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We describe two-dimensional quantum spin 
uctuations in a superconducting Abrikosov 
ux
lattice induced by a magnetic �eld applied to a doped Mott insulator. Complete numerical solutions
of a self-consistent large N theory provide detailed information on the phase diagram and on the
spatial structure of the dynamic spin spectrum. Our results apply to phases with and without long-
range spin density wave order and to the magnetic quantum critical point separating these phases.
We discuss the relationship of our results to a number of recent neutron scattering measurements on
the cuprate superconductors in the presence of an applied �eld. We compute the pinning of static
charge order by the vortex cores in the ‘spin gap’ phase where the spin order remains dynamically

uctuating, and argue that these results apply to recent scanning tunnelling microscopy (STM)
measurements. We show that with a single typical set of values for the coupling constants, our
model describes the �eld dependence of the elastic neutron scattering intensities, the absence of
satellite Bragg peaks associated with the vortex lattice in existing neutron scattering observations,
and the spatial extent of charge order in STM observations. We mention implications of our theory
for NMR experiments. We also present a theoretical discussion of more exotic states that can be
built out of the spin and charge order parameters, including spin nematics and phases with ‘exciton

fractionalization’.

I. INTRODUCTION

The determination of the ground state of the cuprate
superconductors as a function of the hole density has
been one of the central problems in condensed matter
physics in the last decade. At zero hole density, it is
well established that the ground state is a Mott insula-
tor with long range magnetic N�eel order. At moderate
hole density, it is also widely accepted that the ground
state is a d-wave superconductor, all of whose important
qualitative properties are identical those of the standard
BCS-BdG theory. At issue are the ground states which
interpolate between these well understood limits, and the
manner in which they in
uence the anomalous properties
at temperatures (T ) above Tc (the critical temperature
for the onset of superconductivity).

While a plethora of interesting proposals for these in-
termediate states have been made, we will focus here on
(in our view) the simplest possibility: the order param-
eters characterizing the intermediate ground states are
simply those of spin and charge density waves (SDW and
CDW), and superconductivity (SC) itself. Apart from
a small range at very low doping, which shall not be of
interest in this paper, we know from neutron scattering
experiments that there is SDW order collinearly polar-
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where a is square lattice spacing, and the wavevector shift
from two sublattice order, 0 < # < 1=2, is a function of
the doping concentration. In particular, strong motiva-
tion for our study here was provided by the remarkable
experiments of Wakimoto et al.1,2. They showed that the
onset of superconductivity in La2��Sr�CuO4 occurs �rst
at � = 0:055 (in a �rst-order insulator-to-superconductor
transition) into a state which also has long-range spin-
density-wave order at T = 0 with a wavevector of the
form (1.1) i.e. as � is moved away from the insulator
at � = 0, the �rst conducting state is a SC+SDW state.
As the ground state for large enough � is a SC state, it
follows that there must be at least one quantum phase
transition between the SC+SDW and SC states, and we
will work with the simplest possibility that there is one
direct transition at a critical � = �c. Wakimoto et al. also
showed that such a transition associated with the vanish-
ing of the SDW moment occurred for �c � 0:14 (see Fig
1 in Ref. 2). We shall assume that the SC+SDW to
SC quantum phase transition is second-order: direct evi-
dence for critical magnetic 
uctuations in La2��Sr�CuO4

for � � 0:14 was provided in the neutron scattering ex-
periments of Aeppli et al.3.

We will also discuss the appearance of local and long-
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range CDW order in the above phases. It is important
to note that, throughout this paper, we use the term
\charge density wave" (or \charge order") in its most
general sense: such order implies that there is a periodic
spatial modulation in all observables which are invari-
ant under spin rotations and time reversal, such as the
electron kinetic energy, the exchange energy, or even the
electron pairing amplitude; the modulation in the site
charge density may well be unobservably small because
of screening by the long-range Coulomb interactions.

