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| i ) Ground state of entire system,

⇢ = | ih |

⇢A = TrB⇢ = density matrix of region A

Entanglement entropy SE = �Tr (⇢A ln ⇢A)
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SE = aP � b exp(�cP )

where P is the surface area (perimeter)

of the boundary between A and B.
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Entanglement in the Z2 spin liquid

A

The sum over closed loops is characteristic of the Z2 spin liquid, introduced in 
N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991), 
X.-G. Wen, Phys. Rev. B  44, 2664 (1991)
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Entanglement in the Z2 spin liquid

A

Sum over closed loops: only an even number of 
links cross the boundary between A and B

The sum over closed loops is characteristic of the Z2 spin liquid, introduced in 
N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991), 
X.-G. Wen, Phys. Rev. B  44, 2664 (1991)
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SE = aP � ln(2)

where P is the surface area (perimeter)

of the boundary between A and B.
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Fractionalized excitations in the spin-liquid state of a
kagome-lattice antiferromagnet
Tian-Heng Han1, Joel S. Helton2, Shaoyan Chu3, Daniel G. Nocera4, Jose A. Rodriguez-Rivera2,5, Collin Broholm2,6 & Young S. Lee1

The experimental realization of quantum spin liquids is a long-
sought goal in physics, as they represent new states of matter. Quan-
tum spin liquids cannot be described by the broken symmetries
associated with conventional ground states. In fact, the interacting
magnetic moments in these systems do not order, but are highly
entangled with one another over long ranges1. Spin liquids have a
prominent role in theories describing high-transition-temperature
superconductors2,3, and the topological properties of these states
may have applications in quantum information4. A key feature of
spin liquids is that they support exotic spin excitations carrying
fractional quantum numbers. However, detailed measurements of
these ‘fractionalized excitations’ have been lacking. Here we report
neutron scattering measurements on single-crystal samples of the
spin-1/2 kagome-lattice antiferromagnet ZnCu3(OD)6Cl2 (also called
herbertsmithite), which provide striking evidence for this characte-
ristic feature of spin liquids. At low temperatures, we find that the
spin excitations form a continuum, in contrast to the conventional
spin waves expected in ordered antiferromagnets. The observation of
such a continuum is noteworthy because, so far, this signature of
fractional spin excitations has been observed only in one-dimensional
systems. The results also serve as a hallmark of the quantum spin-
liquid state in herbertsmithite.

In a spin liquid, the atomic magnetic moments are strongly corre-
lated but do not order or freeze even in the limit as the temperature, T,
goes to zero. Although many types of quantum spin-liquid states exist
in theory, a feature that is expected to be common to all is the presence
of deconfined spinons as an elementary excitation from the ground
state1. Spinons are spin-half (S 5 1/2) quantum excitations into which
conventional spin-wave excitations with S 5 1 fractionalize. In one
dimension, this phenomenon is well established for the S 5 1/2
Heisenberg antiferromagnetic chain, where spinons may be thought
of as magnetic domain boundaries that disrupt Néel order and are free
to propagate away from each other. In the one-dimensional compound
KCuF3, a continuum of spinon excitations has been well characterized
using neutron scattering5. In two dimensions, the nature of the spinon
excitations is less clear. First, the existence of two-dimensional magnets
with a quantum spin-liquid ground state is still a matter of great debate.
Second, the various spin-liquid states which are proposed in theory
give rise to a variety of spinon excitation spectra, which may be either
gapped or gapless.

The S 5 1/2 kagome-lattice Heisenberg antiferromagnet has long
been recognized as a promising system in which to search for quantum
spin-liquid states, because the kagome network of corner-sharing tri-
angles frustrates long-range magnetic order6–8. We have devised syn-
thetic methods to produce herbertsmithite (ZnCu3(OH)6Cl2) in which
the S 5 1/2 Cu21 moments are arranged on a structurally perfect
kagome lattice9 and nonmagnetic Zn21 ions separate the lattice planes.
A depiction of the crystal structure is shown in Supplementary Fig. 1.
Whereas herbertsmithite typically contains a small percentage of excess

Cu21 ions (,5% of the total) substituting for Zn21 ions in the inter-
layer sites, the kagome planes contain only Cu21 ions10. Measurements
on powder samples11–13 indicate strong antiferromagnetic super-
exchange (J < 17 meV, where J is the exchange coupling that appears
in the nearest-neighbour Heisenberg Hamiltonian) and the absence
of long-range magnetic order or spin freezing down to tempera-
tures of T 5 0.05 K. The bulk magnetic properties reveal a small
Dzyaloshinskii–Moriya interaction and an easy-axis exchange
anisotropy14,15, both of order J/10. Despite these small imperfections,
the nearest-neighbour Heisenberg model on a kagome lattice is still an
excellent approximation of the spin Hamiltonian for herbertsmithite.
This is especially important, because recent calculations on record
lattice sizes indicate that the ground state of this model is in fact a
quantum spin liquid16. Thus, experiments to probe the spin correla-
tions in herbertsmithite are all the more urgent.

To this end, we recently succeeded in developing a technique for the
growth of large, high-quality single crystals of herbertsmithite17, and
small pieces have been used in studies involving local probes18,19,
anomalous X-ray diffraction10, susceptibility15 and Raman scattering20.
In this Letter, we report inelastic neutron scattering measurements on
a large, deuterated, single-crystal sample of herbertsmithite. The neu-
tron scattering cross-section is directly proportional to the dynamic
structure factor Stot(Q, v) (where Q and v stand for the momentum
and energy transferred to the sample, respectively), which includes
both the nuclear and magnetic signals. The magnetic part, Smag(Q, v),
is the Fourier transform (in time and space) of the spin–spin correlation
function and can be obtained by subtracting the nuclear scattering as
described in the Supplementary Information. After calibration with
respect to a vanadium standard, the measured structure factors are
expressed in absolute units.

Contour plots of Stot(Q, v) are shown in Fig. 1a–c for T 5 1.6 K and
three different energy transfers Bv (B denotes Planck’s constant
divided by 2p). Figure 1a shows data for Bv 5 6 meV. Surprisingly,
the scattered intensity is exceedingly diffuse, spanning a large fraction
of the hexagonal Brillouin zone. A similar pattern of diffuse scatter-
ing is observed for Bv 5 2 meV (Fig. 1b). The diffuse nature of the
scattering at a temperature that is two orders of magnitude below the
exchange energy scale, J, is in strong contrast to observations in non-
frustrated quantum magnets. The S 5 1/2 square-lattice antiferromag-
net La2CuO4 develops substantial antiferromagnetic correlations for
T , J/2 (ref. 21), temperatures at which the low-energy scattering is
strongly peaked near the (p,p) point in reciprocal space. In herbert-
smithite, the scattered intensity is not strongly peaked at any spe-
cific point, and this remains true for all energies measured from
Bv 5 0.25 to 11 meV. This behaviour is also markedly different
from that observed in the larger, S 5 5/2 kagome antiferromagnet
KFe3(OH)6(SO4)2 which becomes magnetically ordered at low tem-
peratures and has magnetic peaks at q 5 0 wavevectors above the
ordering temperature22.

1Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA. 2NIST Center for Neutron Research, National Institute of Standards and Technology, Gaithersburg,
Maryland 20899, USA. 3Center for Materials Science and Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA. 4Department of Chemistry, Massachusetts Institute
of Technology, Cambridge, Massachusetts 02139, USA. 5Department of Materials Science and Engineering, University of Maryland, College Park, Maryland 20742, USA. 6Institute for Quantum Matter and
Department of Physics and Astronomy, The Johns Hopkins University, Baltimore, Maryland 21218, USA.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):

hnSF=U~ 3
!!!
2
p

{4
" #

1zj=jc! "
$ %1=2

j=jc{1! "1=2

Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap

hnMI=U~ 1z 12
!!!
2
p

{17
" #

j=jc
$ %1=2

1{j=jc! "1=2

where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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expected to diverge at low frequencies, if the probe in use couples
longitudinally to the order parameter2,4,5,9 (for example to the real part
of Y, if the equilibrium value of Y was chosen along the real axis), as is
the case for neutron scattering. If, instead, the coupling is rotationally
invariant (for example through coupling to jYj2), as expected for
lattice modulation, such a divergence could be avoided and the

response is expected to scale as n3 at low frequencies3,6,9,17.
Combining this result with the scaling dimensions of the response
function for a rotationally symmetric perturbation coupling to jYj2,
we expect the low-frequency response to be proportional to
(1 2 j/jc)

22n3 (ref. 9 and Methods). The experimentally observed sig-
nal is consistent with this scaling at the ‘base’ of the absorption feature
(Fig. 4). This indicates that the low-frequency part is dominated by
only a few in-trap eigenmodes, which approximately show the generic
scaling of the homogeneous system for a response function describing
coupling to jYj2.

