer, Ref. 22, modified according to
Eq. (12) in the text.

TNéel = 325K

Above TNéel

B. Keimer et al.,
Phys. Rev. B 46, 14034 (1992).

Polyakov, 1975
Chakravarty, Halperin, Nelson 1989

Key idea: analogy with the onset of 
antiferromagnetism in the insulator La2CuO4
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Symmetries:
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Onset of superconductivity in Monte Carlo
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with a vertical dashed line. The prediction of Ref. [9] of increasing charge order with increasing

temperature applies in the immediate vicinity of T
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, to the left of the peak.
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• The same set of parameters used to describe X-ray scatter-
ing, also predict the strength of superconducting fluctuations
above T

c

. Indeed YBa2Cu3O6+x

shows significant fluctua-
tion diamagnetism over the same range of temperatures. (S.
Chatterjee et al, in progress).

• Charge order was originally observed around vortex cores,
indicating its competition with superconductivity.

• The charge order becomes long-ranged in high magnetic fields,
and can explain the observed quantum oscillations (Taillefer,
Sebastian).

• Fluctuating 6-component order can explain “Fermi arc” pho-
toemission spectra (Randeria; D. Chowdhury et al, in progress)

Other experiments in the pseudogap
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FIG. 1. (Color online) Angular dependence of the torque density
for the UD57 YBa2Cu3O6.5 crystal in 10 T at T = 58.1, 60.3, 61.5,
66.9, and 72.2 K after correcting for a fixed instrumental offset of 10!

and subtracting the gravitational term (Ref. 12). The solid lines show
single-parameter fits to the formula for 2D GF derived from Eq. (2)
plus !N

D (T ) shown in Fig. 2(a). Note the sin 2" behavior at higher T .

!ab(T ), which is the susceptibility anisotropy. Figure 1 shows
torque data for UD57 up to 15 K above the low-field Tc of
57 K. Much of our data, including the two curves for UD57
in Fig. 1 at higher T , follow a sin 2" dependence very closely,
however, there are striking deviations at lower T arising from
nonlinearity in M(B) that we discuss later.

Figure 2(a) shows !D(T ) obtained from sin 2" fits for
three doping levels at high enough T so that M remains "B.
The solid lines for OD89 and UD57 are fits up to 300 K
that include !FL

c (T ) from Eq. (1), with the strong cutoff
described below, plus the normal state background anisotropy
!N

D (T ) which arises from the g-factor anisotropy of the Pauli
paramagnetism.18 For UD crystals the T dependence of !N

D (T )
is caused by the pseudogap (see Ref. 19), plus a smaller
contribution from the electron pocket18 observed in high-field
quantum oscillation studies.20 We used the same pseudogap
energies (kBT #) and other parameters defining !N

D (T ) as
in our recent work on larger single crystals,18 e.g., T # =
435 K for UD57. OD89 has no pseudogap and presumably
no pockets, so we represent the weak variation of !N

D (T ) with
T by the second order polynomial shown in Fig. 2(a).

Figures 2(b)–2(d) show plots of 1/|!FL
c (T )| vs T where

!FL
c (T ) $ !D(T ) % !N

D (T ). The short-dashed lines for UD22
and UD57 in Figs. 2(b) and 2(c) show the contribution from
Eq. (1) in the 2D limit (# & ') with the two adjustable
parameters T MF1

c and $ab(0) given in Table I. The solid lines
show the effect of the same type of cutoff used in previous
studies of the the conductivity % FL

ab (T ,B), as summarized in
Ref. 21. For OD89 we use the full 2D-3D form of Eq. (1) with
$ab(0) = 1.06 nm and # = 5,22 shown by the short-dashed
line, with the solid line again including the cutoff.21 The high
quality of these fits could be somewhat fortuitous in view
of our neglect of any charge density wave (CDW),19 but other
subtraction procedures give similar values of 1/|!FL

c (T )|. Heat
capacity studies give a very similar value $ab(0) = 1.12 nm for
OD88 YBCO (Ref. 24) while our values for UD57 and UD22
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FIG. 2. (Color online) (a) Main: !D(T ) for the three crystals;
solid lines show fits to !FL

c (T ) + !N
D (T ) for OD89 and UD57, and

dashed lines show !N
D (T ). Inset: Symbols show M calculated for

various values of &, using Eq. (2), when the anisotropy parameter
r $ [2$c(0)/s]2 = 0. For r = 0.13 symbols show M given by the
2D-3D form of Eq. (2), which contains r and an extra integral (Ref. 2).
The lines show formulas used (Ref. 23) to represent these values of M

when fitting ' (" ) data. (b)–(d) Plots of 1/|!FL
c (T )| vs T for the three

crystals. GF fits based on Eq. (1) are shown by short dashed lines,
without a cutoff, and by solid lines, with a strong cutoff (Ref. 21).
Red triangles for UD57 show $ab(0)2/& obtained by fitting ' (" ) to
the full 2D GF formula when M(B) is nonlinear, and converted to
1/|!FL

c (T )| using Eq. (1). For UD22 the full GF formula was used for
all the points shown in (b).

agree with previous work9,25 for the same Tc values. For UD57,
setting # = 45,26 rather than the 2D limit of Eq. (1) (# & '),
has no significant effect.

