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Thetheory of second order phasetransitionsisone of the foundations of mod-
ern statistical mechanics and condensed matter theory. A central concept is
the observable ‘order parameter’, whose non-zero average value character-
izes one or more phases and usually breaks a symmetry of the Hamiltonian.
At large distances and long times, uctuations of the order p arameter(s) are
described by a continuum eld theory, and these dominate the physics near
such phase transitions. In this paper we show that near second order quan-
tum phase transitions, subtle quantum interference effects can invalidate this
paradigm. We present a theory of quantum critical pointsin a variety of ex-
perimentally relevant two-dimensional antiferromagnets. The critical points
separ ate phases characterized by conventional ‘con ning’ order parameters.

Nevertheless, the critical theory contains a new emergent gauge eld, and ‘de-



con ned’ degrees of freedom associated with fractionaliza tion of the order pa-
rameters. We suggest that this new paradigm for quantum criticality may be
the key to resolving a number of experimental puzzlesin correlated electron

systems.

| ntroduction and motivation

Much recent research has focused attention on the behavior of matter near zero temperature
‘quantum’ phase transitions that are seen in several strongly correlated many particle sys-
tems (I). Indeed, a currently popular view ascribes many properties of interesting correlated
materials to the competition between qualitatively distinct ground states and the associated
phase transitions. Examples of such materials include the cuprate high-T. superconductors,
and the rare-earth intermetallic compounds (known as the heavy fermion materials).

Thetraditional guiding principle behind the modern theory of critical phenomenaisthe asso-
ciation of the critical singularitieswith uctuations of a n ‘order parameter’ which encapsulates
the difference between the two phases on either side of the critical point (asimple exampleisthe
average magnetic moment which distinguishes ferromagnetic iron at room temperature, from
its high temperature paramagnetic state). Thisidea, developed by Ginzburg and Landau (2), has
been eminently successful in describing a wide variety of phase transition phenomena. It cul-
minated in the sophisticated renormalization group theory of Wilson (3), which gave a generdl
prescription for understanding the critical singularities. Such an approach has been adapted to
examine quantum critical phenomena as well, and provides the generally accepted framework
for theoretical descriptions of quantum transitions.

The purpose of this paper is to demonstrate and study speci ¢ examples of quantum phase
transitions which do not t into this Ginzburg-Landau-Wils on (GLW) paradigm (4). We will

show that in a number of different quantum transitions, the natural eld theoretic description
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of the critical singularitiesis not in terms of the order parameter eld(s) that describe the bulk
phases, but in terms of new degrees of freedom speci ¢ to the critical point. In the examples
studied in this paper, there is an emergent gauge eld which m ediates interactions between
emergent particles that carry fractions of the quantum numbers of the underlying degrees of
freedom. These ‘fractiona’ particles are not present (i.e. are con ned) at low energies on either
side of thetransition, but appear naturally at the transition point. Laughlin has previously argued
for fractionalization at quantum critical points on phenomenological grounds (5).

The speci ¢ situations studied in this paper are most conven iently viewed as describing
phase transitionsin two dimensiona quantum magnetism, although other applications are also
possible (6). Consider a system of spin S = 1=2 moments S, on the sites, r, of atwo dimen-
sional sguare | attice with the Hamiltonian

H=J Sy Sp+ (D]
hr i
The ellipses represent other short ranged interactions that may be tuned to drive various zero
temperature phase transitions. We assume J > 0, i.e predominantly antiferromagnetic interac-
tions.

Considerable progress has been made over the last fteen yea rsin elucidating the nature of
the various possible ground states of such a Hamiltonian. The Nedl state has long range mag-
netic order (see Fig. ) and has been observed in avariety of insulatorsincluding the prominent
parent compound of the cuprates: La,CuO,. Apart from such magnetic states, it is now rec-
ognized that models in the class of H can exhibit a variety of quantum paramagnetic ground
states. In such states, quantum uctuations prevent the spi ns from devel oping magnetic long
range order. Such paramagnetic states can be broadly subdivided into two groups. First, there
are states that can be described as ‘valence bond solids' (VBS) asimple exampleis shown

in Fig[2 In such states pairs of nearby spins form a singlet, resulting in an ordered pattern of



Figure 1. The magnetic Nedl ground state of the Hamiltonian (@) on the square lattice. The
spins, S, uctuate quantum mechanically in the ground state, but the y have a non-zero average
magnetic moment which is oriented along the directions shown.
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Figure 2. A vaence bond solid (VBS) quantum paramagnet. The spins are paired in singlet
valence bonds, which resonate among the many different ways the spins can be paired up. The
valence bonds ' crystallize’, so that the pattern of bonds shown has alarger weight in the ground
state wavefunction than its symmetry-related partners (obtained by 90 rotations of the above
states about a site). This ground state is therefore four-fold degenerate.




