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Symmetry	  Broken	  Phases	  

(i)  Measure	  order	  parameter	  experimentally	  to	  
diagnose	  a	  phase:	  	  	  
	  Eg.	  X-‐rays	  on	  a	  Crystalline	  solid	  (Density(Q))	  

(ii)	  Allows	  for	  a	  ClassificaCon	  of	  possible	  states	  
	  Eg.	  230	  space	  groups	  of	  crystalline	  solids	  
	   	  All	  are	  realized	  in	  nature!	  

`long	  range’	  quantum	  entangled	  states?	  



Quantum	  Entanglement	  

Reduced	  Density	  Matrix:	  

Entanglement	  Entropy	  :	  
(ignorance	  due	  to	  removing	  B):	  

InformaCon	  obtained	  on	  measuring	  A.	  
(C.	  Shannon)	  

For	  a	  gapped	  phase,	  boundary	  law.	  	  
True	  also	  for	  many	  (but	  not	  all)	  gapless	  state:	  

⇢A = TraceB [ (A0, B) ⇤(A,B)]

SA = �TraceA ⇢A log ⇢A



2.	  Gapped	  Phases	  with	  Long	  Range	  Entanglement	  



Phases	  in	  a	  Model	  Without	  Symmetry	  

Phase	  2	  

Phase	  1	   But	  two	  phases!	  	  
How	  to	  dis(nguish?	  

Kitaev;	  Tyupitsin	  et	  al.;	  Fradkin	  and	  Shenker.	  
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A	  spin	  model	  with	  no	  spin	  symmetry	  



Z2	  Gauge	  Theory	  and	  Topological	  Order	  	  

•  	  	  

Generically,	  gauge	  structure	  `emerges’.	  

H = �
X

�z�z�z�z �
X

�x�x�x�x

�z = �1 even



Topological	  Entanglement	  Entropy	  

•  Gapped	  Phase	  with	  topological	  order.	  	  
eg.	  deconfined	  gauge	  theory.	  Smooth	  boundary,	  circumference	  LA:	  

Topological	  Entanglement	  Entropy	  
(Levin-‐Wen;Kitaev-‐Preskill)	  

ϒ=Log	  D	  .	  (D	  :	  total	  quantum	  
dimension).	  	  

	   	   	  	  	  Z2	  gauge	  theory:	  ϒ=Log	  2	  

Gauss	  Law	  on	  boundary	  –	  no	  gauge	  charges	  	  inside.	  
Lowers	  Entropy	  by	  1	  bit	  of	  informa(on.	  



Frustrated	  Spin	  Systems	  

	  Heisenberg	  S=1/2	  on	  Kagome	  laace.	  

	  Frustra(on	  ensures	  no	  simple	  magne(c	  order.	  

Recent	  DMRG	  Numerics	  (Yan,	  Huse,	  White):	  	  

	  Energy	  gap,	  and	  no	  order.	  	  

Fluctua(ng	  singlets	  (RVB	  liquid),	  Emergent	  Gauge	  structure?	  

H =
X

hiji

Si · Sj



Topological	  Entanglement	  Entropy	  of	  Kagome	  
AnLferromagnet	  

•  Topological	  entanglement	  entropy	  found	  by	  extrapola(on	  
within	  a	  few%	  of	  log	  2.	  	  

•  Strong	  evidence	  for	  emergent	  Z2	  gauge	  theory.	  	  

Jiang,	  Wang,	  Balents:	  	  
arXiv:1205.4289	  

Topological 
Entanglement Entropy

S(L) ⇠ ↵L� �

H.C. Jiang, Z. Wang, LB
arXiv:1205.4289

• For gapped QSLs, can define a quantitative 
measure of long-range entanglement

γDMRG=0.698(8)

γth=ln(2)=0.693

Topological 
Entanglement Entropy

A B

⇢A = TrB | ih |

L

• For gapped QSLs, can define a quantitative 
measure of long-range entanglement

S = �TrA[⇢A ln ⇢A]

S(L) ⇠ ↵L� �

2006



Entanglement	  Entropy	  of	  Gapped	  Phases	  

•  Trivial	  Gapped	  Phase:	  
–  Entanglement	  entropy:	  sum	  of	  local	  contribu(ons.	  

1/κ	  

A	  

Curvature	  Expansion	  (smooth	  boundary):	  

B	  

Z2	  symmetry	  of	  Entanglement	  Entropy:	  	  
SA=	  SB	  	  AND	  κ→-‐	  κ.	  	  	  So	  a1=0	  

No	  constant	  in	  2D	  for	  trivial	  phase.	  