In the intermediate-frequency regime, it remains a challenge to
construct a first-principles analytical treatment of the in-trap system
including all relevant decay and coupling processes. Lacking such a
theory, we constructed a heuristic model combining the discrete spec-
trum from the Gutzwiller approach (Fig. 3a) with the line shape for a
homogeneous system based on an O(N) field theory in two dimen-
sions, calculated in the large-N limit3,6 (Methods). An implicit assump-
tion of this approach is a continuum of phase modes, which is
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system with a recently developed scheme based on single-atom-
resolved detection24. It is the high sensitivity of this method that
allowed us to reduce the modulation amplitude by almost an order
of magnitude compared with earlier experiments20,21 and to stay well
within the linear response regime (Supplementary Information).

The results for selected lattice depths V0 are shown in Fig. 2b. We
observe a gapped response with an asymmetric overall shape that will
be analysed in the following paragraphs. Notably, the maximum
observed temperature after modulation is well below the ‘melting’
temperature for a Mott insulator in the atomic limit25, Tmelt < 0.2U/kB

(kB, Boltzmann’s constant), demonstrating that our experiments probe
the quantum gas in the degenerate regime. To obtain numerical values
for the onset of spectral response, we fitted each spectrum with an error
function centred at a frequency n0 (Fig. 2b, black lines). With j
approaching jc, the shift of the gap to lower frequencies is already
visible in the raw data (Fig. 2b) and becomes even more apparent for
the fitted gap n0 as a function of j/jc (Fig. 2a, filled circles). The n0 values
are in quantitative agreement with a prediction for the Higgs gap nSF at
commensurate filling (solid line):
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Here h denotes Planck’s constant. This value is based on an analysis of
variations around a mean-field state7,16 (throughout the manuscript,
we have rescaled jc in the theoretical calculations to match the value
jc<0:06 obtained from quantum Monte Carlo simulations26).

The sharpness of the spectral onset can be quantified by the width of
the fitted error function, which is shown as vertical dashed lines in
Fig. 2a. Approaching the critical point, the spectral onset becomes
sharper, and the width normalized to the centre frequency n0 remains
constant (Supplementary Fig. 3). The constancy of this ratio indicates
that the width of the spectral onset scales with the distance to the
critical point in the same way as the gap frequency.

We observe similar gapped responses in the Mott insulating regime
(Supplementary Information and Fig. 5a), with the gap closing con-
tinuously when approaching the critical point (Fig. 2a, open circles).
We interpret this as a result of combined particle and hole excitations
with a frequency given by the Mott excitation gap that closes at the
transition point16. The fitted gaps are consistent with the Mott gap
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where nMI is the Mott gap as predicted by mean-field theory16 (Fig. 2a,
dashed line).

The observed softening of the onset of spectral response in the
superfluid regime has led to an identification of the experimental
signal with a response from collective excitations of Higgs type. To
gain further insight into the full in-trap response, we calculated the
eigenspectrum of the system in a Gutzwiller approach16,22 (Methods
and Supplementary Information). The result is a series of discrete
eigenfrequencies (Fig. 3a), and the corresponding eigenmodes show
in-trap superfluid density distributions, which are reminiscent of the
vibrational modes of a drum (Fig. 3b). The frequency of the lowest-
lying amplitude-like eigenmode n0,G closely follows the long-wave-
length prediction for homogeneous commensurate filling nSF over a
wide range of couplings j/jc until the response rounds off in the vicinity
of the critical point due to the finite size of the system (Fig. 3c). Fitting
the low-frequency edge of the experimental data can be interpreted as
extracting the frequency of this mode, which explains the good
quantitative agreement with the prediction for the homogeneous com-
mensurate filling in Fig. 2a. Modes at different frequencies from the
lowest-lying amplitude-like mode broaden the spectrum only above
the onset of spectral response.

An eigenmode analysis, however, does not yield any information
about the finite spectral width of the modes, which stems from the
interaction between amplitude and phase excitations. We will consider
the question of the spectral width by analysing the low-, intermediate-
and high-frequency parts of the response separately. We begin by
examining the low-frequency part of the response, which is expected
to be governed by a process coupling a virtually excited amplitude
mode to a pair of phase modes with opposite momenta. As a result,
the response of a strongly interacting, two-dimensional superfluid is
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Figure 1 | Illustration of the Higgs mode and experimental sequence.
a, Classical energy density V as a function of the order parameter Y. Within the
ordered (superfluid) phase, Nambu–Goldstone and Higgs modes arise from
phase and amplitude modulations (blue and red arrows in panel 1). As the
coupling j 5 J/U (see main text) approaches the critical value jc, the energy
density transforms into a function with a minimum at Y 5 0 (panels 2 and 3).
Simultaneously, the curvature in the radial direction decreases, leading to a
characteristic reduction of the excitation frequency for the Higgs mode. In the
disordered (Mott insulating) phase, two gapped modes exist, respectively
corresponding to particle and hole excitations in our case (red and blue arrow in
panel 3). b, The Higgs mode can be excited with a periodic modulation of the
coupling j, which amounts to a ‘shaking’ of the classical energy density
potential. In the experimental sequence, this is realized by a modulation of the
optical lattice potential (see main text for details). t 5 1/nmod; Er, lattice recoil
energy.
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FIG. 1: (color online) (a) One hexagon of the honeycomb lattice showing J1 and J2 interactions. The six sides of the hexagon
are J1 bonds and the six J2 bonds are shown as (blue) dashed lines. (b) Illustration of the pattern of plaquette valence bond
(PVB) order. The spin-spin correlations di!er between the bonds shown thin (black) vs. thick (red). (c)Three phases on
the YC6-0 cylinder with 300 sites and a gradient of J2. The widths of lines are proportional to |!Si · Sj"|. We also show the
second-neighbor spin correlation, but only when its value is negative. The arrows represents the values of !Sz

i " at each site.
The scales for correlations and magnetizations are indicated. We remove several bonds in one zigzag row of the cylinder, so
that the AF spin pattern is more clearly seen. The two vertical lines at J2 = 0.26 and 0.36 indicate estimates of the phase
boundaries.

J2 ! 0.26, we find the usual two-sublattice AF phase.
For J2 " 0.36, we find a staggered valence bond crys-
tal (SVBC). We have studied in some detail the system
with J2 = 0.3, deep within the intermediate phase that
is neither AF nor SVBC. We examine various correla-
tion functions of this ground state on various cylinders.
The longest correlation length that we find is for PVB
order. The strong growth of the PVB correlation length
with cylinder circumference indicates that the system is
either near a quantum critical point or may have weak
long-range PVB order.

We use cylindrical (C) boundary conditions with open
ends for our DMRG [24, 25] calculations. We label the
cylinders either XCM-N or YCM-N. The labels X or Y
indicated whether a first-neighbor bond is oriented hor-
izontally (X) or vertically (Y). For XC cylinders, M is
the number of sites along a zigzag vertical column and
N means that the periodic boundary conditions are con-
nected with a shift of N zigzag columns to the left or right.
For YC cylinders, M is the number of zigzag horizontal
rows and N means the connection has a shift by N sites
along a zigzag row. For example, in the XC8-0 cylinder,
one set of edges of each hexagon lie along the X direction,
and there are 8 sites along the zigzag columns, which are
connected periodically. So the circumference is C = 4

!
3

lattice spacings. For the YC4-0 cylinder, one set of edges
of each hexagon lie along the Y direction and the cylin-
der is connected periodically along the Y direction with
circumference 6 lattice spacings. For the XC9-1 cylin-
der, the connection has a horizontal shift of one zigzag
column, producing a circumference of C = 3

!
7.

In Fig. 1(c), we present the ground state of a single
system which gives an overview of the entire phase dia-
gram. For this long YC6-0 cylinder, J2 is uniform along
the vertical direction, but varies linearly with the hori-

zontal position from J2 = 0 at the left edge to J2 = 0.5 at
the right edge. To make the AF order visible, we apply
a staggered field at the left end of the cylinder. As J2
increases along the cylinder, the AF order decreases, be-
coming negligible in the intermediate phase. We will dis-
cuss this intermediate state in detail below. The SVBC
phase appears clearly for J2 " 0.36. This SVBC phase
has strong first-neighbor correlations along the vertical
direction with strong horizontal second-neighbor correla-
tions connecting them to form “ladders”. Below we will
determine the phase boundaries of the AF and SVBC
phases more accurately.

First we estimate the boundary of the AF phase. One
technique to determine magnetic order parameters using
DMRG is to put strong ordering fields on the edges of
an open cylinder, and adjust the aspect ratio Ly/Lx to
to minimize the finite size e!ects [26]. For both square
and triangular spin-1/2 Heisenberg antiferromagnets, an
aspect ratio near 1.7 " 1.9 is found to minimize the finite
size e!ects. For XCM-0 cylinders with M columns, the
aspect ratio is

!
3, which we use. For J2 = 0, we deter-

mine that #Sz$ "= 0.27, which is close to the value de-
termined using Monte Carlo in the thermodynamic limit
#Sz$ = 0.2677(6) [27]. With J2 increasing, we find that
the magnetization reduces to near zero for J2 "= 0.26 in
Fig. 2. The various cluster sizes all point to the phase
transition near 0.26. This phase transition point is larger
than the classical limit value of J2 = 1

6
. Ref. [20] claims

the Neel order disappears at 0.08, however the value we
find here is more consistent with other studies which give
J2 "= 0.2 [11, 14].