As the critical region is approached from above Tc the
exponent of $ab(T ) is expected to change from the MF value
of %1/2 to the 3D XY value of %2/3.1 It is very likely that
this will also apply to strongly 2D materials, including UD57,
since heat capacity data above and below Tc (Ref. 27) do show
the ln |&| terms associated with the 3D XY model. We have
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Cuprate superconductors show much stronger thermody-
namic fluctuations than classical ones because of their higher
transition temperatures (Tc), shorter Ginzburg-Landau (GL)
coherence lengths, and quasi-two-dimensional layered struc-
tures with weakly interacting CuO2 planes.1,2 Observations
of diamagnetism3 and large Nernst coefficients over a broad
temperature (T ) range well above Tc for several types of
cuprate4,5 are intriguing.6 They are often cited as evidence
for preformed Cooper pairs without the long-range phase
coherence needed for superconductivity. In contrast, in Ref. 7
it is argued that phase and amplitude fluctuations set in
simultaneously. However, the fluctuations are still considered
to be strong in that the mean-field transition temperature
T MF

c , obtained by applying entropy and free energy balance
considerations to heat capacity data, is substantially larger
than Tc, especially for underdoped cuprates. In standard GL
theory the coefficient of the |! |2 term in the free energy, where
! is the order parameter, changes sign at T MF1

c , as explained
in Ref. 8. If |! |4 and higher order terms are neglected, T MF1

c

can be obtained from a Gaussian fluctuation (GF) analysis of
the magnetic susceptibility and other physical properties.1

One difficulty in this area is separating the fluctuation (FL)
contribution to a given property from the normal state (N)
background. Recently this has been dealt with for the in-plane
electrical conductivity "ab(T ) of YBa2Cu3O6+x crystals by
applying very high magnetic fields (B).9 When analyzed using
GF theory, " FL

ab (T ) was found to cut off even more rapidly
above T ! 1.1Tc than previously thought.10,11 It was also
strongly reduced at high B and the fields needed to suppress
" FL

ab (T ) extrapolated to zero between 120 and 140 K depending
on x, which tends to support a vortex or Kosterlitz-Thouless
scenario. Therefore questions such as the applicability of GF
theory versus a phase fluctuation or mobile vortex scenario
and the extent to which Tc is suppressed below T MF1

c by
strong critical fluctuations are still being discussed. They are
of general interest because superconducting fluctuations could
limit the maximum Tc that can be obtained in a given class
of material,7 and, moreover,9 the fluctuation cutoff could be
linked in some way to the pairing mechanism.

Here we report torque magnetometry data measured12 from
Tc to 300 K for tiny YBa2Cu3O6+x (YBCO) single crystals
from overdoped (OD) to heavily underdoped (UD). These were

grown in nonreactive BaZrO3 crucibles from high-purity (5N)
starting materials. Evidence for the quality of the UD crystals
includes extremely sharp x-ray peaks,13 and substantial mean
free paths from quantum oscillation measurements.14 The
OD89 crystal is from another preparation batch which had
narrow superconducting transitions and a maximum Tc of
93.8 K.15 We analyze the results using GF theory which,
unlike some other approaches, predicts the magnitude of the
observed effects as well as their T dependence. We show that
it gives excellent single-parameter fits to the striking angular
dependence of the torque, which has previously been attributed
to the presence of a very large magnetic field scale.3 We
also show that inelastic scattering is a plausible mechanism
for cutting off the fluctuations at higher T and a possible
alternative to strong fluctuations for limiting Tc.

Although measurements of the London penetration depth16

below Tc and thermal expansion17 above and below Tc for
optimally doped (OP) YBCO crystals give evidence for
critical fluctuations described by the three-dimensional (3D)
XY model, up to ±10 K from Tc, we argue later that these do
not alter our overall picture.

A crystal with magnetization M in an applied magnetic
field B attached to a piezoresistive cantilever causes a change
in electrical resistance proportional to the torque density # !
M " B. If B is parallel to the c axis of a cuprate crystal, then in
the low-field limit the contribution to M in the c-axis direction
from Gaussian fluctuations (MFL

c ) is given by2

MFL
c (T ) = #$kBT B

3%2
0

& 2
ab(T )

s
!