X	  

Grover,	  Turner,	  AV:	  PRB	  84,	  195120	  (2011)	  



Topological	  Entanglement	  Entropy	  &	  
Strong	  SubaddiLvity	  

•  Fundamental	  Property	  of	  Quantum	  Informa(on:	  
–  Strong	  sub-‐addi(vity	  (Lieb,	  Lieb	  and	  Ruskai)	  	  

–  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ensures	  	  

But	  in	  the	  absence	  of	  a	  smooth	  cut,	  	  
need	  another	  prescrip(on.	  

Levin	  and	  Wen	  



Consequences	  of	  Strong	  SubaddiLvity	  

•  Strong	  sub-‐addi(vity	  dictates:	  

•  Naïve	  result:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  cannot	  hold.	  Theory	  
Independent	  result!	  

•  Resolved	  by	  ground	  state	  degeneracy.	  (Dong,	  Fradkin	  et	  al.;	  
Zhang,	  Grover,	  Turner,	  Oshikawa,	  AV)	  

•  Used	  to	  extract	  more	  topological	  informa(on	  S	  &	  T	  
matrices	  (Zhang	  et	  al.,	  Vidal	  et	  al.)	  

A	  

B	  



S =
1p
2

✓
1 1
1 �1

◆

Mutual	  StaLsLcs	  (Modular	  S-‐matrix)	  from	  
Entanglement	  

•  Relate	  minimum	  entropy	  states	  along	  independent	  
torus	  cuts.	  (modular	  transforma(on:	  S	  matrix)	  

S	  encodes	  quasipar(cle	  braiding	  sta(si(cs:	  
Chiral	  Spin	  Liquid	  (2	  ground	  states	  on	  torus):	  

e	  

e	  

s	  

s	  

b	  

Sij = h�X
i |�Y

j i
M.E.S =

�
|�Y

1 i, |�Y
2 i, . . .

 
M.E.S =

�
|�X

1 i, |�X
2 i, . . .

 



Zhang, Grover, Turner, Oshikawa, AV (2011). 

StaLsLcs	  from	  Entanglement	  –	  Chiral	  Spin	  Liquid	  

Wavefunc(on	  `knows’	  about	  semion	  excia(ons;	  



S-‐Matrix	  for	  non-‐Abelian	  Phases?	  

•  Construct	  `computable’	  laace	  wavefunc(ons	  for	  non-‐
Abelian	  states?	  Eg.	  Bosonic	  ν=1	  Read-‐Moore	  state	  	  

Chiral	  Spin	  Liquid:	  SU(2)1	   Square	  C=2	  wavefunc(on:	  SU(2)2	  
Bosonic	  Read-‐Moore	  ?	  
(from	  parton	  construc(on)	  

Expected:	  –	  0	  indicates	  Majorana	  
Yi	  Zhang	  and	  AV	  



3.	  CriLcal	  Phases	  



Entanglement	  Entropy	  of	  Gapless	  Systems	  

1.  D=1+1	  systems:	  	  

2.	  Free	  Fermi	  Gas	  (2+1D):	  

Large	  entanglement	  entropy!	  	  
Vs.	  gapped	  states	  and	  CFT	  s	  :	  	  

3.	  `Non’	  Fermi	  liquids?	  	  
Eg.	  Fermi	  surface	  Interac(ng	  with	  gauge	  field:	  
(half	  filled	  Landau	  level	  and	  …)	  

L	  

(Holzhey	  et	  al.,	  Calabrese&Cardy,	  Vidal	  et	  al.)	  	  

Classes of QSLs

• Topological QSLs

• full gap

• U(1) QSL

• gapless emergent “photon”

• Algebraic QSLs

• Relativistic CFT (power-laws)

• Spinon Fermi surface QSL

!"#

!$# %

%&'''

%'''!(#



	  CriLcal	  Spin	  liquid	  in	  Organic	  Crystal	  

1.  κ-‐(ET)2Cu2(CN)6	  and	  	  
Spin	  ½	  triangular	  laace	  .	  No	  order.	  	  

Shimizu	  et	  al.	  2004	  

Candidate	  state:	  	  Spinon	  fermi	  sea	  coupled	  to	  a	  
U(1)	  gauge	  field.	  (Motrunich,	  Lee&Lee)	  

Numerical	  evidence	  for	  small	  systems	  

An	  electrical	  insulator	  that	  conducts	  	  
heat	  like	  a	  metal!	  	  

