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Topological Insulator
2D Spin-locked states on surface
Bulk insulating
Bi2Se3, Bi2Te3, Bi2Te2Se …

Topological Dirac semimetal
Bulk Dirac states are conducting
3D protected nodes on symmetry axis
Each Dirac node is comprised of 2 Weyls
Na3Bi, Cd3As2

2D and 3D Topological Matter

B

Ω

3D k space

Surf k space

Break inversion symmetry (TaAs, NbP)
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Majorana bound state in condensed matter

𝛾𝛾𝐤𝐤↑ = 𝑢𝑢𝐤𝐤𝑐𝑐𝐤𝐤↑ + 𝑣𝑣𝐤𝐤 𝑐𝑐−𝐤𝐤↓
† , 𝛾𝛾𝐤𝐤↓ = 𝑢𝑢𝐤𝐤𝑐𝑐𝐤𝐤↓ − 𝑣𝑣𝐤𝐤 𝑐𝑐−𝐤𝐤↓

†

Need p-wave pairing to realize isolated Majorana excitation at zero energy?

𝛾𝛾𝟎𝟎 = [𝑐𝑐𝟎𝟎↑ + 𝑐𝑐0↓
† ]/√2

Majorana excitation:
Neutral
Real fermion at zero energy 
Its own antiparticle

𝛾𝛾0
† = 𝛾𝛾0

Read and Green
Kitaev
Fu and Kane
Beenakker

𝑢𝑢𝐤𝐤 = 𝑣𝑣𝐤𝐤When 𝜀𝜀𝐤𝐤 − 𝜇𝜇 = 0,

Have equal amplitudes 𝛾𝛾𝟎𝟎↑ = [𝑐𝑐𝟎𝟎↑ + 𝑐𝑐0↓
† ]/√2

But there are two degenerate excitations, 𝛾𝛾𝟎𝟎↑ and 𝛾𝛾𝟎𝟎↓.

Δ

Vortex core of p-wave SC

Bogolyubov qp

Ek

Cooper pair 𝜀𝜀𝐤𝐤 − 𝜇𝜇

Bogolyubov excitations



Majorana bound state in 1D semiconductor with strong spin-orbit coupling λ
Oreg, Refael, von Oppen (PRL 2010)
Lutchyn, Sau, Das Sarma (PRL 2010)

E(k)

k
B

B||z s-wave SC

𝐸𝐸0 = 𝐵𝐵 − Δ2 + 𝜇𝜇 𝑦𝑦 2

𝐻𝐻 = �
𝑘𝑘2

2𝑚𝑚
− 𝜇𝜇(𝑦𝑦 𝜏𝜏𝑧𝑧 + 𝜆𝜆𝑘𝑘𝜎𝜎𝑧𝑧𝜏𝜏𝑧𝑧 + 𝐵𝐵𝜎𝜎𝑥𝑥 + Δ𝜏𝜏𝑥𝑥

At k = 0, Zeeman B and proximity eff. induce the gap

µ(y)

y

E0

Majorana

At each end, 𝜇𝜇 → −∞. 
Gap E0 vanishes and reappears with sign change. 
Majorana bound state exists at zero energy.

Analogous to zero mode of Dirac fermion in a 
twisted classical field m(y) in polyacetylene
(Jackiw and Rebbi, Su Schrieffer, Heeger)

InAs

B||z

y

proximity effect

m(y)

y
Jackiw Rebbi

SSH polyacetylene

Rashba term ProximitizeZeeman field



Science (2013)

Improvements:
Change NbN to Al 
Reduce interface disorder

Conductance peak dI/dV now close to 2𝑒𝑒
2

ℎ

Anticipate exchange using hashtag structure

V

B

V

dI
/d

V



Science (2014)

Majorana QP is distinct from Shiba states; 
confined to ends of chain at zero energy.

STM allows Majorana QP to be spatially resolved.

