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We analyze the Hertz-Moriya-Millis theory of an antiferromagnetic quantum critical point, in the
marginal case of two dimensions (d = 2; z = 2). Up to next-to-leading order in the number of
components (N) of the �eld, we �nd that logarithmic corrections do not lead to an enhancement of
the Landau damping. This is in agreement with a renormalization-group analysis, for arbitrary N .
Hence, the logarithmic e�ects are unable to account for the behavior reportedly observed in inelastic
neutron scattering experiments on CeCu6�xAux. We also examine the extended dynamical mean-
�eld treatment (local approximation) of this theory, and �nd that only subdominant corrections to
the Landau damping are obtained within this approximation, in contrast to recent claims.

I. INTRODUCTION

Materials in the vicinity of a quantum critical point (QCP) continue to be the subject of intensive investigations1.
Particular attention has been paid to the heavy fermion system CeCu6�xAux which undergoes a phase transition
from a paramagnetic, heavy-fermion metal to an antiferromagnetic metal as a function of chemical composition and
pressure2,3. Another remarkable case is the stoichiometric compound YbRh2Si2 which is apparently located very close
(on the magnetic side) of an antiferromagnetic QCP4. Hydrostatic pressure stabilizes the magnetic phase in that case.
As the critical point is approached, these systems exhibit an enhancement of the speci�c heat coe�cient C=T , magnetic
susceptibility, resistivity �� and thermoelectric power, which is not easily described within the conventional theory
of a three dimensional quantum critical antiferromagnet.

Neutron scattering experiments3,5,6,7 on CeCu6�xAux have revealed that the spin 
uctuation spectrum of this
compound has a two-dimensional character in a wide range of temperatures. Indeed, maxima of the neutron scattering
intensity are observed along rod-like structures in reciprocal space along which spin 
uctuations are independent of
one component of the wavevector. This motivated Rosch et al.5 to propose that the observed anomalies are the results
of the coupling of three-dimensional electrons to quasi two-dimensional critical spin 
uctuations. In such a situation,
conventional Hertz-Moriya-Millis theory8,9,10,11 of quantum critical behavior leads to C=T / ln(1=T ), �� / T ,
consistent with experimental �ndings. A similar observation applies to the thermoelectric power12. The microscopic
reason for the two-dimensional nature of spin 
uctuations is not clear however for CeCu6�xAux, while magnetic
frustration might provide a natural explanation4 in the case of YbRh2Si2 (for which inelastic neutron scattering data
are not yet available).

The approach of Rosch et al.5 requires �ne tuning on a microscopic level (since a three- dimensional dispersion
of the electrons will generically lead to three- dimensional critical 
uctuations at the QCP) but it is internally
consistent on a theoretical level. Indeed, the vertex corrections to the electron- spin 
uctuation interaction is �nite12

in the case of a coupling to a three-dimensional fermion spectrum. (Note that the situation is di�erent for two-
dimensional fermions, which leads to a singular vertex13). Since the vertex is non-singular, the physics of long-
wavelength magnetic 
uctuations is described by a �4 �eld theory with ohmic damping. The quartic term is marginally
irrelevant for d = 2, which is the upper critical dimension of this theory. Hence, the 
ow of the quartic term will lead
to logarithmic deviations from mean-�eld critical behavior. These e�ects have not been investigated previously for
the frequency-dependent response function in this context. Inelastic neutron scattering3,6,7 on CeCu6�xAux at the
QCP (xc ’ 0:1) have revealed an anomalous enhancement of the Landau damping. Whether logarithmic e�ects at the
upper critical dimension could account for such an enhancement in the range of experimentally accessible frequencies
is an outstanding open question which we address in this paper. We use the number of components (N) of the �eld
as a control parameter, and perform a calculation of the dynamical susceptibility to order 1=N . We �nd that, to this
order, the sign of the corrections to Landau damping cannot explain the experimental data.

