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Abstract
We consider relativistic U(1) gauge theories2in- 1 dimensions, withV, species of complex bosons
and N species of Dirac fermions at finite temperature. The quambase transition between the Higgs
and Coulomb phases is described by a conformal field thedfyrGAt large N, and N, but for arbitrary
values of the ratidV, /Ny, we present computations of various critical exponentsuarieersal amplitudes
for these CFTs. We make contact with the different spiniigu charge-liquids and deconfined critical
points of quantum magnets that these field theories desdfibecompute physical observables that may be

measured in experiments or numerical simulations of isigaand doped quantum magnets.
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I. INTRODUCTION

A number of experimental observations in the last two deshdee begged for an understand-
ing of interacting quantum systems that goes beyond thelsimgakly interacting quasi-particle
paradigm of solid-state physics. The large number of suskesys with anomalous properties
include as examples, cuprate superconductors, quanttisatheavy-fermion metals [1], Mott-
insulating organic materials![2] and insulating frustdateagnets [3]. A new paradigm that has
been invoked to describe these systems is quantum numbtoffralization, see for e.g. Ref. 4.
Re-writing the original constituents in terms of fractibparticles interacting with a gauge field,
unconventional phases (or transitions) are accessed ldettmnfined phases of these gauge theo-
ries. These deconfined phases cannot find a consistentmtastin terms of quasi-particles that
are compositionally related to the particles of the micopsc description, and hence provide a
new paradigm that dramatically departs from the conveatioanfines of solid-state physics.

An important issue that arises immediately is the deteatiosuch exotic quantum phases or
phase transition in experiments or numerical simulatitmmost cases the appearance of these ex-
otic field theories is also signaled by dramatic qualitapilsgsical effects, e.g. a direct continuous
transition between quantum states that break distinct stns [5] (such a transition would not
be permitted in the conventional Landau theory). While ¢hesvel physical effects themselves
signal the appearance of the deconfined field theory, it isal#e to have a direct understanding
and numerical estimate for universal quantities assatiaith the continuum field theories. An
estimate for the universal numbers and scaling functidosvalfor a quantitative comparison be-
tween experiment/simulations and theory, and could bdllgl instance to distinguish between
a non-universal weak first-order transition and a univezsatinuous one, in finite-size numerical
computations [13, 14, 15].

The starting point of our analysis will be a relativistic timum field theory ofV, flavors of
charged fermions andy, flavors of charged bosons mutually interacting through aygdield in
two spatial dimensions. This continuum description malesafierence to the variety of micro-
scopic lattice models that may realize the quantum fieldriheBxamples of the derivations of
relativistic field theoretic descriptions starting frontiee models of spins or electrons in different
contexts may be found in Refs. 9,110/ 11. We postpone a discus$ the application of our
results to these physical realizations to Sedfion V.

We shall be interested in the general case of interacting tirdories that involve bosons,|,



Dirac fermions {,) and gauge fields4,,). Working in imaginary time the partition function of

these theories may be written as functional integrals dwefields,
Z = /D\IIQDZQDAN exp (—Spf) , (1)

where the actiotd,; = S, + Sy is specified below as the sum of bosonic and fermionic camtrib
tations.

In the field theory the bosons are described by the complaisfiel, wherea takes one ofV,
values. TheV, fields couple through their mutual interaction with a ‘phdtgauge field,4,, in

the usual minimal coupling that preserves gauge invariance
1
&:g/fmm@—Msz 0

The constrain®__ |z.|*> = 1 must be satisfied at all points in time and space. The acfion
by itself is the well-knownCP>~* model. We remind the reader that in this theory, two-point
correlation functions ot,, itself are 'gauge-dependent’ quantities, but correlafiomctions of
the composite operater® = 27525 are not. Indeed, the ‘deconfined’ theory of the Néeel-VBS
transition is described by, at N, = 2, and¢“ plays the role of the Néel order parameter where
T, are the generators of SU(2), a physical quantity that mugabge independent. Some large-
N, computations on this model are available in the literatizg L8]. See Ref.7 for a review. We
will recover these results as special cases of the more gidiredd theory of interest here.

We now turn to the action that describes the Dirac fermioi& fErmionic part is described by

the usual Dirac fermion action,
@:/fm@mw@—mm% @3)

where~* satisfy the Clifford algebra i@ + 1 dimensions{~y*,~"} = 26"*. We use the isotropic
version ofSy, since anisotropies have been shown to be irrelevant atitieatfixed point studied
here [6]. We shall consider the actiéh and.S; separately and als$y,; = S, + Sy in the large-
N, Ny limit. In general, a Maxwellian term for thé,,: S, = [ d*rd7(€q,0,4,)* should also be
included. We note however that this term will not play an imgot role in our considerations: As
we will show below, the contribution to thé, propagator from the interaction with, andV¥,, at
large<V, decays with a slow power at long distances and hence doatimatontribution frond 4

at large length scales. As is usual in quantum field theoryimiveduce a finiteéf’ by restricting
the imaginary time integrals in the actions above to exteaoh®) to 1/7". The z, and A, must

then satisfy periodic and the, anti-periodic boundary conditions.
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We note here that the actiay, when considered separately is always quantum critical, i.
there are no relevant perturbations consistent with itsnsgtry. This is in contrast t&}, which
goes critical only at a single value of the coupling= g¢., i.e. the boson mass is a relevant
perturbation at the phase transition between the Higgs: (¢.) and the deconfined Coulomb
phase { > g.). The results in this paper include the results§palone by simply settingv, = 0.
Results for theCP"*~! model at criticality are obtained by settigy = 0 and the general result
for finite IV, and Ny applies for the Higgs to Coulomb phase transition in the gemknd of critical
Dirac fermion excitations. We assume thg} is non-compact throughout this paper so that the
2+1-dimensional Coulomb phase is unequivocally stablel@dinition) to monopole proliferation
(see e.g. Ref. 16).

