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Strongly coupled quantum criticality with a Fermi surface in two dimensions:

fractionalization of spin and charge collective modes
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We describe two dimensional models with a metallic Fermi surface which display quantum phase
transitions controlled by strongly interacting critical �eld theories below their upper critical di-
mension. The primary examples involve transitions with a topological order parameter associated
with dislocations in collinear spin density wave (\stripe") correlations: the suppression of disloca-
tions leads to a fractionalization of spin and charge collective modes, and this transition has been
proposed as a candidate for the cuprates near optimal doping. The coupling between the order
parameter and long-wavelength volume and shape deformations of the Fermi surface is analyzed
by the renormalization group, and a runaway 
ow to a non-perturbative regime is found in most
cases. A phenomenological scaling analysis of simple observable properties of possible second order
quantum critical points is presented, with results quite similar to those near quantum spin glass
transitions and to phenomenological forms proposed by Schr�oder et al. (Nature 407, 351 (2000)).

I. INTRODUCTION

An important property of most quantum phase tran-
sitions studied to date in systems with a metallic Fermi
surface in spatial dimensions d � 2 is that the critical
�eld theory for the order parameter is a free Gaussian
theory1,2. This result has its origin in the fact that
the order parameters considered can be expressed as a
fermion bilinears, and consequently the order parameter

uctuations are e�ciently overdamped and suppressed
by fermionic particle and hole excitations near the Fermi
surface. The temperature dependencies of physical ob-
servables near the quantum critical point have been per-
turbatively computed3,4,5,6,7,8,9,10,11, and these can be
understood as corrections to scaling7 at the Gaussian
critical point12.

The quantum and thermal 
uctuations near quantum
phase transitions in Fermi systems have been used to
interpret experiments in a variety of correlated electron
materials. In the cuprate superconductors, the anoma-
lous properties in the normal state have been described
in terms of the proximity to a quantum phase tran-
sition associated with the onset of spin density wave
(SDW) or charge density wave (CDW) order in a Fermi
liquid13,14,15. However, the observed anomalous proper-
ties extend to quite high temperatures, and it would be
preferable to explain these in theories with stronger non-
linearities among the order parameter modes. Further,
many of the anomalous properties extend to the optimal
doping regime where there is no strong evidence of a large
correlation length of the SDW and CDW orders.

This paper describes an alternative class of quantum
critical points whose critical theories are non-Gaussian,
and which remain strongly coupled even in the presence
of a Fermi surface because they are below their upper
critical dimension. Only in such theories can the order
parameter relaxation rate, and possibly the quasiparticle
energy width, be generically equal to kBT times a univer-
sal numerical constant16 (T is the absolute temperature).

Examples of such quantum phase transitions abound in
insulators and superconductors17,18,19, and some of these
have been used to explain low temperature properties of
the cuprate superconductors20,21,22,23. This paper will
discuss transition in metals with a Fermi surface, and so
the possible regime of applicability is restricted to higher
temperatures where superconductivity is absent.

Our primary focus will be on a transition with a non-
local \topological" order associated with certain defects
in the SDW/CDW order. However, long-range SDW or
CDW order will not be present on either side of the criti-
cal point. This transition (shown in Fig. 2 below) is being
o�ered as a candidate23,24 for a possible optimal dop-
ing quantum critical point25,26 in the cuprate supercon-
ductors. This proposal for the optimal doping quantum
critical point must be distinguished from a conventional
SDW ordering transition in a superconductor discussed
recently by one of us22,23; the latter transition occurs at
lower doping concentrations (near 1/8) and was used to
predict and explain a number of recent low temperature

neutron scattering and STM experiments. Here we are
interested in higher dopings and temperatures, where, as
we have already noted, the correlation length of conven-
tional SDW/CDW order is surely quite small, but, as we
shall discuss below, correlations in a topological order
may be far more robust.

We also hope for applications of our theory in other
correlated materials, like the heavy fermion systems,
where many experiments are in disagreement with the
conventional weakly coupled theories27,28. In particular,
we will show that the strongly-coupled critical points pre-
dict a scaling structure for physical observables which is
quite similar to those proposed by Schr�oder et al.29 Re-
lated scaling structures are also known to appear near
strongly-coupled spin glass quantum critical points, and
this is reviewed in Appendix A.