Organics

• Molecular materials which behave as 
effective triangular lattice S=1/2 
antiferromagnets with J ~ 250K

• significant charge fluctuations

as shown in Figure 3a. The monovalent anion, X!1, has no contribution to electronic conduc-

tion or magnetism. In the conducting layer, the ET molecules form dimers, which are arranged

in a checkerboard-like pattern (Figure 3b). From the band structure point of view, two ET

highest occupied molecular orbitals (HOMOs) in a dimer are energetically split into bonding

and antibonding orbitals, each of which forms a conduction band due to the interdimer transfer

integrals (12). The two bands are well separated so that the relevant band to the hole filling is

the antibonding band, which is half-filled with one hole accommodated by one antibonding

orbital. The dimer arrangement is modeled to an isosceles-triangular lattice characterized by

two interdimer transfer integrals, t and t0 (Figure 3c) of the order of 50 meV, whose anisotropy,

t0/t, depends on the anion X.

2.2. Criticality of Mott Transition in ET Compounds

The competition of kinetic energy and correlation energy, which are characterized by band-

width W and on-site Coulomb energy U, gives rise to Mott transition between wave-like

itinerant electrons and particle-like localized electrons. Because the Mott transition is a metal-

insulator transition without symmetry breaking, the first-order transition expected at low tem-

peratures can have a critical endpoint at a finite temperature, as in the gas-liquid transition

(Figure 1a). This feature of the Mott phase diagram was first deduced by the reduction of

Hubbard Hamiltonian to the so-called Blume-Emery-Griffiths model (13) and then extensively

discussed in terms of dynamical mean field theory (DMFT) (14), which showed that the Mott

transition belongs to the Ising universality class (15). It is well established that the k-(ET)2X
family is situated in the vicinity of Mott transition (9, 16–24). To explore the phase diagram

beyond the conceptual one, and to uncover the critical behavior of Mott transition, experiments

on a single material under precisely controlled pressure and temperature are required.

The compound studied is k-(ET)2Cu[N(CN)2]Cl, which is a Mott insulator (25) with a

sizable anisotropy of triangular lattices; the t0/t value is 0.75 or 0.44, according to the tight-

binding calculation of molecular orbital or first-principles calculation (26), respectively. The

resistivity measurements of k-(ET)2Cu[N(CN)2]Cl under continuously controllable He-gas

pressure unveiled the Mott phase diagram (27–30), where the first-order transition line dividing

the insulating and metallic phases has an endpoint around 40 K (Figure 4). The presence of

the critical endpoint was proved in spin and lattice degrees of freedom as well; namely,

nuclear magnetic resonance (NMR) (31), ultrasonic velocity (32, 33), and expansivity (34).

The bending shape of the phase boundary reflects the entropy difference between the insulating

t

t'

t

a cb
X

ET

S

S

S

S
S

S

S

S

Figure 3

Structure of k-(ET)2X. (a) Side and (b) top view of the layer and (c) modeling the in-plane structure into an isosceles-triangular lattice
with two kinds of transfer integrals.
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κ-(ET)2X β’-Pd(dmit)2

as shown in Figure 3a. The monovalent anion, X!1, has no contribution to electronic conduc-

tion or magnetism. In the conducting layer, the ET molecules form dimers, which are arranged

in a checkerboard-like pattern (Figure 3b). From the band structure point of view, two ET

highest occupied molecular orbitals (HOMOs) in a dimer are energetically split into bonding

and antibonding orbitals, each of which forms a conduction band due to the interdimer transfer

integrals (12). The two bands are well separated so that the relevant band to the hole filling is

the antibonding band, which is half-filled with one hole accommodated by one antibonding

orbital. The dimer arrangement is modeled to an isosceles-triangular lattice characterized by

two interdimer transfer integrals, t and t0 (Figure 3c) of the order of 50 meV, whose anisotropy,

t0/t, depends on the anion X.

