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a b s t r a c t

We make connections between studies in the condensed matter
literature on quantum phase transitions in square lattice antiferro-
magnets, and results in the particle theory literature on abelian
supersymmetric gauge theories in 2 + 1 dimensions. In particular,
we point out that supersymmetric Uð1Þ gauge theories (with parti-
cle content similar, but not identical, to those of theories of doped
antiferromagnets) provide rigorous examples of quantum phase
transitions which do not obey the Landau–Ginzburg–Wilson para-
digm (often referred to as transitions realizing ‘‘deconfined critical-
ity”). We also make connections between supersymmetric mirror
symmetries and condensed matter particle–vortex dualities.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

The condensed matter literature has seen much discussion [1–4,6–9,5] on quantum phase transi-
tions that violate the Landau–Ginzburg–Wilson (LGW) paradigm. In such transitions, conventional
phases with distinct broken symmetries are generically separated by a second-order quantum critical
point e.g. a theory with a global symmetry group G1 � G2 has a transition from a phase where G1 is
broken while G2 is preserved, to a phase where G1 is preserved and G2 is broken. The theory for the
critical point is usually not expressed in terms of order parameters which measure G1 or G2 symmetry
breaking, but in terms of ‘fractionalized’ degrees of freedom, and hence the terminology ‘deconfined’.

Non-LGW transitions have been known in 1 + 1 dimensions for some time [10], and our interest in
this paper is exclusively in 2 + 1 dimensions. Examples have been established [11–13,1,2] for SUðNf Þ
square lattice antiferromagnets for large, but finite, Nf , as we shall review below. The situation for
the physically most interesting case of Nf ¼ 2 remains unsettled: while there is convincing evidence
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for the emergent degrees of freedom of the deconfined field theory, there are open questions on the
nature of the critical point, with some results favoring a first-order transition [4–9].

Although this does not appear to have been recognized in the condensed matter literature, exam-
ples of non-LGW transitions have also appeared in the particle theory literature: they are present in
supersymmetric field theories in 2 + 1 dimensions studied in the early work of Seiberg and collabora-
tors [14–16]. The purpose of our paper is to review the condensed matter and particle theory results in
a unified manner. Our aim is to make our discussion intelligible across the boundaries of these fields.
We hope to convince the reader that there is a remarkably close analogy between supersymmetric
‘deconfined criticality’ and the models arising in the study of quantum antiferromagnets. A close con-
nection will also be drawn between the ‘mirror symmetry’ of the supersymmetric field theories and
particle–vortex duality arguments.

An important field theory arising [13,1,2] in the study of the loss of Néel order in SUðNf Þ antiferro-
magnets on the square lattice is the Abelian Higgs model with Nf complex scalar fields, qi; i ¼ 1 . . . Nf ,
with the Euclidean Lagrangian

LHðqi;AlÞ ¼ jð@l � iAlÞqij
2 þ rjqij

2 þ uðjqij
2Þ2 þ 1

g2 F2
lm ð1:1Þ

where Al is a Uð1Þ gauge field, and Flm ¼ @lAm � @mAl is the ‘electromagnetic’ field. Here, and hence-
forth, all Lagrangians are assumed to be integrated over 2 + 1 dimensional spacetime to obtain the
associated actions. For some purposes, it is useful consider a ‘strong-coupling’ limit of LH in which
the quartic potential is replaced by a hard constraint

P
ijqij

2 ¼ 1: in this case LH describes the so-called
NCCPNf�1 model [9] (for non-compact Uð1Þ gauge field CPNf�1 model). The universal properties of these
two cases are expected to be identical.

For r sufficiently negative, LH is in the Higgs phase, and the global SUðNf Þ symmetry is broken be-
cause of the condensation of the qi (for Nf > 1). The gauge-invariant ‘meson’ operators q�i qj are the or-
der parameters for this symmetry breaking: these constitute the Néel order parameters of the SUðNf Þ
antiferromagnet.

For r sufficiently positive, SUðNf Þ symmetry is restored, and qi are massive scalar particles which
interact by exchanging Al photons. The electric potential between these scalars has the ‘Coulomb’
form of lnðrÞ, and so this is referred to as the Coulomb phase.

There is a great deal of interest on the nature of the transition between the Higgs and Coulomb
phases as a function of increasing r. For Nf ¼ 1 the transition can be either first or second-order
depending upon parameters; for large Nf it is second-order; and for Nf ¼ 2 the question is the focus
of the recent debate [4–9].

Crucial to our purposes here is the fact that LH enjoys an additional global symmetry, distinct from
the SUðNf Þ flavor symmetry. This global symmetry is special to 2 + 1 dimensions, and is linked to the
presence of the ‘topological’ current

eJl ¼ 1
4p
�lmkFmk ð1:2Þ

which is conserved, @l
eJl ¼ 0, reflecting the conservation of total magnetic flux. We can associate this

conservation law with a dual eUð1Þ global symmetry, and consequently a field operator which changes
the magnetic flux will carry eUð1Þ charge. Because of the presence of the fields qi with unit electrical
charge, the Dirac quantization condition implies that the magnetic flux can only change in integer
multiples of 2p. We can therefore introduce the elementary monopole creation operator q̂ which car-
ries unit eUð1Þ charge; these are ‘topological disorder operators’ for the Uð1Þ gauge theory
[17,19,18,20]. As written, the continuum theory LH does not allow for the creation of any monopoles,
and this is equivalent to the existence of the global eUð1Þ symmetry. We can now ask for the fate of thiseUð1Þ symmetry by examining the two-point monopole correlator in both phases. It is not difficult to
show that as jrj ! 1

hq̂ðrÞq̂yð0Þi �
expð�mjrjÞ; Higgs phase
const; Coulomb phase

�
ð1:3Þ
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where m is an energy scale characterizing the Higgs phase, of order the Higgs mass. From this it is clear
that there are long-range correlations in monopole operator in the Coulomb phase, and consequently
the eUð1Þ symmetry is broken.