Fe

Pb
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Berry curv. ΩWeyl FS

E(k)

EB,

Landau levels

kz
0

χ=1 χ=-1

In (3+1)D, electrons in the lowest Landau levels are 
left- and right-moving massless fermions     (Schwinger model, Nielsen Ninomiya)

Chiral anomaly, axial current and longitudinal MR in (3+1)D

The axial charge 𝑁𝑁𝑅𝑅 − 𝑁𝑁𝐿𝐿 is time dependent.

Axial current J5 is not conserved     𝛻𝛻 � 𝐽𝐽5 + 𝜕𝜕𝑡𝑡𝜌𝜌5 = 𝐴𝐴

quantizing B

𝐴𝐴 = −
𝐿𝐿2

2𝜋𝜋ℓ𝐵𝐵2
𝐿𝐿𝐿𝐿 ̇𝑘𝑘𝑧𝑧
2𝜋𝜋

= −𝑉𝑉
𝐿𝐿3

4𝜋𝜋2ℏ2
𝐄𝐄.𝐁𝐁

𝐴𝐴 =
𝐿𝐿2

16𝜋𝜋2 𝜀𝜀
𝜇𝜇𝜇𝜇𝜇𝜇𝜇𝜇 𝐹𝐹𝜇𝜇𝜇𝜇𝐹𝐹𝜇𝜇𝜇𝜇



(Adler, Bell, Jackiw, 1969)1

π0
γγ

photon
pion

axial current
vector current

The Adler Bell Jackiw (chiral or axial) anomaly

Pions, the lightest hadrons, are long-lived. 
Charged pions can decay only into leptons      𝜋𝜋+ → 𝜇𝜇+ + ν

However, neutral pions can decay into 2 photons (3x108 faster!)
𝜋𝜋0 → 𝛾𝛾 + 𝛾𝛾

An anomaly in QFT is the breaking of a classically allowed symmetry by quantum effects.

First appeared in pion decay -- discrepancy of 300 million between neutral and charged pions

Adler Bell Jackiw anomaly

1. Axial Anomaly, R. Jackiw, Scholarpedia

Coupling to EM field breaks chiral symmetry of pions
Leads to decay of axial current into photons

𝐴𝐴 =
𝐿𝐿2

16𝜋𝜋2 𝜀𝜀
𝜇𝜇𝜇𝜇𝜇𝜇𝜇𝜇 𝐹𝐹𝜇𝜇𝜇𝜇𝐹𝐹𝜇𝜇𝜇𝜇

Observable in a 3D crystal (Nielsen, Ninomiya 1983)



Jun Xiong, S. Kushwaha, Krizan, 

Fermi energy lies 30 meV below node Striking negative longitud. MR (LMR)

A = −𝑉𝑉 𝑒𝑒3

4𝜋𝜋2ℏ2
𝐄𝐄.𝐁𝐁

Science 2015



Z J WangKushwaha

Nature Materials, 2016

GdPtBi

Gd Bi

Pt

Field B splits degeneracy at Γ.
Two Weyl nodes appear

Hirschberger

Converting a zero-gap semimetal to
a Weyl semimetal by breaking TRS in field

BelvinS H Liang



Chiral anomaly in GdPtBi

Longitudinal resistivity ρxx vs. T
at selected B.

Large suppression of ρxx at low T
and large B.

MR profile shows large suppression
of ρxx when B exceeds ~3 T.
Comparison with Na3Bi suggests existence
of chiral anomaly



Dependence of resistivity profile on distance of EF from node

K
L

C
M

Resistivity profiles are most non-metallic close to node



Maximum anomaly ampl.
when closest to node

Dependence of chiral anomaly on distance of EF from node

Hole density  +2.6 x1018

Hole density +1.8 x1018

Electron density   -0.15 x1018

Electron density   -3.5x1018



Check for uniformity of current density

Repeat measmt. on Sample G with 10 voltage contacts
Longitud. MR profiles plotted as relative change are closely similar across
all 8 nearest neighbor pairs of contacts 

Conclusion: Negative longitude. MR is an intrinsic electronic effect, not a spurious
result of inhomogeneity.