2.2. Criticality of Mott Transition in ET Compounds

The competition of kinetic energy and correlation energy, which are characterized by band-

width W and on-site Coulomb energy U, gives rise to Mott transition between wave-like

itinerant electrons and particle-like localized electrons. Because the Mott transition is a metal-

insulator transition without symmetry breaking, the first-order transition expected at low tem-

peratures can have a critical endpoint at a finite temperature, as in the gas-liquid transition

(Figure 1a). This feature of the Mott phase diagram was first deduced by the reduction of

Hubbard Hamiltonian to the so-called Blume-Emery-Griffiths model (13) and then extensively

discussed in terms of dynamical mean field theory (DMFT) (14), which showed that the Mott

transition belongs to the Ising universality class (15). It is well established that the k-(ET)2X
family is situated in the vicinity of Mott transition (9, 16–24). To explore the phase diagram

beyond the conceptual one, and to uncover the critical behavior of Mott transition, experiments

on a single material under precisely controlled pressure and temperature are required.

The compound studied is k-(ET)2Cu[N(CN)2]Cl, which is a Mott insulator (25) with a

sizable anisotropy of triangular lattices; the t0/t value is 0.75 or 0.44, according to the tight-

binding calculation of molecular orbital or first-principles calculation (26), respectively. The

resistivity measurements of k-(ET)2Cu[N(CN)2]Cl under continuously controllable He-gas

pressure unveiled the Mott phase diagram (27–30), where the first-order transition line dividing

the insulating and metallic phases has an endpoint around 40 K (Figure 4). The presence of

the critical endpoint was proved in spin and lattice degrees of freedom as well; namely,

nuclear magnetic resonance (NMR) (31), ultrasonic velocity (32, 33), and expansivity (34).

The bending shape of the phase boundary reflects the entropy difference between the insulating
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Figure 3

Structure of k-(ET)2X. (a) Side and (b) top view of the layer and (c) modeling the in-plane structure into an isosceles-triangular lattice
with two kinds of transfer integrals.
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Ring Exchange Model

• Organic 

Spin Bose-Metal and Valence Bond Solid phases in a spin-1/2 model with ring exchanges on a
four-leg triangular ladder

Matthew S. Block,1 D. N. Sheng,2 Olexei I. Motrunich,3 and Matthew P. A. Fisher1, 3

1Department of Physics, University of California, Santa Barbara, California 93106, USA
2Department of Physics and Astronomy, California State University, Northridge, California 91330, USA

3Department of Physics, California Institute of Technology, Pasadena, California 91125, USA
(Dated: May 20, 2011)

We study a spin-1/2 system with Heisenberg plus ring exchanges on a four-leg triangular ladder using the den-
sity matrix renormalization group and Gutzwiller variational wave functions. Near an isotropic lattice regime,
for moderate to large ring exchanges we find a spin Bose-metal phase with a spinon Fermi sea consisting of three
partially filled bands. Going away from the triangular towards the square lattice regime, we find a staggered
dimer phase with dimers in the transverse direction, while for small ring exchanges the system is in a featureless
rung phase. We also discuss parent states and a possible phase diagram in two dimensions.

In a wide class of crystalline organic Mott insulators it is
possible to tune from the strongly correlated insulating state
into a metallic state. At ambient pressure such “weak Mott in-
sulators” are perched in close proximity to the metal-insulator
transition. The residual electronic spin degrees of freedom
constitute a novel quantum system and can exhibit a myr-
iad of behaviors such as antiferromagnetic (AF) ordering or
a valence bond solid (VBS). Particularly exciting is the pos-
sibility that the significant charge fluctuations in a weak Mott
insulator frustrate the magnetic or other ordering tendencies,
resulting in a quantum spin liquid. This appears to be re-
alized in two organic materials [1–7] �-(ET)2Cu2(CN)3 and
EtMe3Sb[Pd(dmit)2]2, both quasi-two-dimensional (2D) and
consisting of stacked triangular lattices. Thermodynamic,
transport, and spectroscopic experiments point towards the
presence of many gapless excitations in the spin-liquid phase
of these materials.

The triangular lattice Hubbard model [1, 8–10] is com-
monly used to describe these materials. At half filling the
Mott metal-insulator transition can be tuned by varying the
single dimensionless parameter, the ratio of the on-site Hub-
bard U to the hopping strength t. On the insulator side at
intermediate U/t, the Heisenberg spin model should be aug-
mented by multispin interactions [11–16], such as four-site
ring exchanges (see Fig. 1), which mimic the virtual charge
fluctuations. Accessing a putative gapless spin liquid in 2D in
such models poses a theoretical challenge.