There is one simple route to obtaining a strongly cou-
pled �eld theory in the presence of a Fermi surface that
has been discussed earlier9: use restrictions from momen-
tum conservation to prevent the order parameter from
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coupling linearly to low energy fermionic excitations. For
example, a transition with the onset of SDW order at
the wavevector K, but the geometry of the Fermi sur-
face such that no two points on the Fermi surface are
separated by K. In such a situation the order parameter
excitations remain undamped, and the fermions appear
to be innocuous bystanders to the transition. However, it
turns out that the Fermi surface can still be relevant for
the structure of the critical theory in certain situations;
these e�ects are related to those that arise in the transi-
tions we do discuss below, and so we defer discussion of
this point until Section IV.

Turning to transitions characterized by a non-local,
‘topological’ order parameter, a situation that has been
much discussed in the recent literature30 has the electron,
cy
& , (& ="; # is a spin index) fractionalize into a spinless

charge e boson, b, and a neutral spin 1/2 fermion f& :
cy
& = bf y

& This fractionalization transition is described by
a Z2 gauge theory31, and both b and f& carry a unit gauge
charge; the physical fermion, cy

& , is, of course, gauge neu-
tral. If we denote the Z2 gauge �eld by �ij (i; j are site la-
bels), then terms like �ijfi"fj# will generically appear in
the e�ective Hamiltonian30. In the fractionalized phase,
where the 
uctuations of �ij are e�ectively quenched,
this term is a BCS-like pairing of the f& fermions, and it
implies that the Fermi surface will generically be gapped
out (except possibly at special points if the pairing is
anisotropic). Consequently, this fractionalization transi-
tion does not provide us with a candidate quantum phase
transition in the presence of a Fermi surface, and we will
not consider it further in this paper.

The main focus of this paper shall be on a fractional-
ization transition that does less damage to the integrity
of the electron: the electron (and hence its Fermi surface)
remains intact on both sides of the transition, but charge
neutral collective modes (in the particle-hole sector) do
fractionalize; only at the quantum critical point, and in
the associated non-zero temperature quantum critical re-
gion, is the electronic quasiparticle ill-de�ned. Zaanen
et al.24 have recently given an appealing pictorial de-
scription of such a transition. A transition with closely
related physical content was introduced in Ref. 23; we
will follow the latter approach here, and will describe the
physical content and experimental motivation below in
Section II. There have also been earlier discussions of
the fractionalization of order parameters in other physi-
cal contexts32,33,34.

After introducing the order parameters in Section II,
we write down and classify quantum �eld theories for
the critical points in Section III. We pause brie
y in
Section IV to consider the conventional transitions men-
tioned above, in which the fermion bilinear order param-
eter is not damped by Fermi surface excitations because
of restrictions arising from momentum conservation, and
show that it is described by �eld theories similar to those
in Section III. The latter are subjected to a renormaliza-
tion group analysis in Section V, and the physical impli-
cations of the results are noted in Section VI.

II. ORDER PARAMETER AND PHYSICAL

MOTIVATION

Consider a correlated electronic system in two dimen-
sions with enhanced SDW correlations at the wavevectors
Kx and Ky; these are vectors of equal length pointing
along the x and y axes respectively. Similar considera-
tions apply to other choices for the ordering wavevectors,
but we will focus on this case because it directly applies
to the doped cuprates35 at doping concentrations above
0:055. We can write for the spin operator S�(r; �) (r is
a spatial co-ordinate, � = x; y; z labels spin components,
and � is imaginary time):

S�(r; �) = Re
�
eiKx�r�x�(r; �) + eiKy �r�y�(r; �)

�
;

(2.1)
�x� and �y� are then the SDW order parameters. Ex-
cept of the case of two sublattice order (Kx = (�; 0)
or (�; �)), these order parameters are complex numbers.
Concommitant with this SDW correlations, symmetry
demands36,37 that there are also \bond order" correla-
tions at half the wavelength:

Qa(r; �) � S�(r; �)S�(r + a; �)

� Re
�
e2iKx�r+iKx�a�2

x�(r; �)
�

+ : : : (2.2)

there is an implied summation over the repeated spin in-
dex �. The vector a represents a bond (say the nearest
neighbor vector), we have assumed that �x� does not
vary signi�cantly over the spatial distance a, and the el-
lipses denote numerous other similar terms which can be
deduced from (2.1). For a a nearest-neighbor vector, Qa

measures the modulations in the exchange energy, while
for a = 0, Qa measures the local charge density (for the
t-J model the charge density is linearly related to the on-
site S2

�). So, quite generally, the bond order parameters,
�2
x;y�, measure modulations in all observables invariant

under spin rotations and time reversal (such the electron
kinetic, pairing, or exchange energies). The modulation
in the total charge density may be strongly suppressed by
the long-range Coulomb interactions, but this suppres-
sion is not expected to apply to observables with a6 = 0.
We will loosely refer to such bond order modulations as
CDW order in this paper, but the caveats discussed in
this paragraph must be kept in mind.

Now examine the structure of the e�ective potential,
V (�x�) controlling 
uctuations of �x� (parallel consid-
erations apply implicitly in the remainder of this subsec-
tion to �y�). On general symmetry grounds23,36, this
potential has the form

V (�x�) = es��
x���

x� +
eu
2

��
x���

x��x��x�

+
ev
2

��
x���

x��x��x� + : : :(2.3)

where es, eu, ev are phenomenological Landau parameters,
and there is again an implied summation over repeated
spin indices �; �. In the usual Landau theory, the transi-
tion to the onset long-range SDW order happens when es



3

�rst becomes negative, and the minimum of the potential
moves from �x� = 0 to a non-zero value. The theory of
the critical point then accounts for 
uctuations of �x�
about the value of �x� = 0, and these allow for strong

uctuations in both the amplitudes and the phases of the
three complex �elds �x�.

In much of the discussion on stripe physics in the litera-
ture (see e.g. Ref. 24), the physical picture advocated for
the onset of long range SDW/CDW (or \stripe") order is
quite di�erent. As one decreases the doping from a Fermi
liquid towards a Mott insulator, initial local stripe-like
correlations form, the the orientation and phase of these
regions changes from point to point; only when these lo-
cally ordered regions align with each other, is there long
range SDW/CDW order. In terms of our order param-
eter formulation, this means that locally the amplitude
��
x��x� �rst becomes large, and that long range order

develops subsequently upon alignment of the orientation
and phases of �x�.

In the familiar ’4 �eld theory of a real vector order
parameter, this change in perspective from a \soft-spin"
Landau theory (with strong amplitude 
uctuations) to
a \hard-spin" perspective (with amplitude 
uctuations
quenched) does not make a fundamental di�erence in
the physics being considered. The orientation 
uctua-
tions in the hard-spin approach are described by a non-
linear � model, whose critical properties can be ana-
lyzed by expansion away the lower critical dimension.
Conversely, the soft-spin approach leads to an expansion
away from the upper critical dimension. However, these
are merely complementary approaches to the same criti-
cal point, and the quantum numbers of the excitations in
the phases 
anking the critical point are the same in both
approaches; indeed a 1=N expansion (N is the number of
�eld components) can interpolate between the soft-spin
and hard-spin theories, and also between the upper and
lower critical dimensions38.

For the present situation with a complex vector or-
der parameter the situation is dramatically di�erent, and
there is a fundamental di�erence between the soft-spin
and hard-spin approaches to 
uctuations implied by the
e�ective potential (2.3). The key di�erence is that not all
order parameter con�gurations with a �xed ��

x��x� are
physically equivalent, and they cannot all be rotated into
each other by a symmetry transformation. A minimiza-
tion of (2.3) at �xed ��

x��x� shows two distinct classes
of minima, chosen by the sign of ev; their most general
form is:

(I) ev > 0 : �x� = n1� + in2�

with n1;2� real, n2
1� = n2

2� and n1�n2� = 0

(II) ev < 0 : �x� = ei�xnx�

with nx� real (2.4)