An alternative theoretical viewpoint on the physics at the QCP is that the spin-
uctuation self-energy at the
QCP is purely local (i.e momentum independent) and has an anomalous power-law dependence on frequency and
temperature. This was �rst proposed3,6 as a phenomenological �t to the inelastic neutron scattering data in the form:
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Im��1
q=Q = !�f(!=T ) with � ’ 0:7 � 0:8. Si et al.14 have further developed this point of view in the framework of

the extended dynamical mean-�eld (EDMFT) theory of the Kondo lattice15,16,17. It has been argued in this context
that the separation of electronic degrees of freedom and long-wavelength magnetic 
uctuations is not legitimate14,18,
because the (Kondo) coherence scale below which electron degrees of freedom can be eliminated might vanish at the
QCP. Recently however, Grempel and Si showed19 that starting above the Kondo temperature the EDMFT of the
Kondo lattice can be mapped, using bosonization tricks, onto the EDMFT of the �4 theory for magnetic modes (see
also the earlier work by Sengupta and one of us17). They further suggested that, in two dimensions, this theory
would lead to an anomalous Landau damping, with the power-law form mentioned above (� < 1). We study this
e�ective theory in the EDMFT approximation, using both a strict 1/N expansion and a numerical solution using
the large-N expansion as an "impurity solver". We �nd that, contrary to the statements of Ref. 19, no anomalous

power-law is generated. In fact, the EDMFT approximation to the �4 �eld-theory in the marginal case does not
correctly reproduce the logarithmic corrections to the damping rate found in our direct calculation for d = 2, and
leads only to subdominant O(!2) corrections at low-energy. This extends to the marginal case the previous work of
Motome and two of us20 on the the EDMFT approximation applied to critical behavior, in which it was indeed found
that the approximation is better in higher dimensions, and becomes unreliable below the upper critical dimensions.

Hence, the general conclusion of our paper is that logarithmic e�ects at the upper critical dimensions in the con-
ventional theory of an antiferromagnetic QCP cannot explain the behavior observed experimentally for CeCu6�xAux,
at least at dominant order in the 1=N expansion.

This paper is organized as follows: in section II, we perform a general renormalization-group analysis of the �4

theory with damping. In section III, we take a large-N perspective, and present an explicit solution up to next to
leading order in the 1/N expansion. We also describe the local (EDMFT) approximation to this theory, up to order
1=N . In section IV we discuss in more details the EDMFT approach, and solve numerically the EDMFT equations
using a large-N impurity solver. We conclude with a discussion of the implications of our work for the understanding
of non-Fermi liquid behavior in heavy-fermion materials close to an antiferromagnetic QCP.

II. RENORMALIZATION GROUP ANALYSIS

A. Model and general renormalization-group framework

In this paper, we consider the following �eld theory8,10,11 for an N -component �eld �a (a = 1; � � � ; N):

S =
1

2

X

q;!

D�1
0 (q; i!)

X

a

�2
a(q; i!) +

u0

4!

Z

ddxd� [
X

a

�a(x; �)2] 2 (1)

in which the free propagator reads, for imaginary frequencies: D�1
0 (q; i!) = r + j!j + q2. This theory describes the

vicinity of an antiferromagnetic quantum critical point, corresponding to the (bare) value z = 2 of the dynamical
critical exponent. In this context, the dissipative term is induced by the coupling to electronic degrees of freedom
(Landau damping). The q-vector is the di�erence from the ordering wavevector, and r is a parameter which measures
the distance to the critical point. We are particularly interested in this paper in the two-dimensional case, but we
shall also brie
y consider lower dimensions 1 � d < 2 (Sec. II C). In this section, we shall use the following normalized
coupling constant:

g0 � Sdu0 with : Sd =
2

��(d=2)(4�)d=2
(2)