Slave particle approaches provide one construction of gap-
less spin liquids and predict spin correlations that decay as
power laws in space, oscillating at particular wave vectors. In
the so-called “algebraic spin liquids” [17–20] these wave vec-
tors are limited to a finite discrete set, often at high symmetry
points in the Brillouin zone. However, the singularities can
also occur along surfaces in momentum space, as they do in a
“spinon Fermi sea” spin liquid speculated for the organic ma-
terials [12–14]. We will call such a phase a “spin Bose-metal”
(SBM) state [21, 22] to emphasize that it has metal-like prop-
erties for spin and energy transport while the spin model is
bosonic in character.

It should be possible to access an SBM phase by system-

FIG. 1: (color online). Picture of the Heisenberg plus ring Hamilto-
nian on the four-leg ladder showing different two-spin and four-spin
couplings. The isotropic model is defined by J

x̂

= J
ŷ

= J
x̂+ŷ

= J ,
K

x̂,ŷ

= K
x̂,x̂+ŷ

= K
ŷ,x̂+ŷ

= K. We also study a broader
phase diagram interpolating between the triangular and square limits
by decreasing J

x̂+ŷ

[with appropriate scaling of the ring couplings
K

x̂,x̂+ŷ

= K
ŷ,x̂+ŷ

= (J
x̂+ŷ

/J
x̂

)K
x̂,ŷ

]. The ladder has periodic
boundary conditions in both directions.

atically approaching 2D from a sequence of quasi-1D ladder
models [21–23]. On a ladder the quantized transverse mo-
menta cut through the 2D surface, leading to a quasi-1D de-
scendant state with a set of low-energy modes whose number
grows with the number of legs. These quasi-1D descendant
states can be analyzed in a controlled fashion using numerical
and analytical approaches.

Heisenberg plus ring on a four-leg triangular ladder.—
Pursuing this idea, we consider a spin-1/2 system with Heisen-
berg and four-site ring exchanges,

Ĥ =
X

⇥ij⇤

2Jij ⇥Si · ⇥Sj +
X

rhombi

KP (P1234 +H.c.) . (1)

An earlier exact diagonalization (ED) work [24] on the
isotropic 2D triangular lattice found that K > 0.1J destroys
the 120� AF order. A subsequent variational study [12] sug-
gested the spin Bose-metal phase for moderate to large K.
A recent work pursued this model on a two-leg zigzag lad-
der [22, 25] combining density matrix renormalization group
(DMRG), variational Monte Carlo (VMC), and Bosonization
approaches, and argued that it realizes a quasi-1D descendant
of the SBM phase: a remarkable 1D quantum phase with three
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FIG. 2: (color online). Phase diagram of the Heisenberg plus ring
model on the four-leg ladder interpolating between the triangular
J
x̂

= J
ŷ

= J
x̂+ŷ

= 1 and square J
x̂

= J
ŷ

= 1, J
x̂+ŷ

= 0 limits.
The horizontal axis is the ring coupling K

x̂,ŷ

while the vertical axis
is the diagonal coupling J

x̂+ŷ

, cf. Fig. 1; the other ring couplings are
obtained according to Eq. (2).

gapless modes and power law spin correlations at incommen-
surate wave vectors that are the fingerprints of the parent 2D
phase.

The two-leg ladder is still far from 2D. We take a signifi-
cant step and study the model on a four-leg ladder. We first
consider the case where all nearest neighbor bonds have the
same coupling J and all rhombi have the same coupling K;
thus there is a single parameter K/J .

We study the model numerically using DMRG/ED com-
bined with VMC calculations. All calculations use periodic
boundary conditions. The DMRG calculations keep m =
3600-5000 states per block [26–28] to ensure accurate results,
and the density matrix truncation error for our systems is of
the order of 10�5 (typical relative error for the ground-state
energy is 10�3 or smaller). Information about the state is ob-
tained by measuring spin, dimer, and (scalar) chirality struc-
ture factors.

The phase diagram from such a study using 12�4 and 18�4
ladders can be seen in Fig. 2; the isotropic case is the horizon-
tal cut at Jx̂+ŷ/Jx̂ = 1. For small K/J ⇥ 0.15 the system
is in a rung phase, whose caricature can be obtained by al-
lowing Jŷ ⌅ Jx̂, Jx̂+ŷ where the rungs effectively decouple.
This phase is gapped and has only short-range correlations.
In the model with isotropic couplings the rungs have rather
strong connections: we find that the x̂ and x̂+ ŷ bonds have
more negative Heisenberg energies than the ŷ bonds. Nev-
ertheless, the data suggest that the system is in a featureless
gapped phase. A further test is provided by increasing Jŷ from
the isotropic case, and we indeed observe a smooth evolution
in all measurements towards the strong rung phase.