1 + [2&ab(T )/' s)]2
. (1)

Here ' = &ab(T )/&c(T ) is the anisotropy, defined as the
ratio of the T -dependent coherence lengths $ and % to the
layers, i.e., &ab,c(T ) = &ab,c(0)/(1/2 with ( = ln(T/T MF1

c ).2,9

The distance between the CuO2 bilayers is taken as s =
1.17 nm, and %0 and kB are the pair flux quantum and
Boltzmann’s constant, respectively. For B % c the fluctuation
magnetization is negligibly small.

As the angle ) between the applied field and CuO2 planes is
altered, # () ) will vary as # () ) = 1

2*D(T )B2 sin 2) , as long as
M & B. Thus, fits to # () ) & B2 sin 2) give *D(T ) ! *c(T ) #
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ab (T ) was found to cut off even more rapidly
above T ! 1.1Tc than previously thought.10,11 It was also
strongly reduced at high B and the fields needed to suppress
" FL

ab (T ) extrapolated to zero between 120 and 140 K depending
on x, which tends to support a vortex or Kosterlitz-Thouless
scenario. Therefore questions such as the applicability of GF
theory versus a phase fluctuation or mobile vortex scenario
and the extent to which Tc is suppressed below T MF1

c by
strong critical fluctuations are still being discussed. They are
of general interest because superconducting fluctuations could
limit the maximum Tc that can be obtained in a given class
of material,7 and, moreover,9 the fluctuation cutoff could be
linked in some way to the pairing mechanism.

Here we report torque magnetometry data measured12 from
Tc to 300 K for tiny YBa2Cu3O6+x (YBCO) single crystals
from overdoped (OD) to heavily underdoped (UD). These were

grown in nonreactive BaZrO3 crucibles from high-purity (5N)
starting materials. Evidence for the quality of the UD crystals
includes extremely sharp x-ray peaks,13 and substantial mean
free paths from quantum oscillation measurements.14 The
OD89 crystal is from another preparation batch which had
narrow superconducting transitions and a maximum Tc of
93.8 K.15 We analyze the results using GF theory which,
unlike some other approaches, predicts the magnitude of the
observed effects as well as their T dependence. We show that
it gives excellent single-parameter fits to the striking angular
dependence of the torque, which has previously been attributed
to the presence of a very large magnetic field scale.3 We
also show that inelastic scattering is a plausible mechanism
for cutting off the fluctuations at higher T and a possible
alternative to strong fluctuations for limiting Tc.

Although measurements of the London penetration depth16

below Tc and thermal expansion17 above and below Tc for
optimally doped (OP) YBCO crystals give evidence for
critical fluctuations described by the three-dimensional (3D)
XY model, up to ±10 K from Tc, we argue later that these do
not alter our overall picture.

A crystal with magnetization M in an applied magnetic
field B attached to a piezoresistive cantilever causes a change
in electrical resistance proportional to the torque density # !
M " B. If B is parallel to the c axis of a cuprate crystal, then in
the low-field limit the contribution to M in the c-axis direction
from Gaussian fluctuations (MFL

c ) is given by2

MFL
c (T ) = #$kBT B

3%2
0

& 2
ab(T )

s
!

1 + [2&ab(T )/' s)]2
. (1)

Here ' = &ab(T )/&c(T ) is the anisotropy, defined as the
ratio of the T -dependent coherence lengths $ and % to the
layers, i.e., &ab,c(T ) = &ab,c(0)/(1/2 with ( = ln(T/T MF1

c ).2,9

The distance between the CuO2 bilayers is taken as s =
1.17 nm, and %0 and kB are the pair flux quantum and
Boltzmann’s constant, respectively. For B % c the fluctuation
magnetization is negligibly small.

As the angle ) between the applied field and CuO2 planes is
altered, # () ) will vary as # () ) = 1

2*D(T )B2 sin 2) , as long as
M & B. Thus, fits to # () ) & B2 sin 2) give *D(T ) ! *c(T ) #
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Cuprate superconductors show much stronger thermody-
namic fluctuations than classical ones because of their higher
transition temperatures (Tc), shorter Ginzburg-Landau (GL)
coherence lengths, and quasi-two-dimensional layered struc-
tures with weakly interacting CuO2 planes.1,2 Observations
of diamagnetism3 and large Nernst coefficients over a broad
temperature (T ) range well above Tc for several types of
cuprate4,5 are intriguing.6 They are often cited as evidence
for preformed Cooper pairs without the long-range phase
coherence needed for superconductivity. In contrast, in Ref. 7
it is argued that phase and amplitude fluctuations set in
simultaneously. However, the fluctuations are still considered
to be strong in that the mean-field transition temperature
T MF

c , obtained by applying entropy and free energy balance
considerations to heat capacity data, is substantially larger
than Tc, especially for underdoped cuprates. In standard GL
theory the coefficient of the |! |2 term in the free energy, where
! is the order parameter, changes sign at T MF1

c , as explained
in Ref. 8. If |! |4 and higher order terms are neglected, T MF1

c

can be obtained from a Gaussian fluctuation (GF) analysis of
the magnetic susceptibility and other physical properties.1