To estimate the boundary of the SVBC phase we study
several XC cylinders with J2 varying from 0.28 to 0.40
using the method in Fig. 1. These results show the
SVBC phase for J2 " 0.36. We also use the entangle-

H = J
�

�ij⇥

⌅Si · ⌅Sj

Honeycomb lattice antiferromagnet

PVB

Z. Zhu, D. A. Huse, and S.R. White, arXiv:1212.6322

N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989)
O.I. Motrunich and A. Vishwanath, Phys. Rev. B 70, 075104 (2004).

T. Senthil, A. Vishwanath, L. Balents, S. Sachdev and M.P.A. Fisher, Science 303, 1490 (2004).

R. Ganesh, J. van den Bring, and S. Nishimoto, arXiv:1301.0853
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i " at each site.
The scales for correlations and magnetizations are indicated. We remove several bonds in one zigzag row of the cylinder, so
that the AF spin pattern is more clearly seen. The two vertical lines at J2 = 0.26 and 0.36 indicate estimates of the phase
boundaries.

J2 ! 0.26, we find the usual two-sublattice AF phase.
For J2 " 0.36, we find a staggered valence bond crys-
tal (SVBC). We have studied in some detail the system
with J2 = 0.3, deep within the intermediate phase that
is neither AF nor SVBC. We examine various correla-
tion functions of this ground state on various cylinders.
The longest correlation length that we find is for PVB
order. The strong growth of the PVB correlation length
with cylinder circumference indicates that the system is
either near a quantum critical point or may have weak
long-range PVB order.

We use cylindrical (C) boundary conditions with open
ends for our DMRG [24, 25] calculations. We label the
cylinders either XCM-N or YCM-N. The labels X or Y
indicated whether a first-neighbor bond is oriented hor-
izontally (X) or vertically (Y). For XC cylinders, M is
the number of sites along a zigzag vertical column and
N means that the periodic boundary conditions are con-
nected with a shift of N zigzag columns to the left or right.
For YC cylinders, M is the number of zigzag horizontal
rows and N means the connection has a shift by N sites
along a zigzag row. For example, in the XC8-0 cylinder,
one set of edges of each hexagon lie along the X direction,
and there are 8 sites along the zigzag columns, which are
connected periodically. So the circumference is C = 4

!
3

lattice spacings. For the YC4-0 cylinder, one set of edges
of each hexagon lie along the Y direction and the cylin-
der is connected periodically along the Y direction with
circumference 6 lattice spacings. For the XC9-1 cylin-
der, the connection has a horizontal shift of one zigzag
column, producing a circumference of C = 3

!
7.

In Fig. 1(c), we present the ground state of a single
system which gives an overview of the entire phase dia-
gram. For this long YC6-0 cylinder, J2 is uniform along
the vertical direction, but varies linearly with the hori-

zontal position from J2 = 0 at the left edge to J2 = 0.5 at
the right edge. To make the AF order visible, we apply
a staggered field at the left end of the cylinder. As J2
increases along the cylinder, the AF order decreases, be-
coming negligible in the intermediate phase. We will dis-
cuss this intermediate state in detail below. The SVBC
phase appears clearly for J2 " 0.36. This SVBC phase
has strong first-neighbor correlations along the vertical
direction with strong horizontal second-neighbor correla-
tions connecting them to form “ladders”. Below we will
determine the phase boundaries of the AF and SVBC
phases more accurately.

First we estimate the boundary of the AF phase. One
technique to determine magnetic order parameters using
DMRG is to put strong ordering fields on the edges of
an open cylinder, and adjust the aspect ratio Ly/Lx to
to minimize the finite size e!ects [26]. For both square
and triangular spin-1/2 Heisenberg antiferromagnets, an
aspect ratio near 1.7 " 1.9 is found to minimize the finite
size e!ects. For XCM-0 cylinders with M columns, the
aspect ratio is

!
3, which we use. For J2 = 0, we deter-

mine that #Sz$ "= 0.27, which is close to the value de-
termined using Monte Carlo in the thermodynamic limit
#Sz$ = 0.2677(6) [27]. With J2 increasing, we find that
the magnetization reduces to near zero for J2 "= 0.26 in
Fig. 2. The various cluster sizes all point to the phase
transition near 0.26. This phase transition point is larger
than the classical limit value of J2 = 1

6
. Ref. [20] claims

the Neel order disappears at 0.08, however the value we
find here is more consistent with other studies which give
J2 "= 0.2 [11, 14].

To estimate the boundary of the SVBC phase we study
several XC cylinders with J2 varying from 0.28 to 0.40
using the method in Fig. 1. These results show the
SVBC phase for J2 " 0.36. We also use the entangle-
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J2 ! 0.26, we find the usual two-sublattice AF phase.
For J2 " 0.36, we find a staggered valence bond crys-
tal (SVBC). We have studied in some detail the system
with J2 = 0.3, deep within the intermediate phase that
is neither AF nor SVBC. We examine various correla-
tion functions of this ground state on various cylinders.
The longest correlation length that we find is for PVB
order. The strong growth of the PVB correlation length
with cylinder circumference indicates that the system is
either near a quantum critical point or may have weak
long-range PVB order.

We use cylindrical (C) boundary conditions with open
ends for our DMRG [24, 25] calculations. We label the
cylinders either XCM-N or YCM-N. The labels X or Y
indicated whether a first-neighbor bond is oriented hor-
izontally (X) or vertically (Y). For XC cylinders, M is
the number of sites along a zigzag vertical column and
N means that the periodic boundary conditions are con-
nected with a shift of N zigzag columns to the left or right.
For YC cylinders, M is the number of zigzag horizontal
rows and N means the connection has a shift by N sites
along a zigzag row. For example, in the XC8-0 cylinder,
one set of edges of each hexagon lie along the X direction,
and there are 8 sites along the zigzag columns, which are
connected periodically. So the circumference is C = 4

!
3

lattice spacings. For the YC4-0 cylinder, one set of edges
of each hexagon lie along the Y direction and the cylin-
der is connected periodically along the Y direction with
circumference 6 lattice spacings. For the XC9-1 cylin-
der, the connection has a horizontal shift of one zigzag
column, producing a circumference of C = 3
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7.

In Fig. 1(c), we present the ground state of a single
system which gives an overview of the entire phase dia-
gram. For this long YC6-0 cylinder, J2 is uniform along
the vertical direction, but varies linearly with the hori-

zontal position from J2 = 0 at the left edge to J2 = 0.5 at
the right edge. To make the AF order visible, we apply
a staggered field at the left end of the cylinder. As J2
increases along the cylinder, the AF order decreases, be-
coming negligible in the intermediate phase. We will dis-
cuss this intermediate state in detail below. The SVBC
phase appears clearly for J2 " 0.36. This SVBC phase
has strong first-neighbor correlations along the vertical
direction with strong horizontal second-neighbor correla-
tions connecting them to form “ladders”. Below we will
determine the phase boundaries of the AF and SVBC
phases more accurately.

First we estimate the boundary of the AF phase. One
technique to determine magnetic order parameters using
DMRG is to put strong ordering fields on the edges of
an open cylinder, and adjust the aspect ratio Ly/Lx to
to minimize the finite size e!ects [26]. For both square
and triangular spin-1/2 Heisenberg antiferromagnets, an
aspect ratio near 1.7 " 1.9 is found to minimize the finite
size e!ects. For XCM-0 cylinders with M columns, the
aspect ratio is

!
3, which we use. For J2 = 0, we deter-

mine that #Sz$ "= 0.27, which is close to the value de-
termined using Monte Carlo in the thermodynamic limit
#Sz$ = 0.2677(6) [27]. With J2 increasing, we find that
the magnetization reduces to near zero for J2 "= 0.26 in
Fig. 2. The various cluster sizes all point to the phase
transition near 0.26. This phase transition point is larger
than the classical limit value of J2 = 1

6
. Ref. [20] claims

the Neel order disappears at 0.08, however the value we
find here is more consistent with other studies which give
J2 "= 0.2 [11, 14].

To estimate the boundary of the SVBC phase we study
several XC cylinders with J2 varying from 0.28 to 0.40
using the method in Fig. 1. These results show the
SVBC phase for J2 " 0.36. We also use the entangle-
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Critical theory for photons and deconfined spinons:
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Néel order ⇠ z⇤↵~�↵�z� ; PVB order ⇠ monopoles in AµCritical point is a conformal gauge theory for SU(N>4) 
antiferromagnets. Evidence for long correlation lengths and 

emergent gauge fluctuations for SU(2)
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Quantum critical dynamics 

S. Sachdev, Quantum Phase Transitions, Cambridge (1999).

Quantum “nearly perfect fluid”

with shortest possible local equilibration time, ⌧eq

⌧eq = C ~
kBT

where C is a universal constant.

Response functions are characterized by poles in LHP
with ! ⇠ kBT/~.

These poles (quasi-normal modes) appear naturally in
the holographic theory.

(Analogs of Higgs quasi-normal mode.)
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M.P.A. Fisher, G. Grinstein, and S.M. Girvin, Phys. Rev. Lett. 64, 587 (1990)                                                             
K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).