To summarize, the Abelian Higgs model has a global SUðNf Þ � eUð1Þ symmetry. In the Higgs phase,
the SUðNf Þ symmetry is broken and the eUð1Þ symmetry is preserved, while in the Coulomb phase the
SUðNf Þ symmetry is preserved and the eUð1Þ symmetry is broken.

These conclusions appear to satisfy the requirements of a non-LGW transition, as defined above.
However, an objection might be raised that the eUð1Þ symmetry is ‘topological’, involves highly non-
local transformations of the field operators in LH , and so is not directly observable. A remarkable fact
of the mapping between LH and the SUðNf Þ quantum antiferromagnets is that the non-local monopole
operator can be related to simple local observables expressed in terms of the underlying lattice SUðNf Þ
spins [13,2]. In particular, for a class of SUðNf Þ antiferromagnets (with fundamental matter on the
square lattice sites), q̂ is proportional to the ‘valence bond solid’ (VBS) operator. Further, the ‘hidden’eUð1Þ symmetry is not hidden at all, but an enlargement of the spatial Z4 rotation symmetry of the
square lattice. These connections have been reviewed in other recent articles [21,22], and so we will
not describe them further here. All we need for our purposes is the conclusion that the eUð1Þ symmetry
is physical and experimentally measureable, and so the Abelian Higgs model does indeed satisfy the
conditions for a non-LGW transition.

For completeness, another significant feature of the connection between LH and quantum antifer-
romagnets should be mentioned. While the theory LH does not permit any monopoles in the strict
continuum limit, the fate of the monopoles can only be correctly addressed by the actual short dis-
tance physics, which is that of the lattice antiferromagnet. Here it is found that Berry phases [23] lead
to large short-distance cancellations between monopoles, and so an additive contribution to the
Lagrangian, Lm � q̂þ q̂y does not appear in the continuum theory [13]. By a careful symmetry analysis
of the Berry phases, it was shown [13] that the simplest allowed monopole term was Lm � q̂4 þ q̂y4.
Recalling that the q̂ carries eUð1Þ charge, we see that the actual magnetic symmetry of the full theory
LH þ Lm is not eUð1Þ, but Z4 (with is identified with the square lattice rotation symmetry). It is this Z4

symmetry which is broken in the ‘Coulomb’ phase. However, it has been argued that such a q̂4 term is
likely irrelevant near the critical point [1,2], and this is supported by numerical studies [4,6,21]. So Lm

can be neglected in the immediate vicinity of the critical point, and we will not consider it further
here.

The remainder of this paper will describe the analogy between the properties of the above Abelian
Higgs model with Nf scalars, and the corresponding model with N ¼ 4 supersymmetry. Briefly, we
simply promote the fields of LH to the corresponding N ¼ 4 multiplets: we promote the scalars qi

to hypermultiplets Qi, and the Uð1Þ gauge field Al to a Uð1Þ vector multiplet V. With N ¼ 4 super-
symmetry, the resulting theory is unique and has only a single dimensionful gauge coupling constant
g; a complete and explicit form of the Lagrangian appears in Section 5. We will explore its phase dia-
gram (i.e. moduli space) and find remarkable analogies with the non-supersymmetric LH .

This generalization to supersymmetric models necessarily involves introduction of Dirac Fermions,
both in the matter and gauge multiplets. While precisely this field content is not known to be present
in any models of interest in condensed matter, recent work [24–26] has considered a theory in which
Dirac Fermions, wj ðj ¼ 1 . . . Nd ¼ 4Þ with a Uð1Þ charge are added to LH to obtain

LHwðqi;wj;AlÞ ¼ jð@l � iAlÞqij
2 þ rjqij

2 þ uðjqij
2Þ2 þ 1

g2 F2
lm þ �wjrlð@l � iAlÞwj; ð1:4Þ

where rl are the Pauli matrices; these Dirac Fermions represent the Bogoliubov quasiparticle excita-
tions of a d-wave superconductor. Note the number of scalars ðNf Þ and Fermions ðNdÞ are not equal in
the physical case, although this will be the case in the supersymmetric models below. The model LHw

is also expected to exhibit a non-LGW transition, which will then be even closer to the supersymmet-
ric models.

We will begin in Section 2 by a review of the ‘particle–vortex’ or ‘Dasgupta–Halperin’ duality
[27,28] of the Abelian Higgs model with Nf ¼ 1. Then, in Section 3 we will consider the corresponding
model with N ¼ 4 supersymmetry and Nf ¼ 1. We will show that the formulation of mirror symmetry
for this model by Kapustin and Strassler [16] is precisely the same as the exact statement of Dasgupta–
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Halperin duality in Section 2. The analogy between these models also extends to the Nf > 1 case, and
this is discussed in Section 4. The subsequent sections will explore the structure of the phases of the
N ¼ 4 theory.

2. Abelian Higgs model for Nf ¼ 1

Here we will present the exact statement of duality properties of the Abelian Higgs model. We con-
sider only the case Nf ¼ 1, with comments about Nf > 1 in Section 4 below.