‘valence bonds'. Typically, such VBS states have an energy gap to spin-carrying excitations.
Furthermore, for spin-1=2 systems on a square lattice, such states also necessarily break lattice
trandational symmetry. A second class of more exotic paramagnetic states are also possible (7))
in principle: in these states, the quantum-mechanical resonance between different valence bond
con gurations is strong enough to disrupt the VBS, and we obt ain a resonating-valence-bond
‘liquid’. The resulting state has been argued to possess excitations with fractional spin and
interesting topological structure (8,19,10,[11). In this paper we will not consider such exotic
paramagnetic states. Rather, our focus will be on the nature of the phase transition between the
ordered magnet and aVBS. We will aso restrict our discussion to the simplest kinds of ordered
antiferromagnets - those with collinear order where the order parameter is a single vector (the
Neel vector).

Both the magnetic Neel state, and the VBS are states of broken symmetry. The former
breaks spin rotation symmetry, and the latter that of lattice translations. The order parameters
associated with these two different broken symmetries are very different. A simple Landau-like
description of the competition between these two kinds of orders generically predicts either a
rst-order transition, or an intermediate region of coexis tence where both orders are simulta-
neously present. A direct second order transition between these two broken symmetry phases
requires ne-tuning to a ‘multicritical’ point. Our central thesisis that for a variety of phys-
icaly relevant quantum systems, such canonical predictions of Landau’s theory are incorrect.
For H, wewill show that a generic second order transition is possible between the very different
kinds of broken symmetry in the Neel and VBS phases. Our critical theory for thistransitioniis,
however, unusual, and is not naturally described in terms of the order parameter elds of either
phase. Although we will not explore this case further here, a picture related to the one devel-
oped here applies al so to transitions between fractionalized spin liquid and VBS states (12), and

to transitions between different VBS states (13) in the quantum dimer model (14,15).



Field theory and topology of quantum antiferromagnets

In the Neel phase or closeto it, the uctuations of the Neel order parameter are captured cor-
rectly by the well-known O(3) nonlinear ssgma model eld the ory (16,[17) with the following
action in spacetime (we have promoted the lattice co-ordinate r = (X;y) to a continuum spatial

co-ordinate, and isimaginary time):
2 1 3
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Hereh / ( 1)'S, is aunit three component vector that represents the Neel order parameter
(thefactor ( 1)" is+1 on one checkerboard sublattice, and 1 on the other). The second term
is the guantum mechanical Berry phase of al the S = 1=2 spins. A, isthe area enclosed by
the path mapped by the time evolution of A, on aunit spherein spin space. These Berry phases
play an unimportant role in the low energy properties of the Neel phase (L), but are crucial in
correctly describing the quantum paramagnetic phase (18). We will show here that they also
modify the quantum critical point between these phases, so that the exponents are distinct from
those of the GLW theory without Berry phases studied earlier (17,[19).

To describe the Berry phases, rst note that in two spatial di mensions, smooth con gura-
tions of the Neel vector admit topological textures known as skyrmions (see Fig[3). The total
skyrmion number associated with a con guration de nes an integer topologic a quantum num-
ber Q:

172
Q=1 d’rh @n  GyN; 3)
The sum over r in (@) vanishes (16,1) for al spin time histories with smooth equal-time con-
gurations, even if they contain skyrmions. For such smooth con gurations, the total skyrmion
number Q isindependent of time. However, the original microscopic model isde ned on alat-

tice, and processes where Q changes by someinteger amount are allowed. Speci cally, su chaQ
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Figure 3: A skyrmion con guration of the eld N(r). In (a) we show the vector (n*;nY) at
different pointsinthe xy plane; notethat h = ( 1)'S,, and so the underlying spinshave arapid
sublattice oscillation which is not shown. In (b) we show the vector (n*; n*) along a section of
(a) on the x axis. Along any other section of (a), a picture similar to (b) pertains, as the former
isinvariant under rotations about the z axis. The skyrmion above has A(r = 0) = (0;0;1) and
AGrj ¥ 1) =(0;0; 1).



