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a physics connection in paradise
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• 1957: J. R. Oppenheimer 
purchases small plot of land in 
Hawksnest bay -  
“Oppenheimer beach”

• 2013: Oppenheimer-Volkoff 
approximation returns to St 
John
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motivation: non-equilibrium dynamics

• The challenge: how to characterise quantum dynamics far from equilibrium?

• Lack of broadly applicable principles and techniques

• Progress has been achieved in integrable models:
- quench to CFT: Cardy & Calabrese PRL 96 2006
- quench in transverse Ising chain: Calabrese, Essler & Fagotti PRL 106 (2011)
- quench in BCS pairing: Barankov, Levitov & Spivak PRL 93 (2004)
-  quench in matrix models [arXiv today by Mandal & Morita]

• Holography provides non-integrable yet solvable examples
- plasma quench: Chesler & Yaffe PRL 102 (2009)
- vaidya quench: de Boer et al. PRL 106 (2011)
- ... many more
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approach: holography & numerical relativity

• We will endeavour to model QCPs using holography. Scaling symmetries 
encoded as isometries of `dual’ spacetime

• Continuum theory near QCP is encoded in dynamics of dual string (really 
gravity) theory

• Use the simplest holographic model which allows modelling dynamics of 
order parameter at finite density

• Dual to a putative (matrix) large-N conformal gauge theory. Broken by finite 
density, temperature. No susy.

• aim for generic results & lessons for out-of equilibrium physics 
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outline

1.motivation
“holography provides solvable examples ”

2. background
“holographic dualities, equilibrium issues”

3. a holographic setup for dynamical symmetry breaking
“Numerical relativity, structure of collective modes”

4. conclusions and outlook
“dynamical consequences of symmetry breaking”



2. background
“holographic dualities, equilibrium issues”



gauge-gravity duality

• Duality between Anti-de Sitter gravity and conformal field theory
(AdSD+1: very simple curved space, whose symmetries are given by the 
conformal group in D dimensions)

• In fact: CFT is just an RG fixed point — gauge-gravity duality describes 
whole RG flows between conformal (scale!)-invariant fixed points

8

Quantum theory of gravity on AdSD+1 
space

Quantum field theory in D (flat) 
dimensions

≃



learning from gauge-gravity duality
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Semi-classical theory of gravity on 
AdSD+1 space

Strongly coupled large-N quantum 
field theory in D (flat) dimensions

≃

• Gravity in fully quantum regime is out of reach, but semiclassical is fine.
It turns out, this is extremely useful

• Time dependence in field theory translates to evolving Einstein equations + 
matter to construct bulk ⇒ well-defined problem even far from equilibrium 
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FIG. 2. AdS spacetime with a planar black brane. The current (J
µ

) correlators of the CFT are related
to those of the U(1) gauge field (A

µ

) in the AdS (bulk) spacetime. The temperature of the horizon of
the black brane is equal to the temperature of the CFT. The horizon acts as a “leaky” boundary to the
bulk A

µ

normal modes, which consequently become quasi-normal modes with complex frequencies. These
quasi-normal modes specify the finite temperature dynamic properties of the CFT.

the recent work of Bhaseen et al.18 showed that the important qualitative features of the approach

to thermal equilibrium from an out-of-equilibrium thermal state could be well understood by a

knowledge of the structure of the quasi-normal mode frequencies.

From our quasi-normal mode perspective, we will find two exact sum rules that are obeyed by

the universal quantum critical conductivity, �(!), of all CFTs in 2+1 dimensions with a conserved

U(1) charge. These are
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Here �1 is the limiting value of the conductivity for ! � T (in applications to the lattice models to

condensed matter physics, we assume that ! always remains smaller than ultraviolet energy scales

set by the lattice). The first of these sum rules in Eq. (1) is quite natural from the Boltzmann

perspective: it is similar to the standard f -sum rule, which we extend to CFTs in Appendix A. The

second sum rule follows from the existence of a S-dual (or “particle-vortex” dual) theory15,19–21

whose conductivity is the inverse of the conductivity of the direct theory. All our holographic

results here satisfy these two sum rules. We show in Appendix B that the N = 1 result of the

O(N) model in Ref. 4 obeys the sum rule in Eq. (1), a feature that was not noticed previously.