� =

Q2

h
⇥ [Universal constant O(1) ]

(Q is the “charge” of one boson)

Quantum critical dynamics 

Transport co-oe�cients not determined

by collision rate of quasiparticles, but by

fundamental constants of nature

Conductivity
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Transport co-oe�cients not determined

by collision rate of quasiparticles, but by

fundamental constants of nature

Momentum transport

�

s
⇥ viscosity

entropy density

=
�

kB
� [Universal constant O(1) ]
P. Kovtun, D. T. Son, and A. Starinets, Phys. Rev. Lett.  94, 11601 (2005)

Quantum critical dynamics 
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K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).

~!
kBT

1

; ⌃ ! a universal function

O(N)

O(1/N)

Re[�(!)]

�(!) =
Q2

h
⌃

✓
~!
kBT

◆

Vector large-N expansion for frequency-dependent

conductivity of CFT3

�1
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K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).

~!
kBT

1

; ⌃ ! a universal function

O(N)

O(1/N)

Re[�(!)]

�(!) =
Q2

h
⌃

✓
~!
kBT

◆

Vector large-N expansion for frequency-dependent

conductivity of CFT3

�1

“Drude” peak linked to

nearly-free quasiparticles

at vector large-N .
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K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997).

~!
kBT

1

; ⌃ ! a universal function

O(N)

O(1/N)

Re[�(!)]

�(!) =
Q2

h
⌃

✓
~!
kBT

◆

Vector large-N expansion for frequency-dependent

conductivity of CFT3

�1

Small ! and vector large N
limits do not commute

at T > 0.
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Field theories in d + 1 spacetime dimensions are
characterized by couplings g which obey the renor-
malization group equation

u
dg

du
= �(g)

where u is the energy scale. The RG equation is
local in energy scale, i.e. the RHS does not depend
upon u.

Holography
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Key idea: ) Implement r as an extra dimen-

sion, and map to a local theory in d + 2 spacetime

dimensions.

r xi

J. McGreevy, arXiv0909.0518

Holography
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r

Holography

xi

For a relativistic CFT in d spatial dimensions, the

metric in the holographic space is fixed by de-

manding the scale transformation (i = 1 . . . d)

xi ! ⇣xi , t ! ⇣t , ds ! ds
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r

Holography

xi

This gives the unique metric

ds

2
=

1

r

2

�
�dt

2
+ dr

2
+ dx

2
i

�

This is the metric of anti-de Sitter space AdSd+2.

Monday, February 4, 13



zr

AdS4
R

2,1

Minkowski

CFT3

AdS/CFT correspondence

xi

Monday, February 4, 13



zr

AdS4
R

2,1

Minkowski

CFT3

AdS/CFT correspondence

A

xi

Monday, February 4, 13



zr

AdS4
R

2,1

Minkowski

CFT3

AdS/CFT correspondence

A

S. Ryu and T.  Takayanagi, Phys. Rev. Lett. 96, 18160 (2006).

Associate entanglement entropy with an observer in the enclosed 
spacetime region, who cannot observe “outside” : i.e. the region is 
surrounded by an imaginary horizon.

xi

Myers
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AdS4
R

2,1

Minkowski

CFT3

AdS/CFT correspondence

A

S. Ryu and T.  Takayanagi, Phys. Rev. Lett. 96, 18160 (2006).

The entropy of this region is bounded by its surface area 
(Bekenstein-Hawking-’t Hooft-Susskind)

xi

Myers
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AdS/CFT correspondence

A
Minimal 

surface area 
measures

entanglement
entropy

S. Ryu and T.  Takayanagi, Phys. Rev. Lett. 96, 18160 (2006).

xi

Myers
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Minkowski

CFT3

AdS/CFT correspondence

A

S. Ryu and T.  Takayanagi, Phys. Rev. Lett. 96, 18160 (2006).

• Computation of minimal surface area yields

SE = aP � �,
where � is a shape-dependent universal number.

xi

Myers
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• Entanglement entropy obeys SE = aP � �, where

� is a shape-dependent universal number associated

with the CFT3.

Entanglement entropy from field theory of CFT3

B

M. A. Metlitski, C. A. Fuertes, and S. Sachdev, Physical Review B 80, 115122 (2009).
H. Casini, M. Huerta, and R. Myers, JHEP 1105:036, (2011)

I. Klebanov, S. Pufu, and B. Safdi, arXiv:1105.4598

A P

Klebanov
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with a negative cosmological constant
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AdS/CFT correspondence
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AdS/CFT correspondence
1

For every primary operator O(x) in the CFT, there is

a corresponding field �(x, r) in the bulk (gravitational)

theory. For a scalar operator O(x) of dimension �, the

correlators of the boundary and bulk theories are related

by

hO(x1) . . . O(xn)iCFT =

Zn
lim

r!0
r��
1 . . . r��

n h�(x1, r1) . . .�(xn, rn)ibulk

where the “wave function renormalization” factor Z =

(2��D).
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AdS/CFT correspondence 2

For a U(1) conserved current Jµ of the CFT, the corre-

sponding bulk operator is a U(1) gauge field Aµ. With a

Maxwell action for the gauge field

SM =

1

4g2M

Z
dD+1x

p
gFabF

ab

we have the bulk-boundary correspondence

hJµ(x1) . . . J⌫(xn)iCFT =

(Zg�2
M )

n
lim

r!0
r2�D
1 . . . r2�D

n hAµ(x1, r1) . . . A⌫(xn, rn)ibulk

with Z = D � 2.
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AdS/CFT correspondence
3

A similar analysis can be applied to the stress-energy

tensor of the CFT, Tµ⌫ . Its conjugate field must be a spin-

2 field which is invariant under gauge transformations: it

is natural to identify this with the change in metric of the

bulk theory. We write �gµ⌫ = (L2/r2)�µ⌫ , and then the

bulk-boundary correspondence is now given by

hTµ⌫(x1) . . . T⇢�(xn)iCFT =

✓
ZL2

2

◆n

lim

r!0
r�D
1 . . . r�D

n h�µ⌫(x1, r1) . . .�⇢�(xn, rn)ibulk ,

with Z = D.
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AdS/CFT correspondence
4

So the minimal bulk theory for a CFT with a conserved

U(1) current is the Einstein-Maxwell theory with a cosmo-

logical constant

S =

1

4g2M

Z
d4x

p
gFabF

ab

+

Z
d4x

p
g


� 1

22

✓
R+

6

L2

◆�
.

This action is characterized by two dimensionless param-

eters: gM and L2/2
, which are related to the T = 0 con-

ductivity �(!) = �1 and the central charge of the CFT.
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AdS/CFT correspondence

R. C. Myers, S. Sachdev, and A. Singh, Physical Review D 83, 066017 (2011)
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This minimal action also fixes multi-point correlators of

the CFT: however these do not have the most general form

allowed for a CFT. To fix these, we have to allow for higher-

gradient terms in the bulk action. For the conductivity, it

turns out that only a single 4 gradient term contributes

Sbulk =

1

g2M

Z
d4x

p
g


1

4

FabF
ab

+ �L2CabcdF
abF cd

�

+

Z
d4x

p
g


� 1

22

✓
R+

6

L2

◆�
,

where Cabcd is the Weyl tensor. The parameter � can be

related to 3-point correlators of Jµ and Tµ⌫ . Both bound-

ary and bulk methods show that |�|  1/12, and the bound

is saturated by free fields.
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AdS/CFT correspondence at non-zero temperatures

AdS4-Schwarzschild black-brane

ds

2 =

✓
L

r

◆2 
dr

2

f(r)
� f(r)dt2 + dx

2 + dy

2

�

with f(r) = 1� (r/R)3

r
A 2+1

dimensional

system at its

quantum

critical point:

kBT =

3~
4⇡R

.

Black-brane at 
temperature of 

2+1 dimensional 
quantum critical 

system
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Consequence of self-duality of Maxwell theory in 3+1 dimensions

Conductivity is

independent of ⇥/T
for � = 0.
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the quantum-Boltzmann result for

transport of particle-like excitations
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as the transport of vortex-like

excitations
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• The � = 0 case is the exact result for the large N limit

of SU(N) gauge theory with N = 8 supersymmetry (the

ABJM model). The ⇥-independence is a consequence of

self-duality under particle-vortex duality (S-duality).
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• Stability constraints on the e�ective
theory (|�| < 1/12) allow only a lim-
ited ⇥-dependence in the conductivity
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The scaling of the conductivity at the superfluid-insulator quantum phase transition in two dimensions
is studied by numerical simulations of the Bose-Hubbard model. In contrast to previous studies, we focus
on properties of this model in the experimentally relevant thermodynamic limit at finite temperature T. We
find clear evidence for deviations from !k scaling of the conductivity towards !k=T scaling at low
Matsubara frequencies !k. By careful analytic continuation using Padé approximants we show that this
behavior carries over to the real frequency axis where the conductivity scales with !=T at small
frequencies and low temperatures. We estimate the universal dc conductivity to be !! " 0:45#5$Q2=h,
distinct from previous estimates in the T " 0, !=T % 1 limit.