One difficulty in this area is separating the fluctuation (FL)
contribution to a given property from the normal state (N)
background. Recently this has been dealt with for the in-plane
electrical conductivity "ab(T ) of YBa2Cu3O6+x crystals by
applying very high magnetic fields (B).9 When analyzed using
GF theory, " FL

ab (T ) was found to cut off even more rapidly
above T ! 1.1Tc than previously thought.10,11 It was also
strongly reduced at high B and the fields needed to suppress
" FL

ab (T ) extrapolated to zero between 120 and 140 K depending
on x, which tends to support a vortex or Kosterlitz-Thouless
scenario. Therefore questions such as the applicability of GF
theory versus a phase fluctuation or mobile vortex scenario
and the extent to which Tc is suppressed below T MF1

c by
strong critical fluctuations are still being discussed. They are
of general interest because superconducting fluctuations could
limit the maximum Tc that can be obtained in a given class
of material,7 and, moreover,9 the fluctuation cutoff could be
linked in some way to the pairing mechanism.

Here we report torque magnetometry data measured12 from
Tc to 300 K for tiny YBa2Cu3O6+x (YBCO) single crystals
from overdoped (OD) to heavily underdoped (UD). These were

grown in nonreactive BaZrO3 crucibles from high-purity (5N)
starting materials. Evidence for the quality of the UD crystals
includes extremely sharp x-ray peaks,13 and substantial mean
free paths from quantum oscillation measurements.14 The
OD89 crystal is from another preparation batch which had
narrow superconducting transitions and a maximum Tc of
93.8 K.15 We analyze the results using GF theory which,
unlike some other approaches, predicts the magnitude of the
observed effects as well as their T dependence. We show that
it gives excellent single-parameter fits to the striking angular
dependence of the torque, which has previously been attributed
to the presence of a very large magnetic field scale.3 We
also show that inelastic scattering is a plausible mechanism
for cutting off the fluctuations at higher T and a possible
alternative to strong fluctuations for limiting Tc.

Although measurements of the London penetration depth16

below Tc and thermal expansion17 above and below Tc for
optimally doped (OP) YBCO crystals give evidence for
critical fluctuations described by the three-dimensional (3D)
XY model, up to ±10 K from Tc, we argue later that these do
not alter our overall picture.

A crystal with magnetization M in an applied magnetic
field B attached to a piezoresistive cantilever causes a change
in electrical resistance proportional to the torque density # !
M " B. If B is parallel to the c axis of a cuprate crystal, then in
the low-field limit the contribution to M in the c-axis direction
from Gaussian fluctuations (MFL

c ) is given by2

MFL
c (T ) = #$kBT B

3%2
0

& 2
ab(T )

s
!

1 + [2&ab(T )/' s)]2
. (1)

Here ' = &ab(T )/&c(T ) is the anisotropy, defined as the
ratio of the T -dependent coherence lengths $ and % to the
layers, i.e., &ab,c(T ) = &ab,c(0)/(1/2 with ( = ln(T/T MF1

c ).2,9

The distance between the CuO2 bilayers is taken as s =
1.17 nm, and %0 and kB are the pair flux quantum and
Boltzmann’s constant, respectively. For B % c the fluctuation
magnetization is negligibly small.

As the angle ) between the applied field and CuO2 planes is
altered, # () ) will vary as # () ) = 1

2*D(T )B2 sin 2) , as long as
M & B. Thus, fits to # () ) & B2 sin 2) give *D(T ) ! *c(T ) #
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HJ =

X

i<j

Jij ~Si · ~Sj

with

~Si =

1
2c

†
i↵~�↵�ci� is the antiferromagnetic exchange interaction.

Introduce the Nambu spinor

Di" =

✓
ci"
c†i#

◆
, Di# =

✓
ci#
�c†i"

◆

Then we can write

HJ =

1

8

X

i<j

Jij

⇣
D†

i↵a~�↵�Di�a

⌘
·
⇣
D†

j�b~���Dj�b

⌘

where a, b are the Nambu indices. This form makes explicit the sym-

metry under independent SU(2) pseudospin transformations on each

site

Di↵a ! Ui,abDi↵b

This pseudospin (gauge) symmetry is important in classifying spin

liquid ground states of HJ . It is fully broken by the electron hopping

tij but does have remnant consequences in doped spin liquid states.

