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I.  Introduction

Holography is a potentially useful tool for studying
doped quantum field theory at finite T.

What are the geometries relevant for capturing 
holographic ground states of matter?

The no-hair theorems fail in AdS space.  Charged black 
brane horizons can take a variety of forms:

But the no hair theorems break down in AdS space, and a 
rich zoo of new black holes (= new phases of matter) have 

been found:
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Figure 6 The zero temperature holographic superconductor. The electric
flux is sourced entirely by the scalar field condensate.

finds that the theory (6.1) admits Lifshitz solutions with the dynamical
critical exponent z given by solutions to
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Thus the dynamical critical exponent is determined by the value of the
potential and its first derivative at the fixed point value of ⇤⇥, which is in
turn determined by the equations of motion. In order for the scaling (6.5) to
have a straightforward interpretation as a renormalisation transformation,
one should have z > 0. The null energy condition in the bulk furthermore
implies z > 1 [46]. Even if (6.6) gives physical solutions for z, it is not
guaranteed that the corresponding Lifshitz solution is realised as the near
horizon geometry. An instructive simple case to consider is m2 > 0 and
V = 0. One obtains in this case [46, 45]
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, ⇤2
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1
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6z

(1 + z)(2 + z)
. (6.8)

The Lifshitz solutions are seen to exist so long as the scalar is not too heavy,
L2m2 < �2. As L2m2 ⌅ 0, we see that z ⌅ 1 and an emergent relativistic
AdS4 is obtained. As L2m2 ⌅ �2 from below, z ⌅ ⇧ and the extremal
AdS2⇥R2 geometry is recovered. However, recall from (6.2) that AdS2⇥R2 is
stable against ⇤ condensing if �2�m2L2 ⇤ 3

2 . Extremal Reissner-Nordström
is likely the ground state in this case. It follows that the Lifshitz geometries
(6.8) realized as IR scaling regimes in this theory with a positive quadratic
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it is clear from the equations of state (7.6) that the fluid is present only if
the local chemical potential (7.5) is larger than the rest mass energy of the
fermions

µloc. > m . (7.8)

This is the condition to populate the local Fermi sea. Looking for extremal
solutions, without a finite temperature horizon, one finds that the condition
(7.8) is satisfied from the deep IR up to a specific radius. This radius is the
boundary of the star. Outside of the star, the geometry becomes Reissner-
Nordström-AdS with a mass and charge determined by integrating over the
fermions in the star. This type of solution is illustrated in figure 7 below.
Analogously to the holographic superconductors, at zero temperature all the

Figure 7 The electron star. The electric flux is sourced entirely by a fluid
of fermions. The fluid is present at all radii for which the local chemical
potential is greater than the fermion mass.

charge is carried by the fermions rather than lying behind a horizon.
Secondly, consider heating up the system. At leading order in the semi-

classical limit, this means placing a finite temperature black hole horizon in
the interior of the spacetime. The fluid remains at zero temperature, as the
fluid must be in thermal equilibrium with the Hawking radiation of the black
hole, the e�ects of which are negligible in the semiclassical limit. At finite
temperature, a fraction of the charge is carried by the black hole horizon,
which subsequently pushes the fermion fluid a finite distance away from the
horizon. The star becomes a band of fluid with an inner and an outer radius
[66, 67]. At nonzero temperature we can dial the ratio T/µ. We can expect
that at su⌅ciently high values of this ratio, the star will collapse to form a
black hole. This will be analogous to the maximal mass of spherical neutron
stars; in global rather than planar AdS, the mass scale can be compared
to the radius of the spatial boundary sphere. In that case there is a first
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given electric flux at the boundary, leads to gravitational physics that is
interesting in its own right.
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Figure 3 The basic question in finite density holography: use the gravi-
tational equations to motion to find the interior IR geometry given the
boundary condition that there is an electric flux at infinity.

5 The planar Reissner-Nordström-AdS black hole

The minimal framework capable of describing the physics of electric flux in
an asymptotically AdS geometry is Einstein-Maxwell theory with a negative
cosmological constant [26]. The Lagrangian density can be written
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1

2⇥2

�
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6
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4e2
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µ⇥ . (5.1)

Here ⇥ and e are respectively the Newtonian and Maxwell constants while
L sets the cosmological constant lengthscale.
There is a unique regular solution to the theory (5.1) with electric flux

at infinity and that has rotations and spacetime translations as symmetries.
This is the planar Reissner-Nordström-AdS black hole, with metric
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The metric function here is
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We introduced the dimensionless ratio of the Newtonian and Maxwell cou-
plings

�2 =
e2L2

⇥2
. (5.4)

New horizons include those
representing holographic super-
conductors, holographic Fermi

liquids, and a host of others
dual to more engimatic phases

of matter!

Tuesday, October 2, 12
The problem of classifying low-energy phases of doped 

matter can be mapped to the problem of classifying 
extremal black brane geometries.

Gubser;
...
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The “no hair theorems” fail badly in asymptotically
AdS space.  There is a rich diversity of hairy black branes.

How does the hair arise?  Roughly speaking, the detailed 
nature of the black brane horizon, depends on the field 

content of the “bulk” AdS gravity theory.
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It geometrizes questions about phase structure and 
linear response.
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At zero temperature, the question is to classify extremal 
charged black branes with appropriate asymptotics.

The simplest case is the Reissner-Nordstrom geometry 
which arises in Einstein-Maxwell theory:

II.  The basic horizon

In AdS/CFT, one represents a (global) U(1) symmetry of the 
field theory by a bulk Abelian gauge field.  

2

Our investigation was motivated in part by earlier work
of Sung-Sik Lee [14], which initiated the study of spec-
tral functions of fermionic operators using a gravity dual.
Our results di!er from those of [14]; we believe the dif-
ference lies in the implementation of the real-time holo-
graphic prescription [15, 16, 17].

The plan of the paper is as follows. In the next sec-
tion we set up the framework for calculating the spectral
functions of a fermionic operator at finite density using
the gravity description. In sec. III we discuss properties
of the spectral functions, including scaling behavior near
a Fermi surface. We conclude in sec. IV with a discussion
of the interpretation of the results and possible caveats.

II. SET-UP OF THE CALCULATION

Consider a three-dimensional relativistic conformal
field theory (CFT) with a global U(1) symmetry that has
a gravity dual. Such a system at finite charge density can
be described by a charged black hole in four dimensional
anti-de Sitter spacetime (AdS4) [18], with the current Jµ

in the CFT mapped to a U(1) gauge field AM in AdS.
A fermionic operator O in the CFT with charge q and
conformal dimension " is mapped to the gravity side to
a spinor field ! with charge q and a mass

mR = "! 3

2
(1)

where R is the AdS curvature radius. The spectral func-
tion of O at finite charge density can then be extracted
by solving the Dirac equation for ! in the charged AdS
black hole geometry. Which pairs of (q,") arise depends
on the specific dual CFT. However, since we are working
with a universal sector common to many gravity theories,
we will take the liberty of considering an arbitrary pair
of (q,"), scanning many possible CFTs.

A. Black hole geometry

The action for a vector field AM coupled to AdS4 grav-
ity can be written as

S =
1

2"2

!

d4x
"
!g

"

R! 6

R2
! R2

g2
F

FMNFMN

#

(2)

where g2
F is an e!ective dimensionless gauge coupling4.

The equations of motion following from (2) are solved by
the geometry of a charged black hole [18, 19]5

ds2 =
r2

R2
(!fdt2 + dx2

i ) +
R2dr2

r2f
(3)

4 It is defined so that for a typical supergravity Lagrangian it is a
constant of order O(1)

5 For a generic embedding of (2) into 4d N = 2 supergravity, this
solution can be lifted to an M-theory solution [20].

with
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! M
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r

%

, µ # gF Q
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(4)

where r0 is the horizon radius determined by f(r0) =
0, and µ can be identified as the chemical potential of
the boundary theory. For calculational purposes it is
convenient to use dimensionless quantities. Consider the
rescaling

r $ r0r, (t, #x) $ R2

r0
(t, #x), A0 $ r0

R2
A0,

M $ Mr3
0 , Q $ Qr2

0 (5)

after which the metric becomes

ds2
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# gMNdxMdxN = r2(!fdt2 + d#x2) +
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dr2

f
,

(6)
with now the horizon at r = 1 and

f = 1 +
Q2

r4
! 1 + Q2

r3
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&

1 ! 1

r

'

, µ = gF Q .

(7)
The dimensionless temperature is given by

T =
1

4$

(

3 ! Q2
)

. (8)

The zero-temperature limit is obtained by setting Q ="
3. At zero temperature, near the horizon the metric (6)

becomes AdS2 % R2 with the curvature radius of AdS2

given by

R2 =
R"
6

. (9)

B. Dirac equation

To compute the spectral functions for O we need only
the quadratic action of ! in the geometry (6)-(9)

Sspinor =

!

dd+1x
"
!g i(!̄#MDM! ! m!̄!) (10)

where

!̄ = !†#t, DM = %M +
1

4
&abM#ab ! iqAM (11)

and &abM is the spin connection6. Note that the Dirac
action (10) depends on q only through

µq # µq = gF qQ (12)

6 We will use M and a, b to denote bulk spacetime and tangent
space indices respectively, and µ, ! · · · to denote indices along
the boundary directions, i.e. M = (r, µ). All indices on Gamma
matrices refer to tangent space ones. For notational convenience
below we will take m to be defined in units of 1/R, i.e. mR ! m.

So the simplest theory where one can ask about field 
theory at finite density is:

This theory has simple, exact solutions which represent the 
planar analogue of the Reissner-Nordstrom black hole.

Thursday, October 25, 12

The simplest action that supports a (“bottom-up”) 
holographic dictionary for such doped matter is:

3

The spirit of the discussion of this paper will be similar
to that of [3]; we will not restrict to any specific theory.
Since Einstein gravity coupled to matter fields captures
universal features of a large class of field theories with
a gravity dual, we will simply work with this universal
sector, essentially scanning many possible CFTs.5

The role played by the IR CFT in determining the
low-frequency form of the Green’s functions of the d-
dimensional theory requires some explanation. Each op-
erator O in the UV theory gives rise to a tower of op-
erators O!k in the IR CFT labeled by spatial momentum
!k. The small " expansion of the retarded Green function
GR(",!k) for O contains an analytic part which is gov-
erned by the UV physics and a non-analytic part which
is proportional to the retarded Green function of O!k in
the IR CFT. What kind of low-energy behavior occurs
depends on the dimension #k of the operator O!k in the

IR CFT and the behavior of GR(" = 0,!k).6 For example,
when #k is complex one finds the log-periodic behavior
described earlier. When GR(" = 0,!k) has a pole at some
finite momentum |!k| = kF (with #kF real), one then finds

gapless excitations around |!k| = kF indicative of a Fermi
surface.