When considering the bare theory, an (ultra-violet) cuto� � on momenta is introduced. We consider the bare
irreducible 2-point function � � ��1, which is the inverse of the correlation function (dynamical susceptibility
�(q; i!) = h�(q; i!)�(q; �i!)i). The renormalization group (RG) speci�es21 how � changes upon a rescaling of
the cuto� � ! ��. The corresponding RG equation is obtained by imposing that the renormalized 2-point function
�R = Z� is independent of the original cuto� (with Z the �eld- or "wave function" renormalization). Focusing �rst,
for simplicity, on the �eld-theory (1) in the critical (massless) case, � satis�es the following equation (all Green’s
functions in this and the next subsection are at T = 0):

� [q; i!; g0; �] = (��)2Z�1
� �

�

q

��
;

Z�

(��)2
i!; g�; � = 1

�

(3)

In this expression, Z� and the running coupling constant g� are de�ned from the usual RG functions:

�
d

d�
g� = �(g�) ; g�=1 = g0 (4)
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�
d

d�
ln Z� = �(g�) ; Z�=1 = 1 (5)

Let us emphasize a key aspect of Eq.(3), namely that the damping term does not require an independent renormal-
ization so that the frequency dependence in the r.h.s of (3) involves only the wave-function renormalization Z�. This
can be proven to hold to all orders, using a �eld theoretic RG22. For a use of this method in a di�erent context see
Ref.23

We have calculated the RG function � at one-loop order and the function � at two-loop order. The diagrams
contributing to the 2-point function � up to this order are depicted in Fig. 1. We obtain (with � = d � 2):

�(g) = ��g + b2g2 + O(g3)

�(g) = c2g2 + O(g3)

where the coe�cients b2 and c2 read, in the N-component theory:

b2 =
N + 8

6
; c2 =

(N + 2)(12 � �2)

144
(6)

Details of calculation of the coe�cient c2 are given in Appendix A.

I1 I2

FIG. 1: Graphs contributing to the 2-point function at two-loop order.

B. The marginal case d = 2: logarithmic corrections to Landau damping

We focus here on the marginal case d = 2 at the quantum-critical point, and integrate the above RG equations in
order to obtain the corrections to the Landau damping at T = 0. Integrating the RG equations (4,5) using (6) yields,
to this order:

g� =
g0

1 � b2g0 ln �

Z� = exp

�

c2g2
0 ln �

1 � b2g0 ln �

�

(7)

As expected in the marginal case, g� 
ows logarithmically to zero as � ! 0, while Z� tends to some (non-universal)
constant Z�. To analyze the frequency dependence of � we use the general RG equation (3), setting q = 0 and
choosing � = �� such that !Z��=(���)2 = 1. This leads to:

�(q = 0; i!; g0; �) = j!j 	(g��) (8)

in which we use the notation 	(g) � �(q = 0; i! = i; g; � = 1). We then expand the r.h.s of (8) in powers of g�� , with:
g�� � �1=(b2 ln ��) � �2=[b2 ln(Z�j!j=�2)]. This expansion actually starts at second-order in g�, since the 2-point
function � is subtracted to insure that one sits at the critical point (in other words, the tadpoles I1 do not contribute
to the frequency dependence). Noting that: I2(q = 0; i! = 0; g�; �) � I2(q = 0; i!; g�; �) = cg2

�j!j, coe�cient c
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computed in Appendix A, we �nally obtain a correction to the frequency dependence of the 2-point function at the
T = 0 QCP of the form:

�(q = 0; i!) = j!j

 

1 +

�

6�2 ln 2 � 11�(3)
�

(N + 2)

12 (N + 8)2

1

ln2(j!jZ�=�2)

!

(9)

Hence, only subdominant corrections to the Landau damping are generated in the marginal case d = 2. Furthermore,
the positive coe�cient in the above expression can be interpreted as an e�ective exponent � = 2=z > 1. This is in
agreement with the 1=N expansion, which we consider later in this paper.

C. � = 2� d expansion of critical exponents and corrections to scaling

We consider here the case d < 2, in which the quartic term is relevant, and the e�ective coupling g� tends to a
non-trivial �xed point. The case d = 1 is relevant, for example, when considering11 an Ising chain in a transverse �eld
(N = 1) or a chain of quantum rotors (N > 1) coupled to a dissipative environment.