However such quasiparticle-Boltzmann computations do not obey the sum rule in Eq. (2). The

holographic computations of the conductivity are the first results which obey not only the sum
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ensembles in gauge-gravity
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IR (e.g. BH)

UV (e.g. CFT3)

☛ boundary conditions 
on Zgravity determine 
ensemble

☛  Temperature: BH in 
bulk

☛ charge density: flux 
from bulk BH
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Ô(t, x)++
++

++ flux  Ô(z; t, x)

holographic direction ~ RG

• Zgravity is generating functional of CFT correlations. Incorporate finite 
temperature and density in formalism.



requirements on the model

• Want bulk solutions that allow for: charged BHs (notion of temperature), U(1) 
gauge field (chemical potential), complex scalar field (order parameter)
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gravity - metric g energy-momentum T

conserved current J

order parameter <Oψ>

gauge field A

charged scalar ψ

• Equilibrium solutions are given by static charged black holes. At low 
temperatures symmetry is broken. Equilibrium phase diagram determined by 
finding all static solutions with right boundary conditions

• Full evolution of all the bulk fields allows to compute full dynamical study of 
order parameter formation/relaxation, thermalisation, ...



a holographic model of superconductivity

• We discuss a specific model of holographic superfluid. New results here in a 
dynamical context more general and may extend beyond holography

• Specific example: minimal model of holographic superconductor

• Complex scalar Ψ is dual to symmetry-breaking order parameter
1) RN: un-condensed normal phase, new hairy BH: s.c. phase
       
2) leading near-boundary term of Ψ = source; subleading term = vev
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equilibrium phase diagram

• Construct homogeneous bulk solutions with spontaneous U(1) breaking
→ black hole with `scalar hair’

0.0 0.2 0.4 0.6 0.8 1.0
0

2

4

6

8

10

`standard’ black holeT=0 limit of unbroken phase
T/TC

• finite chemical potential

• fixed ψ(1)=0

• broken branch has lower free energy

• 2nd order phase transition

T=0 limit of broken phase

q
|O |/µ



ads/cft dynamics: numerical relativity

• We wish to model a quench holographically: prescribe a sudden change in 
some physical parameter of the theory on the boundary and then evolve the 
non-linear PDEs numerically to ‘fill in the bulk’
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outline

1.motivation
“holography provides solvable examples ”

2. background
“holographic dualities, equilibrium issues”

3. a holographic setup for dynamical symmetry breaking
“Numerical relativity, structure of collective modes”

4. conclusions and outlook
“dynamical consequences of symmetry breaking”



3. a holographic setup for dynamical symmetry 
breaking
“Numerical relativity, structure of collective modes”



schematic of our setup
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more details of the setup [related work: Murata, Kinoshita & Tanahashi, 2010]

• for simplicity: take homogeneous quench of fixed width and variable height

• the complex scalar can be expressed as

• and Ψ1(t) is the source JO(t) at the boundary. Use source to quench the 
system (future work: different systems and different quenches...)

• solve system of  (1+1) non-linear PDE by a pseudo-spectral method in 
spatial directions and ‘Crank-Nicholson’ finite differences in time direction
(subtle issue about gauges. trial and error leads to stable choice) 18

 (v, z) = z
⇣
 1(v) +  ̂(v, z)

⌘

JO(t) = �e�(t/⌧̄)2



the resulting dynamics I
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• The dynamics of this quench give rise to three distinct regimes

I. Oscillation

II.Decay to finite gap

III.Decay to zero gap

 1(t) = �e�(t/⌧̄)2

3

FIG. 1. Schematic representation of the space-time coordi-
nates (2). We show data for the time evolution of the real
part of the scalar field  (t, z) following a Gaussian quench at
t = 0 with � = 0.15, from a superfluid black hole initial state
as t ! �1 with Ti/Tc = 0.5. The behaviour near the AdS
boundary at z = 0 is used to extract the dynamics of the
superfluid order parameter hO(t)i shown in Figs 2,3.

that for large quench strengths we exit the initial super-
fluid phase completely. In contrast, in region II it exhibits
non-oscillatory exponential decay with Re(!) = 0 to-
wards |hOif | 6= 0. As we shall see later, this corresponds
to the presence of a gapped “amplitude” mode and a
gapless “phase” mode in the superfluid phase. However,
in region I it exhibits exponentially damped oscillations
with Re(!) 6= 0 towards |hOif | 6= 0, so that for smaller
quench strengths there is another regime of dynamics.
For the parameters used in Fig. 2, the transition from
I to II occurs at a critical quench strength �⇤ ⇡ 0.14,
whilst the transition from II to III occurs at �c ⇡ 0.21.