Our discussion is general and should be applicable to
operators of any spin. In particular both types of scal-
ing behavior mentioned earlier for spinors also applies
to scalars. But due to Bose statistics of the operator in
the boundary theory, this behavior is associated with in-
stabilities of the ground state. In contrast, there is no
instability for spinors even when the dimension is com-
plex.

Our results give a nice understanding of the low-energy
scaling behavior around the Fermi surface. The scaling
exponents are controlled by the dimension of the corre-
sponding operator in the IR CFT. When the operator is
relevant (in the IR CFT), the quasi-particle is unstable.
Its width is linearly proportional to its energy and the
quasi-particle residue vanishes approaching the fermi sur-
face. When the operator is irrelevant, the quasi-particle
becomes stable, scaling toward the Fermi surface with
a nonzero quasi-particle residue. When the operator is
marginal the spectral function then has the form for a
“marginal Fermi liquid” introduced in the phenomeno-
logical study of the normal state of high Tc cuprates [8].

It is also worth emphasizing two important features of
our system. The first is that in the IR, the theory has not
only an emergent scaling symmetry but an SL(2, R) con-
formal symmetry (maybe even Virasoro algebra). The
other is the critical behavior (including around the Fermi
surfaces) only appears in the frequency, not in the spatial

5 The caveat is there may exist certain operator dimensions or
charges which do not arise in a consistent gravity theory with
UV completion.

6 The behavior at exactly zero frequency GR(! = 0,"k) is con-
trolled by UV physics, not by the IR CFT.

momentum directions.
The plan of the paper is as follows. In §2, we introduce

the charged AdS black hole and its AdS2 near-horizon
region. In §3, we determine the low energy behavior of
Green’s functions in the dual field theory, using scalars as
illustration. The discussion for spinors is rather parallel
and presented in Appendix A. In §IV–VI, we apply this
result to demonstrate three forms of emergent quantum
critical behavior in the dual field theory: scaling behavior
of the spectral density (§IV), periodic behavior in log" at
small momentum (§V), and finally (§VI) the Fermi sur-
faces found in [3]. We conclude in §VII with a discussion
of various results and possible future generalizations. We
have included various technical appendices. In particu-
lar in Appendix D we give retarded functions of charged
scalars and spinors in the AdS2/CFT1 correspondence.

II. CHARGED BLACK HOLES IN ADS AND
EMERGENT INFRARED CFT

A. Black hole geometry

Consider a d-dimensional conformal field theory (CFT)
with a global U(1) symmetry that has a gravity dual. At
finite charge density, the system can be described by a
charged black hole in d + 1-dimensional anti-de Sitter
spacetime (AdSd+1) [5] with the current Jµ in the CFT
mapped to a U(1) gauge field AM in AdS.

The action for a vector field AM coupled to AdSd+1
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(1)
where g2

F is an e!ective dimensionless gauge coupling7

and R is the curvature radius of AdS. The equations of
motion following from (1) are solved by the geometry of
a charged black hole [5, 9]

ds2 # gMNdxMdxN =
r2
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("fdt2 + d!x2) +
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dr2

f
(2)

with
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r0 is the horizon radius determined by the largest positive
root of the redshift factor

f(r0) = 0, $ M = rd
0 +

Q2

rd!2
0

(4)

7 It is defined so that for a typical supergravity Lagrangian it is a
constant of order O(1). gF is related in the boundary theory to
the normalization of the two point function of Jµ.
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The black hole solution takes the form:

with an “emblackening factor” and gauge field:
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The simplest action that supports a (“bottom-up”) 
holographic dictionary for such doped matter is:
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to that of [3]; we will not restrict to any specific theory.
Since Einstein gravity coupled to matter fields captures
universal features of a large class of field theories with
a gravity dual, we will simply work with this universal
sector, essentially scanning many possible CFTs.5

The role played by the IR CFT in determining the
low-frequency form of the Green’s functions of the d-
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IR CFT and the behavior of GR(" = 0,!k).6 For example,
when #k is complex one finds the log-periodic behavior
described earlier. When GR(" = 0,!k) has a pole at some
finite momentum |!k| = kF (with #kF real), one then finds

gapless excitations around |!k| = kF indicative of a Fermi
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Our discussion is general and should be applicable to
operators of any spin. In particular both types of scal-
ing behavior mentioned earlier for spinors also applies
to scalars. But due to Bose statistics of the operator in
the boundary theory, this behavior is associated with in-
stabilities of the ground state. In contrast, there is no
instability for spinors even when the dimension is com-
plex.

Our results give a nice understanding of the low-energy
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exponents are controlled by the dimension of the corre-
sponding operator in the IR CFT. When the operator is
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a nonzero quasi-particle residue. When the operator is
marginal the spectral function then has the form for a
“marginal Fermi liquid” introduced in the phenomeno-
logical study of the normal state of high Tc cuprates [8].

It is also worth emphasizing two important features of
our system. The first is that in the IR, the theory has not
only an emergent scaling symmetry but an SL(2, R) con-
formal symmetry (maybe even Virasoro algebra). The
other is the critical behavior (including around the Fermi
surfaces) only appears in the frequency, not in the spatial
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The black hole solution takes the form:

with an “emblackening factor” and gauge field:
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The AdS/RN solution has a metric:

with gauge field and “emblackening factor”:

 

Chamblin, Emparan,
Johnson, Myers

Friday, July 20, 2012The extremal limit arises when Q reaches a value where f 
develops a double zero at the outer horizon.  This black 
brane represents the zero temperature ground state.

Thursday, October 25, 12
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Johnson, Myers
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But including more general field content, we expect in 
general different emergent IR physics.

The most striking lessons there are encapsulated in the 
physics of the extremal near-horizon geometry: At extremality,  the near-horizon geometry simplifies

to               :

5 The planar Reissner-Nordström-AdS black hole 13

The Maxwell potential of the solution is

A = µ

�
1� r

r+

⇥
dt . (5.5)

We have required the Maxwell potential to vanish on the horizon, At(r+) =
0. The simplest argument for this condition is that otherwise the holonomy
of the potential around the Euclidean time circle would remain nonzero when
the circle collapsed at the horizon, indicating a singular gauge connection.
The planar Reissner-Nordström-AdS solution is characterized by two scales,
the chemical potential µ = limr�0At and the horizon radius r+. From the
dual field theory perspective, it is more physical to think in terms of the
temperature than the horizon radius

T =
1

4⇤r+

�
3�

r2+µ
2

2�2

⇥
. (5.6)

The black hole is illustrated in figure 4 below. This black hole, which can

Figure 4 The planar Reissner-Nordström-AdS black hole. The charge den-
sity is sourced entirely by flux emanating from the black hole horizon.

additionally carry a magnetic charge, was the starting point for holographic
approaches to finite density condensed matter [27, 28].

Because the underlying UV theory is scale invariant, the only dimension-
less quantity that we can discuss is the ratio T/µ. In order to answer our
basic question about the IR physics at low temperature, we must take the
limit T/µ ⇥ 1 of the solution. We thereby obtain the extremal Reissner-
Nordström-AdS black hole with

f(r) = 1� 4

�
r

r+

⇥3

+ 3

�
r

r+

⇥4

. (5.7)

The near-horizon extremal geometry, capturing the field theory IR, followsIt has some interesting (peculiar) features:

1.   The spatial slices don’t contract at the horizon.   This 
leads directly to an extensive ground state entropy.

AdS2 �R2

ds2 = �r2dt2 + dr2

r2 + dx2 + dy2

Thursday, October 25, 12

The lesson we will draw from above is that it will be easiest 
to first try and classify extremal near-horizon geometries.

Lee; Zaanen et al; 
Liu, McGreevy et al

These are more universal than entire flows, and hence of 
more interest, anyway.
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II.  Homogeneous, Isotropic Charged Black Branes

The homogeneous, isotropic solutions that arise in gauge/
gravity duality are parametrized by two critical exponents.

ds

2 = �r

2z
dt

2 + r

2
�
dx

2 + dy

2
�

With a nontrivial dynamical critical exponent z, the system 
enjoys a symmetry group smaller than the conformal 

group, including the scale transformations:

t ! �

z
t, x ! �x

S.K., Liu,
Mulligan
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More generally, instead of scale transformations being 
implemented by a Killing vector on the gravity solution, 
they may be implemented by a conformal Killing vector.

The first parameter, in the gauge coupling function, 
transmuted into a dynamical critical exponent z.

With two parameters in L, we find solutions that reflect 
two critical exponents: z and a “hyperscaling violation” 

parameter    :2.1 Metrics with scale covariance

As we reviewed before, the gravity side is characterized by a metric of the form

ds2d+2 = r�2(d��)/d
�
�r�2(z�1)dt2 + dr2 + dx2

i

⇥
. (2.1)

This is the most general metric that is spatially homogeneous and covariant under the scale
transformations

xi ⌅ ⇥xi , t ⌅ ⇥zt , r ⌅ ⇥r , ds ⌅ ⇥�/dds . (2.2)

Thus, z plays the role of the dynamical exponent, and � is the hyperscaling violation expo-
nent.

The dual (d+1)-dimensional field theory lives on a background spacetime identified with
a surface of constant r in (2.1). The radial coordinate is related to the energy scale of the
dual theory. For example, an object of fixed proper energy Epr and momentum ⌘ppr redshifts
according to

E(r) =
1

rz��/d
Epr , ⌘p(r) =

1

r1��/d
⌘ppr . (2.3)

When � ⇥ dz and � < d, r ⌅ 0 (the boundary of (2.1)) described the UV of the dual
QFT. Clearly, di�erent probes give di�erent energy-radius relations, as in AdS/CFT [37].
For instance, a string of fixed tension in the (d + 2)-dimensional theory has E ⇧ 1/rz�2�/d.
Probe scalar fields will be discussed in §3.