I. A✏eck, Z. Zou, T. Hsu, and P. W. Anderson, Phys. Rev. B 38, 745 (1988)
E. Dagotto, E. Fradkin, and A. Moreo, Phys. Rev. B 38, 2926 (1988)
P. A. Lee, N. Nagaosa, and X.-G. Wen, Rev. Mod. Phys. 78, 17 (2006)

HtJ = �
X

i,j

tijc
†
i↵cj↵ +

X

i<j

Jij ~Si · ~Sj

Pseudospin symmetry of the exchange interaction
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In Fourier space, the exchange interaction J(q) is

maximum near q = K ⌘ (⇡,⇡). So it is most ef-

fective near points on the Fermi surface which are

separated by K, the so-called “hot spots”. Exchange

interactions near the hot spots are expected to lead

to d-wave superconductivity at low temperatures.

HtJ = �
X

i,j

tijc
†
i↵cj↵ +

X

i<j

Jij ~Si · ~Sj

M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)

We will find important consequences of the pseudospin

symmetry in ordinary metals with antiferromagnetic

correlations.

Pseudospin symmetry of the exchange interaction
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Pairing “glue” from antiferromagnetic fluctuations
near “hot spots” on the Fermi surface

V. J. Emery, J. Phys. (Paris) Colloq. 44, C3-977 (1983)
D.J. Scalapino, E. Loh, and J.E. Hirsch, Phys. Rev. B 34, 8190 (1986)

K. Miyake, S. Schmitt-Rink, and C. M. Varma, Phys. Rev. B 34, 6554 (1986)
S. Raghu, S.A. Kivelson, and D.J. Scalapino, Phys. Rev. B 81, 224505 (2010)

E. Berg, M. Metlitski, and S. Sachdev, Science 338, 1606 (2012) 

A

B

AAAA

C

D

A A

B B

C C

D D

J

Friday, October 18, 13



d-wave superconductor: particle-particle pairing 
at and near hot spots, with 

sign-changing pairing amplitude

D
c†k↵c

†
�k�

E
= "

↵�

�

S

(cos k
x

� cos k
y

)

�S

��S
K
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H =
X

k

"
⇥
v1 · k+ ↵(v1 ⇥ k)2

⇤
c†A↵(k)cA↵(k)

+
⇥
v2 · k+ ↵(v2 ⇥ k)2

⇤
c†C↵(k)cC↵(k)

+
⇥
�v1 · k+ ↵(v1 ⇥ k)2

⇤
c†B↵(k)cB↵(k)

+
⇥
�v2 · k+ ↵(v2 ⇥ k)2

⇤
c†D↵(k)cD↵(k)

+

Z
d2x

"
�J

⇣
c†A↵~�↵�cC� + c†C↵~�↵�cA�

⌘

·
⇣
c†B�~���cD� + c†D�~���cB�

⌘

�V
⇣
c†A↵cC↵ + c†C↵cA↵

⌘⇣
c†B�cD� + c†D�cB�

⌘#

Hamiltonian at and near hot spots
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H =
X

k

"
⇥
v1 · k+ ↵(v1 ⇥ k)2

⇤
c†A↵(k)cA↵(k)

+
⇥
v2 · k+ ↵(v2 ⇥ k)2

⇤
c†C↵(k)cC↵(k)

+
⇥
�v1 · k+ ↵(v1 ⇥ k)2

⇤
c†B↵(k)cB↵(k)

+
⇥
�v2 · k+ ↵(v2 ⇥ k)2

⇤
c†D↵(k)cD↵(k)

+

Z
d2x

"
�J

⇣
c†A↵~�↵�cC� + c†C↵~�↵�cA�

⌘

·
⇣
c†B�~���cD� + c†D�~���cB�

⌘

�V
⇣
c†A↵cC↵ + c†C↵cA↵

⌘⇣
c†B�cD� + c†D�cB�

⌘#

Hamiltonian at and near hot spots

This Hamiltonian
has an exact
SU(2)xSU(2)
pseudospin 
symmetry !

M. A. Metlitski and S. Sachdev,
  Phys. Rev. B 85, 075127 (2010)
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X

k
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v1 · k+ ↵(v1 ⇥ k)2

⇤
c†A↵(k)cA↵(k)

+
⇥
v2 · k+ ↵(v2 ⇥ k)2

⇤
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+
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⇤
c†D↵(k)cD↵(k)
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"
�J

⇣
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⌘

·
⇣
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⌘
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⇣
c†A↵cC↵ + c†C↵cA↵