The paper is organized in the following way: In Set. 1l we fimstoduce the formal machinery
of the large limit of Sy, considered here (largs-in this paper implies large¥,, N, but an
arbitrary finite value of the ratio). In Séc.]lll, we then tuoran evaluation of the critical exponents
and scaling dimensions of a number of quantities of physgitatest at thd” = 0 critical point that
separates the Higgs from the deconfined phase in the bacidyafumassless Dirac fermions. At
the critical point ofS;, certain susceptibilities (corresponding to rotationghaboson or fermion
flavor space) have simple linear or quadratic temperatysertiencies with universal amplitudes
because of conservation laws. In Sed. IV, we evaluate theerioal value of these amplitudes in
the largeq limit. Finally, in Sec[V we provide a general discussioniué physical situations in
which the quantities computed in this publication may be snead in experiments or simulations

of insulating and doped quantum anti-ferromagnets.

Il. EFFECTIVE ACTION AND PROPOGATORS AT LARGE- Ny, Ny

In this section we provide the framework of the lalyg-N; method used here and compute
the effective action at largé-. At N,, N; = oo, fluctuations of the gauge field are completely
suppressed and we have a theory of free bosons and fermiange®uctuation at next-to-leading
order are conveniently computed by perturbation theongeseach photon line brings a factor of
1/N. We hence require a computation of the photon propogatordatr d/N, in the theorysS;,
introduced above at finité- In this paper we use two different gauges, depending onhehe&te
are computingal’ = 0 or7T # 0. At T' = 0, when space and time are completely interchangable,

it is convenient to use a gauge that reflects this symmetryyse#, A, fixed to a constant. At
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FIG. 1. Definition of diagrammatic symbols that arise frone thctionS;, + S¢. (a), (b), (c) and (d),
illustrate the four propogators that are used to consth&tvarious graphs used here. See Elg. (8) for the
T = 0 values and Eqs[_(A1,112) for the # 0. (e), (f), (g) and (h) show the four vertices allowed by our

theory and their corresponding amplitudes.

T +# 0, for practical computation reasons, we prefer to use thggawl; = 0 (with 7 restricted
to the two space indices). Throughout this paper, we willgreek symbols, 3, i, v etc. to take
valuesz, y andr (2 + 1 dimensional space-time), and lower-case lettefsk to take values:, y

(2-dimensional space). Summation is implied on repeatea@sdi

A. Zero Temperature

We begin with the resolution of the constraint g by introducing a real field\, which acts
as a Lagrange multiplier at each point of space and timeudiaty this into the bosonic part of
the action, we can re-write it as,

L 2 —iA)zal? — iX(|zal? —
Sb:§/d7‘d7'[\(8“ A)zal? — iM|zal? = 1)] (4)

Now in the limit V, = oo the gauge field drops out andtakes on a uniform saddle point value

that extremizes the actiox, = ir,

dp 1 1
[ ©)
8mip?+1r  gNy
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The propogator for the particles is thug:; (k) = k% + r. At N, = oo, it becomes critical when
r=0.

The effective action is obtained to leading ordetNp N, by integrating out the bosons and
fermions perturbatively, i.e. by evaluating diagrams shawFig.[2. AtT = 0, it is possible to

obtain simple closed-form expressions for the effectii®ac

H)\ 2 HA Pubv
SA_)\ :/p 7)\ + 7(5/“/ - ;2 )AMA,/ (6)
where
I, ( T):Nitan_l P
2D, b4ﬂ_p 2\/;
Ma(p.7) = Ny (7)

2
p~+4r -1 p VT

N ¢ Py _ v
* b{ 8mp o (2\/7_“) 4

Details of this computation are provided in Appendix A. WeenthatIT, (0,7) = (87/r)~! and
I1,(0,0) = I% which is formally IR divergent inl = 3, but this will cancel out of all physical
observables.

Using the gaugeé, A, = 1 — ¢ for thisT" = 0 calculation, we find the following form for the

propogators,

1 Qudv
Duv = <AHAV> = —(5HV_C 5 )

14 ¢
1
DA—<)‘)‘>_H_)\
G _<*>_L
T2 R
Go = ®

Where we have used the usual notation that k*~*. The paramete( is an arbitrary gauge-

fixing parameter and it should drop out of any expression famysical observable.

B. Finite Temperatures

At T # 0, there is no particular advantage in using the conventigaiativistically invariant

notation of Eq.[(B). So we use the following equivalent forhihe fermion action, designed for
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FIG. 2. One-loop diagrams that determine the effectiveoaciit large&N. (a), (b) and (c) contribute to the

effective action for thed,, and (d) contributes to the action of thefield.

transparent appearance of frequency sums
Sy = / d*xdr[V! (0, — iA; —i0"(0, — iA,)
— i0¥(0y — iAy)) V] (9)

Again, the indexx = 1... N labels the fermion flavorsly, is a two-component Dirac spinor (for
eacha), 0¥ are Pauli matrices acting on the Dirac space.
The general form of the effective action for the photon agdaV,, N, can be simply written

down by invoking a Ward identity,

Sa= gz / % [(kiAT — e, A)° 7191(11;, ) + AjA; (6”- - %) D, (k, en)] . (10)
whereD; and D, are functions that can be evaluated at laigéy perturbatively integrating out
both the fermions and the bosons. This process is illustiatthe Feynman-graphs in Fig. 2. A
complete analytic evaluation at fini#-of D, , is not possible. However after some analytic ma-
nipulations detailed in Appendix]A, we can bring the expi@ss into forms which allow efficient
numerical evaluation of these functions, these evaluatwatl play an important role later in our
T # 0 computations. In terms adb, », we can immediately write down the photon propogator in
the Coulomb gaugg; A; = 0. After imposing the gauge condition, the non-zero elemehtke

propagator are,
1

Dl(q7 6”)7 (11)

D00<q7 En) =

q:q; 1
D’i' 'y En - 67, - .
(% ) < T ) Di(a,en) ¥ (@ /) Di(a o)
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The other propogators at finitE-are,

1
G. = v2, +k2+r
1
= 12
G —iw, +0-k (12)

wherek is the the vecto(k,, k,) andv,, = 2aTm andw, = 27T (n + 3) are the usual bosonic

and fermionic Matsubara frequencies.

lll.  CRITICAL EXPONENTS AND SCALING DIMENSIONS AT THE QCP OF Sy

In this section we will work afl’ = 0 and hence use the propogators derived in Secl Il A
and work in the gauge introduced there. As the couplingtuned, a critical point at which the
condensation of,, takes place is crossed, for smalthe system enters a phase with condensed
z, and for largey the system is described by a ‘liquid-like’ state that breaxsymmetries (here
the bosons,, acquire a mass and the low-energy theory is a strongly cduplgebraic’ state
of Dirac fermions coupled to a gauge field). In this sectionfir&g compute two independent
critical exponents associated with the singularities &t tiansition ¢y andny), including one-
loop corrections about th&, IV, = oo saddle point. We then turn to a calculation of the scaling

dimension of the physical electron operator at the crifpcaht.