The behaviour shown in Fig. 2 is reminiscent of the
dynamical phase diagram for a BCS superconductor
[16], despite the fact that the holographic superfluid is
strongly coupled, and that the e↵ects of thermal damp-
ing are incorporated. Indeed, the persistent oscillations
of the integrable BCS Hamiltonian are replaced here by
an under-damped approach towards |hOif | 6= 0, whilst
the power-law damped BCS oscillations are replaced by
an exponentially damped approach. The transition at
�⇤ provides a finite temperature and collision dominated
analogue of the collisionless Landau damping transition
[16].

Emergent Temperature Scale.— We can gain further
insight by considering the phase diagram as a function
of the final temperature, Tf , corresponding to the equi-
librium temperature of the final state black hole. In

FIG. 2. (a) Dynamical phase diagram of the holographic su-
perfluid showing the final order parameter, |hOif |, at late
times. We start in the superfluid state with Ti = 0.5Tc, and
monitor the time evolution with increasing quench strength
�. The dynamics exhibits three regimes of behaviour; for the
chosen parameters the transitions between these regimes oc-
cur at �⇤ ⇡ 0.14 and �c ⇡ 0.21. (b) In region I we observe
damped oscillations towards |hOif | 6= 0. (c) In region II we
find a non-oscillatory approach towards |hOif | 6= 0. (d) In
region III we find a non-oscillatory decay towards |hOif | = 0.
The dashed lines in (b), (c), and (d) correspond to the dom-
inant quasi-normal modes of the final state black holes for
temperatures Tf/Tc = 0.73, 0.95, 1.48 respectively.

Fig. 3(a) we plot Tf versus �, showing that stronger
quenches lead to greater final temperatures, consistent
with the notion that the quench leads to heating. Using
this relationship we may re-plot the data in Fig. 2 as a
function of Tf ; see Fig. 3(b). The data collapse on to the
equilibrium phase diagram of the holographic superfluid
[35], as indicated by the solid line. The transition from
II to III is associated with increasing Tf above Tc. How-
ever, Fig. 3(b) contains more information than the equi-
librium phase diagram; there is an emergent dynamical
temperature scale T⇤, associated with �⇤, where the time



the resulting dynamics II
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• we can dress the results up as a dynamical phase diagram

• three regimes in nonequilibrium phase diagram. Using information of Tf(  ) can 
collapse on equilibrium phase diagram (just a check). Underlying physics?

4

FIG. 3. (a) Final state temperature Tf versus the quench
strength �. We use the same initial parameters as in Fig. 2.
(b) Using the relationship in (a) the dynamical boundary in
Fig. (2) collapses on to the equilibrium phase diagram of the
superfluid [34, 35] as shown by the solid line. The dynamical
transition at �⇤ ⇡ 0.14 in Fig. 2 occurs within the superfluid
phase at a temperature T⇤ ⇡ 0.81Tc.

evolution changes from under-damped to over-damped.

Quasi-Normal Modes.— In order to gain insight into
the three regimes of collective dynamics, the temperature
scale T⇤, and to expose its broader relevance, we turn our
attention to the late time asymptotics in Figs 2-3. As
t ! 1, the dynamics is described by the quasi-normal
modes (QNMs) of the late time black holes. Each QNM
describes an approach to equilibrium in linear pertur-
bation theory with time dependence e

�i!t. Those that
dominate the late time dynamics have complex frequency
! with the greatest imaginary part and give rise to the
behaviour in Eq. (7). As outlined in the Supplementary
Material, we have calculated the homogeneous isotropic
QNMs both for the AdS-RN black holes (3), and for the
superfluid black holes of Ref. [35]. The trajectories of the
dominant QNMs in the complex ! plane are depicted in
Fig. 4.