⌘⇣
c†B�cD� + c†D�cB�

⌘#

Hamiltonian at and near hot spots

Fermi surface

curvature; breaks

pseudospin symmetry

Coulomb repulsion;

breaks

pseudospin symmetry

Perform standard Hartree-Fock-BCS factorizations into

�S = h"↵� A↵ B�i = �h"↵� C↵ D�i

PQ =
D
 †

A↵ B↵

E
= �

D
 †

C↵ D↵

E

With pseudospin symmetry, energy depends only on |�S |2+ |PQ|2.
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Pairing “glue” from antiferromagnetic fluctuations
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Same “glue” leads to particle-hole pairing !
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M. A. Metlitski and S. Sachdev,  Phys. Rev. B 85, 075127 (2010)
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d-wave superconductor: particle-particle pairing 
at and near hot spots, with 

sign-changing pairing amplitude
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D
c†k�Q/2,↵ck+Q/2,↵

E
= PQ(cos k

x

� cos k
y

)

Incommensurate d-wave bond order: 
particle-hole pairing at and near hot spots, with 

sign-changing pairing amplitude

After 
pseudospin 
rotation on 

half the 
hot-spots 

M. A. Metlitski and 
S. Sachdev, 

Phys. Rev. B 85, 
075127 (2010)

Q is ‘2kF ’
wavevector

K
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�PQ
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Incommensurate d-wave bond order

M. A. Metlitski and 
S. Sachdev, 

Phys. Rev. B 85, 075127 
(2010)
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Incommensurate d-wave bond order
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Incommensurate d-wave bond order

S. Sachdev and R. La Placa, Physical Review Letters 111, 027202 (2013)
M. Vojta and S. Sachdev, Physical Review Letters 83, 3916 (1999)

M. Vojta and O. Rosch, Physical Review B 77, 094504 (2008)

K
Q

Observed low T ordering.

Our computations show that
the order is predominantly

d-wave also at this Q.
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Incommensurate d-wave bond order

S. Sachdev and R. La Placa, Physical Review Letters 111, 027202 (2013)
M. Vojta and S. Sachdev, Physical Review Letters 83, 3916 (1999)

M. Vojta and O. Rosch, Physical Review B 77, 094504 (2008)

K
Q

Observed low T ordering.

Our computations show that
the order is predominantly

d-wave also at this Q.

This Q is preferred in
computations of bond order
which include large on-site U .
The bond-ordering is driven
primarily by spin correlations
(as in a valence bond solid),

while charge density
correlations are suppressed

by factors of ⇠ t/U .
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FIG. 1. Schematic, proposed, ground state phase diagram
of H as a function of the doping ! for physically reasonable
values of t, J and V . The vertical axis represents a param-
eter which measures the strength of quantum spin fluctua-
tions—it increases linearly with N but can also be tuned con-
tinuously by J !/J . The magnetic M symmetry is broken
in the hatched region, while C symmetry is broken (with ac-
companying charge-density modulation) in the shaded region;
there are numerous additional phase transitions at which the
detailed nature of the M or C symmetry breaking changes -
these are not shown. For ! = 0, M symmetry is broken only
below the critical point X, while C symmetry is broken only
above X. The superconducting S symmetry is broken for all
! > 0 at large N ; for smaller N , the S can be restored at
small ! by additional C breaking along the vertical axis for
the states in the inset–this is not shown. The superconduc-
tivity is pure d-wave only in the large ! region were C and
M are not broken. The arrow A1 represents the path along
which quantitative results are obtained in this paper, while
A2 is the experimental path. The nature of the C symme-
try breaking along path A1 is also sketched: the thick and
dashed lines indicate varying values of |Qij | (proportional to
the bond charge density) on the links, while the circles rep-
resent b2i (proportional to the site hole density). The charge
densities on the links and sites not shown take values con-
sistent with the symmetries of the figures shown. We expect
that the nature of the C symmetry breaking will not change
significantly as we move from A1 to A2, and across the phase
boundary where M is broken: this suggests the appearance
of collinearly polarized spin-density waves, which break both
C and M, and which undergo an ‘anti-phase’ shift across the
hole-rich stripes16.

energy with respect to the site charge density N(1 !
b2
i ) = "ni# and the complex bond pairing amplitude

NQij = "J !"c†i!c†j"#/(bibj) (where b2
i is the hole density

at site i and J denotes the Sp(2N)-invariant antisym-
metric tensor), while maintaining certain local and global
constraints. There have been a number of related earlier
mean-field studies17, but they have all (with the excep-
tion of Ref. 11) restricted attention to the case where bi

and |Qij| are spatially uniform (note that |Qij| has the
same symmetry signature as the bond charge density, and
is therefore a measure of its value). However such solu-
tions are usually unstable, and at best metastable, at low
doping; here we have attempted to find the true global
minima of the saddle-point equations, while allowing for
arbitrary spatial dependence: such a procedure leads to
considerable physical insight, and also leads to solutions
in accord with recent experimental observations.