A. Computation of vy in Sy

We begin with the correlation length exponen,,

gN (08 (g - gc)_VNv (deﬁnes VN) (13)

wherefy is the correlation length associated with the Néel ordeampater. We note that in a
given gauge one may calculate well-defined critical exptsasingz, as the order parameter.
The critical indices so calculated are in general gaugexaégnt. We note however that since the
correlation length is gauge invariant so is the expomentHence,v may be calculated without
worrying about composite operators, izey = v,. Other exponents must however be calculated
using the composite Néel field, we will present calculagitor n, in the following sub-section.

We calculate the exponent of interest, by calculating two gauge-dependent indigesand

. and then using the scaling relation= v, (2 — . ). Sincev, should be gauge-independant, any
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FIG. 3: Self-energy diagrams that enter the two-pejpboson correlation function at ordéy N. These
diagrams are evaluated in a specific gauge to extract theegdegendent indices, and~,. A gauge

independent index can then be extracted from these quantities by using thenexpaelation,y, =

v.(2 —n).

dependence on the arbitrary gauge paramétgnpuld drop out of the result. This is an important

check on our results. We begin by defining the anomalous diroemf thez, field:

dim[z,] = %, (in a given gauge, defines 7,) (14)

We will make the gauge-dependencengfexplicit by calculating its value for arbitrary. The
calculation ofn, is straightforward and is obtained by picking up the co-&ffit of thep? log p
pieces in a perturbative expansion@f, and then re-exponentiating. Diagrams in Fig. 3(a,c)

contribute giving,

4 4 [10
o _ 0y 15
T 3EN, T N TNl T C] (15)

For¢ =1 andN; = 0, this reproduces the result of Ref. 17.
The critical indexy, determines how the mass gf (in a given gauge) goes to zero at the
critical point,
G.'(k=0)=(g—g.), (defines 7.) (16)

-1
p2_’_7,,)

1 1 1 1

~ = = [ = — [ =%0,0 17

e /p2+rc /p2 /p4 (0,0) 1n
9

To leading order we may just usg= (0, 0) andé = we find:




Introduce a new parametey,

l_lz/i_ I _ v (18)
9e pP* PP Ery A
which can be related toby,
Vi _ v / 1
Pl p42(0,0) (19)
B 11,(0,0)
ro= e+ HA(O’T)Z(O,O) (20)

Beyond theV, = oo approximation the critical point is no moresat= 0. In general,
G (p) =@ +r)—S(p7) (21)

and soy. = X(0,7.).

Now -writing the boson mass in terms of the new parameter

G(0) = ry — (z(o,rg) _ Eigggizm 0)) | (22)

we have eliminated the quantitycompletely. The goal now is to compute the term in brackets by
evaluating the self-energy diagrams and pick up the terrtisnyiog(r,) divergences. Then these
logs must be re-exponentiated yielding the exponent
A2
G7H(0) =1, (1 +arlog [—D ~ g — g.[* (23)
where in the last equality we have used the fact thak |g — ¢.|%, as derived above and that
vanishes in théV — oo limit.
In order to demonstrate the usefulness of these formal rakatipns, we calculate the index
for theO(N = 2NV,) o-model. This index is of course completely gauge invariauat llows by

including only the\ contributions to the self-energy, i.e. the diagrams in F&fs,e).

s _ 2% / Pg_ 1 1
20 ) 8m3Il(q,r) (p+ @)+
4131 d3q 1
s — 2~ / L S 24
2 10,0,7) ) 87 (@2 +1)? (24)
dp 1 1
&p 25
| SreneTe (29)

Now putting these expression back into Eq.l (22), we find %%%2(0, 0) = 0. Note however

that this term cannot be ignored in general. Indeed, whemualade gauge fluctuations below, we
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find that it does not evaluate to zero. In the current casgusecof the vanishing of this term, we
find that the quantity in brackets in EG.{22) is simpl{)+() (0, ),

d’p 1 1 I (p, )
- it ! 26
/ SO IL(p,7) {p2+7’+2ﬂx(077) (26)

wherell, = a%_ Now expanding the integrand for largeve can extract the co-effecien, =

;- Thusy = 2 — %, reproducing the standard result for theN') model [21].
We now turn to the inclusion of the gauge field: There are foagms [Fig[ B(a,b,d,f)] that
contribute tax 4, = £ + 20 4 %@ 4 (N Including all factors of?, contractions and factorials,

they are:

@) _ 3/@ 1 N9
2! ) 8m31la(q,7) (p+q)2+ 7

50 = (—3+§)/@ !

871-3 HA(CLT)
) _ 421 /dgq 1
T O212T0,(0,7) ) 83 Tla(q, )

y / &p N(p,q)
83 (p* +r)*((p+q)* +7)
s _ (34027 1 /d3_p 1
2010 I0,(0,7r) J 8m3 (p? +1)?

d3q 1
e - 27
X/87T3HA(C_I>7’) (@7)
whereN (p, q) = 4p* — ;‘—g(p ~q)?+ (4p- g+ ¢*)(1 = ¢), for a general gauge. Note that generally,
»® 1+ ») =0, so they never make an appearance.