We note that the doping dependence of the magnetic
order in the cuprates can be quite complex, varies signif-
icantly between di�erent compounds, and is in
uenced
by the degree of disorder: the magnetic order may well
be spin-glass like at the lowest energy scales at some �.
The SDW order is also enhanced in the vicinity of spe-
cial commensurate values of the doping like � = 1=8 (see
e.g. Fig 1 in Ref. 2), along with a suppression of SC
order. In general, we do not wish to enter into most
of these complexities here, although we will mention (in
Section I A) how our theory could be extended to explain
the commensuration e�ects|some other relevant issues
will be discussed in Section VII. Our primary assump-
tion is that the low energy collective excitations can be
described using the theory of the vicinity of a quantum
critical point between the SC+SDW and the SC phases;
evidence supporting this assumption was also reviewed in
Ref. 4. This critical point is present either as a function
of � in the material under consideration, or in a gener-
alized parameter space but quite close to the physical
axis.

It is also important not to confuse this magnetic quan-
tum critical point, with other proposals for quantum crit-
ical points near optimal doping that have appeared in the
recent literature5,6. These latter critical points are near
� � 0:19, and are probably not associated with long-
range spin density wave order at a wavevector of the
form (1.1). This paper will discuss magnetic transitions
at smaller doping.

Upon accepting the existence of a second order quan-
tum critical point at T = 0 between the SC+SDW and
SC phases, a powerful theoretical tool for the analysis
of experiments becomes available7. The structure of the
critical theory, and its associated classi�cation of eigen-
perturbations, allows a systematic and controlled theory
of the spin excitations in the SC and SDW phases on
either side of the critical point. Such an approach was
recently exploited to study the in
uence of non-magnetic
Zn and Li impurities in the SC phase8. In this paper we
will use the same tools to study the in
uence of an ap-
plied magnetic �eld, oriented perpendicular to the CuO2

layers, on both the SC and the SC+SDW phases. An
outline of our results has already appeared in previous
communications9,10,11: here we will present the full nu-
merical solution of the our self-consistent equations for
the dynamic spin spectrum in an applied �eld, along with
a number of new results. Measurements of the spin and
charge correlations in the presence of such an applied

magnetic �eld have appeared recently in a number of
illuminating neutron scattering,12,13,14 NMR15,16,17 and
STM experiments18, and we will compare their results
with our prior predictions.

A. Order parameters and �eld theory

The �eld theory for a SC to SC+SDW transition in
zero applied magnetic �eld can be expressed entirely in
terms of the SDW order parameter which we will intro-
duce in this subsection; the quantum 
uctuations of the
SC order can be safely neglected, a point we will dis-
cuss further in Section VII. Consideration of the applied
magnetic �eld will appear in the following subsection.

We introduced above the wavevectors of the SDW or-
dering Ksx and Ksy; almost all of our analysis will apply
for general values of #, but the value # = 1=8 is of par-
ticular interest above a doping of about 1=8. To obtain
an order parameter for such a SDW, we write the spin
operator S�(r; �), � = x; y; z, at the lattice site r as

S�(r; �) = Re
�
eiKsx�r�x�(r; �) + eiKsy �r�y�(r; �)

�
;

(1.2)

where �x;y� are the required order parameters. Except
for the case of two sublattice order with # = 0 (which
we exclude for now), the �elds �x;y� are complex. These
�elds can describe a wide variety of SDW con�gurations,
but we now list the two important limiting cases.
(i) Collinearly polarized SDWs, for which

�y�(r; �) = ei�(r;�)n�(r; �) (1.3)

where n� is a real vector and � is also real (and similarly
for �x�). Parameterized in this manner, and for n2

� =
constant (summation over the repeated index � is implied
here and henceforth), the order parameter �y� belongs
to the space (S2 �S1)=Z2, where Sn is the n-dimensional
surface of a sphere in n + 1 dimensions, and Zp is the
discrete cyclic group of p elements. The Z2 quotient is
necessary because a shift � ! � + � is equivalent to a
rotation which sends n� ! �n�.
(ii) Circular spiral SDWs, for which

�y�(r; �) = n1�(r; �) + in2�(r; �) (1.4)

where n1;2� are two real vectors obeying n2
1� = n2

2�

and n1�n2� = 0 (and similarly for �x�). Now for
n2

1� = constant, the order parameter �y� belongs to the
space SO(3)�= S3=Z2 (see e.g. Section 13.3.2 in Ref. 7).
The experimental evidence19,20 supports the conclusion
the SDW ordering in the cuprates in collinear, but the
present formalism allows a common treatment of both
the collinear and spiral cases. This complex-vector for-
mulation of the SDW order allows treatment of the SDW
quantum transition by a straightforward generalization
of the real-vector theory used for the N�eel state in the
insulator; related points have been made by Castro Neto
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and Hone21 and Zaanen22. The same approach was also
used by Zachar et al.23 to treat the onset of SDW order
at �nite temperatures, as we will indicate below.