Extreme current jetting

Voltage contacts

“spine”

y

J(y)µB>>1

µB<<1

Chiral anomaly effect:  Voltage decreases with B along spine and side
Pure current jetting:  Voltage decr along side, increases along spine

y

x

Current jetting, “squeeze” test



Voltage contacts along the edge Voltage contacts along the spine

Negative LMR caused by extreme current jetting

Apply squeeze test to high-purity elemental bismuth

Current jetting in elemental bismuth

S. H. Liang



Voltage contacts along the edge Voltage contacts along the spine

In GdPtBi, negative LMR is intrinsic and uniform
However, tests on TaAs and NbP fail (to date)

Compare MR measured with spine and edge contacts in GdPtBi (sample 1)

The “squeeze” test applied to GdPtBi



Voltage contacts along the edge Voltage contacts along the spine

In GdPtBi, negative LMR is intrinsic and uniform
However, tests on TaAs and NbP fail (to date)

Compare MR measured with spine and edge contacts in GdPtBi (sample 2)

The “squeeze” test applied to GdPtBi



Planar Angular Magnetoresistance in Na3Bi

Longitudinal voltage has a cos2 𝜃𝜃 dependence

𝜌𝜌𝑥𝑥𝑥𝑥 = 𝜌𝜌⊥ − Δ𝜌𝜌 cos2𝜃𝜃

Sihang Liang et al.

𝜌𝜌𝑦𝑦𝑥𝑥 = −Δ𝜌𝜌 sin𝜃𝜃. cos𝜃𝜃,

𝜃𝜃
B

x

y

Field dependence in chiral anomaly case is qualitatively different from classical case



Experimental Tests

1. Change Fermi level

2. Check uniformity

3. Squeeze test (current jetting)

4. Planar angular magnetoresistance

GdPtBi Na3Bi

Yes --

Yes --

Yes Yes

Yes Yes
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Luttinger’s gravitation potential approach for heat transport

warm

cool

Photons in a gravitation potential

JE

JQ

Problem in calculating Kij in linear response 
(Kubo) theory 
(-∇T is a statistical force, not dynamical)

Luttinger (1964) considered photons in a gravitation 
potential Ψ (r). Blue-shifted photons transport an 
energy current JE. At equilibrium,  JE   =  -JQ

Instead of JQ, we calculate JE by including a (fictitious) 
grav. potential Ψ (r) to H in Kubo approach.

g

H = H0 + V
V =  -eE.r +  ½(Hr + rH). ∇Ψ/c2

The added term [h(r) is energy density] is

∫dr h(r) Ψ (r)

Luttinger, Phys. Rev. (1964)



Hall conductivity of neutral excitations and Gravitomagnetic effect

Wang, Qi, Zhang, PRB 2011
Nomura, Ryu, Furusaki, Nagaosa, PRL 2012
Ryu, Moore, Ludwig, PRB 2012

Near-Minkowski
∇ x Bg =  -4π GJm/c2            gravitomagnetic field

Lorentz force F =  m(Eg + 2 v x Bg) Frame dragging 

Kxy = (π2/6)  kB
2 T /2h

𝑔𝑔𝜇𝜇𝜇𝜇 = 𝜂𝜂𝜇𝜇𝜇𝜇 + ℎ𝜇𝜇𝜇𝜇

gyroscope

Jm

Bg

M. Stone, PRB 2013Criticism:
Need coupling to tidal force;
finite Riemann curvature 𝑅𝑅𝜎𝜎𝜇𝜇𝜇𝜇

𝜌𝜌

Eg

Jm

Bg



Spin excitations of a ferromagnet are magnons (spin waves)

In quantum disordered state, what are the excitations?
Do they transport energy?

Can they be distinguished from other excitations, phonons etc?