Typically, the real parts of the dominant QNM fre-
quencies correspond to oscillations, and the imaginary
parts to damping. However, as shown in Fig. 4(c), for
temperatures above Tc, the QNMs for the AdS-RN black
hole have two complex frequencies that are closest to the
real axis. Nonetheless, substitution into Eq. (7) with
hOf i = 0 yields the damped non-oscillatory behaviour
found in region III of Fig. 2. As the temperature is low-
ered, these dominant poles migrate upwards in the com-
plex ! plane and at the superfluid transition tempera-
ture, Tc, they coincide at ! = 0. This corresponds to the
onset of spontaneous U(1) symmetry breaking with the

FIG. 4. Evolution of the QNM frequencies with temperature.
(a) T = 0.71Tc. (b) T = 0.95Tc. (c) T = 1.68Tc. Time
reversal invariance corresponds to ! ! �!⇤. (d) and (e)
show the imaginary and real parts of the dominant QNMs.
i.e. the QNMs closest to the real axis. The results show three
regimes of dynamics, in quantitative agreement with Fig. 2.

appearance of a Goldstone mode. Below Tc, one of these
modes, the “amplitude” mode, travels down the imagi-
nary axis, consistent with time-reversal invariance under
! ! �!

⇤, whilst the Goldstone “phase” mode remains
pinned at ! = 0; see Fig. 4(b). The amplitude mode de-
scribes the damped approach to a finite order parameter
as shown in region II of Fig. 2; the Goldstone mode does
not a↵ect the dynamics in the homogeneous and isotropic
context, although it does lead to a hydrodynamic mode at
non-zero spatial momentum. As the temperature is low-
ered, the subdominant poles also ascend in the complex
plane. The dynamical transition temperature T⇤ corre-
sponds to the temperature at which the damping rate
of the descending amplitude mode coincides with that of
the ascending subdominant complex poles. For the cho-
sen parameters this occurs at T⇤ ⇡ 0.81Tc, in agreement
with the nonlinear analysis. For temperatures below T⇤,
the previously subdominant poles now become dominant,
as shown in Fig. 4(a). The dynamics corresponds to a
damped oscillatory approach to a finite order parameter
as found in region I. In addition to this change in dynam-
ics at T⇤, one may also extract the variation of the emer-
gent timescales as a function of temperature. As shown
in Figs. 4(d) and (e), there are three regimes. Moreover,

 1(t) = �e�(t/⌧̄)2

�



Gap dynamics in BCS theory [Levitov and others]

• BCS theory is the celebrated microscopic explanation of conventional 
superconductivity. An old story...
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• Recent (2004 -  ) new developments: coupling quench ⇒ the resulting 
(collisionless, non-adiabatic) dynamics can be solved as a non-linear 
integrable system!

pairing gap:
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time-dependent BCS pairing problem

• Recent (2004 -  ) new developments: coupling quench ⇒ the resulting 
(collisionless, non-adiabatic) dynamics can be solved as a non-linear 
integrable system!

pairing gap:
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compare to (simplified) BCS [Levitov and others]

• The dynamics of this quench give rise to three distinct regimes

22

Synchronization in the BCS Pairing Dynamics as a Critical Phenomenon

R. A. Barankov1 and L. S. Levitov2

1Department of Physics, University of Illinois at Urbana-Champaign, 1110 W. Green St, Urbana, Illinois 61801, USA
2Department of Physics, Massachusetts Institute of Technology, 77 Massachusetts Ave, Cambridge, Massachusetts 02139, USA

(Received 12 March 2006; published 16 June 2006)

Fermi gas with time-dependent pairing interaction hosts several different dynamical states. Coupling
between the collective BCS pairing mode and individual Cooper pair states can make the latter either
synchronize or dephase. We describe transition from phase-locked undamped oscillations to Landau-
damped dephased oscillations in the collisionless, dissipationless regime as a function of coupling
strength. In the dephased regime, we find a second transition at which the long-time asymptotic pairing
amplitude vanishes. Using a combination of numerical and analytical methods we establish a continuous
(type II) character of both transitions.

DOI: 10.1103/PhysRevLett.96.230403 PACS numbers: 05.30.Fk, 03.75.Kk, 03.75.Lm, 03.75.Ss

Recent discovery of BCS pairing in fermionic vapors
[1], made possible by control of interactions in trapped
cold gases [2], has renewed interest in quantum collective
phenomena [3]. Advanced detection techniques and long
coherence times in vapors enable time-resolved studies of
new collective modes, such as spin waves [4] and the BCS
pairing mode [5].