Along with the SDW order, CDW order may also ap-
pear. We parameterize the charge density modulation
by:

��(r; �) = Re
�
eiKcx�r�x(r; �) + eiKcy �r�y(r; �)

�
(1.5)

where Kcx;y are the CDW ordering wavevectors and �x;y
the corresponding complex order parameters. The quan-
tum numbers of the observable �� are identical to those of
S2
�, and so by squaring (1.2) we see that associated with

the SDW is a CDW with23 Kcx = 2Ksx, Kcy = 2Ksy

(modulo reciprocal lattice vectors),

�x(r; �) / �2
x�(r; �); and �y(r; �) / �2

y�(r; �): (1.6)

Note that this CDW is absent for the case of a circular
spiral SDW (in which case �2

x;y� = 0) but is necessarily
present for a collinear SDW. In principle, in a state with
condensates of both �x� and �y�, a CDW can also be
present at wavevectorKsx+Ksy; we will not consider this
possibility here as it does not seem to be experimentally
relevant. As was emphasized in the third paragraph of
Section I, we are using the term CDW here in its broadest
sense: there is a modulation at the wavevector Kc in all
observables which are invariant under spin rotations and
time reversal. The precise nature of the CDW order may
be determined from an analysis of the STM spectrum{
this has been discussed recently in Refs. 24,25.

The order parameters �x;y�, �x;y allow a rich variety
of phases and phase transitions in the presence of back-
ground SC order. These will be discussed in some detail
in Section VI. Central to a description of these phases
is an understanding of the symmetries respected by any
e�ective action for the order parameters. We describe
these below and then focus on a particular phase transi-
tion of physical interest.

An obvious symmetry is that under spin rotations; this
is described by the group SU(2), and the �elds �x;y�
transform as S = 1 vectors labeled by the index �. In
addition, there is an independent sliding symmetry

�x;y� ! ei�x;y �x;y� (1.7)

associated with the translational symmetry of the un-
derlying lattice model: translating r to r + (ma; 0) (m
integer) in (1.2) leads to (1.7) with �x = m�(1 � 2#) and
�y = m� (# was de�ned in (1.1)). For # irrational, we
see that all real values of �x;y can be generated with the
di�erent choices for m, and hence the sliding symmetry
is U(1)�U(1). For rational #, with 1=2 � # = p0=p, and
p0, p relatively prime integers, only integer multiples of
�x;y = 2�=p are allowed in (1.7); in this case the sliding
symmetry is reduced to Zp �Zp. The di�erence between
U(1) and Zp will not be material to any of our results for
p > 2. In a similar manner, we can also determine the
action of other elements of the square lattice space group
on �x;y� and we mention two important cases: under a

spatial inversion we have �x;y� ! ��
x;y�, and under the

interchange of x and y axes, we have �x� $ �y�.
We now apply these symmetries to determine the ef-

fective action of a physically relevant transition discussed
earlier in the introduction (and in the phase diagrams of
Section II): that between the SC+SDW and SC phases.
This transition is driven by the condensation of �x;y�;
if the SDW order is collinear, it will drive a concomi-
tant CDW order, as discussed above. Supplementing the
symmetries by a renormalization group (RG) procedure
which selects terms with smaller powers of �x;y� and
fewer spatial and temporal gradients, we obtain10,11,23,26

the e�ective action

S� =

Z
d2rd�

h
j@��x�j2 + v2

1 j@x�x�j2 + v2
2 j@y�x�j2

+ j@��y�j2 + v2
2 j@x�y�j2 + v2

1 j@y�y�j2

+s(j�x�j2 + j�y�j2) +
u1

2
(j�x�j4 + j�y�j4)