First, at ! = 0 along A1 we find the fully dimerized, in-
sulating spin-Peierls (or 2$ 1 bond charge-density wave)
solution18 in which |Qij| is non-zero only on the bonds
shown in Fig. 1. Moving to small non-zero ! along A1,
our numerical search always yielded lowest energy states
with C broken, consisting of bond-centered charge-density
waves19 with a p $ 1 unit cell, as shown in Fig. 1. We
always found p to be an even integer, reflecting the dimer-
ization tendency of the ! = 0 solution. Within each p$1
unit cell, we find that the holes are concentrated on a
q$ 1 region, with a total linear hole density of "#. A key
property is that q and "# remain finite, while p % &,
as ! % 0. Indeed, the values of q and "# are deter-
mined primarily by t, J , and the nearest-neighbor value
of Vij = Vnn, and are insensitive to ! and longer range
parts of Vij. For ! % 0, we found that q = 2 was optimum
for a wide range of parameter values, while larger values
of q (q ' 4) appear for smaller values of Vnn; specifically
we had q = 2, "# = 0.42 at t/J = 1.25, Vnn/t = 0.6, and
q = 4 , "# = 0.8 at t/J = 1.25, Vnn/t = 0.5. The limit
Vnn % 0 leads to q % & which reflects the tendency to
phase separation in the “bare” t ! J model. The evolu-
tion of p with ! is shown in Fig. 2. Note that there is a
large plateau at p = 4 around doping ! = 1/8, and, for
some parameter regimes, this is the last state before C
is restored at large !; indeed p = 4 is the smallest value
of p for which our mean-field theory has solutions with
bi not spatially uniform. Experimentally1,2, a pinning of
the charge order at a wavevector K = 1/4 is observed,
and we consider it significant that this value emerges nat-
urally from our theory.

Our large-N theory only found states in which the
ordering wavevector K was quantized at the rational
plateaus in Fig. 2. However, for smaller N we expect that
irrational, incommensurate, values of K will appear, and
interpolate smoothly between the plateau regions.

In our large-N theory, each q-width stripe above is
a one-dimensional superconductor, while the intervening
(q ! p)-width regions are insulating. However, fluctua-
tion corrections will couple with superconducting regions,

2

Spin
order

Bond
order

Phase diagram of doped antiferromagnets

S. Sachdev and R. La Placa, Physical Review Letters 111, 027202 (2013)
M. Vojta and S. Sachdev, Physical Review Letters 83, 3916 (1999)

M. Vojta and O. Rosch, Physical Review B 77, 094504 (2008)
S. Sachdev and N. Read, Int. J. Mod. Phys. B 5, 219 (1991)
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FIG. 1. Schematic, proposed, ground state phase diagram
of H as a function of the doping ! for physically reasonable
values of t, J and V . The vertical axis represents a param-
eter which measures the strength of quantum spin fluctua-
tions—it increases linearly with N but can also be tuned con-
tinuously by J !/J . The magnetic M symmetry is broken
in the hatched region, while C symmetry is broken (with ac-
companying charge-density modulation) in the shaded region;
there are numerous additional phase transitions at which the
detailed nature of the M or C symmetry breaking changes -
these are not shown. For ! = 0, M symmetry is broken only
below the critical point X, while C symmetry is broken only
above X. The superconducting S symmetry is broken for all
! > 0 at large N ; for smaller N , the S can be restored at
small ! by additional C breaking along the vertical axis for
the states in the inset–this is not shown. The superconduc-
tivity is pure d-wave only in the large ! region were C and
M are not broken. The arrow A1 represents the path along
which quantitative results are obtained in this paper, while
A2 is the experimental path. The nature of the C symme-
try breaking along path A1 is also sketched: the thick and
dashed lines indicate varying values of |Qij | (proportional to
the bond charge density) on the links, while the circles rep-
resent b2i (proportional to the site hole density). The charge
densities on the links and sites not shown take values con-
sistent with the symmetries of the figures shown. We expect
that the nature of the C symmetry breaking will not change
significantly as we move from A1 to A2, and across the phase
boundary where M is broken: this suggests the appearance
of collinearly polarized spin-density waves, which break both
C and M, and which undergo an ‘anti-phase’ shift across the
hole-rich stripes16.

energy with respect to the site charge density N(1 !
b2
i ) = "ni# and the complex bond pairing amplitude

NQij = "J !"c†i!c†j"#/(bibj) (where b2
i is the hole density

at site i and J denotes the Sp(2N)-invariant antisym-
metric tensor), while maintaining certain local and global
constraints. There have been a number of related earlier
mean-field studies17, but they have all (with the excep-
tion of Ref. 11) restricted attention to the case where bi

and |Qij| are spatially uniform (note that |Qij| has the
same symmetry signature as the bond charge density, and
is therefore a measure of its value). However such solu-
tions are usually unstable, and at best metastable, at low
doping; here we have attempted to find the true global
minima of the saddle-point equations, while allowing for
arbitrary spatial dependence: such a procedure leads to
considerable physical insight, and also leads to solutions
in accord with recent experimental observations.