DOI: 10.1103/PhysRevLett.95.180603 PACS numbers: 05.60.Gg, 02.70.Ss, 05.70.Jk

The nontrivial properties of materials in the vicinity of
quantum phase transitions [1] (QPTs) are an object of
intense theoretical [1–3] and experimental studies. The
effect of quantum fluctuations driving the QPTs is espe-
cially pronounced in low-dimensional systems, such as
high-temperature superconductors and two-dimensional
(2D) electron gases, exhibiting the quantum Hall effect.
Particularly valuable are theoretical predictions of the
behavior of the dynamical response functions, such as the
optical conductivity and the dynamic structure factor, since
they allow for direct comparison of the theoretical results
with experimental data. It was pointed out by Damle and
Sachdev [2] that at the quantum-critical coupling the
scaled dynamic conductivity T#2&d$=z!#!; T$ at low fre-
quencies and temperatures is a function of the single
variable @!=kBT:

!#!=T; T ! 0$ " #kBT=@c$#d&2$=z!Q!#@!=kBT$: (1)

Here !Q " Q2=h is the conductivity ‘‘quantum’’ (Q " 2e
for the models we consider), !#x ' @!=kBT$ is a universal
dimensionless scaling function, c a nonuniversal constant,
and z the dynamical critical exponent. For d " 2 the ex-
ponent vanishes, leading to a purely universal conductivity
[4], depending only on frequency !, measured against a
characteristic time @" set by finite temperature T as
@!=kBT. Once @!=kBT % 1, for fixed T, the system no
longer ‘‘feels’’ the effect of finite temperature and it is
natural to expect that at such high ! a crossover to a
temperature-independent regime will take place [3], so
that !#!; T$ ( !#!$ with !#!$ decaying at high frequen-
cies as 1=!2 [2]. Deviations from scaling of ! with !
therefore signal that temperature effects have become im-
portant. Note that the predicted universal behavior occurs
for fixed !=T as T ! 0. The physical mechanisms of
transport are predicted [2] to be quite distinct in the differ-
ent regimes determined by the value of the scaling variable
x: hydrodynamic, collision dominated for x) 1, and col-
lisionless, phase coherent for x% 1 with ! " !#1$

largely independent of x in d " 2 and ! independent of
T [2,5].

Intriguingly, early numerical studies [6–9] of QPTs in
model systems have failed to observe scaling with
@!=kBT. The results of the experiments seeking to verify
the scaling hypothesis are ambiguous as well. Some of
them, performed at the 2D quantum Hall transitions [10]
and 3D metal-insulator transitions [11], appear to support
it. Others either note the absence of scaling [12] or suggest
a different scaling form [13]. While the discrepancy be-
tween theory and experiment may be attributed to the
unsuitable choice of the measurement regime [2], typically
leading to @!=kBT % 1, there is no good reason why the
predicted scaling would not be observable in numerical
simulations if careful extrapolations first to L! 1 and
then T ! 0 for fixed !=T are performed.

Our primary goal is to resolve this controversy by per-
forming precise numerical simulations of the frequency-
dependent conductivity at finite temperatures in the vicin-
ity of the 2D QPT, exploiting recent algorithmic advances
to access larger system sizes and a wider temperature
range. After the extrapolation of the results to the thermo-
dynamic and T " 0 limits and careful analytic continu-
ation, we are able to demonstrate how the predicted
universal behavior of the conductivity may indeed be
revealed.

We consider the 2D Bose-Hubbard (BH) model with the
Hamiltonian H BH "H 0 *H 1, where the first term
describes the noninteracting soft core bosons hopping via
the nearest-neighbor links of a 2D square lattice, and the
second one includes the Hubbard-like on-site interactions:

H 0 " &t
X

r;#
#byr br*# * byr*#br$ &$

X
r
nr; (2)

H 1 "
U
2

X
r
nr#nr & 1$: (3)

Here # " x; y, nr " byr br is the particle number operator
on site r, and byr ; br are the boson creation and annihilation
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The SSE data also display a high narrow peak at very low
frequencies, whose position and shape are unstable with
respect to the choice of the initial image and MaxEnt
parameters. This is clearly an artifact of the method; how-
ever, its presence is indicative of the tendency to accumu-
late the weight at very low frequencies, in qualitative
agreement with H V result. The subsequent falloff in the
conductivity at high frequencies is physically consistent,
but its functional form depends on the Padé approximant
used. For !=!c * 1=2, we expect the analytic continu-
ation of the data for H V to become sensitive to the order of
the approximant used and we therefore indicate the results
in this regime by dotted lines only. We note that results at
all temperatures yield the same dc conductivity !? !
0:45"5#!Q, theoretically predicted [4] to be universal.
Because of the very different scaling procedure this result
differs from previous numerical result !? ! 0:285"20#!Q
on the same model [6] in the T ! 0 limit. It also differs
significantly from a theoretical estimate [2], !$ !
1:037!Q, valid to leading order in " ! 3% d. Remark-
ably, our result for the dc conductivity is very close to the
one obtained in Ref. [8] for the phase transition in the
disordered Bose-Hubbard model. Experimental results in-
dicate a value close to unity [26]; however, it was previ-
ously observed [7] that long-range Coulomb interactions,
impossible to include in the present study, tend to increase
! considerably. The same data are shown versus !=T in
Fig. 4(b). Notably, when using this parametrization !c
cancels out and all our data follow the same functional
form. The scaling with !=T at low frequencies is now
immediately apparent, with a surprisingly wide low !=T
peak. The width of this peak is consistent with the data in
Fig. 3(d). Furthermore, on the same !=T scale the con-
tinuous time SSE data for H BH and the results for H V
qualitatively agree.

In summary, we have demonstrated that by doing a very
careful data analysis it is possible to observe the theoreti-
cally predicted universal !=T scaling at the 2D superfluid-

insulator transition. We have also estimated the universal
dc conductivity at this transition and found that it differs
significantly from existing numerical and theoretical
estimates.

We thank S. Sachdev, S. Girvin, and A. P. Young for
valuable comments and critical remarks. Financial sup-
port from SHARCNET, NSERC, and CFI is gratefully
acknowledged. All calculations were done at the
SHARCNET facility at McMaster University.
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FIG. 4. The real part of the conductivity !0 at the critical
coupling in units of !Q. The data marked L#, plotted vs
!=!c, were obtained using H V , combined with the analytic
continuation of $"!=!c# as explained in the text. Results for
!=!c * 1=2 are denoted by dotted lines. The data marked SSE,
plotted vs !=10, were obtained by direct SSE simulations of
H BH with L ! 20, % ! 10 and subsequent maximum entropy
analysis (a). Results as a function of !=T (b).
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!!i!k"=!2"!Q" #
h$kxi$!xx!i!k"

!k
% #!i!k"

!k
: (7)

Here h$kxi is the kinetic energy per link and #!i!k" is the
frequency-dependent stiffness. To measure !xx!i!k" we
note that !xx!$" may be expressed in terms of the correla-
tion functions !%&

xx !r; $" # hK%
x !r; $"K&

x !0; 0"i of operators
K&x !r; $" # tbyr&x!$"br!$" and K$x !r; $" # tbyr !$"br&x!$",
which may be estimated efficiently in SSE [15].
Remarkably, it is possible to analytically perform the
Fourier transform with respect to $ yielding

!%&
xx !r; !k" #

!
1

'

Xn$2

m#0

"amn!!k"N!&;%;m"
"
; (8)

where N!&;%;m" is the number of times the operators
K%!r" and K&!0" appear in the SSE operator sequence
separated by m operator positions, and n is the expansion
order. The coefficients "amn!!k" are given by the degenerate
hypergeometric (Kummer) function: "amn!!k"#1 F1!m&
1; n;$i'!k". This expression and (8) allow us to directly
evaluate !xx!r; !k" as a function of Matsubara frequencies,
eliminating any errors associated with the discretization of
the imaginary time interval. Analogously, in the link-
current representation #!i!k" can be calculated [7], and
the conductivity can be obtained from Eq. (7).

In Fig. 3 we show results for !!i!k" versus !k obtained
using the geometrical worm algorithm on H V at Kc
[Fig. 3(a)] and by SSE simulations at tc;(c of H BH
[Fig. 3(c)]. In both cases the results have been extrapolated
to the thermodynamic limit L! 1 at fixed '. As evident
from Fig. 3(a), the results deviate from scaling with !k at
small !k and more significantly so at higher temperatures
(small L$). These deviations are also visible in the con-
tinuous time SSE data in Fig. 3(c), demonstrating that they
cannot be attributed to time discretization errors. Similar
deviations have been noted previously [6,7] but were not
analyzed at fixed '. Since the deviations persist in the L!
1 limit at fixed ', they may only be interpreted as finite T
effects. Expecting a crossover to!k=T scaling at small!k,
we plot our results versus !k=T in Fig. 3(d). For L$ ' 32,
!!!1=T" is already independent of T (L$). In fact, as
shown in Fig. 3(d), for !1...5, !!!k=T; T" can unambigu-
ously be extrapolated to a finite !!!k=T; T ! 0" ( #!x"
limit. This fact is a clear indication that !k=T scaling
indeed occurs as T ! 0. Tentatively, for increasing
!k=T, !!!k=T; T ! 0" appears to reach a constant value
of roughly 0:33!Q (#!1" in excellent agreement with
theoretical estimates [2,23]. We note that deviations from
!k scaling appear to be largely absent in simulations of
H BH with disorder [7,8]. However, at this QCP the dy-
namical critical exponent is different (z # 2). As is evident
from the size of the error bars in Fig. 3, simulations of H V
are much more efficient than the SSE simulations directly
on H BH. In the following analytic continuation we there-
fore use the SSE data mostly as a consistency check.