Before proceeding, it is important to point out that the metric (2.1) will only give a
good description of the dual theory in a certain range of r, and there could be important
corrections for r ⌅ 0 or very large r. Outside the range with hyperscaling violation, but
assuming spatial and time translation symmetries and spatial rotation invariance, the metric
will be of the more general form

ds2d+2 = e2A(r)
�
�e2B(r)dt2 + dr2 + dx2

i

⇥
. (2.4)

An important situation corresponds to a field theory that starts from a UV fixed point and
then develops a scaling violation exponent � at long-distances. This means that the gravity
side warp factor e2A ⌅ R2/r2 for r ⌅ 0 (with R the AdS radius) and that below a cross-over
scale rF it behaves as in (2.1). This scale then appears in the metric as an overall factor

ds2 ⇧ R2/r2�/dF , and is responsible for restoring the canonical dimensions in the presence of
hyperscaling violation.5 Finally, at scales r ⇤ rF the theory may flow to some other fixed
point, develop a mass gap etc., and (2.1) would again no longer be valid. String theory
examples that exhibit these flows will be presented in §6. For now we will simply ignore
these corrections and focus on the form (2.1), keeping in mind that it may be valid only in a
certain window of energies. We follow an ‘e�ective’ approach where the dual theory is taken
to live at finite r of order rF .

In order to understand the metric properties of this class of spacetimes, notice that
(2.1) is conformally equivalent to a Lifshitz geometry, as can be seen after a Weyl rescaling

5For instance, in models with a Fermi surface, rF is set by the Fermi momentum [19].
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these corrections and focus on the form (2.1), keeping in mind that it may be valid only in a
certain window of energies. We follow an ‘e�ective’ approach where the dual theory is taken
to live at finite r of order rF .

In order to understand the metric properties of this class of spacetimes, notice that
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Now, one must re-scale the metric when one performs a 
scale transformation:

The first parameter, in the gauge coupling function, 
transmuted into a dynamical critical exponent z.

With two parameters in L, we find solutions that reflect 
two critical exponents: z and a “hyperscaling violation” 
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QFT. Clearly, di�erent probes give di�erent energy-radius relations, as in AdS/CFT [37].
For instance, a string of fixed tension in the (d + 2)-dimensional theory has E ⇧ 1/rz�2�/d.
Probe scalar fields will be discussed in §3.
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This interpretation is visible in results of standard 
computations of black-hole thermodynamics.  E.g. upon

adding a small temperature T, one finds:

The basic property of f(r) is that it vanishes at some r = rh; the temperature is then
proportional to a power of rh, as we explain in more detail below. In order to study finite
temperature e�ects on a regime with hyperscaling violation, in the gravity side we need to
take rF < rh.

Starting now from the metric (2.1) with hyperscaling violation, the black hole solution
becomes [17, 34]

ds2d+2 =
R2

r2

�
r

rF

⇥2�/d �
�r�2(z�1)f(r)dt2 +

dr2

f(r)
+ dx2

i

⇥
, (5.2)

with

f(r) = 1�
�

r

rh

⇥d+z��

. (5.3)

Starting from a solution with f(r) = 1 and matter content general enough to allow for
arbitrary (z, �),14 one can show, using the results in the Appendix, that (5.3) still gives a
solution. Concrete examples will be presented in §6. As usual, the relation between the
temperature and rh follows by expanding rh � r = u2, and demanding that near the horizon
the metric is ds2 ⇧ du2 + u2d⇤ 2, where ⇤ = (2⇥T )it. The result is

T =
1

4⇥

|d+ z � �|
rzh

. (5.4)

These expressions imply that the thermal entropy, which is proportional to the area of
the black hole, becomes

ST ⌅ (MP lR)dV
T (d��)/z

r�F
. (5.5)

Thus, a positive specific heat imposes the condition

d� �

z
⇤ 0 . (5.6)

We see that the branch {0 < z < 1, � ⇤ d + z} that was consistent with the NEC is
thermodynamically unstable. On the other hand, {z ⇥ 0, � ⇤ d} is still allowed by (5.6). It
would be interesting to study this case in more detail to decide whether it is consistent – the
entanglement entropy analysis of §4 suggested an instability for all � > d.

Eq. (5.5) suggests that d � � plays the role of an e�ective space dimensionality for the
dual theory. From this point of view, � = d� 1 yields a system living in one e�ective space
dimension, i.e. a (1 + 1)-dimensional theory. Recall also that for this value of � there is a
logarithmic violation of the area law for the entanglement entropy. These points support
the interpretation of � = d � 1 as systems with a Fermi surface [19, 20]. The case � = d
would then correspond to a system in (0 + 1)-dimensions. In §4 we found novel phases with

14This can be accomplished for instance in Einstein gravity with a scalar and gauge field.

22

The basic property of f(r) is that it vanishes at some r = rh; the temperature is then
proportional to a power of rh, as we explain in more detail below. In order to study finite
temperature e�ects on a regime with hyperscaling violation, in the gravity side we need to
take rF < rh.

Starting now from the metric (2.1) with hyperscaling violation, the black hole solution
becomes [17, 34]

ds2d+2 =
R2

r2

�
r

rF

⇥2�/d �
�r�2(z�1)f(r)dt2 +

dr2

f(r)
+ dx2

i

⇥
, (5.2)

with

f(r) = 1�
�

r

rh

⇥d+z��

. (5.3)

Starting from a solution with f(r) = 1 and matter content general enough to allow for
arbitrary (z, �),14 one can show, using the results in the Appendix, that (5.3) still gives a
solution. Concrete examples will be presented in §6. As usual, the relation between the
temperature and rh follows by expanding rh � r = u2, and demanding that near the horizon
the metric is ds2 ⇧ du2 + u2d⇤ 2, where ⇤ = (2⇥T )it. The result is

T =
1

4⇥

|d+ z � �|
rzh

. (5.4)

These expressions imply that the thermal entropy, which is proportional to the area of
the black hole, becomes

ST ⌅ (MP lR)dV
T (d��)/z

r�F
. (5.5)

Thus, a positive specific heat imposes the condition

d� �

z
⇤ 0 . (5.6)

We see that the branch {0 < z < 1, � ⇤ d + z} that was consistent with the NEC is
thermodynamically unstable. On the other hand, {z ⇥ 0, � ⇤ d} is still allowed by (5.6). It
would be interesting to study this case in more detail to decide whether it is consistent – the
entanglement entropy analysis of §4 suggested an instability for all � > d.

Eq. (5.5) suggests that d � � plays the role of an e�ective space dimensionality for the
dual theory. From this point of view, � = d� 1 yields a system living in one e�ective space
dimension, i.e. a (1 + 1)-dimensional theory. Recall also that for this value of � there is a
logarithmic violation of the area law for the entanglement entropy. These points support
the interpretation of � = d � 1 as systems with a Fermi surface [19, 20]. The case � = d
would then correspond to a system in (0 + 1)-dimensions. In §4 we found novel phases with

14This can be accomplished for instance in Einstein gravity with a scalar and gauge field.

22

This results in an entropy that scales like: 

The basic property of f(r) is that it vanishes at some r = rh; the temperature is then
proportional to a power of rh, as we explain in more detail below. In order to study finite
temperature e�ects on a regime with hyperscaling violation, in the gravity side we need to
take rF < rh.

Starting now from the metric (2.1) with hyperscaling violation, the black hole solution
becomes [17, 34]

ds2d+2 =
R2

r2

�
r

rF

⇥2�/d �
�r�2(z�1)f(r)dt2 +

dr2

f(r)
+ dx2

i

⇥
, (5.2)

with

f(r) = 1�
�

r

rh

⇥d+z��

. (5.3)

Starting from a solution with f(r) = 1 and matter content general enough to allow for
arbitrary (z, �),14 one can show, using the results in the Appendix, that (5.3) still gives a
solution. Concrete examples will be presented in §6. As usual, the relation between the
temperature and rh follows by expanding rh � r = u2, and demanding that near the horizon
the metric is ds2 ⇧ du2 + u2d⇤ 2, where ⇤ = (2⇥T )it. The result is

T =
1

4⇥

|d+ z � �|
rzh

. (5.4)

These expressions imply that the thermal entropy, which is proportional to the area of
the black hole, becomes

ST ⌅ (MP lR)dV
T (d��)/z

r�F
. (5.5)

Thus, a positive specific heat imposes the condition

d� �

z
⇤ 0 . (5.6)

We see that the branch {0 < z < 1, � ⇤ d + z} that was consistent with the NEC is
thermodynamically unstable. On the other hand, {z ⇥ 0, � ⇤ d} is still allowed by (5.6). It
would be interesting to study this case in more detail to decide whether it is consistent – the
entanglement entropy analysis of §4 suggested an instability for all � > d.

Eq. (5.5) suggests that d � � plays the role of an e�ective space dimensionality for the
dual theory. From this point of view, � = d� 1 yields a system living in one e�ective space
dimension, i.e. a (1 + 1)-dimensional theory. Recall also that for this value of � there is a
logarithmic violation of the area law for the entanglement entropy. These points support
the interpretation of � = d � 1 as systems with a Fermi surface [19, 20]. The case � = d
would then correspond to a system in (0 + 1)-dimensions. In §4 we found novel phases with

14This can be accomplished for instance in Einstein gravity with a scalar and gauge field.

22

Hyperscaling violation shifts d!

Tuesday, December 18, 12

The full class of solutions arises in the “toy” theories:

B.   Hyperscaling violation

II. EINSTEIN-MAXWELL-DILATON THEORY

We begin with a discussion of the basic characteristics of the EMD theory of compressible

quantum states [14, 25] in d spatial dimensions. As reviewed in Ref. [37], the globally

conserved U(1) charge of the compressible state is holographically realized by a U(1) gauge

field Aµ. In addition, the EMD theories also include a scalar field (the ‘dilaton’) [66] which

is dual to a relevant perturbation on the UV conformal field theory, and which allows access

to a wider range of IR scaling behavior in compressible states.

So we consider the holographic Lagrangian

LEMD =
1

2⇥2

�
R� 2 (⌅�)2 � V (�)

L2

⇥
� Z(�)

4e2
Fµ⇥F

µ⇥ (2.1)

defined on a (d + 2)-dimensional spacetime with Ricci scalar R, with Maxwell flux Fµ⇥

associated with Aµ, and a dilaton field � with potential V (�) and coupling Z(�).