Near K/J = 0.2-0.25, the DMRG ground state breaks
translational symmetry. The pattern obtained on both the
12 � 4 and 18 � 4 systems is illustrated in Fig. 3(a). This
state has strong ŷ bonds forming columns along the ladder
direction and strong x̂+ ŷ bonds in the connecting arrange-
ment. Note that we also expect a degenerate state depicted in

FIG. 3: (a) Symmetry breaking pattern found in DMRG on the
isotropic system at K/J = 0.2-0.25. (b) State degenerate with (a)
in the presence of x̂ � x̂+ ŷ symmetry. Both (a) and (b) can be
viewed as triangular VBS states with dimers on the ŷ bonds but dif-
ferent column orientations. The staggered patterns on the x̂+ ŷ and
x̂ bonds correspondingly are expected on the triangular lattice and
follow a rule that each triangle contains only one strong bond. Upon
going to the square limit by decreasing J

x̂+ŷ

, we find state (b), which
connects to a staggered ŷ-dimer state.

Fig. 3(b), since the x̂ and x̂+ ŷ directions are equivalent on
the isotropic ladder. The states shown in Fig. 3 are a subset of
possible VBS states on the isotropic 2D triangular lattice, and
the selection must be due to the finite transverse size. The se-
lection of (a) in the DMRG must be due to symmetry breaking
terms that exist in the way it is building up the multileg sys-
tem. Such terms are tiny and translationally invariant ground
states are obtained for all other phases without intrinsic de-
generacy (we also verified that the DMRG obtained identical
results to the ED for 8� 4 systems).

SBM phase.—For K/J ⇤ 0.3, we do not find any pattern of
bond ordering in real space and no indication of Bragg peaks
in the dimer or chiral structure factors. The correlation func-
tions are also markedly different from the rung phase at small
K. The 12 � 4 and 18 � 4 systems remain in essentially the
same state for a range of control parameters 0.3 ⇥ K/J ⇥ 1.
Thus, a putative spin-liquid phase is established based on
finite-size analysis of the DMRG results. Spin and dimer cor-
relations are rather extended in real space and show complex
oscillations. The momentum space structure factors allow a
more organized view and show many features that, remark-
ably, can be manifested by simple variational wave functions
for the SBM phase.

To this end, we perform a VMC study using spin-singlet
trial wave functions that can be viewed as Gutzwiller projec-
tions of spinon hopping mean field states. More systemati-
cally, we vary directly the shape of the “spinon Fermi sea”
in the momentum k space. There are four transverse val-
ues ky = 0,±�/2,�, and for each we can allow an arbitrary
“Fermi segment,” i.e., a contiguous region of occupied k or-
bitals. For the 8�4 system, we optimized the trial energy over
all distinct locations of these segments, the only restriction be-
ing the specified total filling, and found that only three bands
are populated in a manner that respects the lattice symmetries.
For the 18 � 4 system, from the outset we restricted the op-
timization to such three-band states with inversion symmetry
and found a state shown in Fig. 4.

Figure 5(a) shows the spin structure factor measured in
DMRG and calculated using the optimal VMC state on the
18 � 4 ladder, while Fig. 5(b) shows the dimer structure fac-
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Classes of QSLs
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• full gap

• U(1) QSL

• gapless emergent “photon”

• Algebraic QSLs
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•  Trial	  wave-‐func(on:	  Projected	  Fermi	  sea:	  

Projected	  Fermi	  sea:	  
Remove	  double-‐occupa(on	  states.	  
Spin	  wavefunc(on	  

Gutzwiller 
Construction

• Construct QSL state from free fermi gas 
with spin, with 1 fermion per site

• Projection removes empty and doubly 
occupied sites

� = c1 +c2 +c3 + · · ·

 = PG 0



Entanglement	  Entropy	  of	  a	  CriLcal	  Spin	  Liquid	  

•  	  	  

Y.	  Zhang,	  T.	  Grover,	  AV	  PRL	  (2011)	  

•  Evidence	  for	  Fermi	  surface	  in	  bosonic	  wavefunc(on	  

•  Holographic	  duals?	  (Sachdev’s	  talk)	  



4.	  Measuring	  Entanglement	  Entropy?	  
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•  Highly	  nonlocal	  quan(ty.	  	  