Our results on the imaginary frequency axis are limited
by the lowest Matsubara frequency, !1 # 2"kBT=@.
However, the information about the behavior of !0!!" %
Re!!!" at low! is embedded in values of the CCCF at all
Matsubara frequencies, allowing us to determine it. In
order to study the !=T scaling predicted for the hydro-
dynamic collision-dominated regime [2] @!=kBT ) 1, we
have attempted analytic continuations of #!i!k" to obtain
!0!!" at real frequencies. SSE results for H BH were
analytically continued using the Bryan maximum entropy
(ME) method [24] with flat initial image. For the results
obtained for the link-current model H V we use a method
that should be most sensitive to low frequencies !=!c < 1
or #!x) 1". We fit the extrapolated low frequency part
(first 10–15 Matsubara frequencies) of #!i!k" to a 6th-
order polynomial. The resulting 6 coefficients are then
used to obtain a !3; 3" Padé approximant using standard
techniques [25]. This approximant is then used for the
analytic continuation of # by i!k ! !& i). Resulting
real frequency conductivities !0!!" are displayed in
Fig. 4(a) versus !=!c. The typical SSE data are plotted
versus !=10 and are only shown for L # 20, ' # 10.

The results for H V show a broadened peak as !! 0,
due to inelastic scattering, followed by a second peak
nicely consistent in height and width with the SSE data.
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FIG. 3 (color online). The conductivity !!!k" in units of !Q
vs Matsubara frequency !k=!c as obtained from H V (a). All
results have been extrapolated to the thermodynamic limit L!
1 using the scaling form f!L" # a& b exp!$L=*"=

####
L
p

[27] by
calculating #!!k" at fixed L$ using 9 lattice sizes from L #
L$ . . . 4L$ as shown in (b). !!!k" in units of !Q vs Matsubara
frequency !k as obtained from SSE calculations of H BH, with
some typical error bars shown. All results have been extrapolated
to the thermodynamic limit by calculating !xx!!k" for fixed '
using 5 lattice sizes L # 12; . . . ; 30 (c). Scaling plot of the
conductivity data from (a) vs !k=T. ! denotes extrapola-
tions to T ! 0 (L$ ! 1) at fixed !k=T using: f!L$" # c&
d exp!$L$=*$"=

######
L$
p

[27] (d).
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The scaling of the conductivity at the superfluid-insulator quantum phase transition in two dimensions
is studied by numerical simulations of the Bose-Hubbard model. In contrast to previous studies, we focus
on properties of this model in the experimentally relevant thermodynamic limit at finite temperature T. We
find clear evidence for deviations from !k scaling of the conductivity towards !k=T scaling at low
Matsubara frequencies !k. By careful analytic continuation using Padé approximants we show that this
behavior carries over to the real frequency axis where the conductivity scales with !=T at small
frequencies and low temperatures. We estimate the universal dc conductivity to be !! " 0:45#5$Q2=h,
distinct from previous estimates in the T " 0, !=T % 1 limit.
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The nontrivial properties of materials in the vicinity of
quantum phase transitions [1] (QPTs) are an object of
intense theoretical [1–3] and experimental studies. The
effect of quantum fluctuations driving the QPTs is espe-
cially pronounced in low-dimensional systems, such as
high-temperature superconductors and two-dimensional
(2D) electron gases, exhibiting the quantum Hall effect.
Particularly valuable are theoretical predictions of the
behavior of the dynamical response functions, such as the
optical conductivity and the dynamic structure factor, since
they allow for direct comparison of the theoretical results
with experimental data. It was pointed out by Damle and
Sachdev [2] that at the quantum-critical coupling the
scaled dynamic conductivity T#2&d$=z!#!; T$ at low fre-
quencies and temperatures is a function of the single
variable @!=kBT:

!#!=T; T ! 0$ " #kBT=@c$#d&2$=z!Q!#@!=kBT$: (1)

Here !Q " Q2=h is the conductivity ‘‘quantum’’ (Q " 2e
for the models we consider), !#x ' @!=kBT$ is a universal
dimensionless scaling function, c a nonuniversal constant,
and z the dynamical critical exponent. For d " 2 the ex-
ponent vanishes, leading to a purely universal conductivity
[4], depending only on frequency !, measured against a
characteristic time @" set by finite temperature T as
@!=kBT. Once @!=kBT % 1, for fixed T, the system no
longer ‘‘feels’’ the effect of finite temperature and it is
natural to expect that at such high ! a crossover to a
temperature-independent regime will take place [3], so
that !#!; T$ ( !#!$ with !#!$ decaying at high frequen-
cies as 1=!2 [2]. Deviations from scaling of ! with !
therefore signal that temperature effects have become im-
portant. Note that the predicted universal behavior occurs
for fixed !=T as T ! 0. The physical mechanisms of
transport are predicted [2] to be quite distinct in the differ-
ent regimes determined by the value of the scaling variable
x: hydrodynamic, collision dominated for x) 1, and col-
lisionless, phase coherent for x% 1 with ! " !#1$

largely independent of x in d " 2 and ! independent of
T [2,5].

Intriguingly, early numerical studies [6–9] of QPTs in
model systems have failed to observe scaling with
@!=kBT. The results of the experiments seeking to verify
the scaling hypothesis are ambiguous as well. Some of
them, performed at the 2D quantum Hall transitions [10]
and 3D metal-insulator transitions [11], appear to support
it. Others either note the absence of scaling [12] or suggest
a different scaling form [13]. While the discrepancy be-
tween theory and experiment may be attributed to the
unsuitable choice of the measurement regime [2], typically
leading to @!=kBT % 1, there is no good reason why the
predicted scaling would not be observable in numerical
simulations if careful extrapolations first to L! 1 and
then T ! 0 for fixed !=T are performed.

Our primary goal is to resolve this controversy by per-
forming precise numerical simulations of the frequency-
dependent conductivity at finite temperatures in the vicin-
ity of the 2D QPT, exploiting recent algorithmic advances
to access larger system sizes and a wider temperature
range. After the extrapolation of the results to the thermo-
dynamic and T " 0 limits and careful analytic continu-
ation, we are able to demonstrate how the predicted
universal behavior of the conductivity may indeed be
revealed.

We consider the 2D Bose-Hubbard (BH) model with the
Hamiltonian H BH "H 0 *H 1, where the first term
describes the noninteracting soft core bosons hopping via
the nearest-neighbor links of a 2D square lattice, and the
second one includes the Hubbard-like on-site interactions:

H 0 " &t
X

r;#
#byr br*# * byr*#br$ &$

X
r
nr; (2)

H 1 "
U
2

X
r
nr#nr & 1$: (3)

Here # " x; y, nr " byr br is the particle number operator
on site r, and byr ; br are the boson creation and annihilation

PRL 95, 180603 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
28 OCTOBER 2005

0031-9007=05=95(18)=180603(4)$23.00 180603-1 ! 2005 The American Physical Society

QMC yields �(0)/�1 ⇡ 1.36

Holography yields �(0)/�1 = 1 + 4� with |�|  1/12.

Maximum possible holographic value �(0)/�1 = 1.33

W.  Witzack-Krempa and S. Sachdev, to appear
Monday, February 4, 13



AdS4 theory of quantum criticality 6

The holographic solutions for the conductivity satisfy two

sum rules, valid for all CFT3s.

Z 1

0
d!Re [�(!)� �(1)] = 0

Z 1

0
d!Re


1

�(!)
� 1

�(1)

�
= 0

The second rule follows from the existence of a EM-dual

CFT3.

Boltzmann theory chooses a “particle” basis: this satis-

fies only one sum rule but not the other.

Holographic theory satisfies both sum rules.

W. Witzack-Krempa and S. Sachdev, Physical Review D 86, 235115 (2012)
Monday, February 4, 13



(a)<{�(w; � = 1/12)} (b)<{�̂(w; � = 1/12)}

(c)<{�(w; � = �1/12)} (d)<{�̂(w; � = �1/12)}

FIG. 4. Conductivity � and its S-dual �̂ = 1/� in the LHP, w00 = =w  0, for |�| = 1/12. The zeros
of �(w; �) are the poles of �̂(w; �). We further note the qualitative correspondence between the poles of
�(w; �) and the zeros of �̂(w;��).

low-frequency behavior is dictated by a Drude pole, located closest to the origin. The numerical

solution also shows the presence of satellite poles, the two dominant ones being shown. These

are symmetrically distributed about the =w axis as required by time-reversal, and are essential

to capture the behavior of � beyond the small frequency limit. In contrast, the conductivity at

� = �1/12 in Fig. 4(c) shows a minimum at w = 0 on the real axis, see also Fig. 7(b) for a plot

restricted to real frequencies. The corresponding pole structure shows no poles on the imaginary

axis, in particular no Drude pole. The conductivity at � = �1/12 is said to be vortex-like because

it can be put in correspondence with the conductivity of the CFT S-dual to the one with � = 1/12,

as we now explain.