We use co-ordinates (t, r, xi), where t is the time direction, r is the emergent holographic

direction, and xi (i = 1 . . . d) are the flat spatial directions. We will examine solutions with

metric

ds2 = L2

⇤
�f(r)dt2 + g(r)dr2 +

dx2
i

r2

⌅
, (2.2)

only the temporal component of the gauge field non-zero

At =
eL

⇥
h(r), (2.3)

and a dilaton field �(r) dependent only upon r. Under these conditions, we can work with

action per unit spacetime volume of the boundary theory

SEMD =

⇧
dr

Ld+2

rd
⌃
f(r)g(r)LEMD. (2.4)

The Einstein equations for this Lagrangian are

�
4⇥2rd

⌃
g(r)

dLd
⌃
f(r)

⇤
f(r)

�SEMD

�f(r)
� g(r)

�SEMD

�g(r)

⌅

=
f �(r)

rf(r)
+

g�(r)

rg(r)
+

4

r2
+

4��(r)2

d
= 0

2⇥2r2(g(r))3/2

Ld
⌃

f(r)

�SEMD

�g(r)
(2.5)

=
d

2

f �(r)

rf(r)
� h�(r)2Z(�(r))

2f(r)
� 1

2
g(r)V (�(r))� d(d� 1)

2r2
+ ��(r)2 = 0,

8

So far, we considered vanishing dilaton potential. It is more 
reasonable to postulate:

Rather natural choices for the functions (motivated by e.g. 
gauged supergravity), which yield scaling solutions, are:

while the equation of motion of the dilaton field is

⇧2r2
⇧
g(r)

2Ld
⇧
f(r)

⇤SEMD

⇤�(r)
(2.6)

=
f ⇥(r)�⇥(r)

2f(r)
+

h⇥(r)2Z ⇥(�(r))

4f(r)
� g⇥(r)�⇥(r)

2g(r)
� 1

4
g(r)V ⇥(�(r)) + �⇥⇥(r)� d

�⇥(r)

r
= 0.

Finally, the only non-zero Maxwell equation is Gauss’ Law, which yields

� ⇧2

Ld

⇤SEMD

⇤h(r)
=

d

dr

⇤
h⇥(r)Z(�(r))

rd
⇧
f(r)g(r)

⌅
= 0. (2.7)

The integration constant in (2.7) is set by the charge density on the boundary [36], and so

we have

�
�
Ld�1

⇧e

⇥
h⇥(r)Z(�(r))

rd
⇧

f(r)g(r)
= Q. (2.8)

The dependence of the solutions on the charge density Q will be crucial to our purposes.

We now discuss the structure of the solutions in the IR limit, r ⇤ ⌅. As we discussed in

Section I, we are interested in solutions which obey (1.1) in this limit. Extending the results

of Ref. [25] to general d, we can deduce that such a solution will emerge from the equations

of motion provided we choose the large � behavior to obey

Z(�) = Z0 exp (��)

V (�) = �V0 exp (�⇥ �)
, as � ⇤ ⌅. (2.9)

with �, ⇥ > 0, and the exponents z and ⌅ are then given by

⌅ =
d2⇥

� + (d� 1)⇥
(2.10)

z = 1 +
⌅

d
+

8(d(d� ⌅) + ⌅)2

d2(d� ⌅)�2
. (2.11)

The inequality (1.9) is clearly obeyed by (2.11); this inequality can also be obtained by

applying the null energy condition discussed by Ogawa et al. [40]. Also, imposing the

inequality (1.8) on (2.10), we obtain

⇥ ⇥ (d� 1)

(2d� 1)
�. (2.12)

The compressible state with hidden Fermi surfaces has ⌅ = d � 1, and this requires that

(2.12) is realized as an equality.

Inserting (2.9) into the equations of motion, we can scale out the explicit dependence on
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III.  Homogeneous, anisotropic solutions

More general metrics of relevance could be expected to 
break also some of the spatial symmetries.

As a gentle “warm-up” for the full problem, we consider 
here the problem of finding homogeneous, anisotropic 

solutions.

IV.   Homogeneous, anisotropic geometries

All the phases we’ve discussed (and most discussed in the 
literature) have enjoyed normal translation symmetry.  But 

in real systems, often the low T states break naive 
translations:

Tuesday, December 18, 12
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We would like to do this in a way that is independent of 
assumptions about (ad hoc) bulk matter content.  Focus on 

symmetries.

As a starting point for a classification, we would like to 
classify the most general homogeneous, anisotropic 

extremal black brane geometries.

Homogeneous:  For a theory in d spatial dimensions, there 
should be a d-dimensional group action which relates each 

point to its neighbors.

That, is there should be d Killing vectors whose 
commutators give rise to a Lie algebra.  Only the trivial

algebra gives “normal” translations.

Iizuka, SK,
Kundu, Narayan,

Sircar, Trivedi;
... + Wang
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Example:

Imagine in our three-dimensional space, we enjoy usual 
translation symmetries along two of the directions.  But 

along the third, one must translate as well as rotating in the 
transverse plane, to get a symmetry.

ple where a Type VII near-horizon geometry can arise from an asymptotically AdS

spacetime is given in §5. A brief discussion of subtleties which might arise when
time is involved in the generalised translations is contained in §6. The paper ends

with some discussion in §7. Important supplementary material is contained in the
Appendices §A-§D.

Before closing the introduction, let us comment on related literature. There is a

formidable body of work on brane solutions in the string theory and general relativity
literature; for a recent review with further references, see [12]. A classification of

extremal black holes (as opposed to black branes), quite di!erent from ours, has
been discussed in [13]. Our solutions can be viewed as black branes with new kinds
of “hair”; simple discussions of how branes in AdS space can violate the black hole

no-hair theorems are given in the papers on holographic superconductivity, see e.g.
[14] and [15] for discussions with additional references. Early examples of black

branes with interesting horizon structure were discussed in studies of the Gregory-
Laflamme instability; the original papers are [16] and a recent discussion appears

in [17]. As we mentioned previously, solutions with instabilities of the Type VII
kind have appeared already in the context of AdS/CFT duality in the interesting
papers [9, 10, 11]. Lifshitz symmetry has characterized one new type of horizon

to emerge in holographic duals of field theories at finite charge density in many
recent studies; this was discussed in [18] and [19] (see also [20] for string theory

and supergravity embeddings of such solutions). The attractor mechanism has also
inspired a considerable literature. The seminal paper is [21]. For a recent review

with a good collection of references, see [22]. Some references on attractors without
supersymmetry are [23, 24, 25, 26, 27]. A recent discussion of how the attractor
mechanism may be related to new kinds of horizons for black branes, including e.g.

Lifshitz solutions, appears in [28].

2. Generalised Translations and The Bianchi Classification

It is worth beginning with a simple example illustrating the kind of generalised
translational symmetry we would like to explore. Suppose we are in three dimensional

space described by coordinates x1, x2, x3 and suppose the system of interest has the
usual translational symmetries along the x2, x3 directions. It also has an additional
symmetry but instead of being the usual translation in the x1 direction it is now a

translation accompanied by a rotation in the x2 ! x3 plane. The translations along
the x2, x3 direction are generated by the vectors fields,

!1 = "2, !2 = "3, (2.1)

whereas the third symmetry is generated by the vector field,

!3 = "1 + x2"3 ! x3"2. (2.2)
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vector fields which
generate our generalised

translations

These generate a homogeneous space, in the sense that 
each point in an infinitesimal neighborhood can be 

transported to each other point.
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However, the commutation relations define a Lie algebra 
which is invariantly distinct from the algebra of translations:

It is easy to see that the three transformations generated by these vectors trans-

form any point in the three dimensional plane to any other point in its immediate
neighborhood. This property, which is akin to that of usual translations, is called

homogeneity. However, the symmetry group we are dealing with here is clearly dif-
ferent from usual translations, since the commutators of the generators, eq.(2.1,2.2)
take the form

[!1, !2] = 0; [!1, !3] = !2; [!2, !3] = !!1, (2.3)

and do not vanish, as they would have for the usual translation 3.

In this paper we will be interested in exploring such situations in more generality
where the symmetries are di!erent from the usual translations but still preserve

homogeneity, allowing any point in the system of interest to be transformed to any
other by a symmetry transformation 4.

When can one expect such a symmetry group to arise? Let us suppose that there
is a scalar order parameter, "(x), which specifies the system of interest. Then this

order parameter must be invariant under the unbroken symmetries. The change of
this order parameter under an infinitesimal transformation generated by the vector

field !i is given by

#" = $!i(") (2.4)

and this would have to vanish for the transformation to be a symmetry. It is easy

to see that requiring that this is true for the three symmetry generators mentioned
above, eq.(2.1), eq.(2.2), leads to the condition that " is a constant independent

of the coordinates, x1, x2, x3. Now, such a constant configuration for " is invariant
under the usual translation along x1, generated by %1, besides being invariant also
under a rotation in the x2!x3 plane (and the other rotations). Thus we see that with

a scalar order parameter a situation where the generalised translations are unbroken
might as well be thought of as one that preserves the usual three translations along

with additional rotations.

Now suppose that instead of being a scalar the order parameter specifying the
system is a vector V , which we denote by V i%i. Under the transformation generated
by a vector field !i this transforms as

#V = $[!i, V ]. (2.5)

Requiring that these commutators vanish for all three !i’s leads to the conditions,

V 1 = constant, V 2 = V0 cos(x
1 + #), V 3 = V0 sin(x

1 + #) (2.6)

3In fact this symmetry group is simply the group of symmetries of the two dimensional Euclidean
plane, its two translations and one rotation.

4In a connected space this follows from the requirement that any point is transformed to any
other point in its immediate neighborhood by a symmetry transformation.
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Or in a picture:
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Many varieties of entanglement play a fundamental role in the structure of the new
phases of quantum matter, and it is often long-ranged. Remarkably, the long-range
entanglement appears in the natural state of the new materials at low enough tem-
peratures, and does not require delicate preparation of specific quantum states after
protection from environmental perturbations.

The structure of Sommerfeld-Bloch theory of metals is summarized in Fig. 1.
The electrons occupy single-particle states labelled by a momentum k below the

Band
Insulator

E

k

Metal

Superconductor

Fig. 1. Schematic of the phases of matter which can be described by extensions of the independent
electron theory.