A	   e�S2 = h |h |SWAPA| i| i

2

FIG. 1: A. The chain represents a general interacting 1D sys-
tem with short-ranged hopping and interactions. We describe
a method to measure EE between left (L) and right (R) sub-
systems. B. Energy spectrum of the finite chain. The ground
state is separated from other excitations by an energy gap �,
which is given by the thermodynamic gap for gapped phases,
and by the finite size gap for gapless phases, Eq.(9). C, D.
Proposed setup for measuring n = 2 Renyi EE. Two pairs
of half-chains Li (Ri) identical to L (R) half-chain in A, are
arranged in a cross geometry. The quantum switch, posi-
tioned at the center of the cross, controls the way in which
the two pairs of half-chains are connected by selectively for-
bidding tunneling to one of the neighbors. The overlap of
the ground states of the two configurations corresponding to
di↵erent connections, is directly proportional to n = 2 Renyi
EE, and can be measured by studying Rabi oscillations of the
quantum switch.

where ⇢L is the reduced density matrix of the left sub-
system. Generally, knowing the Renyi entropies allows
one to reconstruct the von Neumann EE by the analytic
continuation to n ! 1, and to obtain the full entan-
glement spectrum (the spectrum of the reduced density
matrix), see e.g. Ref. [10].

We start with the simplest non-trivial case n = 2.
In what follows, we will rely on the following fact: the
Renyi entropy can be related to the overlap of two ground
states |0i, |00i of a composite system that consists of two
copies of the original many-body system (such that in
total there are four half-chains Li,Ri, i = 1, 2) [15]. The
two configurations correspond to connecting half-chains
di↵erently: (i) Li is connected with Ri, i = 1, 2; (ii) L1

is connected with R2, and L2 is connected with R1, such
that the half-chains are swapped. As we shall see below,
by coupling quantum switch to the four half-chains, it is
possible to extract the overlap h0|00i (and therefore EE)
from the switch dynamics.

The origin of this relation is understood by using the
Schmidt decomposition of the ground state for a single

chain:

| 0i =
X

i

�i| iiL ⌦ |'iiR, (2)

where | iiL, |'iiR are the orthogonal wave functions de-
scribing left and right sub-systems.
The ground states of the composite system are given

by the tensor product of two chains’ ground states,

|0i = | 0iL1,R1⌦| 0iL2,R2 , |00i = | 0iL1,R2⌦| 0iL2,R1 .
(3)

They appear similar, the only di↵erence being that in the
|0i state L1, R1 and L2, R2 pairs are entangled, while
in the |00i state we need to swap the right sub-systems.
Applying the Schmidt decomposition (2) for each | 0i in
the above equation, we obtain

|0i =
 
X

i

�i| iiL1 ⌦ |'iiR1

!
⌦

0

@
X

j

�j | jiL2 ⌦ |'jiR2

1

A .

(4)

|00i =
 
X

i

�i| iiL1 ⌦ |'iiR2

!
⌦

0

@
X

j

�j | jiL2 ⌦ |'jiR1

1

A .

(5)
The overlap of the two ground states, which can be eval-
uated by using this representation, is given by:

h0|00i =
X

i

�4i = Tr
�
⇢̂2L
�
= e�S2 , (6)

and therefore is related to the S2 EE of a single many-
body system.
Proposed setup. We consider the following realization

of the composite system: two left and two right sub-
systems, arranged in a cross geometry, as illustrated in
Fig. 1C. Initially, each Li, i = 1, 2 sub-system is con-
nected to both right sub-systems R1,R2. In the center
of the cross, a quantum switch is placed – a two-level
system with states | "i and | #i, which controls the con-
nection between di↵erent sub-systems (see Fig. 1C,D).
When the switch is in the | "i state, tunneling between
L1,R2 pair and L2,R1 pair is blocked, such that config-
uration (i) is realized; when the switch is in the | #i state,
tunneling between L1,R1 pair and L2,R2 is blocked, cor-
responding to the configuration (ii).
First, we assume that the two states of the quantum

switch are completely decoupled (later on, we will intro-
duce the dynamics). In this case, the spectrum of the
switch-chains system consists of two sectors, correspond-
ing to | "i, | #i states of the switch, as illustrated in
Fig. 2B. The spectrum in each sector can be related to
the spectrum of the single many-body system {Ei, | ii}
(Ei being eigenenergy, | ii the corresponding wave func-
tion): the eigenfunctions are given by the tensor products

•  One	  Proposal:(Abanin,	  Demler)	  

Tunneling	  rate	  	  modified	  by	  
coupling	  to	  1D	  systems.	  