Science (2015)

BvB

v

Charged excitation Wave packet of spin exc.
In ferromagnet

Chiral antiferromagnet

Hirschberger Krizan

Can charge-neutral spin excitations display a Hall effect?



Hall effect in a neutral current?    Experimental checks

Checks
Hall signal reverses when gradient (-∇T) is reversed in same B

Hall signal scales linearly with gradient strength

Hall signal is 1000 x larger than in nonmag analog Y2Ti2O7



Phase diagram of large Hall state in the H-T plane

Extent of large-Hall response state in T-H plane (shaded).

Hall response is strongly suppressed in field-induced metamagnetic state
(H>Hs)

Tb2Ti2O7



Hirschberger, Koohpayeh, Wang, NPO (2017)

Weak-field thermal Hall response in Tb2Ti2O7 and Yb2Ti2O7



Hirschberger, Koohpayeh, Wang, NPO (2017)

Distinctive field profile of Kxy in Yb2Ti2O7

Kxy is large in frustrated state (weak B).
Suppressed when magnons appear above 2 T.

Signature of excitations in quantum disordered state?
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ℒ0 =
𝜖𝜖0
2
𝐄𝐄2 −

1
2𝜇𝜇0

𝐁𝐁2 − 𝜌𝜌𝜌𝜌 + 𝐉𝐉 � 𝐀𝐀

ℒ𝜃𝜃 = −2𝛼𝛼
𝜖𝜖0
𝜇𝜇0
�
𝜃𝜃

2𝜋𝜋
𝐄𝐄 � 𝐁𝐁

𝛻𝛻 � 𝐄𝐄 =
𝜌𝜌
𝜖𝜖0
− 2𝑐𝑐𝛼𝛼 𝛻𝛻

𝜃𝜃
2𝜋𝜋 � 𝐁𝐁

Axion electrodynamics in topological insulators

𝛻𝛻 × 𝐁𝐁 = 𝜇𝜇0𝐉𝐉 +
1
𝑐𝑐2
𝜕𝜕𝐄𝐄
𝜕𝜕𝑡𝑡 +

2𝛼𝛼
𝑐𝑐 𝐁𝐁

𝜕𝜕
𝜕𝜕𝑡𝑡

𝜃𝜃
2𝜋𝜋 + 𝛻𝛻

𝜃𝜃
2𝜋𝜋 × 𝐄𝐄

Maxwell Lagrangian density

Topological term from finite θ

Modified Gauss’s equation

Modified Maxwell’s equation

XL Qi, T Hughes, SC Zhang, PRB 2008



tan𝜌𝜌𝐹𝐹 =
2𝛼𝛼

1 + 𝑛𝑛 𝑁𝑁𝑡𝑡 +
1
2 + 𝑁𝑁𝑏𝑏 +

1
2

tan𝜌𝜌𝐾𝐾 =
4𝑛𝑛𝛼𝛼
𝑛𝑛2 − 1 𝑁𝑁𝑡𝑡 +

1
2 + 𝑁𝑁𝑏𝑏 +

1
2

Faraday 
rotationKerr 

rotation

Insulating substrate
TI film

φFφK

Liang Wu, … S. Oh, N. P. Armitage, Science (2017)

Faraday rotation and Kerr rotation

Faraday angle Kerr angle



Science 2017



Measured fine structure constant αmeas = 1/137.9  
(close to 1/137.04)



Thank you



Only 2 bands, derived from Na-3s and Bi-
6p, lie near Fermi energy.

Spin orbit interaction leads to crossings at   
K± = (0, 0, ±kD)

Crossings protected against gap formation
--- |S) and |P) states belong to different
irreducible representations of C3.

The band structure of Na3Bi   (Wang, Dai, Fang et al. PRB 2012)

kz

|S, ±½ )

|P, ±3/2)

60 meV
kD

E

Na-3s

Bi-6p






	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37
	Slide Number 38
	Slide Number 39
	Slide Number 40