We write the generating function for the fluxes of the Abelian Higgs model as

ZH½bAl� ¼
Z

DqDAl exp �
Z

LHðq;AlÞ þ
1

2p
�lmkÂl@mAk

� �� �
: ð2:1Þ

In general, the functional ZH½bAl�will depend upon all the couplings r;u, and g, and also on the ultra-
violet cutoff. However, in the vicinity of a second-order Higgs–Coulomb transition, the functional is
dominated by momenta much smaller than the cutoff, and depends only upon universal correlations
of the conformal field theory (CFT) describing this transition. The renormalization group fixed point
describing the CFT is expected to have only one relevant perturbation, whose strength is characterized
by a single mass scale m (which we have to define separately in the Higgs and Coulomb phases). In the
scaling limit of the fixed point, the functional ZH½bAl� is a universal dimensionless functional of bAl, its
momenta pl, and the mass m, all of which have unit scaling dimension. There are no known exact re-
sults for this functional, but approximate results can be obtained using the ð4� DÞ expansion (D is the
dimensionality of spacetime), the 1=Nf expansion, and by numerical simulations.

In the particle–vortex duality, the flux lines of LH are mapped onto the world lines of dual particles
(‘vortices’) which are created by the monopole operator q̂. Dasgupta and Halperin argued that these
dual particles only have short-range interactions, and so are described by the XY model – in the con-
tinuum limit, this is the theory LH , but with the no Al fluctuations. The generating functional of the
dual particle currents in such a theory is given by

ZXY ½bAl� ¼
Z

Dq̂ exp �
Z

LHðq̂; bAlÞ
� �

ð2:2Þ

Now we implicitly assume that the action LH has different couplings r̂; û, and ĝ. The XY model is
known to have a second-order critical point, and just as for Eq. (2.1), the functional ZXY ½bAl� becomes
completely universal in the scaling limit near the fixed point, and depends only upon a single mass
scale m̂ measuring the deviation from the critical point.

We will now connect the generating functionals in Eqs. (2.1) and (2.2). In general, this requires us
to map the couplings r;u and g to r̂; û, and ĝ. The form of this mapping is not known, and indeed, de-
pends upon the specific ultraviolet cutoff. However, the central hypothesis of Dasgupta and Halperin
[28] was that the RG fixed points describing the transitions in the Nf ¼ 1 Abelian Higgs model and the
XY model are the same. Thus, in the scaling limit near this fixed point, to map the two theories to each
other, we need only connect the mass scales m and m̂. The latter is easily done, by identifying these
with the corresponding particles/vortices in the spectra. After this identification, we then have the
remarkable exact duality statement

ZH½bAl� ¼ ZXY ½bAl�: ð2:3Þ

This is one of the very few exact statements about non-supersymmetric CFTs in 2 + 1 dimensions; it
has not been rigorously established, but the arguments based upon dualities of lattice models appear
quite robust.

3. Abelian gauge theory for Nf ¼ 1 with N ¼ 4 supersymmetry

The statements in Section 2 have a remarkably precise analog in Uð1Þ gauge theories with N ¼ 4
supersymmetry, as stated by Kapustin and Strassler [16] (hereafter referred to as KS).
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As we discussed in Section 1, we generalize the scalar q to a N ¼ 4 hypermultiplet Q, and the gauge
field Al to a N ¼ 4 vector multiplet V. The precise field content of these hypermultiplets will be spec-
ified later in Section 5.

Now we consider the N ¼ 4 theory with one hypermultiplet Q and one vector multiplet V. This
theory has a unique Lagrangian, LS, with only one dimensionful gauge coupling constant g. This
Lagrangian is the analog of Eq. (1.1) and its explicit form of this will appear in Section 5. Next we de-
fine a generating functional for the ‘fluxes’ of V which is the analog of Eq. (2.1) (as in Eq. (11) of KS):

ZSQED�1½bV � ¼ Z DVDQ exp �
Z

LSðQ;VÞ þ LBFðbV ;VÞh i� �
ð3:1Þ

where LBF is the analog of the Chern–Simons coupling in Eq. (2.1) between two vector fields (see Eq.
(8) of KS), and we have dropped the gauge-fixing term included by KS. An advantage of the supersym-
metric theory is that it is easy to take the scaling limit associated with the CFT: we simply send the
gauge coupling g ! 1. The subtle RG renormalizations of couplings required for the non-supersym-
metric case are not required here. Indeed, we may view this ultraviolet insensitivity as the main crutch
that is provided by supersymmetry; the infrared physics otherwise remains similar to the non-super-
symmetric case.

Finally, the statement of duality is just as in Eqs. (2.2) and (2.3). We define (as in Eq. (12) of KS) the
generating function of currents of a dual monopole field Q by

ZbQ ½bV � ¼ Z D bQ exp �
Z

LHð bQ; bVÞ� �
ð3:2Þ

and then we have one of the main results of KS

ZSQED�1½bV � ¼ ZbQ ½bV �: ð3:3Þ

Here, the universal scaling limits of the two sides are taken simply by the limit g ! 1. Unlike the
non-supersymmetric case, the integrals over the hypermultiplets in ZSQED�1½bV � and ZbQ ½bV � are Gaussian,
and so can be expressed as superdeterminants—this leads to the key identity in Eq. (13) of KS. We will
present a detailed illustration of the result (3.3) in Section 7.1.

4. Nf > 1

Now we briefly introduce the dualities for Nf > 1. Further discussion of the supersymmetric dual-
ities appears in the sections below.

For the non-supersymmetric case, statements of dualities are only known for an ‘easy-plane’ exten-
sion of LH [3,29]. In this case, we add an additional quartic potential to the Lagrangian, e.g.

P
ijqij

4, so
that the continuous global symmetry SUðNf Þ symmetry is reduced to Uð1ÞNf�1, along with additional
discrete symmetries. The dual theory has Nf scalar fields q̂i and Nf � 1 Uð1Þ gauge fields, such that
q̂i has charge +1 under the ithUð1Þ gauge field and charge �1 under the ði� 1ÞthUð1Þ gauge field (this
is a quiver gauge theory). The identity Eq. (2.3) has a straightforward generalization to this case.