Fermi energy EF . The states with energy equal to EF define a (d� 1)-dimensional
‘Fermi surface’ in momentum space (in spatial dimension d), and the low energy
excitations across the Fermi surface are responsible for the metallic conduction.
When the Fermi energy lies in an energy gap, then the occupied states completely
fill a set of bands, and there is an energy gap to all electronic excitations: this defines
a band insulator, and the band-filling criterion requires that there be an even number
of electrons per unit cell. Both the metal and the band insulator are states which are
adiabatically connected to the states of free electrons illustrated in Fig. 1. Finally,
in the Bardeen-Cooper-Schrie�er theory, a superconductor is obtained when the

Wednesday, March 28, 2012

Happily, for the application to phases in 3 spatial 
dimensions, all possible algebras of this sort have been 

classified.  This is the Bianchi classification, also of use in 
theoretical cosmology.
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The basic mathematical structure is as follows:

* For each of the 9 inequivalent algebras, there are three 
“invariant one-forms”       left invariant under all 

three isometries.

* A metric expressed in terms of these forms with constant 
coefficients will automatically be invariant.

* The one-forms satisfy the relations:

3. General Set-Up and A Simple Example

Here we turn to describing more explicitly a spacetime metric incorporating the
generalised translational symmetries described above and to asking when such a

metric can arise as the solution to Einstein’s equations of gravity coupled with matter.
Mostly we will work in 5 dimensions, this corresponds to setting d = 4 in eq.(1.1).
In addition, to keep the discussion simple, we assume that the usual translational

symmetry along the time direction is preserved so that the metric is time independent
and also assume that there are no o!-diagonal components between t and the other

directions in the metric. This leads to

ds2 = dr2 ! a(r)2dt2 + gijdx
idxj (3.1)

with the indices i, j taking values 1, 2, 3. For any fixed value of r, t, we get a three

dimensional subspace spanned by xi. We will take this subspace to be a homogeneous
space, corresponding to one of the 9 types in the Bianchi classification.

As discussed in [2], for each of the 9 cases there are three invariant one forms,
!i, i = 1, 2, 3, which are invariant under all 3 isometries. A metric expressed in terms

of these one-forms with xi independent coe"cients will be automatically invariant
under the isometries. For future reference we also note that these one-forms satisfy

the relations

d!i =
1

2
C i

jk!
j " !k (3.2)

where C i
jk are the structure constants of the group of isometries [2].

We take the metric to have one additional isometry which corresponds to scale
invariance. An infinitesimal isometry of this type will shift the radial coordinate

by r # r + ". In addition we will take it to rescale the time direction with weight
#t, t # te!!t", and assume that it acts on the spatial coordinates xi such that the

invariant one forms, !i transform with weights #i under it, 5 !i # e!!i"!i.

These properties fix the metric to be of the form

ds2 = R2[dr2 ! e2!trdt2 + $ije
(!i+!j)r!i $ !j] (3.3)

with $ij being a constant matrix which is independent of all coordinates.

In the previous section we saw that a situation where the usual translations were
not preserved but the generalised translations were unbroken requires a vector (or

possibly tensor) order parameter. A simple setting in a gravity setting which could
lead to such a situation is to consider an Abelian gauge field coupled to gravity. We

will allow the gauge field to have a mass in the discussion below. Such a theory with
a massive Abelian gauge field is already known to give rise to Lifshitz spacetimes [18],

5The dilatation generator could act more generally than this. A discussion of the more general
case is left for the future.

– 7 –

with C the structure constants of the algebra.

!i
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Now, in holography we really have an extra spatial 
dimension.  We also have time.  Natural assumptions:

r � r + �, t� e��t⇥t ;
t� t + const .

Then the general  “allowed” near-horizon metrics take
the form:
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I.e. given the Bianchi type, there are a finite set of constants 
one must solve for to get the scaling metric.

Maintain as
symmetries
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* Can find solutions in most Bianchi types in Einstein 
gravity + massive vector, by solving algebraic equations.

* 7 of the types, as far as we can tell, are entirely new as 
symmetries of black-brane solutions.

* Close analogues of type VII have been previously found as 
instabilities of other holographic phases. Domokos, Harvey;

Nakamura, Ooguri, Park;
Donos, Gauntlett

* Gluing these solutions into AdS seems possible.  We have 
done it for type VII (numerically).

Tuesday, December 18, 12Monday, February 4, 13



Generalization to 4-algebras:

In fact, the Bianchi classification isn’t quite what we ordered 
for 5-geometries dual to 4d field theories.   Even if we wish 
to study static geometries, we really have 4d spatial slices in 

the bulk.   

We should study real 4d Lie algebras with 3d subalgebras 
that give the symmetry preserved in the “field theory” 

spatial directions.
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These were classified ~60 years after Bianchi.

There are 12 4-algebras and a myriad of possible 
embeddings of 3-algebras within. MacCallum; 

Patera, Winternitz

In the following, we follow the notation of [26] in naming the algebras – we call them
A4,k with k = 1, · · · , 12. We list only the non-vanishing structure constants (up to obvious
permutation of indices).

• A4,1: C1
24 = 1, C

2
34 = 1

e1 = @1 e2 = @2 e3 = @3 e4 = x2@1 + x3@2 + @4

!1 = dx

1 � x4dx
2 + 1

2x
2
4dx

3
!2 = dx

2 � x4dx
3

!3 = dx

3
!4 = dx

4

• A

a

4,2: C
1
14 = a, C

2
24 = 1, C

2
34 = 1, C

3
34 = 1

e1 = @1 e2 = @2 e3 = @3 e4 = ax1@1 + (x2 + x3)@2 + x3@3

!1 = e

�ax4
dx

1
!2 = e

�x4(dx2 � x4dx3) !3 = e

�ax4
dx

3
!4 = dx4

• A4,3: C1
14 = 1, C

2
34 = 1

e1 = @1 e2 = @2 e3 = @3 e4 = x1@1 + x3@2 + @4

!1 = e

�x4
dx

1
!2 = dx

2 � x4dx
3

!3 = dx

3
!4 = dx

4

• A4,4: C1
14 = 1, C

1
24 = 1, C

2
24 = 1, C

2
34 = 1, C

3
34 = 1

e1 = @1 e2 = @2 e3 = @3

e4 = (x1 + x2)@1 + (x2 + x3)@2 + x3@3 + @4

!1 = e

�x4(dx1 � x

4
dx

2 + 1
2x

2
4dx
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�x4
dx

3
!4 = dx4

• A

a,b

4,5: C
1
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2
24 = a, C

3
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dx
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dx

2
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dx

3
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4

• A
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1
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2
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3
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e1 = @1 e2 = @2 e3 = @3

e4 = ax1@1 + (bx2 + x3)@2 + (bx3 � x2)@3 + @4

!1 = e
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dx

1
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�bx4(cos(x4)dx3 + sin(x4)dx2) !4 = dx

4
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14 = 2, C

2
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2
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3
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• A4,10: C1
23 = 1, C

3
24 = �1, C

2
34 = 1

e1 = @1 e2 = @2 � 1
2x3@1 e3 = @3 +

1
2x2@1

e4 = �x2@3 + x3@2 + @4

!1 = dx
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• A

a

4,11: C
1
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1
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2
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3
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2
34 = 1, C

3
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�ax4(cos(x4)dx2 � sin(x4)dx3)
!3 = e

�ax4(cos(x4)dx3 + sin(x4)dx2) !4 = dx

4

• A4,12: C1
13 = 1, C

2
23 = 1, C

2
14 = �1, C

1
24 = 1

e1 = @1 e2 = @2 e3 = @3 + x1@1 + x2@2

e4 = @4 + x2@1 � x1@2

!1 = e

�x3(cos(x4)dx1 � sin(x4)dx2) !2 = e

�x3(cos(x4)dx2 + sin(x4)dx1)
!3 = dx

3
!4 = dx

4

2.2 Three-dimensional subalgebras

We would like the bulk geometry to reflect homogeneity of the spatial slices in the dual
field theory. For this to happen, we wish to embed a three-dimensional real Lie algebra

5
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IV.  Inhomogeneous solutions

Here, I am just going to focus on an example.  It is 
motivated from field theory as follows.

Consider the XY model:

a, b . . . for the 4 directions of AdS
4

, and i, j . . . for the 2 spatial components. We use the

Euclidean time signature throughout.

II. CONFORMAL FIELD THEORIES

A. XY model

We begin with the simplest possible interacting CFT3 (in 2+1 dimensions) with a con-

served U(1) charge: the XY model, described by the Wilson-Fisher fixed point of the �

4

field theory

LXY = |@µ�|2 + s|�|2 + u|�|4. (2.1)

This fixed point has one relevant operator, and we assume that either s or u has been tuned

to place the field theory at the conformally invariant point. The complex field � will serve

as our superfluid order parameter. We can also consider it as an operator carrying unit

‘electric’ charge, and we define its correlator as

Ge(y) = h�⇤(y)�(0)iLXY
(2.2)

This correlation function has a power-law decay for the CFT3, and this defines the scaling

dimension of the electric operator. The CFT3 has a conserved charge Q associated with the

current

Jµ = i (�⇤
@µ�� �@µ�

⇤) (2.3)

where

Q =

Z
d

2

xJ⌧ (2.4)

and Q = 1 is the electric charge of quanta of �. This current has the correlator (after

subtracting a contact term)

hJµ(k)J⌫(�k)iLXY
= � 1

g

2

|k|
✓
�µ⌫ � kµk⌫

k

2

◆
, (2.5)

where g is a universal number characteristic of the XY CFT3, and kµ is a 3-momentum.

We can also define a monopole operator for this CFT3 as follows. First, couple � to a

background gauge field ↵µ

LXY [↵] = |(@µ � i↵µ)�|2 + s|�|2 + u|�|4 (2.6)

where we follow the convention of indicating source/background fields which are not inte-
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What are the phases of this model when we “dope” it with 
a U(1) charge density?

There are two simple possibilities:

III. DOPED CONFORMAL FIELD THEORIES

This section will describe step A of Fig. 1, applied to the CFT3s described in Section II.