Our task is now to compute E@. (22) with= ©(® +3(4 This expression seems to be plagued

with both IR and UV divergences, we will see below that bothedjences exactly cancel as they

must.
_ 1 ¢
5(0,7) = / RO E et
1 / N(p.q) 1
I5(0,7) J,q (2 +7)2[(p + q)* + 7] 1La(q, 7)

£(0,0) = /qﬁ(l—o

o1 N(p,q) 1
00 L P P AT 29
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Using these in Eq[{22), we find for the term in brack@ts,, = 2(0,7,) — 22&%5(0, 0)

HA (07T9)

_ 1 ¢

1 / N(p.q) 1
I1,(0, Tg) p,q (p? + Tg)z[(p +q)? + Tg] Ia(q, Tg)

1 N(p,q) 1 1
" I1,(0, ry) / [(p+q)2 N <1_O} p*Ta(g, 0)

Note that the last term was formed by combining two termd bbtvhich were IR divergent, this

term however has no IR divergence. No other term has a IRgkwnee. We now proceed to show

that all the UV divergences also exactly cancel. In orderadsal let us re-write,

1 L =7
T(...) = (1—C)/qm+(1_C)/qHA(q’rg)q2—|—Tg

1 / 1 L )
_ 7
HA(Ong) q HA(CLTQ) AT

1 1 1
" I\ (0, 7y) /4_qHA(q,0) (30)

The following integral was used on the last Iiry%:[gffgg —(1- g)} =1,

Now, we can rewrite this integral as,

2 2
qg°dg | 1—-¢ q
T\ = 1
() /27r2 [HA(q,Tg)qQH’g D)

i 1 IA(Q? Tg) + 1 1 1 :|
H)\(O, rg) HA(Q7 Tg) H)\(Ov rg) 4q HA(Q? 0)

All we have to do is to expand the term[in| for large q to extract the log divergence (Evaluation

of I, is detailed in the Appendi{xIB. There should b&@l /¢*) power but all lower powers must
cancel. This is indeed found to be the case:

2

¢2dg 7N — ON, ¢ 1
T\ = 16 =
() /2#{ Tg(Nb+Nf)2+Nf+Nb B

A2
= —agrglog [T—} (32)
g
i( 7Nf—9Nb ¢ )
2 (Nb+Nf)2 Ny+Ny

Usinga = ay + a4, andy = 2(1 — a), we have the final expression for

12 8<7Nf—9Nb ¢ )

_9_ _“2 . °
7 72N, + 2 (Nb+Nf)2 Nf+Nb

whereay = —

(33)
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We note that wheg = 1, N; = 0, this reduces to the result of Ref. 17 (they only presentitgsu
in the Landau gauge, = 1). Using their quoted values gfandv andy = v(2 — n), we find that
their result gives (one has to also adjpéby a factor of 2, because they have a theory uNt2
complex fields)ry = 2 — 76/(7?N,), in agreement with us.

We can now calculate the co-efficienby using a scaling relation:

L T
, = ~ L1144 34

L6 +i 7Nf—9Nb+ ¢
7T2Nb 7T2 (Nb+Nf)2 Nf‘i‘Nb

2 2 10 ]}

Q

| - LU
X{ 3N, T Ny el X

o ] 16 +£7Nf—9Nb_ 20
- 312N, 2 (Nb+Nf)2 (Nf+Nb)37T2
Reassuringly, the gauge paramefedrops out as expected. Also fof; = 0, v = 1 — -

7I'2Nb’

consistent with Ref. 17.

B. Evaluation of ny in Sys

We now turn to an evaluation of the scaling dimension of tleeINield. We first define the

anomalous dimensiony through the equation:
D -2
dimfp] = =
whereo, = 2, T;25 is the Néel field and™ are the generators of 3I). Note that atVy, N, =

o

(35)

oo, the indexny = 1, i.e. itis already non-zero. This is unlike, e.g. the O(N)dalp which at
N = oo has no anomalous dimension. Since the Néel field is a comepokiwo z,, fields, its

scaling dimension may be written as,
dim[¢%] = 2dim[za] + Nyrtx (36)

wherer,.i« gets contributions exclusively from vertex contributidhsstrated in FigL4(a,b). This
contribution is conveniently calculated by including a sm®.h,,¢% in the action and studying its
renormalization, by momentum shell RG. There are two cbuations coming from the photon

and) propogators (integrals are fronys to A). They give:

3 3 2(1 —
5ha:_}2i2/dQLi_}2/dq ¢(1-¢1
2 (2m)3 1, ¢* 2 (2m)3 Iy ¢*

4 8
= N, log(s) — m(l — () log(s) (37)
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% :(:{b)
(c) : (d) :
FIG. 4. Vertex corrections to the scaling dimensions forabmposite operators: (a,b) Néel veciof; =

23T 523, (C) electron operator; = z*V¥ and (d) fermion bilineaf ¥

aaf
This givesn,« = W;ﬁvb — WQ(NerNb) (1 — ¢). We thus have the result,
NN = D—-2+ 2772 + 277vrtx (38)
32 128
1 (39)

+ 312N, B 371'2(Nf —|—Nb)

Again ¢ drops out as expected, singg should be gauge invariant.

C. Scaling Dimension of the Electron Operator at Criticality

The scaling dimension of the physical electron operatoalisutated at largeV by identifying
its scaling dimension with the bilinear = V2. The scaling dimension of must clearly by
gauge-invariant.

The scaling dimension oF is defined by:

D—1+ny

dim[V] = 5

(40)

We can evaluatey by evaluating the lowest self-energy grapfk) due to the gauge field and
then picking up the¢log(k) part:

2 [ dq 1 q+ K 4l
50 = 51 [ Gt (v <%F)

B 8 8¢
N (37T2<Nf +Nb) - 7T2<Nf +Nb)) %10g(k)

This gives the gauge-dependent resyjt= 8 — 5

37T2(Nb+Nf) 7r2(Nb+Nf)'
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Now we can get the gauge invariant quantity, dim[c], by idahg the vertex contribution in
Fig.[4(c).

dim[c] = dim[z] + dim[V] 4 Nyrex (41)
(42)

The parametef drops out as expected. Evaluating the vertex contributyothé® momentum shell

method, we find,

—1 (N &g 1 quq
1 = — .= _ e
Thrtx Og(S) 1|1| /A/s (271')3 HA qﬂq4%/ <5HV C q2 )
8
= —m(l — () log(s) (43)
giving the final answer,
dim[] = 2 + —2 0 (44)

2 ' 372N, 3m2(N, + Ny)
Finally we note that it is possible to construct yet anothauge invariant bilineary ™. Its

scaling dimension, dim[T¥], can again calculated for arbitragy we find

64

dim[UT o] =2 - — —
lm[ ] 371‘2(Nb—|—Nf)

(45)

This quantity too gets a vertex contribution, Hi§. 4(d), dd#ion to the2dim[V] part. Again the
full result is reassuringly gauge-invariant and fgy = 0 reproduces the results of Ref./ 12 who

calculated this number in the context of the ‘algebraic $igund’.