Note that the particle content of the dual theory is identical to that of the direct theory only for
Nf ¼ 2, and it was therefore conjectured that the CFT of the Higgs–Coulomb transition is self-dual
[3,30].

These dualities generalize to N ¼ 4 supersymmetry, as reviewed by KS. However, now the dualities
apply also when there is full SUðNf Þ flavor symmetry. A theory of Nf hypermultiplets Qi coupled to a
vector multiplet V (this is the theory SQED-Nf ) is dual to a theory of Nf hypermultiplets bQi coupled to
Nf � 1 vector multiplets, as proven in Section 2.C of KS. These results for N ¼ 4 supersymmetry were
initially obtained by Intrilligator and Seiberg [15], and are described in their Sections 3.1 and 3.2 for
Nf ¼ 2 and Nf > 2 respectively. In addition to the global SUðNf Þ flavor symmetry, these theories have a
certain SUð2ÞL � SUð2ÞR symmetry required by N ¼ 4 supersymmetry. Moreover, there is a global eU(1)
symmetry associated with the Uð1Þ gauge invariance in the direct formulation, just as discussed for LH

in Section 1. So the full symmetry is SUðNf Þ � eUð1Þ � SUð2ÞL � SUð2ÞR. We will see below that the
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SUðNf Þ symmetry is broken (preserved) and the eUð1Þ symmetry is preserved (broken) in the Higgs
(Coulomb) phase, as required for a non-LGW transition.

Note again that the particle contents of the direct and dual theories are identical for Nf ¼ 2. In this
case the self-duality of the CFT was established by Intrilligator and Seiberg [15]. They also showed that
the global symmetry of the CFT is enhanced to SUð2f Þ � fSUð2Þ � SUð2ÞL � SUð2ÞR, with the first two
SUð2Þ factors exchanging under duality.

5. Lagrangian with N ¼ 4 supersymmetry

This section will review the matter content of the N ¼ 4 multiplets, and the full form of the
Lagrangian LS.

First, let us reduce to N ¼ 2 superfields. Each N ¼ 4 hypermultiplet Qi consists of a pair of N ¼ 2
chiral superfields Qi ¼ ðQ i;

eQ iÞ. Each N ¼ 4 vector multiplet, V, consists of a N ¼ 2 vector superfield V
and a N ¼ 2 chiral superfield U. The Euclidean Lagrangian in N ¼ 2 superspace (without the so-called
Fayet–Illiopoulos (FI) term or masses) is

LSðQi;VÞ ¼
Z

d4h
1

4g2 R2 þ 1
g2 UUþ Q ieV Q i þ eQ ie�V eQ i

� �
þ
Z

d2hUQ i
eQ i þ c:c: ð5:1Þ

where i ¼ 1 . . . Nf ; h are superspace co-ordinates, R ¼ �abDaDbV , and Da are superderivatives. See
Appendix A of Ref. [31] for a review of superspace notation in D ¼ 3.

Turning finally to the explicit components, V consists of Al, a scalar r, the auxiliary field D (which is
integrated out), and gaugino k. U consists of a complex scalar / and its Fermionic partner w, as well as
the auxiliary field F. ðQ i;

eQ iÞ have components ðqi; ~q
iÞ complex scalars, ðwqi

;w~qi Þ Dirac Fermions, and
auxiliary fields ðFqi

; F~qi Þ. The full spacetime Lagrangian is then

LS ¼
1
g2

1
4

F2
lm þ

1
2
ð@lrÞ2 þ

1
2

D2 þ �krl@lkþ j@l/j2 þ jFj2 þ �wrl@lw

� �
þ jrlqij

2 þ jrl~qij2

þ jrqij
2 þ jr~qij2 þ Dðjqij

2 � j~qij2Þ þ jFqi
j2 þ jF~qi j2 þ �wqi

rlrlwqi
þ �w~qirlrlw~qi

þ �wqi
rwqi

� �w~qirw~qi þ i�qi
�kw~qi � i�w~qi kqi � i�~qi

�kwqi
þ i�wqi

k~qi

þ Fqi~q
i þ /Fqi

~qi þ /qiF~qi þ /wqi
w~qi þ wqiw~qi þ wwqi

~qi þ c:c:
� �

ð5:2Þ

where rl � @l � iAl. Integrating out D; F, and Fqi
; F~qi yields the potential terms

V ¼ 1
2

X
i

jqij
2 �

X
i

j~qij2
 !2

þ j
X

i

qi~qij2 þ
X

i

ðj/qij
2 þ j/~qij2Þ ð5:3Þ

Let us write

qiA ¼ ðqi;��~qiÞ; wia ¼ ðwqi
;��w~qi Þ ð5:4Þ

where a; A ¼ 1; 2 are SUð2ÞL � SUð2ÞR spinor indices.
We will denote the SUð2ÞL triplet ðr; / ¼ /1 þ i/2Þ by the real symmetric field /ðabÞ. The gauginos

ðk;wÞ transform as ð2; 2Þ under SUð2ÞL � SUð2ÞR, and will be denoted by vaA. They satisfy the reality
condition ðvaAÞ

y ¼ vaA ¼ �ab�ABvbB.
Now the total scalar potential term can be written as

V ¼ 1
2

X3

I¼1

�qA
i ðrIÞBAqiB

h i2
þ j/ðabÞqiAj

2 ð5:5Þ

The Fermion–Boson coupling can be written as

�wia/
ðabÞwib þ qiAvaAwia þ �qiA �vaA �wia ð5:6Þ

S. Sachdev, X. Yin / Annals of Physics 325 (2010) 2–15 7
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Finally, the full Lagrangian in manifestly SUð2ÞL � SUð2ÞR � SUðNf Þ invariant notation is