changing event corresponds to a monopole (or ‘hedgehog’) singularity of the Neel eld A(r; )
in space-time (see FigH). Haldane (16) showed that the sum over r in (@) is non-vanishing in
the presence of such monopole events. Precise calculation (16) givesatotal Berry phase associ-
ated with each such Q changing process which oscillates rapidly on four sublattices of the dual
lattice. This leads to destructive interference which effectively suppresses all monopole events
unless they are quadrupled (16,[18) (i.e they change Q by four).

Thesigmamodel eld theory augmented by these Berry phase te rmsis, in principle, power-
ful enough to correctly describe the quantum paramagnet. Summing over the various monopole
tunnelling events shows that in the paramagnetic phase the presence of the Berry phases|eadsto
VBS order (18). Thus S, contains within it the ingredients describing both the ordered phases
of H. However a description of the transition between these phases has so far proved elusive,
and will be provided here.

Our analysis of this critical point is aided by writing the Neel eld f in the so-called CP*
parametrization:

A =2'~z; (4)

with ~ a vector of Pauli matrices. Herez = z(r; ) = (z1;2,) is a two-component complex
spinor of unit magnitude which transforms under the spin-1=2 representation of the SU(2) group
of spin rotations. The z;., are the fractionalized spinon elds. To understand the mo nopoles
in this representation, let us recall that the CP' representation has a U(1) gauge redundancy.

Speci cally the local phase rotation
z e )z ©)

leaves fh invariant, and hence is a gauge degree of freedom. Thus the spinon elds are coupled
to aU(l) gauge eld, a (the spacetimeindex = (r; )). Asis well-known, the magnetic

ux of a isthetopological charge density of h appearing in the integrand of (). Speci cally,
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Figure 4. A monopole event, taken to occur at the origin of spacetime. An equal-time dlice
of spacetime at the tunnelling time is represented following the conventions of Figld So (a)
contains the vector (n*; nY); the spin con guration is radially symmetric, and conseque ntly a
similar pictureis obtained along any other plane passing through the origin. Similarly, (b) isthe
representation of (n*; n*) along the x axis, and a similar picture is obtained along any linein
spacetime passing through the origin. The monopole above has A(r) = r=jrj.



con gurations where tha uxis 2 correspond to a full skyrmion (in the ordered Néel phase).
Thus the monopole events described above are space-tingmétii monopoles (instantons)
of a atwhich2 gauge ux can either disappear or be created. That suchntwstavents are
allowed, means that thee gauge eld is to be regarded asompact

We now state our key result for the critical theory betweaenNteel and VBS phases. As
we will demonstrate below, the Berry phase-induced qudohgif monopole events renders
monopolesrrelevant at the quantum critical point. So in the critical regime (ot away
from it in the paramagnetic phase), we may neglect the cotnpss ofa , and write down
the simplest continuum theory of spinons interacting wittoa-compact U(1) gauge eld with
actionS, = Rdzrd L,, and

Lz=wj(@ @ )z’ + sizi?+ u j7i? ¢ ( @a)? (6)
a=1

whereN = 2 is the number oz components (later we will consider the case of gendralwe
have softened the length constraint on the spinons j&jth P N | jzaj? allowed to uctuate,
and the value o§ is to be tuned so thdt, is at its scale-invariant critical point. Note that the
irrelevance of monopole tunneling events at the criticadxpoint implies that the total gauge
ux Rdzr(@ay @ay), or equivalently the skyrmion numbe&, is asymptotically conserved.
This emergent global topological conservation law prosigescise meaning to the notion of
decon nement. It is important to note that the critical thedescribed by, (21) is distinct
from the GLW critical theory of the O(3) non-linear sigma nebdbtained from[{2) by dropping
the Berry phases and tuniggo a critical value 22). In particular, the latter model has a non-
zero rate of monopole tunneling events at the transitiothabthe global skyrmion numbe€y
IS not conserved.

A justi cation for the origin ofL , is provided in the remainder of this paper. We will begin

in the following section by considering antiferromagneithvan “easy plane' anisotropy, so
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