IV. UNIVERSAL AMPLITUDES OF SUSCEPTIBILITIES AND SPECIFIC HEAT AT FINITE- T
FROM FREE ENERGY

In the previous section we studied the actigyp at 7' = 0, which corresponded to an infinite
3-dimensional system. We now turn to a study of some pragsedi’” # 0, which corresponds
to studying the field theory in a slab geometry in which two eisions are infinite, but the third
direction has a finite extent df/7". This naturally complicates the computations, since the re
tivistic invariance ofl’ = 0 is destroyed and frequency integrals are replaced by désstens on
Matsubara modes. In this section we evaluate the temperdéjrendence of the specific heat and
certain susceptibilities that correspond to rotationsrgrtbe fermionic and bosonic fields respec-

tively. All quantities discussed in this section may be categd exactly from the low-temperature,
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low-magnetic field (to be defined below) expansion of the-frergy. We compute such an ex-
pansion in a the larg#/, and N limit, allowing for an arbitrary value of the ratidy,/N;. Since
the computations are done at finifewe will work in the gauge introduced in Séc. [l B and use
the form of the propogators derived there.

We shall consider two imaginary “magnetic fieldd7, and H, that are applied in the “di-
rection” parallel to theSU(N) generator, diag(1 1 1 ... -1 -1 -1...). The chief advantagesef
ing this generator is that it modifies the action in a very dempay. For the bosons, it shifts
wn — w, — 0H,/2, wheref = 1 for the first half of the components of, andd = —1 for the
others. For the fermions it does the same, with— w,, — 0H.

Once we have the free-energy as a functiodipf 7 and7’, we can extract the specific heat

and susceptibilities by differentiating,

PF

Xo = 2773 (46)
"~ OH?
P°F

Xf = T3 (47)
OH?

0 [,0F]  OF
v = =57 [T a—ﬁ} = 1o (48)

From the analysis of Ref. 22, it is know thaf, x; o< T andCy o< T2, These simple integer
scaling powers are due to energy conservation and bosoditeamioinic rotational symmetry.
The proportionality constants @y, x,, and x; are universal amplitudesig,, , A,, and A, ),
divided by the square of a non-universal velocitySincec is non-universal, it must be determined
separately for each model. In the field theoretic analysthisfSection, we will set = 1, though
its presence must be kept in mind for comparisons to sinaratexperiments.

At large N, and N, we can expand the free energy= —T'In Z

f:Nbeb—FfoOf—}—fl)\—FflA (%) (49)

Note that in theV = oo limit, the gauge field disappears and the bosons and ferndiert®uple
so they contribute separately; in next to leading order ighisot true. Hencef% and f°/ are
independant of the rati®y, /N, whereas'4 is a function of the ratio'* can only depend o1V,
and hence is also independent of the ra{ig V). In order to calculate the universal amplitudes
associated with the specific heat and the susceptibilitesemputef®, f°/, f* and f14 for
arbitrary T', H,, H; and N,/N;. We first outline the computation of®, /% and f!, then we

present the numerical results for eachgfy ; andCy, as the ratiaV, /N, is varied.
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WhenN,, N; = oo, we only need to consider a simple gaussian theory of bosahteamions
and the computation of the free energy is straightforwandlulding the shift inv,, as discussed

above, we obtain fof® and %/,

2
b _ 2 2 2 2 2 2 m
fob = _;/4# [In(k* + (wn + Hy/2)* + m?) + In(k* + (w, — Hp/2)* + m?)] T
7 = 1 [ R ey (g et (50)
= e — e €

where the massy of the bosons which at the critical coupling depends onl{/’and the applied
field H,. It can be computed by minimizing the free energyat= co. This leads to the following

non-linear equation.

TZ/ 1 - @i (51)
42 2k;2 + (wp + 0Hy/2)2 +m2| | 873 p?

wheref should be summed overl. Applying the Poisson summation formula and evaluating the

integrals and sums, we have the equationmfor

d%k 1 1 _m (52)
42 9\ /k2 + m2 | eVEHMZ+i0Hy/2)/T _ | A
which has the solution

m="TIn

5 (53)

2 cos(H,/2T) + 1 + /(2 cos(H,/2T) + 1)? — 4]

Computation of the various quantities of interesfat= oo follows simply by differentiating the
free energy.

Turning now to thel /N correction to the free energy, receives two contributions, one from
the Gaussian fluctuations of thefield and the other from the Gaussian fluctuationslpf The

resultis,

2
=g [ g (54

d*k :

T —Z [ (oo kDD (55)
wherell,, D; and D, are evaluated &k, ¢, ), and it must be kept in mind that they depend on
H,, H; through the shift of all internal boson and fermion frequeadas detailed above) in the
evaluation of the one loop graphs for th@and A,, propogators.

We now turn to a presentation of our results €4r, x;, andy s, obtained by numerically differ-

entiating computations of the free energy formulae oudiakove.
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FIG. 5: Gauge field fluctuation contribution to the specifitahamplitude,Alc/“/ plotted as a function

Ny/Ny. The values alV, /Ny = 0, oo are shown for reference as dashed lines.
A. Specific Heat

The quantum critical specific heat at Idikis of the formCy = A¢,, T2, where we can organize

the largeN expansion of the universal amplitudé,, as,
Acy = NpA® + Ny AY + AL + AL (N, /Ny) (56)

Differentiating Eq.[[5D), we obtain the estimatef?, = 652 ~ 1.83661 and AY, = 652 ~
1.72182. Note that the proportionality oagbv to ¢(3) with a rational co-efficient is non-trivial [19].
Turning to thel/N corrections, the computation ofi} and A}l are far more com-
plicated and involve some tedious numerical calculatioBasically numerical computations
of the finite temperature propogators (as detailed in Appeld have to be inserted into
Eq. (54) which is then itself evaluated numerically. Fronr aumerical analysis, we obtain,
SR = 30 <8\/mmk, en)) = —0.031717%, allowing us to estimated} = —0.38368.