By inserting into (2.1), it is easy to see that (I) describes
a spiral SDW for which the charge order in (2.2) vanishes,
while (II) is a collinear SDW with a modulation in the
length of the spin as a function of r, and a concommi-

tant charge order. All experimental indications39,40 are
that the spin 
uctuations in the cuprates are always of
the form (II). It therefore seems physically reasonable to
impose the amplitude constraint implied by (II) at an
early stage, and to examine the theory associated with
V (�x�) in the limit of large and negative ev (stability re-
quires eu+ev > 0). This last constraint is the more formal
statement of the physical requirement that the spin and
charge ordering is \stripe-like".

As has been discussed in Ref. 23, the imposition of
the limit ev < 0 at the outset leads to a theory for phase
and orientation 
uctuations with a non-trivial structure
that is very naturally described by a Z2 gauge theory.
With the parameterization (II) in (2.4), and for �xed
��
x��x�, the order parameter �x� takes values in the

space (S2 � S1)=Z2, where the S2 pertains to the orien-
tation of nx�, the S1 is the phase factor41 ei�x , while the
all-important Z2 quotient accounts for the invariance of
�x� under nx� ! �nx� and �x ! �x + �. We can de-
�ne global actions23 for single-valued �elds nx� and ei�x

only at the cost of introducing a Z2 gauge �eld �ij = �1.
A simple phenomenological form for the spatial terms in
such an action is23:

SZ2
= � 1

g�

X

hiji

�ij cos(�xi � �xj) � 1

gn

X

hiji

�ijnx�inx�j

+ K
X

�

Y

�

�ij ; (2.5)

where i; j are lattice sites, and g�, gn, and K are coupling
constants that vary with doping. The Z2 gauge invari-
ance ensures that all physical properties are invariant un-
der the Z2 gauge transformation �xi ! �xi+ (1 ��i)�=2,
nx�i ! nx�i�i and �ij ! �i�ij�j . The point defects as-
sociated with order parameter space (S2 � S1)=Z2 were
analyzed in Ref. 23, and a fundamental role is played
by the \stripe dislocation", sketched in Fig 1, which is
a half-vortex in the angular �eld �x. This vortex also
carries a Z2 gauge 
ux of �1, as is easily seen from (2.5).

We are now in a position to introduce our candidate
transition for strongly coupled quantum criticality in the
presence of a Fermi surface. Begin in a Fermi liquid state,
with only short range spin and charge order correlations:
h�x�i = 0, h�2

x�i = 0 (es in (2.3) is large and positive, g�,
gn in (2.5) are not large) and only a small core energy
for the stripe dislocations, which therefore proliferate.
The dislocation core energy is controlled by the Maxwell
term for the Z2 gauge �eld, K, and a small value of K
implies that the Z2 gauge �eld is in its con�ning state. In
this state, the strong 
uctuations of the Z2 gauge �eld
\bind" the nx� and ei�x 
uctuations together, and the
appropriate collective excitation is the conventional �eld
�x� itself, as it appears in (2.1). The single �x� collective
mode therefore describes both the SDW 
uctautions (via
2.1)) and the bond order/CDW 
uctuations (via (2.2)).

Now increase the dislocation core energy by increasing
K, while keeping es reasonably large (or g�, gn small): this
will decrease the number of stripe dislocations but still
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FIG. 1: A stripe dislocation: gray scale plot of ��(r) �
cos(2Kx � r + 2�x) (see (2.2) and (2.4)) with �x = �=2 +
(1=2) tan�1(y=x) containing a half vortex. As noted below
(2.2) ��(r) should not be literally interpreted as the electron
charge density, and the modulation about could be associ-
ated with e.g. the exchange per link. The quantum phase
transitions discussed in this paper involve a transition from
a Fermi liquid state in which these dislocations proliferate to
one in which they are suppressed; there is no long-range spin
or charge density wave order in either state (see also Fig. 2).