Interaction between a collective mode and constituting
particles is key for our understanding of dynamics in
various systems, from plasma to quantum gases. One of
the most surprising of these phenomena is Landau damp-
ing, which occurs in a collisionless regime via direct dis-
sipationless energy transfer from the collective mode to
single particles. Its nondissipative and thus reversible char-
acter [6] leads to a variety of regimes, notably to quenching
of the damping, first explored in plasma physics [7].
Remarkably, a linearly damped mode can regrow and
transform to a stationary oscillatory Bernstein-Greene-
Kruskal mode. This fascinating prediction was confirmed
experimentally only recently [8].

Naturally, the richness of these nonlinear phenomena
makes it tempting to look for their analogs in cold gases.
Collisionless damping in cold gases was considered, in the
linear regime, for optical excitations [9], spin waves
[10,11], and excitations in optical lattices [12]. Motivated
by the work on fermion superfluidity [1,5], here we focus
on the pairing dynamics of fermions [13–17] induced by a
sudden change of interaction. The collisionless regime
becomes practical in this case due to long relaxation times
!" ! !! " @=! [13], where ! is the BCS gap, and !" ’
@EF=!2 is the two-fermion collision time estimated at the
energy ’ ! near the Fermi level. The pairing mode of a
small amplitude oscillates at a frequency 2!=@ and exhib-
its collisionless dephasing [18]. These conclusions were
extended recently to the nonlinear regime [19].

This behavior changes drastically as the perturbation
increases. The main result of this work, as summarized in
Fig. 1, is prediction of a dynamical transition resulting
from competition between synchronization and collision-
less dephasing, taking place as a function of the initial

pairing gap, !s. We found three qualitatively different
regimes (A, B, and C) with the critical points at !AB "
e##=2!0 and !BC " e#=2!0, where !0 is the equilibrium
pairing amplitude in the final BCS state. Below the A-B
transition, !s <!AB, individual Cooper pair states syn-
chronize and the pairing amplitude oscillates between !$
and !# without damping. In contrast, in the interval
!AB % !s < !BC the pairing amplitude is Landau damped
and exhibits decaying oscillation, saturating at an asymp-
totic value, !a, with nonmonotonic dependence on !s. A
second transition occurs at !s " !BC. The dynamics be-
comes overdamped at !s >!BC, and !&t' decreases to
zero without oscillations. The oscillation amplitude and the
asymptotic value !a vanish continuously at the critical
points A-B and B-C, as in a type II transition. We demon-
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FIG. 1 (color online). Three regimes of the pairing dynamics
vs the initial gap value !s: numerical (open circles) and
analytical (line). In synchronized phase (A), !s <!AB, the
pairing amplitude oscillates between !# and !$. In the de-
phased regime (B;C), the pairing amplitude saturates to a
constant value, !a, when !AB % !s <!BC, and decreases to
zero at !s ( !BC. Dashed line: The stationary gap value !&T)'
reached in a closed system after equilibration.
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I. Oscillation

II.Decay to finite gap

III.Decay to zero gap

‣ our achievement is twofold: 1) we exhibit analogous phenomena in a 
strongly-coupled system including the issue of thermalization  
2) we identify a new and generic mechanism within dynamical symmetry 
breaking leading to this behaviour

`strength’ of quench
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considering asymptotic states
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• at late-times the system approaches a static equilibrium solution. Solution 
must be located on family of time-independent black holes

• one can study the approach to such states in perturbation theory. 
Perturbations contain information about collective modes of dual system. 
We focus on the sector that couples to condensate fluctuation

• normalisable perturbations of the final state with causal boundary conditions 
- these are called quasi-normal modes in the language of gravity

��I(v, z) = e�i!v�!
I (z)

• The analytic structure of the Φ tells us about a) late-time behaviour of 
observables b) poles in n-point functions of dual operators



quasi-normal modes: detailed structure
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|hO(t)i| = |hOf i+ ce�i!Lt|
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order-parameter dynamics:

[see also: Amado et al.]



region III (T>Tc): pure decay to zero order parameter
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T > Tc
T = Tc