We can getd/! from a similar analysis, we plot it as a functiondf /N in Fig.[5.

B. Susceptibility to applied H,

The susceptibility toH,, is obtained by differentiating the free energy twice witksgect to
H, (keepingH; = 0 throughout). The largeN expansion of the amplitudd,, defined from

x» = A,, T can be organized as,
Ay = NoAD + AL+ AN /Ny 57
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FIG. 6: Gauge field contribution to the amplitude of the spsibdity to applied d}, as a function ofV; /N,
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FIG. 7. Gauge field contribution to the amplitude of the spsbdity to applied H; as a function of
Ny/Ny.

We obtain the estimaté?j; = g In <@) ~ 0.0856271. From our numerical analysis described
briefly above, we find 3, [ £k In (8 21 ek, en)> — 0.03171T% — 0.01325H2T.. This
allows us to estimatel;j ~ —0.02650. Finally from the numerical evaluation of the gauge field,
we plot the functiond, (N /N,) in Fig.[6.

C. Susceptibility to applied H ¢

Finally, we turn to an evaluation of the susceptibility/ifp which also has a linedf-depen-

dence. The universal amplitude appearing (just as in thre alg, above) can be expanded as,
Ay, = NpAY + A (No/Ny) (58)
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In this case we obtail}/ = 222 ~ 0.220636. A computation of the functiood} ! (N,/Ny)

along the lines described above is plotted in Elig. 7.

V. CONCLUSIONS

All the computations carried out in this paper have beentfercontinuum field theory,,; and
are hence of interest to any problem which realizes this filedretic description. We now list
three different physical problems of interest to which thessults are applicable, and provide a
brief summary of the connections between physical quasténd the universal numbers we have
computed.

Deconfined Mel-VBS transition:The deconfined Néel-VBS transition has been shown to be
described by the field theory,s with N, = 0. The results of Se¢._1ll apply directly to the
critical exponents of this transition (which hads = 0, V, = 2). In particular, Eqs[(34) and (B8)
characterize the two-point Néel correlation function. th¢ Néel-VBS quantum critical point,
the uniform magnetic susceptibility,, should depend linearly on temperature. This quantity is
exactly they,, Eq. (57) computed in SeC. 1V wittV; = 0. The result forCy, Eq. (56) with
N; = 0 also applies to the deconfined Néel-VBS transition.

Algebraic Charge Liquids:In a recent publication_[11], a new class of states of matter,
dubbed ‘algebraic charge liquids’ (ACL) were shown to ansgurally in doped quantum anti-
ferromagnets, which are close to the deconfined Néel-VESium critical point. In the language
of this study,z,, are bosons that carry spin afddare the superconducting quasi-particles. In this
study the transition from a superconducting Néel statdéosuperconducting ACL state is de-
scribed precisely by the field theory under study here With= 2 and N; = 4, whereas the
criticality of the ACL state is described simply by, = 0, N; = 4. The critical exponents of
Sec[ll apply directly to the transition from the supercoating Néel state to the s-ACL state. It
has been shown [11], that the susceptibilitydiscussed in SeC. 1V is related to the finitezon-
tribution to the superfluid density of the s-ACL state (theulefor y ; at N, = 0 was published in
Ref.[11). Just like the Néel-VBS case the susceptibjitys the uniform magnetic susceptibility,
and in Sed_1V, we have the results for the universal amditooth at the critical point and in the
s-ACL phase.

Algebraic Spin LiquidsFinally the result fory; with N, = 0 applies to the fermionic spinon

theories of algebraic spin liquids of square! [23], kagon#d ghd other lattices. In this caseg; is
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related to the uniform magnetic spin susceptibility beeahg fermions carry spin.
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APPENDIX A: EFFECTIVE ACTION AT LARGE-N: EVALUATION OF Dy, Dy, I14 AND II,

In this section we provide the details on the evaluation efftmctionsD; and D, that de-
termine the effective action for the photons at large-We evaluate the general form of these
functions at largeV,, N, and at finite?", as defined in Eql(10). From these results we carlget
relevant to Se¢. I[A, by setting = 0 and completing all integral analytically. Finally we prdei
a computation of the propogator.

The evaluation of); and D, corresponds to evaluating the diagrams in Eig. 2 at fifit&ach
functions gets a contribution from the bosonic as well amienic loops. We evaluated these
separately, writingD), = Dy, + D1y and Dy = Dy, + D,y We first present an evaluation of the

fermionic loops and then turn to a computation of the bosoaidributions.

1. Dy, Dyy: Fermionic Loops

The only diagram that needs to be evaluated for the fermitiwione appearing in Figl. 2(c).
Starting with the functiorD; ¢ (k, €, ):

= —Ny / Tr(Ge(q,wn)Gu(k + q,w, + €,)]
q,wn

_ wn(wn +€,) —q- (q+ k)
- / (@2 + @) ((@n + &) + (q + k) (A1)

_N/ { —2 N (2w, + €,)% + k2
g [P H T (@2 ) (wn ) + (@ + K)2)

We will use the shorthanﬂqm =T i ng to signify a summation on the internal frequencies
and momenta in this paper. Evaluating the first terngynction regularization, and performing

the momentum integration in the second term using the usyadrgan trick, we find,
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NfT In2 NfT / (2wn + €n)° + K
Dip(k, ) =
17k, €) Z 1—xw2+x(wn+€n) + K?z(1l — 2)

N:TIn2 NT 2 k?2 A+Kk? 2 2
_ NyTln ¢ 22(wn+en)+ I +k* 4w’ + (w, + €)

T 47 A 2|wn(wn+€n)|

n

where

A% = (K + (|wn] = lwn + €])?) (& + (|lwal + wn + €a])?). (A2)
The frequency summation is formally divergent, but we cartract the divergent piece by zeta-
function regularization to yield

NiTIn2 N;T Qu, +6,)?+ k. A+K+w?+ (W, +€,)?
D¢k, e,) = 2 1
ylke) = B2 N Z{ - n A et )

Wn

This frequency summation is now evaluated numerically.thigs, it is useful to know the large,
behavior of the term in the curly brackets. After symmetrigthe positive and negative frequen-

cies we obtain:

1 2 _ k2 4 1 2k2 k4
9¢: d0€, — 19e:k* + N } (Ad)

2
(" + ) {3 7+ 30w? i 210w8
The asymptotic behavior is then summed by using the ideatiti

o0

3 1 R SR S 7 N
o, 2n—1)? 4N 48N3  960NS
i 1 1 L.