LS ¼
1
g2

1
4

F2
lm þ j@l/ðabÞj2 þ vaArl@lvaA

� �
þ jrlqiAj

2 þ 1
2

X
I

�qA
i ðrIÞBAqiB

h i2
þ j/ðabÞqiAj

2

þ �wa
i r

lrlwia þ �wia/
ðabÞwib þ qiAvaAwia þ �qiA �vaA �wia: ð5:7Þ

The complete field content, along with their transfromations under SUð2ÞL � SUð2ÞR � SUðNf Þ, is

� the gauge field Al, transforming as (1, 1, 1) (as we will see in Section 7 it is convenient to represent
this by a dual scalar R, and the monopole operator q̂ � e2piR),

� the matter complex scalars qiA, transforming as ð1;2;Nf Þ,
� the matter two-component Dirac Fermions wia, transforming as ð2; 1; Nf Þ,
� the gauginos (also two-component Dirac Fermions) vaA, transforming as (2, 2, 1), and
� the real scalars /ðabÞ, transforming as (3,1,1).

The first three fields above, are direct analogs of the fields present in theories of deconfined critical
points in doped antiferromagnets as described by Eq. (1.4).

6. Supersymmetric phase diagram

The exact phase diagram (moduli space) for the N ¼ 4 theory is obtained by minimizing the effec-
tive potential in Eq. (5.3) or (5.5)—this potential is protected by supersymmetry. Note that the mini-
mum energy is always V ¼ 0, and this equation then specifies the structure of the moduli space. The
low energy excitations above the vacuum are described by a ‘‘sigma model” on this moduli space, and
the gradient terms of this sigma model specify the ‘‘metric” on moduli space. Because of the special
nature of the effective potential (5.5), the moduli space is not simply determined by the structure
of the broken symmetry (as it is in non-supersymmetric sigma models). Rather, the target space (mod-
uli space) is a measure of the space along which the effective potential remains flat, and this has addi-
tional constraints imposed by supersymmetry.

For Nf > 1, the solution of V ¼ 0 defines a space with two distinct branches, which will be the Cou-
lomb and Higgs branches. These meet at a singular point (the ‘‘origin”), which specifies a CFT separat-
ing these branches. For Nf ¼ 1, there is only branch, which will be identified as the Coulomb branch,
and so no phase transition. Nevertheless, as we will see below in Section 7, there is a dual represen-
tation of the theory on this branch which matches closely with the Dasgupta–Halperin duality of the
Abelian Higgs model, as already indicated in Eq. (3.3).

The ‘‘Coulomb” branch of the theory has /ðabÞ–0 and so we must have qi ¼ ~qi ¼ 0 to reach V ¼ 0.
This branch breaks the dual symmetry eUð1Þ, and also SUð2ÞL, while SUðNf Þ and SUð2ÞR are preserved.
It is easily seen that the matter fields are massive in fluctuations about any point on this branch. As
will be explained in Section 7, classically, the Coulomb branch moduli space is R3 � S1, parameterized
by /ðabÞ together with the dual photon R. We will explore the structure of the quantum fluctuation cor-
rections to the moduli space in Section 7: the Coulomb branch moduli space is deformed to a Taub-
NUT space [32] of NUT charge Nf , in which the circle is non-trivially fibered over the R3. On any sphere
surrounding the origin of the R3, the circle bundle over the sphere has degree Nf , and its total space is
S3=ZNf

. Near the origin, the quantum corrected Coulomb branch moduli space looks like R4=ZNf
rather

than R3 � S1.
The ‘‘Higgs” branch has qiA–0 and /ab ¼ 0, and is present only for Nf > 1. Now the SUðNf Þ and

SUð2ÞR symmetries are broken, while eUð1Þ and SUð2ÞR are preserved. Comparing with the broken sym-
metries in the Coulomb branch, we observe that the broken and preserved symmetries are exactly
interchanged, and so a direct transition between them is a non-LGW transition. The moduli space
of the Higgs branch will be described in Section 8; in this case a classical (i.e. tree-level) analysis of
LS yields the correct structure, and quantum corrections are not as important as in the Coulomb
branch.

8 S. Sachdev, X. Yin / Annals of Physics 325 (2010) 2–15
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The two branches meet at the CFT at the origin of the moduli space /ðabÞ ¼ 0 and qiA ¼ 0. For Nf ¼ 2,
we will see in Sections 7 and 8 that the moduli metrics of the Coulomb and Higgs branches are iden-
tical to each other near the origin, demonstrating the self-duality of this case.

7. The Coulomb branch

Because /ðabÞ–0, the matter fields qiA and wia are massive. So let us integrate these fields out exam-
ine the structure of the effective action at low momenta. The discussion below is an elaborated version
of arguments by Seiberg and Witten [14].