T = T⇤ T < T⇤T⇤ < T < Tc

Monday, 26 November 12

• dominant QNMs have

Re(!) 6= 0 Im(!) 6= 0

• but                          sohOf i = 0

3

FIG. 1. Schematic representation of the space-time coordi-
nates (2). We show data for the time evolution of the real
part of the scalar field  (t, z) following a Gaussian quench at
t = 0 with � = 0.15, from a superfluid black hole initial state
as t ! �1 with Ti/Tc = 0.5. The behaviour near the AdS
boundary at z = 0 is used to extract the dynamics of the
superfluid order parameter hO(t)i shown in Figs 2,3.

that for large quench strengths we exit the initial super-
fluid phase completely. In contrast, in region II it exhibits
non-oscillatory exponential decay with Re(!) = 0 to-
wards |hOif | 6= 0. As we shall see later, this corresponds
to the presence of a gapped “amplitude” mode and a
gapless “phase” mode in the superfluid phase. However,
in region I it exhibits exponentially damped oscillations
with Re(!) 6= 0 towards |hOif | 6= 0, so that for smaller
quench strengths there is another regime of dynamics.
For the parameters used in Fig. 2, the transition from
I to II occurs at a critical quench strength �⇤ ⇡ 0.14,
whilst the transition from II to III occurs at �c ⇡ 0.21.

The behaviour shown in Fig. 2 is reminiscent of the
dynamical phase diagram for a BCS superconductor
[16], despite the fact that the holographic superfluid is
strongly coupled, and that the e↵ects of thermal damp-
ing are incorporated. Indeed, the persistent oscillations
of the integrable BCS Hamiltonian are replaced here by
an under-damped approach towards |hOif | 6= 0, whilst
the power-law damped BCS oscillations are replaced by
an exponentially damped approach. The transition at
�⇤ provides a finite temperature and collision dominated
analogue of the collisionless Landau damping transition
[16].

Emergent Temperature Scale.— We can gain further
insight by considering the phase diagram as a function
of the final temperature, Tf , corresponding to the equi-
librium temperature of the final state black hole. In

FIG. 2. (a) Dynamical phase diagram of the holographic su-
perfluid showing the final order parameter, |hOif |, at late
times. We start in the superfluid state with Ti = 0.5Tc, and
monitor the time evolution with increasing quench strength
�. The dynamics exhibits three regimes of behaviour; for the
chosen parameters the transitions between these regimes oc-
cur at �⇤ ⇡ 0.14 and �c ⇡ 0.21. (b) In region I we observe
damped oscillations towards |hOif | 6= 0. (c) In region II we
find a non-oscillatory approach towards |hOif | 6= 0. (d) In
region III we find a non-oscillatory decay towards |hOif | = 0.
The dashed lines in (b), (c), and (d) correspond to the dom-
inant quasi-normal modes of the final state black holes for
temperatures Tf/Tc = 0.73, 0.95, 1.48 respectively.

Fig. 3(a) we plot Tf versus �, showing that stronger
quenches lead to greater final temperatures, consistent
with the notion that the quench leads to heating. Using
this relationship we may re-plot the data in Fig. 2 as a
function of Tf ; see Fig. 3(b). The data collapse on to the
equilibrium phase diagram of the holographic superfluid
[35], as indicated by the solid line. The transition from
II to III is associated with increasing Tf above Tc. How-
ever, Fig. 3(b) contains more information than the equi-
librium phase diagram; there is an emergent dynamical
temperature scale T⇤, associated with �⇤, where the time

|hO(t)i| = |hOf i+ ce�i!t|
= |c|eIm(!)t



region II (T*<T<Tc): pure decay to nonzero order parameter
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FIG. 1. Schematic representation of the space-time coordi-
nates (2). We show data for the time evolution of the real
part of the scalar field  (t, z) following a Gaussian quench at
t = 0 with � = 0.15, from a superfluid black hole initial state
as t ! �1 with Ti/Tc = 0.5. The behaviour near the AdS
boundary at z = 0 is used to extract the dynamics of the
superfluid order parameter hO(t)i shown in Figs 2,3.

that for large quench strengths we exit the initial super-
fluid phase completely. In contrast, in region II it exhibits
non-oscillatory exponential decay with Re(!) = 0 to-
wards |hOif | 6= 0. As we shall see later, this corresponds
to the presence of a gapped “amplitude” mode and a
gapless “phase” mode in the superfluid phase. However,
in region I it exhibits exponentially damped oscillations
with Re(!) 6= 0 towards |hOif | 6= 0, so that for smaller
quench strengths there is another regime of dynamics.
For the parameters used in Fig. 2, the transition from
I to II occurs at a critical quench strength �⇤ ⇡ 0.14,
whilst the transition from II to III occurs at �c ⇡ 0.21.