—_1)4 3 5
S, (2n=1) 48N3 96N

1 1
2. @n—1¢%  320N5 (A5)

n=N+1
We now turn to a similar evaluation as above foy;,

k2 d?*q
Das(kyen) = —kxkyNTZ / RTr 102G (@, )0, G (K + o + €0)]

2qqu + quky + qyks
47T2 wz + q (wn + En) (q + k)2)

_NT . z(1l — z)k?
oo /0 d %: (1 —2)w2 + x(wn + €,)? + kE22(1 — 2))

_NT Z {1 N (Wnte) —wr (Wnte)  ((wnte) —wi) + K ((wn+€)* +wi)
T

k:k

2k? "3 Ak?2

(A+ K%+ w2 + (wn + €)?) }
2|wn(wn + €)]

Wn,

x In

(A6)
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The largew,, behavior of the term in the curly brackets, after symmaetgzhe positive and nega-

tive frequencies, is:

o[ 1 7€ —2k?  13¢l — 34€2K? + 3K*

A7
6w? - 60w? * 420w$ (A7)
At T = 0, the exact values adb, »; can be computed analytically,
Nk?
Dis(k,w) = Dopk,w) = ——=. A8
1f( ) 2f( ) 16\/m ( )

2. Dqp, Doy Bosonic Loops

We now present the evaluation bf, and Dy, that arise from the diagrams in Fid. 2(a,b). The

function Dy, is

(2w, + €,)? ;
D k n = N, T — (
(ke ’ Z/W{ Tt @@ e ]

The first term we evaluate by dimensional regularization

- TZ/47T2 2+w2+r (AL0)
= ((14;)51//22 T +1r)1—d/2

T —d)2), . | (TN

= e | () A

(d—2) Zln (1+%) +#g(2—d)]

n=1
1

VAR . r
S Y A —
o H<T —l—;ln 1+w%

— 0 (A12)

where we have used the largévalue for the mass parametgi = 21n((v/5 + 1)/2) in the last

line (see Ch. 5 of Ref. 20 for more details).

NbT 2wy, + €,)?
Dy (k, d . (A1
1ok, €n) Z/ v [ (1—-2)w?+ x(w, +€,)2 +r+k2z(1 — ) (AL3)

Wn
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The frequency summand has the following expansion at lagge

2k? +12r — 2 —4k* + kK2(—40r + 17€2) — 3(40r? — 50re? + 3¢t)

w2 * 30w?
N 6k + (84r — 73¢2) k* + (420r? — 826, + 81e, ) k* + 10 (84r° — 315ear? + 1477 — 5
210w8 v

For Dy, we have

NbT k(22 — 1)
Du(k.e) — . (A15
2 (K, €0) Z/ U= 2)w? + 2(wn + )2 + 7 + Ka(l — ) (A19)

and the following expansion at largg

1 k? +10r — 11e2  k* + 70r? — 26672 + 86¢: + 14k*r — 23k?e?
K 3w2 30wl * 210w (AL6)

3. IIjandIl,: Actionat T =0

The above expressions f@y;, D, at finite-I" were brought into a form from which efficient
numerical evaluation was possible. At= 0, a full analytic evaluation of the integrals entering
the effective action is possible. We will outline the stepthese calculations now. We begin with
a computation ofl 4. Just as in the finitd* casell, = I1% + fo receives contribution from both
bosonic and fermionic loops, which follow from tfié— 0 limit of the above expressions for the
finite-T" action. Using the form in EqL[6), we can deduce by lookingsfeample at the, ¢, term,

Hb Qny _ —N /@ (2]{5 + Q)x(2k’ + Q)y
87 (k2 +1)[(k + )2 + 7]

(A17)

Now the evaluation of this integral follows the standargst@utlined for example in AppendiX B)

I, (p, r) = N, {p ST (2%) _ ﬁ} (A18)

and we find,

8mp 4
The fermionic contribution can be evaluated in a similar walpy noting the simple relationship,
Iy = p2;2w2 Ds(p,w), giving from Eq[A8 that,

Nyp

Iy (p) =
a(p) 16

(A19)
Putting these results together we get the expressiof foguoted in Eq.[(7). It is curious to note

Nyp

that whenr = 0 the bosonic contribution becom#g, (p,0) = J£,

exactly the same as for the

fermions.
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The evaluation ofI, follows the same steps as folf, except with different contributions at
the vertices, Fid.12(d).

Bk 1
I\(q) =Nb/@(k2+r)[(k+q)2+r] (A20)

which can be evaluated using the usual Feynman parameténtagdation shift of Appendix B,
resulting in the form quoted in EQ.I(7).

APPENDIX B: EVALUATION OF 14

Here we explicitly show how to calculafg that appears in computations of Subsecfion]il A.
We note that we have used the standard sequence of stepsittdsn this example below many

times in the course of the computations presented in thismpap

2 _ 40 )2 g+ ) (1 —
IA:/d3p4p 20 @)+ @p-qg+¢)(1-() (B1)

8 (0% +719)%[(p+ @) + 1]
The integral is evaluated by executing the following stapsequence: introduce a Feynman

parameter, shift tol = p + xq, integrate ovet and then integrate over.

G [P Fp 0+ (gt 0)
Ia = / dr 2(1 ”“"’/ 8 (L= )2 + 1) + 2l + 02 4 13))°

= /1dx 2(1—x)/d_3l4l2(1_§)+q2(1_ﬁ)(4x(x—1)+1)

83 (24+r+q¢*x(l—x))3
! 3 1-¢/3 [dz(z — 1) + 1](1 — ¢)¢? 1
= dx —z) | —
/0 A1-2) 87 \/?(1 —x)x +r - 327 <\/q2(1—x)x—|—7“)3
~ (1= OI(0,1,) + 4~ Y2+ 0(5) ©2)

The neglected terms produce UV convergent diagrams whanttiggrals over are evaluated and

hence can be neglected.