We make use of the general RG equation (3) by choosing � = �� such that q=��� = 1. For � ! 0, we now
have: g� ! g� and Z� � �� (with the critical exponent � � �(g�). Hence, we obtain (at T = 0) for the dynamical
susceptibility � = ��1 at low-frequency and small momentum:

�(q; !) = q�2+��(!=cq2��) (10)

In this expression, � is a universal scaling function associated with the �xed point. From this expression, the dynamical
critical exponent is identi�ed as:

z = 2 � � (11)

An expression which holds to all orders, and is the result of the existence of a unique RG function, as explained above.
This scaling form can actually be generalized to �nite temperature in the quantum critical regime in the form:

�(q; !) =
1

T
�
�!

T
;

c1q

T 1=z

�

(12)

with � a universal scaling function, and c1 a non-universal constant. In particular, at zero-momentum, T �(q = 0; !)
is an entirely universal scaling function of !=T . At small !=T , we expect an analytic dependence on !=T , with
�(0; !)=T = C1 � iC2!=T + : : :. In contrast, at large !=T we have �(0; !)=T = �iC3!=T , and the subdominant
terms are not analytic, but are related to those in (19) below. Here C1�3 are all non-trivial universal constants. The
value of C3 is determined in the � expansion by the computations in Appendix A (C3 = 1 + c(�=b2)2 + : : :), and this
universality is clearly related to the universal logarithmic correction in (9). The values of C1;2 require a computation
of the damping at T > 0, and accurate determination of these is likely to require a self-consistent treatment of the
loop corrections, as discussed in Ref 24. In particular, C2 6= C3 and hence

lim
!!0

lim
T !0

Im�(q; !)

!
6= lim

T !0
lim
!!0

Im�(q; !)

!
: (13)

So the Landau damping co-e�cient is sensitive to the order of limits of ! ! 0 and T ! 0; we expect that similar
considerations will also apply to the logarithmic corrections in d = 2 noted in (9).

From the RG expressions in Section II A, the �-expansion of the critical exponent � = 2 � z reads, to order �2:

� =
(N + 2)(12 � �2)

4(N + 8)2
�2 + O(�3) (14)

We have also obtained the correlation length exponent at order �:

� =
1

2
+

(N + 2)

4(N + 8)
� + O(�2) (15)

Finally, we comment brie
y on the next-to-leading corrections at T = 0 to the Landau damping at the QCP. These
are obtained from corrections to scaling, i.e. depend on the manner in which g� 
ows to the �xed point:

g� = g� + (g0 � g�)�
 + � � � (16)
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with:


 = �0(g�) = � + O(�2) (17)

The RG equation then yields the following form for the 2-point function, including corrections to scaling:

�(q; !) = q2��
�


0(!q�z) + q2

2(!q�z) + � � �
�

(18)

Taking the limit q ! 0, this yields the following form of the Landau damping term:

�(q = 0; i!) = C0j!j
2��

z + C2j!j
2��+


z + � � � (19)

In the present case, the exact identity z = 2 � � implies that the dominant term is simply / j!j, while a correction

of the form j!j1+ 

2�� is found. The logarithmic correction found above can be seen as the limiting behavior of this

correction in the marginal case d = 2 (� = 0).

III. LARGE-N ANALYSIS OF THE �4 THEORY OF AN ANTIFERROMAGNETIC QUANTUM
CRITICAL POINT IN TWO DIMENSIONS (z = 2)

In this section, we treat the �eld-theory (1) within the large-N expansion. For this purpose, we scale the coupling
constant in (1) by 1=N and set:

u0 =
6u

N
(20)

We denote by �0 and �1 the contributions to the self-energy of order 1=N0 and 1=N , respectively (h� �i�1 = D�1
0 ��).