+
u2

2
(
���2

x�

��2 +
���2
y�

��2) + w1 j�x�j2 j�y�j2

+w2 j�x��y�j2 + w3 j��
x��y�j2

i
: (1.8)

Note that �rst-order temporal gradient terms
like ��

x�@��x� are forbidden by spatial inversion
symmetry26. In principle, �rst-order spatial gradient
terms like i��

x�@x�x� are permitted by all symmetries;
such terms lead to a shift in the wavevector at which
SDW 
uctuations are largest, and we assume that they
have already been absorbed by our choice of Ksx. Here
v1 and v2 are velocities, which are expected to be of
order the spin-wave velocity, v, of the N�eel state in the
undoped insulator. The parameter s tunes the system
from the SC phase (s > sc) to the SC+SDW phase
(s < sc), where s = sc is the non-universal location
of the quantum critical point between these phases;
experimentally, s can be varied by changing the doping
concentration. The action also contains a number of
quartic non-linearities: the RG analysis shows that these
are strongly relevant perturbations about the Gaussian
theory, and will play a crucial role in our analysis below.
The coupling u2 selects between the collinear and spiral
SDW states: for u2 > 0, the circular spiral state (which
has �2

x� = 0) is selected, while u2 < 0 prefers a collinear
SDW. The couplings w1;2;3 lead to correlations between
the orders at Ksx and Ksy|if these are attractive,
the s < sc phase will have simultaneous orderings
at both wavevectors, and spatial pattern will have a
checkerboard structure.

We have also neglected the couplings to the low en-
ergy nodal quasiparticles, which are additional excita-
tions of the SC phase carrying spin; their e�ects are sup-
pressed by the constraints of momentum conservation,
as they can damp the � quanta e�ectively only if Ksx;y

equal the separation between any two nodal points. The
case where this nesting condition is satis�ed has been
considered earlier26, but we will not enter into it here
for simplicity: essentially all of our results here on the
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phase diagram in an applied magnetic �eld apply also
to the case where the nesting condition is obeyed. For
completeness, in Appendix A we also discuss the role of
spin symmetry breaking Dzyaloshinskii-Moriya interac-
tion present in La2��Sr�CuO4

27. We show that it helps
stabilize collinear SDW order in a certain direction; how-
ever its e�ect is very small and will be neglected in the
rest of this paper.

For the particular rational value # = 1=8, the
U(1)�U(1) sliding symmetry is reduced to a discrete
Z8 � Z8 symmetry under which �x;y in (1.7) are only
allowed to be multiples of �=4. This reduced symme-
try allows additional terms in (1.8) whose structure has
been discussed earlier11,23. Such terms help choose be-
tween site- and bond-centered density waves11, and could
also lead to the enhancement of the moment observed by
Wakimoto et al.2 near � = 1=8. However, these terms
are very high order (eighth) in the � �elds, and conse-
quently they have a negligible e�ect on the issues we are
interested in here: so we will not consider them further.

It is useful to compare our treatment here of the
SC+SDW to SC transition with others in the literature.
It is essential for our purposes that the spin/charge order-
ing is taking place in a background of SC order, as that
gaps out the fermionic excitations except possibly at spe-
cial points in the Brillouin zone. Theories28,29 which con-
sider SDW/CDW order in a Fermi liquid have additional
damping terms in their e�ective action which change the
universality class of the transition, change the dynamic
exponent to z = 2, and do not obey strong hyperscal-
ing properties as the quartic couplings are marginally
irrelevant in this case. We have also taken a genuinely
two-dimensional view on the SDW/CDW (\stripe") 
uc-
tuations in our approach. An alternative approach30 as-
sumes there are intermediate scales on which the physics
of the one-dimensional electron gas applies, although a
crossover to similar two-dimensional physics occurs on
large enough scales31.

B. In
uence of an applied magnetic �eld

An applied magnetic �eld has a Zeeman coupling to the
spin of the electrons, and this is present for any direction
of the applied �eld. However, the Zeeman splitting of
the magnetic levels has only a minor e�ect, and can be
safely neglected compared to the much stronger e�ects
near s = sc that we consider below. We discuss the
in
uence of the Zeeman term in Appendix B, and will
not consider it further in this paper.