B. S-duality and conductivity zeros

Great insight into the behavior of the conductivity can be gained by means of S-duality, a

generalization of the familiar particle-vortex duality of the O(2) model. S-duality on the boundary

14

AdS4 theory of quantum criticality

W. Witzack-Krempa and S. Sachdev, Physical Review D 86, 235115 (2012)

Poles in LHP
of conductivity
at ! ⇠ kBT/~;

analog of
Higgs quasinormal mode–

quasinormal modes
of black brane Sonner
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FIG. 4. Conductivity � and its S-dual �̂ = 1/� in the LHP, w00 = =w  0, for |�| = 1/12. The zeros
of �(w; �) are the poles of �̂(w; �). We further note the qualitative correspondence between the poles of
�(w; �) and the zeros of �̂(w;��).

low-frequency behavior is dictated by a Drude pole, located closest to the origin. The numerical

solution also shows the presence of satellite poles, the two dominant ones being shown. These

are symmetrically distributed about the =w axis as required by time-reversal, and are essential

to capture the behavior of � beyond the small frequency limit. In contrast, the conductivity at

� = �1/12 in Fig. 4(c) shows a minimum at w = 0 on the real axis, see also Fig. 7(b) for a plot

restricted to real frequencies. The corresponding pole structure shows no poles on the imaginary

axis, in particular no Drude pole. The conductivity at � = �1/12 is said to be vortex-like because

it can be put in correspondence with the conductivity of the CFT S-dual to the one with � = 1/12,

as we now explain.

B. S-duality and conductivity zeros

Great insight into the behavior of the conductivity can be gained by means of S-duality, a

generalization of the familiar particle-vortex duality of the O(2) model. S-duality on the boundary

14

AdS4 theory of quantum criticality

Poles in LHP
of resistivity —

quasinormal modes
of S-dual theory

Sonner

W. Witzack-Krempa and S. Sachdev, Physical Review D 86, 235115 (2012)
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Gapped quantum matter    
          Spin liquids, quantum Hall states....

Conformal quantum matter
        Quantum critical points in  antiferromagnets, 
            superconductors, and ultracold atoms; graphene

Compressible quantum matter
         Strange metals in high temperature   
                      superconductors, Bose metals
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Compressible quantum matter

• Consider an infinite, continuum,
translationally-invariant quantum system with a globally con-
served U(1) charge Q (the “electron density”) in spatial di-
mension d > 1.

• Describe zero temperature phases where dhQi/dµ 6= 0, where
µ (the “chemical potential”) which changes the Hamiltonian,
H, to H � µQ.

• Compressible systems must be gapless.

• Conformal systems are compressible at µ = 0 in d = 1, but
not for d > 1.

• We will obtain compressible states in holography by studying
conformal field theories at a non-zero µ. These are obtained
by imposing the boundary condition At(x, t, r ! 0) = µ.
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One compressible state is the solid (or 
“Wigner crystal” or “stripe”). 

This state breaks translational symmetry.
Has integer number of particles per unit cell

Compressible quantum matter

Kachru
Ooguri
Sachdev
Sonner
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Another familiar compressible state is 
the superfluid. 

This state breaks the global U(1) 
symmetry associated with Q

Condensate of 
fermion pairs

Compressible quantum matter

Hartnoll
Horowitz
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The only compressible phase of traditional 
condensed matter physics which does not 
break the translational or U(1) symmetries 

is the Landau Fermi liquid 

Compressible quantum matter
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L = f†
✓
@⌧ � r2

2m
� µ

◆
f

+ 4 Fermi terms

• Fermi wavevector obeys the Luttinger relation kdF ⇠ Q, the

fermion density

• Sharp particle and hole of excitations near the Fermi surface

with energy ! ⇠ |q|z, with dynamic exponent z = 1.

• The phase space density of fermions is e↵ectively one-dimensional,

so the entropy density S ⇠ T . It is useful to write this is as S ⇠
T (d�✓)/z

, with violation of hyperscaling exponent ✓ = d� 1.

The Fermi liquid

⇥| q
|�

�� kF !
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Logarithmic violation of “area law”: SE =

1

12

(kFP ) ln(kFP )

for a circular Fermi surface with Fermi momentum kF ,
where P is the perimeter of region A with an arbitrary smooth shape.

The prefactor 1/12 is universal: it is independent of the shape of the

entangling region, and of the strength of the interactions.

B

A P

Entanglement entropy of the Fermi liquid

D. Gioev and I. Klich, Physical Review Letters 96, 100503 (2006)
B. Swingle,  Physical Review Letters 105, 050502 (2010)
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Bosons with correlated hopping

H = �t
X

⇥ij⇤

b†i bj +
U

2

X

i

ni(ni � 1) + w
X

ijk��⇤
b†i b

†
kbjb�
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H = �t
X

⇥ij⇤

b†i bj +
U

2

X

i

ni(ni � 1) + w
X

ijk��⇤
b†i b

†
kbjb�

Af Af = hQi

O. I. Motrunich and M. P. A. Fisher,  Phys. Rev. B 75, 235116 (2007)
L. Huijse and S. Sachdev,   Phys. Rev. D 84, 026001 (2011)

S. Sachdev, arXiv:1209.1637

Q = b†b

Bosons with correlated hopping

• NFL Bose metal: We have the fractionalization

b ! f1f2, where the f1, f2 both form a Fermi surface.

Both fermions are gauge-charged, and so the Fermi

surfaces are partially “hidden”.

Monday, February 4, 13



15

For suitable interactions, we can have the boson, b, fractionalize into two fermions
f1,2 :

b ! f1f2

This implies the e↵ective theory for f1,2 is invariant under the U(1) gauge transfor-
mation

f1 ! f1e
i✓(x,⌧) , f2 ! f2e

�i✓(x,⌧)

Consequently, the e↵ective theory of the Bose metal has an emergent gauge field
A

µ

and has the structure

L = f†
1

✓
@
⌧

� iA
⌧

� (r� iA)2

2m
� µ

◆
f1 + f†

2

✓
@
⌧

+ iA
⌧

� (r+ iA)2

2m
� µ

◆
f2

The gauge-dependent f1,2 Green’s functions have Fermi surfaces obeying A
f

=
hQi. However, these Fermi surfaces are not directly observable because it is gauge-
dependent. Nevertheless, gauge-independent operators, such as b or b†b, will exhibit
Friedel oscillations associated with fermions scattering across these hidden Fermi
surfaces.

Non-Fermi liquid Bose Metal
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⇥| q
|�

�� kF !

FL 
Fermi 
liquid

• kdF ⇥ Q, the fermion density

• Sharp fermionic excitations

near Fermi surface with

⇥ ⇥ |q|z, and z = 1.

• Entropy density S ⇥ T (d��)/z

with violation of hyperscaling

exponent � = d� 1.

• Entanglement entropy

SE ⇥ kd�1
F P lnP .
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⇥| q
|�

�� kF ! �� kF !

NFL
Bose
metal 

• kdF ⇥ Q, the fermion density

• Sharp fermionic excitations

near Fermi surface with

⇥ ⇥ |q|z, and z = 1.

• Entropy density S ⇥ T (d��)/z

with violation of hyperscaling

exponent � = d� 1.

• Entanglement entropy

SE ⇥ kd�1
F P lnP .

FL 
Fermi 
liquid

• Hidden Fermi
surface with kdF ⇠ Q.

• Di↵use fermionic
excitations with z = 3/2
to three loops.

• S ⇠ T (d�✓)/z

with ✓ = d� 1.

• SE ⇠ kd�1
F P lnP .
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⇥| q
|�

�� kF ! �� kF !
⇥| q

|�

• kdF ⇥ Q, the fermion density

• Sharp fermionic excitations

near Fermi surface with

⇥ ⇥ |q|z, and z = 1.

• Entropy density S ⇥ T (d��)/z

with violation of hyperscaling

exponent � = d� 1.

• Entanglement entropy

SE ⇥ kd�1
F P lnP .

FL 
Fermi 
liquid

NFL
Bose
metal 

• Hidden Fermi
surface with kdF ⇠ Q.

• Di↵use fermionic
excitations with z = 3/2
to three loops.

• S ⇠ T (d�✓)/z

with ✓ = d� 1.

• SE ⇠ kd�1
F P lnP .

P. A. Lee, Phys. Rev. Lett. 63, 680 (1989)
M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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• ~A fluctuation at wavevector ~q couples most e�ciently to fermions

near ±~k0.

• Expand fermion kinetic energy at wavevectors about ±~k0. In
Landau gauge

~A = (a, 0).

Field theory of non-Fermi liquid
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L[ ±, a] =

 †
+

�
@
⌧

� i@
x

� @2
y

�
 + +  †

�
�
@
⌧

+ i@
x

� @2
y

�
 �

�a
⇣
 †
+ + �  †

� �

⌘
+

1

2g2
(@

y

a)2

Field theory of non-Fermi liquid
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Simple scaling argument for z = 3/2.