We first examine the terms induced in the effective action for the gapless bosonic modes on moduli
space: these are the real scalars /ðabÞ, and the gauge field Al. It is convenient to write the scalars in
vector notation as /asðabÞ

a , where sa are the Pauli matrices with a ¼ x; y; z. Then the induced effective
action for the scalars and the gauge field Al is

dS/;A ¼ Nf TrA ln �r2
l þ /a2

h i
� Nf Tra ln rlrl þ /asa

	 

ð7:1Þ

For constant /a, independent of spacetime co-ordinate x, it is now evident that dS/;A ¼ 0, because
the spectra of the two operators co-incide. Therefore, there is no renormalization of the /a

superpotential.
To allow for x dependence, we write

/aðxÞ ¼ j/jna þ d/aðxÞ ð7:2Þ

where j/j is a constant, na is a constant unit vector, and d/aðxÞ is a spacetime dependent fluctuation.
Now we can expand in powers of d/a and Al. The lowest order terms are of the form

dS/;A ¼ Nf

Z
d3p
8p3

1
2

KabðpÞd/að�pÞd/bðpÞ þ 1
2

GlmðpÞAlð�pÞAmðpÞ þ 	 	 	
� �

ð7:3Þ

The linear coupling between d/a and Al is easily shown to vanish. We now list the expressions for
the kernels, initially writing down the contributions of the Bosonic and Fermionic loops separately

KabðpÞ ¼
Z

d3q
8p3

�8nanbj/j2

ðq2 þ j/j2Þððqþ pÞ2 þ j/j2Þ
þ 4dab

ðq2 þ j/j2Þ

" #

þ
Z

d3q
8p3

�4q:ðqþ pÞdab þ 4j/j2ð2nanb � dabÞ
ðq2 þ j/j2Þððqþ pÞ2 þ j/j2Þ

" #

¼ 2p2dab

Z
d3q
8p3

1

ððqþ p=2Þ2 þ j/j2Þððq� p=2Þ2 þ j/j2Þ
¼ dab

p2

4pj/j for jpj 
 j/j ð7:4Þ

Note that Kabð0Þ ¼ 0, as expected from the vanishing of the renormalization of the superpotential.
For the kernel of the gauge field, we obtain

GlmðpÞ ¼
Z

d3q
8p3

�2ð2ql þ plÞð2qm þ pmÞ
ðq2 þ j/j2Þððqþ pÞ2 þ j/j2Þ

þ 4dlm

ðq2 þ j/j2Þ

" #

þ 4
Z

d3q
8p3

2qlqm þ plqm þ pmql � dlmðq:ðqþ pÞ þ j/j2Þ
ðq2 þ j/j2Þððqþ pÞ2 þ j/j2Þ

" #

¼
ðp2dlm � plpmÞ

12pj/j þ
ðp2dlm � plpmÞ

6pj/j for jpj 
 j/j ¼
ðp2dlm � plpmÞ

4pj/j for jpj 
 j/j ð7:5Þ

At higher order, there is a triangle diagram which leads to a cubic term between the Al and d/a.
This arises only from the Fermion loop and leads to a contribution of the form
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Alð�p1 � p2Þd/aðp1Þd/bðp2Þ � 4i�lmkp1mp2k�abcncj/j
Z

d3q
8p3

1

ðq2 þ j/j2Þ3

" #

¼ i

8pj/j2
�lmkp1mp2k�abcncAlð�p1 � p2Þd/aðp1Þd/bðp2Þ ð7:6Þ

Putting all these terms together, we have the effective action in the Coulomb branch

S/;A ¼
Z

d3x
1

2eg2
ð@l/aÞ2 þ ð�lmk@mAkÞ2
h i

þ iNf

8pj/j3
�lmk�abcAl/a@m/

b@k/
c

" #

¼
Z

d3x
1

2~g2 ðð@l/aÞ2 þ ðeFlÞ2Þ þ iNf

4p
eFl@l/aAa

� �
ð7:7Þ

where the renormalized coupling is

1eg2ðxÞ
¼ 1

g2 þ
Nf

4p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/aðxÞ/aðxÞ

p ð7:8Þ

and eFl � �lmq@nuAq. Here, and henceforth, we will consider the coupling eg and j/j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/aðxÞ/aðxÞ

p
to be

arbitrary functions of the spacetime co-ordinate x. We have also introduced the Dirac monopole func-
tion Aa on /a space which obeys

@Aa

@/b �
@Ab

@/a ¼
�abc/

c

j/j3
ð7:9Þ

Then we can verify that

�lmk@m Aa@k/
a½ � ¼ 1

2j/j3
�lmk�abc/

a@m/
b@k/

c ð7:10Þ

Eq. (7.7) defines the bosonic sector of the sigma model on the Coulomb branch of moduli space,
expressed in terms of the real scalar /a and the gauge field Al. We can also use similar techniques
to obtain the Fermionic sector, which would be an effective action for vaA. Rather than working this
out from the Feynman graph expansion, we choose to determined the Fermion Lagrangian from the
bosonic sector by supersymmetry. It is of the form

SF ¼
Z

d3x
1

2~g2 vrl@lvþ
1
2
vrlsaVlað/; eF ÞvþOðv4Þ

� �
ð7:11Þ

where the contraction of spinor and SUð2Þ � SUð2Þ indices are understood. The supersymmetry trans-
formations are

d/a ¼ eaAðsaÞbavbA ¼ esav;
dAl ¼ ieaArlvaA ¼ ierlv;

dvaA ¼ �ðsaÞbarl@l/a þ db
ar

leFl

h i
ebA ¼ �sarl@l/a þ rleFl

� �
e

h i
aA
:

ð7:12Þ

The supersymmetry variation of the bosonic part of the action is

dS/;A ¼
Z

d3x
1
~g2 @

l/a þ
iNf

4p
Aa
eFl

� �
esa@lvþ � @a~g

~g3 ðð@/Þ
2 þ eF 2Þ þ iNf

4p
@aAb

eFl@l/b

� �
esav

�
�i�lmq 1

~g2
eFq þ

iNf

4p
Aa@q/a

� �
erl@mv

�
¼ �

Z
d3x vsae �@l

1
~g2 @

l/a þ
iNf

4p
Aa
eFl

� ���
� @a~g

~g3 ðð@/Þ
2 þ eF 2Þ þ iNf

4p
@aAb

eFl@l/b

�
þ vrle i�lmq@m

1
~g2
eFq þ

iNf

4p
Aa@q/a

� ��
ð7:13Þ
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The supersymmetry variation of the Fermion action is

dSF ¼
Z

d3x
1

2~g2 vrl@lð�sarm@m/
a þ rmeF mÞeþ

1
2
vrl@l

1
~g2 ð�sarm@m/

a þ rmeF mÞ
� �

e
�

þVlað/; eFÞvrlsað�sbrm@m/
b þ rmeF mÞeþOðv3Þ

�
ð7:14Þ

By the canceling the term proportional to ve and vrlsae, we find

Vla ¼
1
2
@a

1
~g2

� �eFl �
i
2
�abc@b

1
~g2

� �
@l/c ¼ Nf

8pj/j3
�/aeFl þ i�abc/

b@l/c
� �

ð7:15Þ

One can check that the terms proportional to vrle and vsae cancel the variation of the bosonic part
of the action.

In the g ! 1 limit, we can write the Fermion action as

SF;g!1 ¼
Nf

8p

Z
d3x

1
j/jvrl@lvþ

1

2j/j3
vð�/asarleFl þ /asarl@l/bsbÞvþOðv4Þ

" #
ð7:16Þ

In the remainder of this section, we will rewrite the sigma model in Eqs. (7.7) and (7.16) in a dif-
ferent set of ‘vortex’ variables, designed to highlight the duality properties. Decoupling the gauge field
kinetic energy by a Hubbard–Stratonovich field bAl in Eq. (7.7), we obtain

S/;A ¼
Z

d3x
1

2eg2
ð@l/aÞ2 þ

eg2

2
bA2

l þ iAl�lmk@m Kk þ
Nf

4pAa@k/
a

� �� �
ð7:17Þ

Together with the Fermion Lagrangian, and performing the integral over Al, we obtain a constraint
equation which is solved by a dual field R to yield the dual action

eS ¼ Z d3x
1

2eg2
ð@l/aÞ2 þ

eg2

2
@lR�

Nf

4p
Aa@l/a � iNf /

a

16pj/j3
vsarlv

 !2
24

þ 1
2eg2

vrl@lvþ
iNf

16p
�abc

/a

j/j3
ð@l/bÞvscrlvþOðv4Þ

#
ð7:18Þ

This is the new form of our sigma model on the Coulomb branch, now expressed in terms of the real
scalar /a, a new scalar R, and the Dirac Fermions v. Thus we have exchanged the photon Al for a dual
scalar R, and from the arguments in Section 1 we can anticipate that e2piR is the monopole operator.
We will see this emerge in the analyses below.

7.1. Duality for Nf ¼ 1

We have now assembled the ingredients to illustrate the origin of the key duality relation in Eq.
(3.3) for the N ¼ 4 theory for Nf ¼ 1.

The crucial and remarkable point is that in the limit where we can take eg2 ¼ 4pj/j, Eq. (7.18) is
actually a free field theory. To see this, it is useful to introduce spherical polar co-ordinates ðq; h; cÞ
in /a space so that /a ¼ qðsin h cos c; sin h sin c; cos hÞ, where q; h, and c are functions of x. Also, let
us choose

Aa ¼
sin h

qð1þ cos hÞ ðsin c;� cos c; 0Þ ð7:19Þ

so that Eq. (7.9) is obeyed. Then, we define, the two component complex field q̂a by

q̂a ¼
ffiffiffiffiffiffiffi
q

2p

r
e2piR cosðh=2Þ

sinðh=2Þeic

� �
; ð7:20Þ
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From this parameterization, we see that R lives on a circle with circumference 1; This is consistent
with Eq. (7.18) where the line integral of Aa@l/a is defined modulo the area of the unit sphere, which
is 4p. The field q̂a is clearly the bosonic monopole operator. An explicit computation shows easily that
the bosonic part of the action eS in Eq. (7.18) is the free field theory Sq̂ for Nf ¼ 1 and ~g2 ¼ 4pj/j, where

Sq̂ ¼
Z

d3xj@lq̂aj2: ð7:21Þ

Note that under SUð2ÞL � SUð2ÞR; q̂a transforms as a ð2;1Þ. The q̂a also carry a charge under a globaleUð1Þf symmetry which is the dual of the Uð1Þ gauge field. Under this eUð1Þf symmetry R ! Rþ c,
where c is a constant.

A similar analysis can be carried out for the Fermionic fields. These consist of vaA gauginos which
transform under SUð2ÞL � SUð2ÞR as a ð2;2Þ, and obey a reality condition. After integrating out the mat-
ter fields, for Nf ¼ 1, these Fermions should be transformed to the superpartners of the q̂a: i.e. they
should become a complex doublet, ŵA which transforms as a ð1; 2Þ and carries a eUð1Þf charge, and
has a free Dirac Lagrangian. The resulting dual description is therefore simply that of a free N ¼ 4
hypermultiplet, bQ. This is the content of the duality relation in Eq. (3.3).