The dominant e�ect of the �eld is via its coupling to
the orbital motion of the electrons, which is sensitive only
to the component of the �eld orthogonal to the layers.
The reason for this strong e�ect is simple: there is SC
order in the orbital wavefunction of the electrons, and
the diamagnetic susceptibility of the SC state to the ap-
plied �eld is in�nite. However, as the SC order is non-
critical across the transition at s = sc, it is mainly a

quiescent spectator and its response can justi�ably be
treated in a static, mean-�eld theory. Consequently, we
model the complex SC order parameter  (r) in the fa-
miliar Abrikosov theory with the free energy per layer

(we use units with ~ = kB = 1 throughout)

F =

Z
d2r
h

� �j (r)j2 +
�

2
j (r)j4

+
1

2m�

����
�

1

i
rr � e�

c
A

�
 (r)

����
2i
: (1.9)

Note that unlike �x;y�,  is not a 
uctuating variable,
and described completely by its mean-value (which will
be r dependent). We will work entirely in the limit of ex-
treme type-II superconductivity (with Ginzburg-Landau
parameter �GL = 1); so there is no screening of the mag-
netic �eld by the Meissner currents, and rr � A = Hẑ,
the applied, space-independent magnetic �eld.

To complete the description of the model studied in
this paper, we now need to couple the SC and SDW or-
der parameters together. The simplest term allowed by
symmetry is a connection between the local modulus of
the order parameters:

S� = �

Z
d2rd� j (r)j2

�
j�x�(r; �)j2 + j�y�(r; �)j2

�

(1.10)

For � > 0, we can induce a competition between the
SC and SDW orders, in that the SDW order will be en-
hanced where the SC order is suppressed and vice-versa.
The microscopic origin of the coupling � is discussed in
Appendix C.

Although S� will be the primary coupling between
the SDW and SC orders, an additional allowed term will
be important for some purposes11. To understand this,
notice that all terms in S� and S� are invariant under
the sliding symmetry (1.7). This means that, with the
present terms, the CDW order is free to slide arbitrarily
with respect to any vortex lattice that may be present
in the SC order  . This clearly cannot be true, as lat-
tice scale e�ects should pin the two modulations with
respect to each other. The simplest additional coupling
which will provide this pinning can be deduced by notic-
ing that there should be a coupling between the charge
modulation in (1.5) and the local modulus of the super-
conducting order; this is induced by the term11

eSlat = �e�
X

r

Z
d� j (r)j2Re

�
eiKcx�r�2

x�(r; �)

+eiKcy �r�2
y�(r; �)

�
: (1.11)

Notice that we are now performing a discrete summation
over the lattice sites r, rather than integrating over a spa-
tial continuum: this is a direct consequence of the rapidly
oscillating factors eiKcx�r and eiKcy �r which do not have
a smooth continuum limit. Indeed, in regions where  (r)
is smoothly varying, these rapidly oscillating factor will
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cause the summation over r to vanish. So the expres-
sion (1.11) is appreciable only over regions where  (r)
is rapidly varying, and this happens only in the cores of
the vortices. As the centers of the vortices are identi-
�ed by the zeros of  (r), and we are mainly interested in
scales larger than vortex core size, we can replace (1.11)
by the following expression, which is more amenable to
an analysis in the continuum theory11:

Slat = ��
X

rv ; (rv)=0

Z
d�Re

�
ei$

�
�2
x�(rv ; �)

+�2
y�(rv ; �)

��
: (1.12)

Here the summation is over all points rv at which  (rv) =
0 (these are the centers of the vortices), and $ is a phase
which depends upon the microscopic structure of the vor-
tex core on the lattice scale. The action Slat is not in-
variant under the sliding symmetry, and so will pin the
CDW order.