maintain h�x�i = 0, h�2
x�i = 0. In the cuprates we imag-

ine that the increase in K is associated with the decrease
in carrier concentration towards the Mott insulator. At
a critical value of Kc, the Z2 gauge theory undergoes
a transition into a decon�ned state in which the stripe
dislocations are suppressed. The transition at K = Kc

is the focus of interest in this paper. In this decon�ned
state, the nx� and ei�x 
uctuations become independent
collective excitations: i.e. the single spin/charge collec-
tive mode, �x�, has fractionalized into two independent
modes. The bond order, (2.2), 
uctuations are now given
by the ‘square’ of the ei�x collective mode, while the spin

uctuations, (2.1), are the product of the nx� and ei�x

collective modes.
We reiterate that there is no long range spin or charge

density wave order on either side of this fractionalization
transition, and it is entirely associated with the suppres-
sion of the defects in Fig 1; see Fig 2. At dopings lower
than those shown in Fig 2, the cuprates possess phases
with a variety of possible long range orders (e.g. SDW or
CDW) which were reviewed in Ref. 23. These transitions
are associated with conventional order parameters, and
we will not consider them in this paper, as theories are
already available in the literature.

III. QUANTUM FIELD THEORIES

We are interested in describing the universal proper-
ties of the transition at K = Kc. These turn out to be

K-1K-1
c

Confining phase of 

Z2 gauge theory;


Dislocations 

proliferate

Deconfined phase of 

Z2 gauge theory;


Dislocations 

suppressed

< Fa >=0< Fa >=0

< Fa >=0
2

< Fa >=0
2

< fx,y >=0 < fx,y >=0

FIG. 2: The quantum phase transition at K = Kc is the one
studied in this paper. The phases on both sides of Kc have
well de�ned electronic quasiparticles near a Fermi surface and
no long range spin or charge order (h�x;y�i = 0, h�2

x;y�i = 0).
The order parameters �x;y are de�ned in Section III: these
are Ising order parameters dual to the Z2 gauge theory. The
phase on the right is a conventional Fermi liquid; that on the
left is a Fermi liquid with local stripe correlations with ran-
dom phases and spin orientations, and a ‘topological rigidity’
associated with the suppression of stripe dislocations. In the
application to the cuprates, the horizontal axis represents in-
creasing doping and the critical point is near optimal doping.
States with long range spin or charge density wave order do
appear at smaller doping but these have not been shown. The
phase transition at K = Kc should be distinguished from the
conventional SDW ordering transition in a superconductor;
this occurs at lower doping and was used recently by one of
us22,23 to predict and explain the results of neutron scattering
and STM experiments.

controlled by two distinct characteristics of the electronic
system.
(i) Tetragonal or orthorhombic crystal symmetry: With
tetragonal symmetry we have to simultaneously consider
the separate Z2 gauge theories associated with fraction-
alization transitions in both �x� and �y�. With or-
thorhombic symmetry, only one of these will be selected
(the \stripes" have a preferred direction).
(ii) Presence or absence of long-range Coulomb interac-
tions: As we argue below, an important coupling of the
critical Z2 gauge degrees of freedom to the fermions arises
from long-wavelength deformations of the shape of the
Fermi surface. As is well known, in the presence of long-
range Coulomb interactions the \dilatational" mode, in-
volving local changes in the area of the Fermi surface,
is strongly suppressed. For completeness we will also
consider the case of fermions with only short-range in-
teractions (perhaps the Coulomb interactions have been
screened by a metallic gate), where the coupling to the
dilatational mode has to be included.

With these two criteria, four distinct categories
emerge, which we label A, B, C, D, as summarized in
Table I. We will describe these cases in the subsections
below.
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TABLE I: Classi�cation of quantum �eld theories.