In the g ! 1 limit, the Oðv4Þ terms must vanish because the target space of the sigma model is
locally flat R4 (away from the origin). We can then write the Fermionic terms in the action eS in Eq.
(7.18) as

eSF;g!1 ¼
Nf

8p

Z
d3x

1
j/jvr

l@lvþ
1

2j/j3
v/asarl@l/bsbv�

i

2j/j2
v/bsb

4p
Nf

rl@lR�Aarl@l/a
� �

v
" #

ð7:22Þ

In terms of

q̂ ¼
ffiffiffiffiffiffiffi
q

2p

r
e2piR=Nf

cosðh=2Þ
sinðh=2Þeic

� �
; ð7:23Þ

we have

/a ¼ 2pq̂ysaq̂; j/j ¼ 2pjq̂j2;
/asa ¼ 2pð2q̂q̂y � jq̂j2Þ;

ij/j 4p
Nf

@lR�Aa@l/a
� �

¼ q̂y@lq̂� @lq̂yq̂:

ð7:24Þ

Now we can rewrite (7.22) as

eSF;g!1 ¼
Nf

16p2

Z
d3x

1

jq̂j4
jq̂j2vrl@lv� ðv@lq̂Þrlðq̂yvÞ þ ðvq̂Þrlð@lq̂yvÞ
h i

¼ Nf

8p2

Z
d3x

vq̂

jq̂j2

 !
rl@l

q̂yv
jq̂j2

 !
ð7:25Þ

So we see that vaA can be mapped to an SUð2ÞR doublet of complex Fermions wA,

ŵ ¼
ffiffiffiffiffiffi
Nf

2

r
q̂yv2pjq̂j2 ð7:26Þ

which are free away from the origin of the moduli space q̂ ¼ 0 with action

Sŵ ¼
Z

d3x �̂wrl@lŵ: ð7:27Þ

Thus Eqs. (7.21) and (7.27) show that when Nf ¼ 1, the moduli space is smooth and reduces to flat
R4. This establishes the equivalence of SQED-1 to the theory of a free N ¼ 4 hypermultiplet.
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8. Higgs branch

We will now consider the sigma model on the Higgs branch of the moduli space. Here we simply
have to take the low energy limit of the Lagrangian LS in Eq. (5.7) about vacuum point where /ab ¼ 0
but qiA–0. (recall that there is no such vacuum for Nf ¼ 1). The analysis is simpler than on the Cou-
lomb branch, because here we can simply set /ab ¼ 0, and need not include the fluctuation contribu-
tion of the massive /ab fields. The main analysis needed is to project LS onto the low energy sector
defined by V ¼ 0.

We will explicit carry out such an analysis for Nf ¼ 2. Our purpose here is to illustrate that the
resulting low energy sigma model on the Higgs branch is in fact identical to the dual version of the
sigma model obtained on the Coulomb branch in Eq. (7.18). This identity then illustrates the self-dual-
ity of the Nf ¼ 2 case, noted by Intrilligator and Seiberg [15].

A point on the Higgs branch for Nf ¼ 2 has q1A–0 and q2A–0. The vanishing of the superpotential
implies that

�qA
1ðrIÞBAq1B ¼ ��qA

2ðrIÞBAq2B ð8:1Þ

for I ¼ 1;2;3. Let us choose a parameterization of the solutions of this equation which if formally sim-
ilar to Eq. (7.20).

q1A ¼
ffiffiffiffiffiffiffi
q

4p

r
epiR1

cosðh=2Þ
sinðh=2Þeic

� �
; q2A ¼

ffiffiffiffiffiffiffi
q

4p

r
epiR2

sinðh=2Þe�ic

� cosðh=2Þ

 !
; ð8:2Þ

By inserting this parameterization into the Lagrangian LS in Eq. (5.7), we obtain the action for the
bosonic sector of the Higgs branch sigma model. The gauge field Al higgses out the combination
R1 þ R2. So we can set R1 ¼ �R2 � R, and then ignore Al ¼ 0. The resulting action for R; h and c is then
found to be identical to the bosonic sector of Eq. (7.18) for Nf ¼ 2, with the parameterization for Aa in
Eq. (7.19). Thus, as claimed above, the metric on the moduli spaces of the Higgs and Coulomb branches
are identical in the limit g ! 1. This identity also explains why the symmetry is enhanced from eUð1Þ
to fSUð2Þ as we approach the singular CFT point on the moduli space.

For general Nf , the Higgs branch moduli space is a 4ðNf � 1Þ real dimensional hyperkähler mani-
fold, which is described as a hyperkähler quotient C2Nf Uð1Þ. The latter is explicitly given by

XNf

i¼1

jqij
2 �

XNf

i¼1

j~qij2 ¼ fR;

XNf

i¼1

qi~q
i ¼ fC;

ð8:3Þ

and modded out by the Uð1Þ action on qi and ~qi with charges (+1,�1). Here~f ¼ ðfR; fCÞ are the N ¼ 4
Fayet–Illiopoulos parameters, which we have previously set to zero. In particular, when Nf ¼ 2, the
Higgs branch moduli space is known as the A1 asymptotically locally Euclidean (ALE) space. For
~f ¼ 0 it is C2=Z2, and when~f – 0 the Z2 orbifold singularity is replaced (resolved) by a CP1. The Higgs
branch moduli space does not receive quantum corrections, and the classical moduli space is exact.
This is because the gauge coupling can be promoted to a vector multiplet, while the Higgs branch is
parameterized by hypermultiplets. The two decouple at the level of kinetic terms in the low energy
effective Lagrangian [34].

9. Conclusions

This paper has attempted to straddle the boundaries of two fields, by connecting theories of quan-
tum phase transitions in square lattice antiferromagnets to dualities of supersymmetric field theories
in 2 + 1 dimensions. We highlighted to the common physical ideas behind duality mappings in these
fields, and so found explicit examples of quantum phase transitions which do not obey the Landau–
Ginzburg–Wilson paradiagm. Our analysis was restricted to theories with N ¼ 4 supersymmetry,
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where the correspondence was the simplest. Closely related duality mappings are also available with
smaller amounts of supersymmetry [33], at the cost of some additional complexity.

We conclude by noting that another recent example of the parallel developments in the theories of
two-dimensional antiferromagnets and dualities in supersymmetric gauge theories can be found in
the close similarities of the theories and duality mappings described in Refs. [35] and [36].
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