A. XY model

We apply a chemical potential, µ, to the XY model of (2.1)

LXY [µ] = [(@⌧ + µ)�⇤][(@⌧ � µ)�] + |@i�|2 + s|�|2 + u|�|4 (3.1)

In the S dual formulation of (3.1), this chemical potential also couples to J⌧ :

LS
XY [µ] = LS

XY � µ

2⇡
✏ij@iaj. (3.2)

The following subsections describe the superfluid and solid phases that can appear in

such a CFT3 at a non-zero µ. A Bose metal phase is not possible in such a CFT3 without

a gauge field in the direct formulation, and the reason for this will become clear in the next

subsection.

1. Superfluid

Notice from (3.1) that µ induces a negative mass term �µ

2|�|2. So the most likely

consequence is that we obtain a superfluid phase with a � condensate.

In the S dual formulation, we see that µ induces a net magnetic flux h✏ij@iaji. Assuming

there is no Higgs phase with a  condensate, one consequence is that the spectrum of  

quanta has the form of gapped Landau levels. And so the superfluid phase is characterized

by

h�i 6= 0 , h i = 0. (3.3)

The broken U(1) symmetry due to the � condensate implies that there is a gapless

Goldstone boson. In the S dual formulation, this gapless mode is the aµ photon.

2. Solid

If quantum fluctuations are su�ciently strong, it is possible that for certain CFTs a solid

phase obtained. For the XY model, note that µ lowers the energy of the � particle, while

raising the energy of its anti-particle; so we can consider a low-energy theory of the particle

alone. One possible non-zero density ground state is a crystal of these particles. Clearly

such a phase preserves the global U(1) symmetry, while breaking translational symmetry.

12

So, the doping can lead to a condensate of the field, a 
superfluid.

The other possibility is more obvious from the “S-dual” 
description, the Abelian Higgs model:

the conformally flat metric ds

2 = ⌦�2(x)dxµdxµ, the zero curl conditions are

✏µ⌫�@⌫(⌦(x)�⌫(x)) = 0. (2.12)

The equations (2.12) and (2.8) define �µ in a conformally invariant manner. In this way we

obtain a definition of the monopole operator which transforms like an ordinary scalar under

all conformal transformations. Note that our definition is intrinsically non-local as it involves

a determination of a non-zero �µ(x) at all spacetime points; the issue of the non-locality of

the monopole operator will appear again when we discuss holography in Section IV.

1. S duality

As reviewed in Appendix A, application of S duality to the XY model yields the abelian

Higgs model [49, 50]

LS
XY = |(@µ � iaµ) |2 + s| |2 + u| |4 + 1

2e2
(✏µ⌫�@⌫a�)

2 (2.13)

which provides an alternative description of the same CFT3. The conserved U(1) current

in (2.3) can now be written as

Jµ =
i

2⇡
✏µ⌫�@⌫a�. (2.14)

The factor of i is a consequence of working in the Euclidean signature, and the exchange

of electric and magnetic degrees of freedom under S duality. A gauge-invariant two-point

correlator of the field  yields the same Gm as in (2.9), as shown in Appendix A:

Gm(y) =

⌧
 

⇤(y) exp

✓
� i

2⇡

Z
d

3

x aµ �µ

◆
 (0)

�

LS
XY

; (2.15)

it is easy to verify that the above correlation function is gauge invariant after using (2.8).

From this correlator, we can identify the gauge-invariant monopole operator as

 Ma ; eQ = 2⇡, (2.16)

where the operator Ma is defined from (2.15) as an insertion which couples the gauge field

aµ to the magnetic flux of a monopole via a Chern-Simons term; such an insertion also

appeared in the analysis of supersymmetric CFT3s by Kapustin and Willett [40]. Explicitly

7
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Here, the U(1) current is:

Jµ ⇠ ✏µ⌫�@⌫a�

This gives rise to the Landau-Ginzburg theory from which 
the Abrikosov vortex lattice is derived!  So another natural 

phase in this theory, is a “magnetic solid,” whose order 
parameter is a monopole condensate.

Adding the chemical potential shifts it by a term 
proportional to the (dual) magnetic field:

III. DOPED CONFORMAL FIELD THEORIES

This section will describe step A of Fig. 1, applied to the CFT3s described in Section II.
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We apply a chemical potential, µ, to the XY model of (2.1)
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In the S dual formulation of (3.1), this chemical potential also couples to J⌧ :

LS
XY [µ] = LS

XY � µ

2⇡
✏ij@iaj. (3.2)
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a gauge field in the direct formulation, and the reason for this will become clear in the next

subsection.

1. Superfluid

Notice from (3.1) that µ induces a negative mass term �µ

2|�|2. So the most likely

consequence is that we obtain a superfluid phase with a � condensate.

In the S dual formulation, we see that µ induces a net magnetic flux h✏ij@iaji. Assuming

there is no Higgs phase with a  condensate, one consequence is that the spectrum of  

quanta has the form of gapped Landau levels. And so the superfluid phase is characterized

by

h�i 6= 0 , h i = 0. (3.3)

The broken U(1) symmetry due to the � condensate implies that there is a gapless

Goldstone boson. In the S dual formulation, this gapless mode is the aµ photon.

2. Solid

If quantum fluctuations are su�ciently strong, it is possible that for certain CFTs a solid

phase obtained. For the XY model, note that µ lowers the energy of the � particle, while

raising the energy of its anti-particle; so we can consider a low-energy theory of the particle

alone. One possible non-zero density ground state is a crystal of these particles. Clearly

such a phase preserves the global U(1) symmetry, while breaking translational symmetry.
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Holographic analogue:

We are going to try and make a holographic model of a 
strongly coupled compressible quantum liquid that 

undergoes similar “solidification.”

The starting point will be two observations:

1.  Consider the theories with Lagrangians

violating metrics (1.1) can mirror the expected properties of real compressible phases of

quantum matter, at leading order in the large N expansion.

One rather generic expectation for doped CFTs in 2+1 dimensions, discussed recently by

one of the authors in [21], is that magnetic operators should serve as generic order parame-

ters for detection of possible emergent “solid” phases. Here, using electric-magnetic duality,

we will see that one can naturally obtain solids as vortex lattices in the geometries (1.1).

An important role is played by the running dilaton which supports the geometry (1.1), and

triggers instabilities as it flows to extreme values in the deep infrared. Holographic phases

with spatial modulation were also discussed in the earlier papers [22, 23, 24, 25, 26], and

the physics of the instabilities triggered by the running dilaton in EMD geometries was the

subject of the recent papers [27, 28].

2 Starting solutions of interest

2.1 Basic EMD theory and magnetic solutions

We start with the bulk gravity theory represented by an Einstein-Maxwell-Dilaton action

S =

Z

d4x
p

�g
�

R� 2(@�)2 � f(�)Fµ⌫F
µ⌫

� V (�)
�

(2.1)

where the gauge-coupling function is of the form

f(�) = e2↵� (2.2)

and the scalar potential takes the form

V (�) =
1

L2
e�⌘� . (2.3)

This theory supports solutions of the form

ds2 = L2

✓

�a(r)2dt2 +
dr2

a(r)2
+ b(r)2(dx2 + dy2)

◆

(2.4)

with scalar profile

�(r) = Klog(r) . (2.5)

In the simplest solutions, a and b take power-law scaling forms

a(r) ⇠ r1��, b(r) ⇠ r� (2.6)
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After doping, these support metrics whose thermodynamic 
functions and entanglement entropy is similar to that of 

interesting phases in condensed matter.

2.   Rather generic corrections to f, V “stabilize” the dilaton 
in a deep infra-red AdS2 geometry.   (OR, we are starting 

with an AdS2 calculation for ease...)

Do these theories give rise to “magnetic solids” or not?  

S-duality maps our problem to:

and

e2↵�H
� ⇠2e

�2↵�H = �

⌘

↵

2b4HL
2

Q2
m

. (2.14)

Simultaneous solutions of these equations exist over a wide range of parameters.

3 Inclusion of “monopole” field

Our interest is not in the emergent AdS2 solution (2.12); in the presence of monopole fields

in the original theory, the magnetic description of §2.2 is incomplete. There is also an

electrically charged scalar field,  , the dual of the monopole field. Here, we incorporate its

presence into the description, and see that in some ranges of parameters, it can qualitatively

change the deep IR physics. The simplest case in which we can see this e↵ect will be directly

in the AdS2 ⇥ R2 background of § 2. We will impose a hard wall cuto↵ at r = r0 in the

deep IR, which will introduce a temperature scale into the system. Tuning the magnetic

field relative to the temperature will trigger the scalar instability.

After including the  coupling to the gauge field the action becomes,

S =

Z

d4x
p

�g

✓

R� 2⇤�

1

4
F 2

� |rµ |
2
�m2

| |2 � �| |4
◆

, (3.1)

where we have already set the dilaton to a constant value, as we would expect in any

metric which flows to AdS2 ⇥ R2 in the IR. We have defined rµ = @µ + ieAµ, where e is

the electric charge of the scalar field. From this point on we will set e = 1. This action

has a stress-energy tensor of the form

Tµ⌫ = �

gµ⌫
2

Lmat+
1

2
Fµ�F

�
⌫ +e2AµA⌫ | |

2+
1

2
[@µ @⌫ 

⇤+ ie (Aµ@⌫ +A⌫@µ) 
⇤+h.c.] (3.2)

where

Lmat =
1

4
F 2 + |rµ |

2 +m2
| |2 + �| |4. (3.3)

We may expand the magnitude of |rµ |
2 as

|rµ |
2 = |@µ |

2 + iAµ( @
µ ⇤

�  ⇤@µ ) + A2
| |2 . (3.4)

At this point, we can calculate the Euler-Lagrange equation for  by di↵erentiating with

respect to  ⇤:

@µ(
p

�grµ ) = �

p

�g(iAµ
rµ �m2 � 2�| |2 ), (3.5)
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with a background magnetic field:

and the equation of motion for the gauge field,

1
p

�g
@µ(

p

�gF µ⌫) = i( @⌫ ⇤
�  ⇤@⌫ ) + 2A⌫

| |2. (3.6)

In addition to these equations of motion, we will also need to solve the Einstein equations,

Rµ⌫ �
(R� 2⇤)

2
gµ⌫ = Tµ⌫ , (3.7)

when we include backreaction of the  condensate on the gauge field and the metric.