T̃ = Te�S2

•  Progress	  in	  measuring	  non-‐local	  
operators	  in	  cold-‐atoms	  (Quantum	  Gas	  
microscope).	  (Greiner,Bloch)	  
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FIG. 2. Non-local parity correlations. (A) Top row:
Typical experimental fluorescence images for J/U = 0.06
(A1), J/U = 0.11 (A2) and J/U = 0.3 (A3) for the one-
dimensional geometry. Bottom row: Reconstructed on-site
parity. Particle-hole pairs are emphasized by a yellow shad-
ing in (A1). For increased J/U the pairs start to proliferate
and an identification in a single experimental image becomes
impossible (A2, A3) (B) One-dimensional nearest-neighbor
correlations C(d = 1) as a function of J/U along the x

(red circles) and y directions (blue circles). The curves are
first-order perturbation theory (dashed-dotted line), Density-
Matrix Renormalization Group (DMRG) calculations for a
homogeneous system at T = 0 (dashed line) and finite-
temperature MPS calculations including harmonic confine-
ment at T = 0.09U/kB (solid line). (C) Parity correlations
in two dimensions. Symbols have the same meaning as in (B).
The curves are first-order perturbation theory (dashed-dotted
line) and a QMC calculation for a homogeneous system at
T = 0.01U/kB (dashed line) and T = 0.1U/kB (solid line).
Each data point is an average over the central 9 ⇥ 7 lattice
sites from 50 � 100 pictures. The error bars denote the 1�
statistical uncertainty. The light blue shading highlights the
SF phase.

of the correlations relative to the critical point in the
one-dimensional case directly reflect the more prominent
role of quantum fluctuations in lower dimensions. This
can also be seen from the on-site fluctuations C(d = 0)
at the critical point which are significantly increased in
the one-dimensional case (see Appendix). In both the
one-dimensional and the two-dimensional systems, two-
site correlations are expected to decay strongly with dis-
tance. Our data for the next-nearest-neighbor correla-
tions C(d = 2) is consistent with this predicted behavior
(see Appendix).
In addition to two-site correlations, we evaluated

string-type correlatorsO2
P (l) =

DQk+l
j=k ŝj

E
(see Eq. 1 and

Fig. 1B) in our one-dimensional systems, where the prod-
uct is calculated over a chain of length l + 1. In the
simplest case of a zero-temperature MI at J/U = 0, no
fluctuations exist and therefore O2

P (l) = 1. As J/U in-
creases, fluctuations in the form of particle-hole pairs ap-
pear. Whenever a certain number of particle-hole pairs
lies completely within the region covered by the string
correlator, the respective minus signs cancel pairwise.
However, there is also the possibility that a particle-hole
pair is cut by one end of the string correlator, for ex-
ample when a particle exists at position < k and the
corresponding hole has a position � k, resulting in an
unpaired minus sign. As a consequence, O2

P (l) decreases
with increasing J/U since the probability to cut particle-
hole pairs becomes larger. Finally, at the transition to
the SF phase, the pairs begin to deconfine and overlap,
resulting in a completely random product of signs and
O2

P = 0.
To support this intuitive argument, we calculated

O2
P (l) numerically using DMRG in a homogeneous sys-

tem at T = 0. We show O2
P (l) in Fig. 3 for selected dis-

tances l together with the extrapolated values of O2
P =

liml!1 O2
P (l) (inset to Fig 3), which we computed using

finite-size scaling (see Appendix). We performed a fit to
the extrapolated values close to the critical point with an
exponential scaling

O2
P / exp

��A
⇥
(J/U)1dc � (J/U)

⇤�1/2�
(3)

characteristic for a transition of BKT type (Fig. 3) that
one expects in one dimension [14, 15]. From the fit we
find (J/U)1dc = 0.295 � 0.320, which is compatible with
previously computed values [25, 26] (see Appendix). The
fact that OP = 0 in the SF and OP > 0 in the MI as well
as the agreement with the expected scaling show that OP

serves as an order parameter for the MI phase in one di-
mension [14]. Additionally, the simulations demonstrate
that OP (l) is well suited to characterize the SF-MI tran-
sition even for finite lengths l.
Our experimentally obtained values of O2

P (l) for string
length l  8 (Fig. 4A) agree qualitatively well with in-
trap MPS calculations at T = 0.09U/kB (Fig. 4B). We
observe a stronger decay of O2

P (l) with l compared to
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