APPENDIX C: DIAGRAMATIC EVALUATION OF FERMION SUSCEPTIBIL  ITY

In this Appendix we calculate one of the universal ampligideSec[1V, A, ,, by an entirely

Xf1
different diagrammatic method. The perfect agreement éatmthe two methods provides a non-

trivial check on our rather involved computations.
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(b) (©)

FIG. 8: Diagrammatic contributions to the susceptibility, arising (a) atV = oo, (b,c) at orded /N. All
the diagrams give @-linear dependence as expected for the susceptibility ohaerved charge far= 1

criticality in d = 2. [22]

Consider the susceptibility,r of the SUN;) chargeQ = ¥ T3,V 5, whereT is a generator
of the symmetry. Since the S¥;) charge is a conserved density it acquires no anomalous dimen
sion. Indeed a simple scaling analysis [22] establishasftiha = 1 criticality, in d = 2 spatial
dimensions, it must have a line@rdependence with a co-efficient that is a universal amplitude

A, divided by the square of a non-universal velocity.

Xr = Mg (C1)

02
We will setc = 1 in the following. In general, we can think of the universalitude as a
universal functiond, . = A, ,(Ny, N,) for arbitrary Ny, N,. In the following we will calculate
this functional dependence at largye, NV, but for arbitrary values of the rati, /N;.
Ay, at N = oo At N = oo, we have a free theory of Dirac fermions apgcan be computed
by simply evaluating the diagram in Fd. 8(a).

Xy = — (Tr(T?)? TZ/HTr (—iw, + 6 - k)~

u d’k w2 —k
— 2(Tr(T) Z/w R (C2)

We will evaluate the momentum integration first, using disienal regularization, and then the
frequency summation, using zeta function regularizatibrs easy to obtain the final answer by

evaluating the frequency summation before the momentusgiation, in which case no cutoff or
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regularization is needed. However, on including gaugedktobns, it appears more convenient to
perform the momentum integration first, this= oo calculation then provides an opportunity to
illustrate the method by which we regulate the frequencysslater on. Performing the momentum

integration ind spatial dimensions, we obtain

s = () 20 EZ;)S/{ VD3 g2 (C3)

We evaluate the frequency summation using
$)=T) ﬁ = 27" (1 - 27%) ¢(s) (C4)
From this, note that
Ty 1 =g(0)=0

_dg
TZln|wn| = ds

Using these results in Eq._(C3) in taking the limdit~ 2, we obtain

=TIn2 (C5)
=0

Tln?2
T

Xy = (Tr(7%)?) (C6)

Ay, at next to leading order in/N: We now turn to a computation of the diagrams of
Fig.[8(b,c), these are the only contributionsytp at next to leading order. As will be clear be-
low a full evaluation of these diagrams is not possible amnaily. However we will be able
to achieve our main goal, which is to extract the numericileaf thel/N corrections to the
N = oo value of A, , computed above.

A direct evaluation of the two diagrams, Fig. 8(b,c) can bétam in the form (including the

N = oo result above),

) - &2k €n) Dy(k,e,)
xr = (Tr(T%)?) {Dl (0,0) + TZ/47T2 { ) DQ(k;,en)+(ei/k2)D1(k,6n)}}

Ds(k,e,) = N;TY / RTr [2G% (q,wn)Gu(a + k,w, + 6,) + G (q,w,) Gy (a + k,w, + €,)]

d2
Dy(k,e,) = N;T Z / 4—73Tr [2G% (a4, wn)0:Gu(q + k, wy, + €,)0; + Gy (q, wn) 0G5 (a + Kk, wy, + €,)05] (6,

27



where the function®), , have been introduced (Section 1l B) and computed (Appenjlizefore.
Computations of); , are presented in AppendiX D. We note here that the dependéntg. on
Ny enters through théV, dependence ab; ,. A full numerical evaluation of4, , was carried out

and was found to reproduce the results of §et. IV up to thggefiant digits.

APPENDIX D: EVALUATION OF D3 AND Dy

In this Appendix we summarize our strategy to evaluate tinetians D5 and D, defined in
Eq. (CT). The techniques are similar to those used to ewaldat and we will simply quote the

final answers,

Dy(k,e,) = NTZ/47T2Tr (—iwp +6-q) 7 (—i(wn + €,) +7- (q+ k)™

+ (—iw + Q)7 (~i(wn + €0) +7 - (g + k)77
NT
= 5 / dxz [—2(m — Dwpy — (= 1)(5re, + 6,)ws — (z — 1) (22°k* — ak® — 22%€. + Tze®)
™

Wn

— (z— 1) (TK?*e,2° — 3el2® — 8k e,2” + 36, v + 3k%e,x) wy,
— (z— 1) ((z = D)2k* + 32”2 k* — 2% k* — xzei)]

x (1)
(1 —2)w2 + x(w, +€,)2 + k2x(1 —x))3 (D

This last lengthy expression was generatedlipd{_by Mathematica, and also translated to Fortran
by Mathematica. The integral ovemwas evaluated numerically, and the frequency summation was

performed using the following expansion at latge

1 k2—€& k4 T7k%E - 26
w2 2wk 6wS

28



Similarly for D4, we have
kik;
k2

d? _ _
D4(k,€n) = <5Z]— )NTZ/ZL—ﬂ-ZTr [2(—an+5q) 30'2- (—z(wn—l—en)+5(q+k)) 10']'

+ (—iwp +7-q) 2 oi (—i(wn + &) + 7 (a+ k) 0]
NT 1
:‘E;A‘”%:P%l—%ﬂx—mwj—@—1M—m%ﬁ+3%x+%yg
—(@—1)
— (z = 1) (~6k%e,a" — 8eha® + KPe,a” + ha” + 4k%e,2” + Bebw + 3k e, ) wn
—(z—1)

(

(—6k*2® — 8e2a® — k*a* — Te2a® 4 8k*x + 8erx) wy
(:)32 (:)33 —47* + 67 — 3) k* — 32t k? + 6233 k* — 2272k — 22%€k + xzefl)]

(1)
. D3
1= 2)02 + 2(wn + )2 + K22(1 — 2))? (b3)
The frequency summand has the following expansion at lagge
—2k* 4+ 4kt — 17k — €
2wk 6w (D4)
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