The (skeleton) diagrams contributing to �0 and �1 are depicted in Fig. 2. The corresponding expressions read:

�0(q; i!) = �uT
X

�n

Z

d2k

(2�)2
D(k; i�n) (21)

�1(q; i!) = �2
u

N
T
X

�n

Z

d2k

(2�)2

D(k + q; i�n + i!n)

1 + u�0(k; i�n)
(22)

where:

�0(q; i!) = T
X

�n

Z

d2p

(2�)2
D(p; i�n) D(p + q; i�n + i!n) (23)

In this expression, D denotes the full propagator to order 1=N0 (i.e including the self-energy �0). Hence, Eq. (21)
should be viewed as a self-consistent equation for �0. We �rst consider this equation at ! = q = 0, de�ning a "gap"

Σ0

Σ1

FIG. 2: Self-energy graphs in the 1=N expansion.

�(T ) = r � �(q = 0; i! = 0) related to the correlation length � by � = ��2. � vanishes (� diverges) at the T = 0
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QCP. At the saddle point (N = 1) level �(T ) = �0(T = 0) � �0(T ). We show in Appendix B that, at this order,
the self-consistent equation for the gap reads (see also Ref. 25):

(2�)2

u
~� =

1

2
ln

~�
~� + ~�q2

+ ln
�( ~�)

�( ~� + ~�q2)
+ ~�q2 ln ~�q2 � ~�q2 (24)

where �q2 is a cuto� for q2, ~�q2 = �q2 =(2�T ) and ~� = �=(2�T ). In the limit ~� � 1 and ~� � ~�q2 Eq.(24) reduces
to:

(2�)2

u
~� = �

1

2
ln ~� � ~� ln ~� (25)

We dropped the index in �q2 as it is the only scale we use. In the limit u ln ~� � 1 the approximate solution of Eq.(25)
is25:

� = � T
ln(ln �=2�T )

ln �=2�T
(26)

Hence, � vanishes faster than T as T ! 0. The contributions of the marginally irrelevant coupling are smaller than
temperature (or energy) itself. As we shall now see, this also applies to the T = 0 contributions to the Landau
damping at the critical point, which is the main quantity of interest in this paper.

We perform a calculation of the damping rate at the T = 0 QCP up to order 1=N . At the saddle-point level (1=N0),
the propagator at the QCP reads: D(q; i!) = (j!j + q2)�1. The polarization bubble �0(q; i!) de�ned by (23) can
then be calculated exactly. Details are given in Appendix C. Here we present the result:

8�2�0(q; i!) =
�2

4
�

j!j + q2

q2

�

ln
j!j + �

�
+ 2 ln

j!j + q2

j!j

�

+ 2 ln
j!j + �

j!j

+
s

q2
ln

j!j + q2 + 2� + s

j!j + q2 + 2� � s
� Li2

�

q2

2j!j + q2

�

+ Li2

�

�
q2

2j!j + q2

�

+Li2

�

q2

j!j + s

�

� Li2

�

�
q2

j!j + s

�

+ Li2

�

q2

j!j � s

�

� Li2

�

�
q2

j!j � s

�

(27)

where s =
p

(j!j + q2)2 + 4q2� and Li2(x) = �
R x

0
dy ln(1�y)=y. The above expression has the following asymptotics

at !=� ! 0, q2=� ! 0:

4 � 2 ln
q2

�
;

j!j

q2
! 0

2 +
�2

4
� 2 ln

j!j

�
;

q2

j!j
! 0;

!2

q2�
! 0

�2 +
�2

4
� 2 ln

j!j

�
;

q2

j!j
! 0;

q2�

!2
! 0 (28)

We use the explicit expression (27) into (22) and perform the frequency and momentum integrals numerically. The
resulting self-energy �1(q; i!) is plotted in Fig.3. It is seen that the 1=N corrections to the damping rate are less

singular than ! at low-frequency. Alternatively, the corrections can be put in the form of an e�ective, scale-dependent
exponent �(!), de�ned by: �(!) = !@(ln ��1(i!))=@! with ��1(i!) = j!j � �1(q; i! = 0) + �1(q = 0; i! = 0) the
q = 0 dynamical susceptibility at the QCP. This e�ective exponent is plotted on Fig. 4: it is seen to be only weakly
dependent on frequency in the range where it is displayed. Hence, the logarithmic corrections in the marginal case
can be mimicked by a power-law, but correspond to an e�ective exponent � > 1, in contrast to the experimental
observation � < 1 for the two compounds mentioned above.