Case Conditions Fields Action

A Orthorhomic symmetry and �x Sx

long-range Coulomb interactions

B Tetragonal symmetry and �x, �y,  I Sxy + SI

long-range Coulomb interactions

C Orthorhombic symmetry and �x,  Sx + S 

short-range interactions

D Tetragonal symmetry and �x, �y, Sxy + SI

short-range interactions  I ,  +S 0
 

A. Case A

We begin with case A, for which the critical theory
has the simplest form. As we noted in Section II, the
transition at K = Kc is described by a Z2 gauge theory.
We know that the pure 2+1 dimensional Z2 gauge theory
is dual a 2+1 dimensional Ising model30,42,43; we repre-
sent this Ising order parameter by a real scalar �eld �x.
For now, we neglect the independent Z2 gauge theory as-
sociated with �y�, because orthorhombic symmetry has
oriented all the spin and charge density waves along �x�.
The action for �x in the vicinity of the transition is the
familiar �eld theory for the Ising critical point:

Sx =

Z
d2rd�

�
1

2
(@��x)2 +

1

2
(rr�x)2 +

s

2
�2
x +

u

24
�4
x

�
;

(3.1)
we have chosen the spatial units so that the velocity of
�x excitations is unity in both directions, u is a quartic
non-linearity, and the quadratic coupling s � K � Kc is
the tuning parameter across the transition. The �eld �x
can be viewed as the creation/annihilation operator for
the dislocations: �x is condensed in the con�ning phase
where the dislocations proliferate, and �x has short-range
correlations in the decon�ned phase where dislocations
are suppressed.

In principle, we also need to account for the \matter"
�elds �x, nx� in (2.5) near this con�nement transition.
Closely related Z2 gauge models have been considered
in the literature30,32,43, and it has been established that
their 
uctuations do not change the universality class of
the transition. Their presence does modify the e�ective
couplings in (3.1), but the con�nement transition con-
tinues to be described by the Ising �eld theory (3.1) all
along the phase boundary.

The main question we need to address here is the cou-
pling between � and the electronic excitations near the
Fermi surface; the gapless excitations near the Fermi sur-
face have the potential of inducing long-range interac-
tions which are more destructive than the matter �elds in
(2.5). The electrons do not carry any Ising gauge charges,
and couple to degrees of freedom of interest here only via

the bilinears in (2.1) and (2.2):

��1

X

r

cy
&(r)��&&0c&0 (r)S�(r) � �2

X

r

cy
&(r)c&(r)Qa(r);

(3.2)
where �� are the spin Pauli matrices. We now imagine
integrating out �x� and generating terms which couple
the electrons to the Z2 gauge degrees of freedom. The
electrons are gauge singlets, and so can only couple to the
physical Z2 gauge 
ux: the simplest such coupling is one
in which the coupling K in (2.5) becomes r; � dependent
via its dependence on the local fermion bilinears

(K; s) ! (K; s) + �3c
y
&(r)c&(r) + �4c

y
&(r)r2

rc&(r) + : : : ;
(3.3)

where the ellipses represent terms with higher deriva-
tives; we have to include all such terms because the typi-
cal electron momentum is of order the Fermi momentum,
and this is not small. Upon performing the duality tran-
sition to the Ising �eld �x, the mapping applies to s, the
co-e�cient of �2

x, via its dependence upon K, and this
is also noted in (3.3). We can now integrate over the
fermionic degrees of freedom and examine the structure
of the terms which modify Sx: it is not di�cult to see
that apart from the modi�cation of the numerical values
of the couplings in (3.1), all such terms are formally ir-
relevant. The leading non-analytic terms induced by the
low energy fermionic excitations arise from long wave-
length deformations of the Fermi surface: in the presence
of long-range Coulomb interactions, all such excitations
allowed by symmetry to couple to �2

x are suppressed. So
we reach the important conclusion that the critical the-
ory for case A is speci�ed by (3.1).

There is one important caveat to this conclusion that
deserves highlighting. Our analysis has neglected topo-
logical Berry phase terms that could be present in the
coupling between �x, the fermions, and the Z2 gauge
�eld �ij . Similar phase factors do arise in other analyses
of Z2 gauge theories30. We leave the study of this issue to
future work, and restrict our attention here to couplings
associated with (3.3).

B. Case B

The higher tetragonal symmetry has two important
consequences: we have two consider fractionalization in
both �x� and �y� simultaneously, and distortions of the
Fermi surface with B1 symmetry do couple to the critical
degrees of the freedom even in the presence of long-range
Coulomb interactions.

There are now two dual Ising �elds, �x and �y, asso-
ciated with the independent Z2 gauge �elds in the x and
y directions; simple symmetry considerations show that