We will expand perturbatively in a small parameter ✏ around the solution  = 0 with

background gauge field of the form

Ax = Qcy, Ay = 0. (3.8)

This choice of magnetic field will be right at the onset of the instability to forming vortices.

Right at the critical value of the magnetic field, the  = 0 solution will be degenerate with a

vortex lattice solution. As we increase the magnetic field to slightly above its critical value,

 = 0 will no longer be the preferred solution, and the vortex lattice will be preferred.

Continuing to increase the magnetic field will cause the size of the vortices to grow, and at

very large magnetic field the vortices will grow to fill up all space. The vortices grow with

magnetic field in order to counteract the addition energy due to the B field.

Our metric ansatz to O(✏2) is

ds2 = L2

⇢

1

r2
((�1 + ✏2a(r, x, y))dt2 + (1 + ✏2a(r, x, y))dr2) + (1 + ✏2b(r, x, y))(dx2 + dy2)

�

.

(3.9)

Because at zeroth order in epsilon the AdS2 ⇥ R2 metric is exactly supported by the

magnetic field (i.e. it is not a probe), we find it necessary to include metric backreactiion

once we backreact on the gauge field.

We can parametrize the backreaction of the scalar and gauge field onto each other by a

perturbative expansion in the distance away from the critical field. The scalar will have

the form

 (r, x, y) = ✏ 1(r, x, y) + ✏3 3(r, x, y) + . . . (3.10)

and the gauge field will have the form

Ax(r, x, y) = Qy + ✏2ax2(r, x, y) + . . . , (3.11)

Ay(r, x, y) = ✏2ay2(r, x, y) + . . . , (3.12)

8

We are studying the formation of the resulting vortex 
lattice, at roughly the critical value of the B-field at a given 

fixed IR scale (temperature or IR cutoff).  Close to the 
critical value, the monopole field develops a small vev:

 ⇠ (T � Tc)↵

and perturbation theory will suffice.
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However, in the most natural regime of parameters:

* Let us call the small parameter ✏

* Then, the perturbations to various fields arise at:

 = ✏ 1 + ✏3 3 + . . .

A = A0 + ✏2A2 + . . .

g = g0 + ✏2g2 + . . .

In particular, we will need to account for back-reaction on 
the gauge field and metric to see the lattice form in a non-
trivial way (e.g. see modulation of charge density in the dual 

crystal).
Monday, February 4, 13



Background value of the monopole field

Make an ansatz for the expectation value of the monopole 
field in the background magnetic field:

radial equation for all metrics we might consider, and so we can find the basic form of the

droplet solution while leaving the metric general.

For metrics with components which only depend on r and for which gxx = gyy, we can

solve this equation by separation of variables, assuming that

 1 = ⇢0⇢(r)g(y)e
ikx , (3.15)

where ⇢0 is an overall constant. Inserting our choice of gauge (3.8) yields, after some

algebraic manipulation,

1

⇢n(r)

✓

grr

gxx
⇢00n(r) +

1
p

�ggxx
@

@r
(
p

�ggrr)⇢0n(r)

◆

�

m2

gxx
= �

1

gn(y)

�

g00n(y)� (Qy + k)2gn(y)
�

= ��n,

(3.16)

where �n is the eigenvalue from the separation of variables. First we will consider the

equation for g(y), which will yield the basic droplet solution. This solution will only exist

in the parameter ranges which admit a normalizable solution to the radial equation; we

will discuss this in the next section. The equation for g becomes,

g00n � (Qy + k)2gn = �ngn. (3.17)

Now, redefining Y =
p

Q(y + k
Q
), the gn equation becomes

g00n(Y )�

✓

Y 2 +
�n
Q

◆

gn(Y ) = 0. (3.18)

Solving, we get that

gn(Y ) = c+D⌫+(
p

2Y ) + c�D⌫�(i
p

2Y ) (3.19)

where c± are constants, ⌫± = 1
2

⇣

�1± �n

Q

⌘

, and D⌫(x) is the parabolic cylinder function.

The reader may recognize the di↵erential equation for gn, (3.17), as the same eigenvalue

problem that arises in the study of the quantum mechanics of the simple harmonic oscilla-

tor. More properly, this is the case for appropriate choices of the separation constant. In

these cases, we can write the (normalizable) solution for gn in terms of the familiar Hermite

polynomials:

gn = e�Y 2/2Hn(Y ), (3.20)

with eigenvalues �n = 2Q(n+1/2). The nth eigenvalue here characterizes the nth Landau

level of the  particles. The “droplet” solutions with this shape were first discussed in the

series of papers [29], in a related but distinct context. The single droplet solution is when

n = 0, which is just a gaussian centered at y = �k/Q, g(y) = e�Y 2/2. Note that gn =

constant is not a solution to the equations of motion.
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in the parameter ranges which admit a normalizable solution to the radial equation; we

will discuss this in the next section. The equation for g becomes,

g00n � (Qy + k)2gn = �ngn. (3.17)

Now, redefining Y =
p

Q(y + k
Q
), the gn equation becomes

g00n(Y )�

✓

Y 2 +
�n
Q

◆

gn(Y ) = 0. (3.18)

Solving, we get that

gn(Y ) = c+D⌫+(
p

2Y ) + c�D⌫�(i
p

2Y ) (3.19)

where c± are constants, ⌫± = 1
2

⇣

�1± �n

Q

⌘

, and D⌫(x) is the parabolic cylinder function.

The reader may recognize the di↵erential equation for gn, (3.17), as the same eigenvalue

problem that arises in the study of the quantum mechanics of the simple harmonic oscilla-

tor. More properly, this is the case for appropriate choices of the separation constant. In

these cases, we can write the (normalizable) solution for gn in terms of the familiar Hermite

polynomials:

gn = e�Y 2/2Hn(Y ), (3.20)

with eigenvalues �n = 2Q(n+1/2). The nth eigenvalue here characterizes the nth Landau

level of the  particles. The “droplet” solutions with this shape were first discussed in the

series of papers [29], in a related but distinct context. The single droplet solution is when

n = 0, which is just a gaussian centered at y = �k/Q, g(y) = e�Y 2/2. Note that gn =

constant is not a solution to the equations of motion.
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Near the phase transition, one expects only the lowest 
Landau level to be populated, and the vortex lattice should 

take the form:

3.2 Vortex lattice

Of more interest to us is a solution which preserves some discrete subgroup of the trans-

lation invariance of the original system. The basic droplet of §3.1 breaks translations

entirely. However, more symmetric solutions can be obtained by taking linear combina-

tions of droplets, which still solve the (linearized) equations of motion neglecting back

reaction.

A vortex lattice can be constructed as follows, using the zeroth Landau level solutions for

the  field [31]. The basic solution is

 0(y; k) = e�
Y 2

2 = e�
Q
2 (y+ k

Q
)2 . (3.21)

An appropriate superposition to give a lattice in the x� y plane is

 lat(x, y) =
1

L

1
X

l=�1

cle
iklx 0(y; kl) (3.22)

where

cl ⌘ e
�i⇡

v2
v21

l2

, kl ⌘
2⇡l

v1

p

Q (3.23)

for arbitrary v1 and v2.

One can write this in terms of the elliptic theta function ✓3:

✓3(v, ⌧) ⌘
1
X

l=�1

ql
2
z2l, q ⌘ ei⇡⌧ , z ⌘ ei⇡v (3.24)

as

 1(x, y, r) = ⇢0⇢(r) lat(x, y),  lat(x, y) ⌘ e
�Qy2

2 ✓3(v, ⌧) (3.25)

with

v ⌘

p

Q(x+ iy)

v1
, ⌧ ⌘

2⇡i� v2
v21

. (3.26)

That the solution (3.22) represents a lattice is now evident from the basic properties of the

elliptic theta function. For instance

✓3(v + 1, ⌧) = ✓3(v, ⌧) (3.27)

and

✓3(v + ⌧, ⌧) = e�2⇡i(v+⌧/2)✓3(v, ⌧) (3.28)
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One can more elegantly write this in terms of the third 
elliptic theta function as:
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4

determined in the combination Tc/µ = 3/(4!qc) with
qc ! 4.07 [14].

B. Vortex lattice solution

Let us clarify how the vortex lattice constructed in this
subsection di!ers from the droplet in the previous sub-
section. A characteristic feature of a vortex is that it
has a zero and has a winding number around the zero.
Thus, the droplet which is nonvanishing everywhere can-
not have such a winding number. However, a superposi-
tion of droplets can have zeros and winding numbers as
we will see in a moment.

As we have seen in the last subsection, it is enough to
consider only the n = 0 solution near Bc2:

"0(x; p) = e!X2/4 = exp

!

"
1

2

"

x

r0
" pr0

#2
$

, (2.12)

where r0 := 1/
#

Bc2. As #n is independent of p, a linear
superposition of the solutions eipy$n(u)"n(x; p) with dif-
ferent p is also a solution of the equation of motion for
" at O(%1/2). To obtain the vortex lattice solution from
the single droplet solution (2.12), consider the following
superposition:

&1(x, u) =
$0(u)

L

"
%

l=!"

cl eiply"0(x; pl), (2.13a)

cl := exp

"

"i
!a2

a2
1

l2
#

, pl :=
2!l

a1r0
, (2.13b)

for arbitrary parameters a1 and a2. In terms of the ellip-
tic theta function '3 defined by

'3(v, () :=
"
%

l=!"

ql2z2l (q := e!"i, z := ei"v), (2.14)

the summation over l in Eq. (2.13a) is expressed by

"L(x) :=
"
%

l=!"

cl e
iply"0(x; pl) = e!x2/2r2

0 '3(v, (),

(2.15)

where

v :=
"ix + y

a1r0
, ( :=

2!i " a2

a2
1

. (2.16)

The solution (2.13) or (2.15) represents a vortex lattice.
The elliptic theta function '3 has two properties which
are useful to see the vortex lattice structure. First, '3

has a pseudo-periodicity

'3(v + 1, () = '3(v, (), (2.17a)

'3(v + (, () = e!2"i(v+!/2) '3(v, (), (2.17b)

x

y

!!L"x#$2

FIG. 2: The vortex lattice structure for the triangular lattice
in the (x, y)-plane. The vertical line represents ! = |"L|

2 and
vortex cores are located at |"L| = 0.

so &1 also has a pseudo-periodicity

&1(x, y, u) = &1(x, y + a1 r0, u), (2.18a)

&1

"

x +
2!r0

a1
, y +

a2 r0

a1
, u

#

= exp

&

2!i

a1

"

y

r0
+

a2

2a1

#'

&1(x, y, u). (2.18b)

Thus, )(x) := |"L(x)|2 represents a lattice in which the
fundamental region V0 is spanned by two vectors b1 =
a1r0*y and b2 = 2!r0/a1*x + a2r0/a1*y and the area
is given by 2!r2

0 . This is the well-known result, where
the magnetic flux penetrating the unit cell is given by
Bc2 $ (Area) = 2!. This shows the quantization of the
magnetic flux penetrating a holographic vortex.