First, at ! = 0 along A1 we find the fully dimerized, in-
sulating spin-Peierls (or 2$ 1 bond charge-density wave)
solution18 in which |Qij| is non-zero only on the bonds
shown in Fig. 1. Moving to small non-zero ! along A1,
our numerical search always yielded lowest energy states
with C broken, consisting of bond-centered charge-density
waves19 with a p $ 1 unit cell, as shown in Fig. 1. We
always found p to be an even integer, reflecting the dimer-
ization tendency of the ! = 0 solution. Within each p$1
unit cell, we find that the holes are concentrated on a
q$ 1 region, with a total linear hole density of "#. A key
property is that q and "# remain finite, while p % &,
as ! % 0. Indeed, the values of q and "# are deter-
mined primarily by t, J , and the nearest-neighbor value
of Vij = Vnn, and are insensitive to ! and longer range
parts of Vij. For ! % 0, we found that q = 2 was optimum
for a wide range of parameter values, while larger values
of q (q ' 4) appear for smaller values of Vnn; specifically
we had q = 2, "# = 0.42 at t/J = 1.25, Vnn/t = 0.6, and
q = 4 , "# = 0.8 at t/J = 1.25, Vnn/t = 0.5. The limit
Vnn % 0 leads to q % & which reflects the tendency to
phase separation in the “bare” t ! J model. The evolu-
tion of p with ! is shown in Fig. 2. Note that there is a
large plateau at p = 4 around doping ! = 1/8, and, for
some parameter regimes, this is the last state before C
is restored at large !; indeed p = 4 is the smallest value
of p for which our mean-field theory has solutions with
bi not spatially uniform. Experimentally1,2, a pinning of
the charge order at a wavevector K = 1/4 is observed,
and we consider it significant that this value emerges nat-
urally from our theory.

Our large-N theory only found states in which the
ordering wavevector K was quantized at the rational
plateaus in Fig. 2. However, for smaller N we expect that
irrational, incommensurate, values of K will appear, and
interpolate smoothly between the plateau regions.

In our large-N theory, each q-width stripe above is
a one-dimensional superconductor, while the intervening
(q ! p)-width regions are insulating. However, fluctua-
tion corrections will couple with superconducting regions,
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FIG. 1. Schematic, proposed, ground state phase diagram
of H as a function of the doping ! for physically reasonable
values of t, J and V . The vertical axis represents a param-
eter which measures the strength of quantum spin fluctua-
tions—it increases linearly with N but can also be tuned con-
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in the hatched region, while C symmetry is broken (with ac-
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these are not shown. For ! = 0, M symmetry is broken only
below the critical point X, while C symmetry is broken only
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! > 0 at large N ; for smaller N , the S can be restored at
small ! by additional C breaking along the vertical axis for
the states in the inset–this is not shown. The superconduc-
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M are not broken. The arrow A1 represents the path along
which quantitative results are obtained in this paper, while
A2 is the experimental path. The nature of the C symme-
try breaking along path A1 is also sketched: the thick and
dashed lines indicate varying values of |Qij | (proportional to
the bond charge density) on the links, while the circles rep-
resent b2i (proportional to the site hole density). The charge
densities on the links and sites not shown take values con-
sistent with the symmetries of the figures shown. We expect
that the nature of the C symmetry breaking will not change
significantly as we move from A1 to A2, and across the phase
boundary where M is broken: this suggests the appearance
of collinearly polarized spin-density waves, which break both
C and M, and which undergo an ‘anti-phase’ shift across the
hole-rich stripes16.
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Vnn % 0 leads to q % & which reflects the tendency to
phase separation in the “bare” t ! J model. The evolu-
tion of p with ! is shown in Fig. 2. Note that there is a
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some parameter regimes, this is the last state before C
is restored at large !; indeed p = 4 is the smallest value
of p for which our mean-field theory has solutions with
bi not spatially uniform. Experimentally1,2, a pinning of
the charge order at a wavevector K = 1/4 is observed,
and we consider it significant that this value emerges nat-
urally from our theory.

Our large-N theory only found states in which the
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 There is an approximate pseudospin 
symmetry in metals with antiferromagnetic  
spin correlations.

 The pseudospin partner of d-wave 
superconductivity is an incommensurate         
d-wave bond order

 These orders form a pseudospin doublet, 
whose fluctuations lead to the “pseudogap” 
phase, described by the angular fluctuations of 
an order parameter with 6 real components.
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