We are now in a position to succinctly state the �eld-
theoretic problem which will be addressed in this pa-
per. We are interested in the partition function for
SDW/CDW 
uctuations de�ned by

Z [ (r)] =

Z
D�x�(r; �)D�y�(r; �)

� exp

�
�F
T

� S� � S� � Slat

�
;(1.13)

accompanied by the solution of

� ln Z [ (r)]

� (r)
= 0 (1.14)

which minimizes � ln Z [ (r)] to determine the optimum
 (r). Note the highly asymmetrical treatment of the
SDW and SC orders: we include full quantum-mechanical

uctuations of the former, while the latter is static and
non-
uctuating. This asymmetry is essentially imposed
on us by the perspective of magnetic quantum critical-
ity, and the fact that we are developing a theory of the
SC+SDW to SC transition. This asymmetry should also
be contrasted with the symmetric treatment of SC and
SDW quantum 
uctuations in other approaches32.

C. Physical discussion

The primary purpose of this paper is to determine the
phase diagram and low-energy spectrum of SDW and
CDW 
uctuations of Z as a function of the applied �eld
H . A summary of our results has already appeared9,10,11

and detailed numerical solutions appear in the body of
the paper; here we expand on the central physical idea
to provide an intuitive understanding of our results to
readers who do not wish to study the details in the re-
mainder of the paper. We will initially ignore the pin-
ning described by Slat, but will discuss its consequences
in Section I C 1.

(Energy)2

0

Vortex cores

∆2

Ξ0

r

V1

FIG. 1: A sketch of the potential V0(r) (thick full line) in
the presence of a vortex lattice. Also shown is the exciton
wavefunction �0(r) which solves (1.17) for V(r) = V0(r) with
eigenvalue �2. Note that there is no drastic change in this pic-
ture as �2 & 0: the peaks in �0(r) remain exponentially lo-
calized within each vortex core, on a length scale much smaller
than the vortex lattice spacing. We argue in the text that
strong interaction corrections to V0(r) invalidate this form
for �0(r) and the correct structure is shown in Fig. 2.

Let us begin in the SC phase with s > sc and con-
sider the �x� 
uctuations in a simple Gaussian theory
(the considerations of this subsection apply equally to
�y�, which we will not mention further). Assume  (r)
has been determined by the minimization of F , and so
takes the standard form in an Abrikosov 
ux lattice. The
Gaussian 
uctuations of �x� are described by the e�ec-
tive action

SG =

Z
d2rd�

h
j@��x�j2 + v2

1 j@x�x�j2 + v2
2 j@y�x�j2

+ V(r)j�x�j2
i

(1.15)

To leading order, the e�ective potential V(r) is given by
V = V0 where

V0(r) = s+ �j (r)j2 (1.16)

A sketch of the spatial structure of V0(r) is shown in
Fig 1: because  (r) vanishes at the centers of the vor-
tices, V0(r) has well-developed minima at each such
point. Indeed, there can even be regions in each vor-
tex core where V0(r) < 0, and Arovas et al.33 and Bruus
et al.34 argued that superconductivity would ‘rotate’ or
transform into static N�eel order in such a region. In our
treatment of dynamic SDW9,35, we see that the struc-
ture of the magnetism is determined by the solution of
the Schr�odinger equation36

�
�v2

1@
2
x � v2

2@
2
y + V(r)

�
�0(r) = �2�0(r) (1.17)

where �0(r) is the lowest eigenmode of (1.17), the eigen-
value �2 is required to be positive for the stability of
the Gaussian theory SG. The energy � is the spin-gap,
and �0(r) then speci�es the envelope of the lowest energy
SDW 
uctuations; in other words �0(r) is the wavefunc-
tion of a S = 1 exciton associated with dynamic SDW
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uctuations. Note that �2 can be positive even if there
are regions where V(r) < 0. A sketch of the spatial form
of �0(r) is shown in Fig 1 for a particular small value of
�2 and V(r) = V0(r). Observe that �0(r) is peaked at
the vortex centers, but decays rapidly outside the vortex
cores over a SDW localization length ‘ � v1;2=

p
V1 � �2,

where V1 is the value of V0(r) outside the vortex cores
(see Fig 1).