Incidentally, we would like to comment on the data analysis made in Ref. 6 in order to support !=T scaling of the
inelastic neutron scattering data in CeCu5:9Au0:1. To this aim, we perform a similar analysis on our analytical result,
by plotting T ��(!; T ) versus !=T (Fig. 5). In this plot, the frequency-dependent susceptibility at �nite temperature
and q = 0 is approximated by: �(!; T )�1 ’ �i! + �(T ) � �1(q = 0; !) + �1(q = 0; ! = 0) (this approximation
does not include the temperature dependence of the Bose functions in the calculations which would be required to
obtain the correct damping coe�cient, as is required to obtain (13)). Such a scaling plot is attempted for a varying
range of �, and the optimal value of the exponent is chosen such as to yield the best collapse6, as measured by the
standard deviation plotted in Fig. 6. It is seen that an excellent collapse is obtained with � ’ 1:09. We emphasize
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0 0.2 0.4 0.6 0.8 1

 ω
n

0

0.1

0.2

0.3

Σ 1(0
)−

Σ 1(i
ω

)

FIG. 3: Self-energy at the d = 2; z = 2 QCP, up to order 1=N , as a function of (imaginary) frequency !. The calculation is for
u=(2�)3 = 5, and ! is measured in units of the cuto� �.

0 0.2 0.4 0.6 0.8 1

 ω
n

1

1.05

1.1

 α
(ω

)

FIG. 4: E�ective exponent �(!), as de�ned in the text, as a function of (imaginary) frequency !. The parameters are as in
Fig.3

that !=T scaling, in a strict asymptotic sense, does apply here, but with a trivial Gaussian exponent and scaling
function: T �(!; T ) = i=~! (~! = !=T ). The logarithmic corrections characteristic of the marginal case apparently
mimic non-trivial scaling properties over quite an extended range of !=T . This should serve as a warning for the
interpretation of the experimental results.

We end this section by considering the local approximation to the damped �4 theory in the marginal case, up to
order 1=N . In a previous paper, Motome and two of us20 have investigated the EDMFT approximation to the critical
behavior of various models, and shown that this local approximation is quite satisfactory above the upper critical



8

10
-1

10
0

10
1

10
2

ω/T

10
-3

10
-2

10
-1

10
0

T
α Im

χ(
ω

,T
,q

=
0
)

FIG. 5: Scaling plot for T �Im�(!; T; q = 0) versus !=T . The temperatures displayed are: T = :03 � :9�. The choice � = 1:09
provides a good collapse of the data over this frequency range. Di�erent symbols correspond to di�erent values of T .
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1.1

1.2

1.3

1.4

1.5
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FIG. 6: Standard deviation �log(T ��), measuring the quality of the !=T collapse6, versus �.

dimension (i.e here for d + z > 4), when the quartic coupling is irrelevant. In this approach, all skeleton graphs are
taken to be local. For arbitrary z and d = 2, the local propagator at the T = 0 QCP reads:

D(i!) =

Z

qdq

2�

1

j!j
2
z + q2

=
1

4�
ln

 

� + j!j
2
z

j!j
2
z

!

(29)

Performing the Fourier transform, this yields the asymptotic behavior at long (imaginary) time:

D(�) =

Z +1

�1

d!

2�

1

4�
ln

 

� + j!j
2
z

j!j
2
z

!

e�i!� �
1

(2�)2j� j

Z +1

0

dx ln x� 2
z cos x =

1

4�zj� j
(30)

The 1=N correction to the spin-
uctuation self-energy is:

�1(�) =
2u2

N
D(�)3 �

1

N

2u2

(4�)3z3j� j3
(31)
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