Second, '3 vanishes at

xm,n =

"

m +
1

2

#

b1 +

"

n +
1

2

#

b2, (2.19)

for any integers m, n. Since the expectation value of the
operator O dual to " is proportional to "L(x), the con-
densation %O& has a zero at xm,n. Also, it is easily shown
that the phase of %O& ' "L(x) rotates by 2! around each
xm,n [5]. Thus, the cores of vortices are located at xm,n.

The triangular lattice, where three adjoining vortices
xm,n form an equilateral triangle, is given by the follow-
ing parameters:

a2

a1
=

a1

2
= 3!1/4#!. (2.20)

Figure 2 shows the configuration of )(x) = |"L(x)|2 in
the (x, y)-plane for the triangular lattice. It is well-known
that this configuration minimizes the free energy in the
GL theory [5].

Obviously, the linear analysis presented here alone can-
not lift the degeneracy of the solution and determine that
the triangular solution is the correct one. To determine
the correct configuration, one needs to compute the free
energy and include nonlinear e!ects for the holographic
superconductor as well, which is a goal of later sections.
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and the equation of motion for the gauge field,

1
p

�g
@µ(

p

�gF µ⌫) = i( @⌫ ⇤
�  ⇤@⌫ ) + 2A⌫

| |2. (3.6)

In addition to these equations of motion, we will also need to solve the Einstein equations,

Rµ⌫ �
(R� 2⇤)

2
gµ⌫ = Tµ⌫ , (3.7)

when we include backreaction of the  condensate on the gauge field and the metric.

We will expand perturbatively in a small parameter ✏ around the solution  = 0 with

background gauge field of the form

Ax = Qcy, Ay = 0. (3.8)

This choice of magnetic field will be right at the onset of the instability to forming vortices.

Right at the critical value of the magnetic field, the  = 0 solution will be degenerate with a

vortex lattice solution. As we increase the magnetic field to slightly above its critical value,

 = 0 will no longer be the preferred solution, and the vortex lattice will be preferred.

Continuing to increase the magnetic field will cause the size of the vortices to grow, and at

very large magnetic field the vortices will grow to fill up all space. The vortices grow with

magnetic field in order to counteract the addition energy due to the B field.

Our metric ansatz to O(✏2) is

ds2 = L2

⇢

1

r2
((�1 + ✏2a(r, x, y))dt2 + (1 + ✏2a(r, x, y))dr2) + (1 + ✏2b(r, x, y))(dx2 + dy2)

�

.

(3.9)

Because at zeroth order in epsilon the AdS2 ⇥ R2 metric is exactly supported by the

magnetic field (i.e. it is not a probe), we find it necessary to include metric backreactiion

once we backreact on the gauge field.

We can parametrize the backreaction of the scalar and gauge field onto each other by a

perturbative expansion in the distance away from the critical field. The scalar will have

the form

 (r, x, y) = ✏ 1(r, x, y) + ✏3 3(r, x, y) + . . . (3.10)

and the gauge field will have the form

Ax(r, x, y) = Qy + ✏2ax2(r, x, y) + . . . , (3.11)

Ay(r, x, y) = ✏2ay2(r, x, y) + . . . , (3.12)
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At next order, one must back-react on the gauge field and 
the metric tensor.  We take the ansatz:

With appropriate boundary conditions in “hard-wall” cutoff 
geometries, it seems we can efficiently solve the resulting 
set of partial differential equations using Fourier series 

expansions. c.f. Bu, Erdmenger,
Shock, Strydom
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3.4 Higher order corrections to the gauge field and metric

The relevant equations of motion are the Einstein equations and the Euler-Lagrange equa-

tions for  , Aµ, equations (3.5) and (3.6).

In an AdS2 ⇥ R2 background, all the unknown functions scale as power law in r. At O(✏)

there is only the  equation of motion. From § 3 we know there exists a lattice solution of

the form

 1(r, x, y) = ⇢0r
↵

1
X

n=�1
e

2⇡in
p
Qx

v1 e
�Q

2

⇣
y+ 2⇡in

v1
p

Q

⌘2

, (3.31)

where ⇢0 is the magnitude of  1 and the scaling exponent is

↵ =
1

2

⇣

1 +
p

1 + 4(Q+m2L2)
⌘

. (3.32)

 1 acts as a source in the gauge field equation of motion and Einstein equations at O(✏2).

Therefore we can extract the r scaling in the O(✏2) corrections and solve the equations of

motion for the spatial dependence. We write

fi(r, x, y) = ⇢20r
2↵fi(x, y) (3.33)

where fi = a, b, ax2 , a
y
2. By assuming a normalizable radial dependence of this form for each

field, we are implicitly setting one integration constant to zero per function. This ansatz

also implicitly fixes Dirichlet boundary conditions at the IR hard wall for the radial modes,

fi(r0, x, y) = ⇢20B
2fi(x, y) where B is the boundary condition on the radial part of  1 at

the hard wall. By doing this we have chosen a the second integration constant for each

function.

Now we examine the di↵erential equations at O(✏2). The equation of motion for Ar gives

us the constraint

@xa
x
2 + @ya

y
2 = 0. (3.34)

Besides this, we have 2 additional gauge field equations of motion (one each for x, y) and 5

nontrivial Einstein equations (for Gtt, Grr, Gxx = Gyy, Grx, Gry) at O(✏2). These are seven

equations and four unknown functions. Luckily, three of them are redundant and we can

find a consistent solution once we have chosen the form of the source,  1. The Einstein

equations are,

2(@ya
x
2 � @xa

y
2) +Q(@2x + @2y)(a+ b) + 2Q(4↵2

� 1)b = S1( 1)

2(@xa
y
2 � @ya

x
2) +Q(@2x + @2y)(a� b) + 2Q(2↵ + 1)b = S2( 1)
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2↵ay2 +Q(↵� 1)@xa�Q↵@xb = S3( 1)

2↵ax2 �Q(↵� 1)@ya+Q↵@yb = S4( 1)

2(@xa
y
2 � @ya

x
2)� 2Q(↵� 1)(2↵� 1)a+ 2Q(2↵2

� ↵ + 1)b = S5( 1) (3.35)

and the gauge field equations are

(@2x + @2y + 2↵(2↵� 1))ax2 �Q@yb = S6( 1)

(@2x + @2y + 2↵(2↵� 1))ay2 +Q@xb = S7( 1), (3.36)

where the  -dependent source terms are given by

S1( 1) = �

Q

2
(2↵2 +Q2m2 + 2Q2y2)| 1|

2 + iQ2y( ⇤
1@x 1 �  1@x 

⇤
1)�Q(|@x 1|

2 + |@y 1|
2)

S2( 1) =
Q

2
(�2↵2 +Q2m2 + 2Q2y2)| 1|

2
� iQ2y( ⇤

1@x 1 �  1@x 
⇤
1) +Q(|@x 1|

2 + |@y 1|
2)

S3( 1) =
Q↵

2
@x| 1|

2

S4( 1) = �

Q↵

2
@y| 1|

2

S5( 1) = �

Q

2
(2↵2 +Q2m2 + 2Q2y2)| 1|

2 + iQ2y( ⇤
1@x 1 �  1@x 

⇤
1)�Q(|@x 1|

2
� |@y 1|

2)

S6( 1) = �

i

2
Q2( ⇤

1@x 1 �  1@x 
⇤
1 + 2iyQ| 1|

2)

S7( 1) =
i

2
Q2( 1@y 

⇤
1 �  ⇤

1@y 1), (3.37)

and a, b, ax2 , a
y
2, 1 are now only functions of x, y as we have omitted the power law r-

dependence.

We know that the vortex lattice solution is periodic in x, y with periodicity v1p
Q

in the x

direction and 2⇡
v1

p
Q
in the y direction (this is only for the rectangular lattice); therefore we

can expand each of these functions as a double fourier series in x, y as

fi(x, y) =
X

m,n

v1e
2⇡im

p
Qx

v1 einv1
p
Qye

�m2⇡2

v21
�i⇡mn�n2v21

4 f̃i(m,n), (3.38)

where fi = a, b, ax2 , a
y
2, and we have pulled out the exponential function of m,n which will

be present in all of the source terms. Notice that the periodicity implies that each unit

cell has a net flux density of 2⇡
Q
. It remains to fourier transform the source terms in the

equations of motion in order to bring them into the form of equation (3.38), and then solve

algebraic equations for the polynomial coe�cients f̃i(m,n). In order to do this we will use

properties of exponentials and the Fourier transform to write an infinite sum of Gaussians

as an infinite sum of exponentials,

X

m

e
� 1

2

⇣
y+ 2⇡m

v1

⌘2

e
� 1

2

⇣
y+ 2⇡(m+n)

v1

⌘2

=
X

m

1
p

2
eiv1my v1

2⇡
e
� v21m

2

4 �i⇡nm�n2⇡2

v21 . (3.39)
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(and each unit cell is fixed to have a flux density of     ).        2⇡
Q

The result is a set of algebraic equations for the Fourier 
coefficients, which can be solved.

The happy damping of finite m,n contributions above is due 
to the nature of the vortex lattice-induced source terms.
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What we discussed:

* Homogeneous, isotropic extremal duals are characterized 
by two exponents, and have led to rich physics.

* Homogeneous, anisotropic extremal duals may be 
classified by symmetry groups generated by Killing vectors.
The classification gives diverse types; systematic study of 

embeddings and flows to AdS is yet to be performed.

* One partial example of an inhomogeneous “monopole 
lattice” configuration (where correlators, phase transitions, 

etc remain to be studied).  

* Can we classify inhomogeneous extremal horizons?
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