L =  †
+

�
@
⌧

� i@
x

� @2
y

�
 + +  †

�
�
@
⌧

+ i@
x

� @2
y

�
 �

� a
⇣
 †
+ + �  †

� �

⌘
+

1

2g2
(@

y

a)2

Field theory of non-Fermi liquid

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)
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Simple scaling argument for z = 3/2.

L =  †
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�
@
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� i@
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� @2
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�
 + +  †

�
�
@
⌧

+ i@
x

� @2
y

�
 �

� a
⇣
 †
+ + �  †

� �

⌘
+

1

2g2
(@

y

a)2

Field theory of non-Fermi liquid

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)

X X
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Simple scaling argument for z = 3/2.
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�
@
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� i@
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� @2
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�
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�
�
@
⌧

+ i@
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� @2
y

�
 �

� a
⇣
 †
+ + �  †

� �

⌘
+

1

2g2
(@

y

a)2

Field theory of non-Fermi liquid

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)

X X

Under the rescaling x ! x/s, y ! y/s

1/2
, and ⌧ ! ⌧/s

z
, we

find invariance provided

a ! a s

 !  s

(2z+1)/4

g ! g s

(3�2z)/4

So the action is invariant provided z = 3/2.
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⇥| q
|�

�� kF ! �� kF !
⇥| q

|�

• kdF ⇥ Q, the fermion density
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near Fermi surface with

⇥ ⇥ |q|z, and z = 1.

• Entropy density S ⇥ T (d��)/z
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FL 
Fermi 
liquid

NFL
Bose
metal 

• Hidden Fermi
surface with kdF ⇠ Q.
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excitations with z = 3/2
to three loops.

• S ⇠ T (d�✓)/z

with ✓ = d� 1.
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P. A. Lee, Phys. Rev. Lett. 63, 680 (1989)
M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (2010)
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Logarithmic violation of “area law”: SE = CE kFP ln(kFP )

for a circular Fermi surface with Fermi momentum kF ,
where P is the perimeter of region A with an arbitrary smooth shape.

The prefactor CE is expected to be universal but 6= 1/12:
independent of the shape of the entangling region, and dependent

only on IR features of the theory.

B

A P

Entanglement entropy of the non-Fermi liquid

B. Swingle,  Physical Review Letters 105, 050502 (2010)
Y.  Zhang, T. Grover,  and A. Vishwanath, Physical Review Letters 107, 067202 (2011)
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Holography
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Holography

xi

Consider a metric which transforms under rescaling as

xi ! ⇣ xi, t ! ⇣

z
t, ds ! ⇣

✓/d
ds.

Recall: conformal matter has ✓ = 0, z = 1, and the metric is

anti-de Sitter

Huijse
Kachru

Liu
Swingle
Trivedi
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Holography

xi

Consider a metric which transforms under rescaling as

xi ! ⇣ xi, t ! ⇣

z
t, ds ! ⇣

✓/d
ds.

Recall: conformal matter has ✓ = 0, z = 1, and the metric is

anti-de Sitter

The value ✓ = d�1 reproduces all the essential characteristics
of the entropy and entanglement entropy of a non-FL.

L. Huijse, S. Sachdev, B. Swingle, Physical Review B 85, 035121 (2012)
N. Ogawa, T. Takayanagi, and T. Ugajin, JHEP 1201, 125 (2012).

Huijse
Kachru

Liu
Swingle
Trivedi
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Holography

xi

Consider a metric which transforms under rescaling as

xi ! ⇣ xi, t ! ⇣

z
t, ds ! ⇣

✓/d
ds.

Recall: conformal matter has ✓ = 0, z = 1, and the metric is
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The value ✓ = d�1 reproduces all the essential characteristics
of the entropy and entanglement entropy of a non-FL.

L. Huijse, S. Sachdev, B. Swingle, Physical Review B 85, 035121 (2012)
N. Ogawa, T. Takayanagi, and T. Ugajin, JHEP 1201, 125 (2012).

Huijse
Kachru

Liu
Swingle
Trivedi• Entropy density S ⇠ T 1/z

.

• Log violation of the area law in entanglement entropy, SE .

• Leading-log SE independent of shape of entangling region.

• A Luttinger theorem: prefactor of SE / Q(d�1)/d
, and inde-

pendent of UV details.
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Holography

xi

L. Huijse, S. Sachdev, B. Swingle, Physical Review B 85, 035121 (2012)
N. Ogawa, T. Takayanagi, and T. Ugajin, JHEP 1201, 125 (2012).

Consider a metric which transforms under rescaling as

xi ! ⇣ xi, t ! ⇣

z
t, ds ! ⇣

✓/d
ds.

Recall: conformal matter has ✓ = 0, z = 1, and the metric is

anti-de Sitter

The null-energy condition of gravity yields z � 1+ ✓/d. In d = 2, this

leads to z � 3/2. Field theory on non-FL yields z = 3/2 to 3 loops!

P. A. Lee, Phys. Rev. Lett. 63, 680 (1989)
B. Blok and H. Monien, Phys. Rev. B 47, 3454 (1993)

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010)

Huijse
Kachru

Liu
Swingle
Trivedi
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Hidden 
Fermi 

surfaces
of “quarks”

This is a “bosonization” of the hidden Fermi surface

Holography of a non-Fermi liquid

r

Electric flux

Er = hQi

Er = hQi
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

See also: J. Polchinski and E. Silverstein, arXiv:1203.1015

Monday, February 4, 13



Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

Monopoles in the 2+1 dimensional bulk U(1) gauge field acquire a

Berry phase determined by the boundary U(1) charge density Q, and

a dilute gas theory of monopoles leads to Friedel oscillations with

h⇢(x)⇢(0)i ⇠ cos(2kFx)

|x|2�F

T. Faulkner and N. Iqbal, arXiv:1207.4208

Spatial dimension d=1

See also: J. Polchinski and E. Silverstein, arXiv:1203.1015
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

T. Faulkner and N. Iqbal, arXiv:1207.4208

Monopoles in the 2+1 dimensional bulk U(1) gauge field acquire a

Berry phase determined by the boundary U(1) charge density Q, and

a dilute gas theory of monopoles leads to Friedel oscillations with

h⇢(x)⇢(0)i ⇠ cos(2kFx)

|x|2�F

Exact solution of adjoint Dirac fermions at non-zero density coupled

to a SU(Nc) gauge field: low energy theory has an emergent N = (2, 2)
supersymmetry, the global U(1) symmetry becomes the R-symmetry,

and there are Friedel oscillations with

�F = 1/3 for all Nc � 2

R. Gopakumar, A. Hashimoto, I.R. Klebanov, S. Sachdev, and K. Schoutens, arXiv:1206.4719

Spatial dimension d=1
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

S. Sachdev, arXiv:1209.1637

• For every CFT in 2+1 dimensions with a globally conserved

U(1), we can define a monopole operator which transforms as a

scalar under conformal transformations.

e.g. for the XY model, we insert a monopole at xm by including

a fixed background gauge flux ↵µ so that

L = |(@µ � i↵µ) |2 + s| |2 + u| |4

where the flux �µ = ✏µ⌫�@⌫↵� obeys

@µ�µ = 2⇡�(x� xm) , ✏µ⌫�@⌫(⌦�⌫) = 0

where the CFT lives on the conformally flat space with is ds

2
=

⌦

�2
dx

2
µ.

Spatial dimension d=2
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

S. Sachdev, arXiv:1209.1637

• In the holographic theory, we have a bulk scalar field �m (con-

jugate to the monopole operator of the CFT) which carries the

charge of the S-dual of the 4-dimensional bulk U(1) gauge field:

Sm =

Z
d

4
x

p
�g

h
|(r� 2⇡i

e
A)�m|2 + . . .

i

where

e
F = d

e
A = ⇤F = ⇤dA.

Spatial dimension d=2
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Holography of a non-Fermi liquid

Can we see the Fermi surface directly via “Friedel oscillations” 
in density (or related) correlations ?

S. Sachdev, arXiv:1209.1637

Spatial dimension d=2
Kachru

• When a chemical potential is applied to the boundary

CFT, �m experiences a magnetic flux. Consequently

condensation of �m leads to a vortex-lattice-like state,

which corresponds to the formation of a crystal in the

CFT. The crystal has unit Q charge per unit cell.

• We expect that a vortex-liquid-like state of the �m will

yield the Friedel oscillations of the Fermi surface, with

the correct Fermi wavevector.
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Gapped quantum matter    
          Spin liquids, quantum Hall states....

Conformal quantum matter
        Quantum critical points in  antiferromagnets, 
            superconductors, and ultracold atoms; graphene

Compressible quantum matter
         Strange metals in high temperature   
                      superconductors, Bose metals

Liu, Hartnoll, McGreevy, Silverstein, Huijse, Zaanen, 
Horowitz, Sonner, Trivedi, Kachru,Ooguri

Myers, Klebanov, Polchinski, Strominger, Swingle, Lee  

Vishwanath, Wen, Senthil, Oshikawa
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