The behaviour shown in Fig. 2 is reminiscent of the
dynamical phase diagram for a BCS superconductor
[16], despite the fact that the holographic superfluid is
strongly coupled, and that the e↵ects of thermal damp-
ing are incorporated. Indeed, the persistent oscillations
of the integrable BCS Hamiltonian are replaced here by
an under-damped approach towards |hOif | 6= 0, whilst
the power-law damped BCS oscillations are replaced by
an exponentially damped approach. The transition at
�⇤ provides a finite temperature and collision dominated
analogue of the collisionless Landau damping transition
[16].

Emergent Temperature Scale.— We can gain further
insight by considering the phase diagram as a function
of the final temperature, Tf , corresponding to the equi-
librium temperature of the final state black hole. In

FIG. 2. (a) Dynamical phase diagram of the holographic su-
perfluid showing the final order parameter, |hOif |, at late
times. We start in the superfluid state with Ti = 0.5Tc, and
monitor the time evolution with increasing quench strength
�. The dynamics exhibits three regimes of behaviour; for the
chosen parameters the transitions between these regimes oc-
cur at �⇤ ⇡ 0.14 and �c ⇡ 0.21. (b) In region I we observe
damped oscillations towards |hOif | 6= 0. (c) In region II we
find a non-oscillatory approach towards |hOif | 6= 0. (d) In
region III we find a non-oscillatory decay towards |hOif | = 0.
The dashed lines in (b), (c), and (d) correspond to the dom-
inant quasi-normal modes of the final state black holes for
temperatures Tf/Tc = 0.73, 0.95, 1.48 respectively.

Fig. 3(a) we plot Tf versus �, showing that stronger
quenches lead to greater final temperatures, consistent
with the notion that the quench leads to heating. Using
this relationship we may re-plot the data in Fig. 2 as a
function of Tf ; see Fig. 3(b). The data collapse on to the
equilibrium phase diagram of the holographic superfluid
[35], as indicated by the solid line. The transition from
II to III is associated with increasing Tf above Tc. How-
ever, Fig. 3(b) contains more information than the equi-
librium phase diagram; there is an emergent dynamical
temperature scale T⇤, associated with �⇤, where the time

T > Tc
T = Tc

T = T⇤ T < T⇤T⇤ < T < Tc

Monday, 26 November 12

hOf i 6= 0

Re(!) = 0 Im(!) 6= 0
Higgs mode
cf. [Podolsky & Sachdev]

Goldstone mode
cf. [Podolsky & Sachdev]

|hO(t)i|2 = |hOf i+ ce�i!t|2
= |hOf i|2 + |c|2e2Im(!)t

+2|c|eIm(!)tRe [hOf ic⇤]



region I (T<T*): oscillatory decay to nonzero order parameter
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FIG. 1. Schematic representation of the space-time coordi-
nates (2). We show data for the time evolution of the real
part of the scalar field  (t, z) following a Gaussian quench at
t = 0 with � = 0.15, from a superfluid black hole initial state
as t ! �1 with Ti/Tc = 0.5. The behaviour near the AdS
boundary at z = 0 is used to extract the dynamics of the
superfluid order parameter hO(t)i shown in Figs 2,3.

that for large quench strengths we exit the initial super-
fluid phase completely. In contrast, in region II it exhibits
non-oscillatory exponential decay with Re(!) = 0 to-
wards |hOif | 6= 0. As we shall see later, this corresponds
to the presence of a gapped “amplitude” mode and a
gapless “phase” mode in the superfluid phase. However,
in region I it exhibits exponentially damped oscillations
with Re(!) 6= 0 towards |hOif | 6= 0, so that for smaller
quench strengths there is another regime of dynamics.
For the parameters used in Fig. 2, the transition from
I to II occurs at a critical quench strength �⇤ ⇡ 0.14,
whilst the transition from II to III occurs at �c ⇡ 0.21.

The behaviour shown in Fig. 2 is reminiscent of the
dynamical phase diagram for a BCS superconductor
[16], despite the fact that the holographic superfluid is
strongly coupled, and that the e↵ects of thermal damp-
ing are incorporated. Indeed, the persistent oscillations
of the integrable BCS Hamiltonian are replaced here by
an under-damped approach towards |hOif | 6= 0, whilst
the power-law damped BCS oscillations are replaced by
an exponentially damped approach. The transition at
�⇤ provides a finite temperature and collision dominated
analogue of the collisionless Landau damping transition
[16].

Emergent Temperature Scale.— We can gain further
insight by considering the phase diagram as a function
of the final temperature, Tf , corresponding to the equi-
librium temperature of the final state black hole. In

FIG. 2. (a) Dynamical phase diagram of the holographic su-
perfluid showing the final order parameter, |hOif |, at late
times. We start in the superfluid state with Ti = 0.5Tc, and
monitor the time evolution with increasing quench strength
�. The dynamics exhibits three regimes of behaviour; for the
chosen parameters the transitions between these regimes oc-
cur at �⇤ ⇡ 0.14 and �c ⇡ 0.21. (b) In region I we observe
damped oscillations towards |hOif | 6= 0. (c) In region II we
find a non-oscillatory approach towards |hOif | 6= 0. (d) In
region III we find a non-oscillatory decay towards |hOif | = 0.
The dashed lines in (b), (c), and (d) correspond to the dom-
inant quasi-normal modes of the final state black holes for
temperatures Tf/Tc = 0.73, 0.95, 1.48 respectively.

Fig. 3(a) we plot Tf versus �, showing that stronger
quenches lead to greater final temperatures, consistent
with the notion that the quench leads to heating. Using
this relationship we may re-plot the data in Fig. 2 as a
function of Tf ; see Fig. 3(b). The data collapse on to the
equilibrium phase diagram of the holographic superfluid
[35], as indicated by the solid line. The transition from
II to III is associated with increasing Tf above Tc. How-
ever, Fig. 3(b) contains more information than the equi-
librium phase diagram; there is an emergent dynamical
temperature scale T⇤, associated with �⇤, where the time

hOf i 6= 0

T > Tc
T = Tc

T = T⇤ T < T⇤T⇤ < T < Tc

Monday, 26 November 12

Re(!) 6= 0 Im(!) 6= 0
Higgs mode
cf. [Podolsky & Sachdev]

Goldstone mode
cf. [Podolsky & Sachdev]

|hO(t)i|2 = |hOf i+ ce�i!t|2
= |hOf i|2 + |c|2e2Im(!)t

+2eIm(!)t
⇣
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dynamics of symmetry breaking
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• T-reversal invariance means collective mode spectrum (manifested in our 
example as QNMs) must be symmetric under

! ! �!⇤

• Poles in spectral function (and other observables) come in two varieties:
a) pairs of poles off imaginary axis
b) single poles on imaginary axis

1. S.c. phase transition: coalescence of two poles at TC at ω = 0

2. Broken U(1) ⇒ Single pole (i.e. mode) at ω = 0 (Goldstone mode)

3. At T=0 no source of dissipation ⇒ leading poles are oscillatory in nature

1 + 2 + 3 = BL dynamical phase diagram!



outline

1.motivation
“holography provides solvable examples ”

2. background
“holographic dualities, equilibrium issues”

3. a holographic setup for dynamical symmetry breaking
“Numerical relativity, structure of collective modes”

4. conclusions and outlook
“dynamical consequences of symmetry breaking”



4. conclusions and outlook
“dynamical consequences of symmetry breaking”



conclusions

• very interesting far-from-equilibrium problems are accessible at the 
intersection of numerical relativity and AdS/CFT.

• simulated a quantum quench in ads/cft: persistence of BL phenomena to 
strong coupling and in systems that thermalise makes it more likely to be 
observed in actual experiments

• in fact: our analysis shows that BL-type behaviour could be generic for 
dynamical breaking of a continuous symmetry. This makes the experimental 
point even more emphatically.

• What is the meaning and / or origin of the (higher) quasinormal modes in the 
dual theory?
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