Remaining within the Gaussian theory speci�ed by
(1.15) and (1.16), we now consider the consequences
of raising the value of H in the hope of reaching the
SC+SDW phase. With increasing H , the vortex cores
will approach each other, and we expect that the value of
�2 will decrease. Indeed, the picture of Fig 1 holds all the
way up to the point � = 0; beyond this �eld the Gaus-
sian theory becomes unstable and this signals the onset of
the SC+SDW phase driven by the condensation of �x�.
Note that the localization length ‘ � v1;2=

p
V1 � �2 of

the SDW order peaked in the vortex cores remains �nite

all the way up to the critical point. This localization
length ‘ must be clearly distinguished from the spin cor-
relation length, �s: the latter is associated with correla-
tions between di�erent vortices, and arises because there
is an exponentially small coupling between magnetism
in neighboring cores. Thus this simple Gaussian theory
yields a picture of dynamic magnetism appearing �rst in
the vortex cores, with possible weak correlations between
neighboring cores. Such a viewpoint was also discussed
by Lake et al.12 who proposed \spins in the vortices" but
noted that the large value of �s implied coupling between
nearby vortices. Following our work9, Hu and Zhang37

also presented a picture of dynamic SDW 
uctuations
similar to the one above.

We now argue that corrections beyond the Gaus-
sian theory approximation invalidate the above picture
when � becomes small9. Indeed, the picture of nearly-
independent, localized magnetic excitations in each vor-
tex core holds only then � is of order the spin exchange
energy J ; such high energy magnetic excitations are ex-
pected to strongly damped by the fermionic quasiparti-
cles. Also, the validity of the present continuum model
is questionable at scales as short as vortex core size and
at energies of order J : a full solution of the BCS theory
of the underlying electrons is surely needed, and sub-
sidiary order parameters may well develop within the
vortex cores. However, as � is lowered, we will now
argue that the physics is actually dominated by the large
region outside the vortex cores, where the present contin-
uum approach can be used without fear, and the subtle
issues of the short-distance physics within the core can
be sidestepped. The central weakness in the analysis of
the previous paragraph is that it does not account for the
repulsive interactions u1;2 between the bosonic �x� ex-
citon modes that are condensing. As has been discussed
in di�erent contexts long ago38,39, such interactions are
crucial in determining the structure of the lowest energy
state in which condensation occurs. In particular, it is
well known that the e�ect of interactions is to delocalize

(Energy)2

0

Vortex cores

∆2

Ξ0

r

V1

FIG. 2: A sketch of the potential V0(r) (thick full line) in
the presence of a vortex lattice along with the true form of
the exciton wavefunction �0(r) which solves (1.17) with the
full potential V(r) in (1.18). The spatial structure of �0(r) as
�2 & 0 is characterized by the vortex lattice spacing.

the lowest energy states: bosons initially prefer to oc-
cupy strongly localized, low energy states, but then their
repulsive interaction with subsequent bosons drives the
energy of such states up. Bray and Moore39 presented an
argument demonstrating that in the vicinity of the con-
densation, the localization length must diverge as one
approached the bottom of the band of states of interact-
ing bosons in the presence of an external potential. To
apply their argument in the present context, we need to
replace (1.16) by

V(r) = V0(r) +
(4u1 + 2u2)

3



j�x�(r; �)j2

�
SG

= s+ �j (r)j2 +
(4u1 + 2u2)

3



j�x�(r; �)j2

�
SG

; (1.18)

the additional terms arise from a Hartree-Fock decou-
pling of the quartic interaction terms in S�, and the ex-
pectation values have to be evaluated self-consistently
under the Gaussian action in (1.15) which itself depends
upon V(r). Note that the perspective of magnetic criti-
cality requires that we account for the u1;2 interactions,
as these are strongly relevant perturbations about the
Gaussian theory; so we are led to (1.18) also by a naive
application of the RG approach. We will present detailed
numerical solutions of equations closely related to (1.18)
in the body of the paper. An adaption of the argument of
Bray and Moore39 to (1.18) was given in Ref. 9, and we
will not repeat it here: the main result is that the length
scale ‘ characterizing the lowest energy state �0(r) can-
not remain �nite as � & 0. Instead the states around
neighboring vortex cores overlap strongly, and �0(r) is
characterized by the vortex spacing itself. A sketch of
the actual structure of �0(r) is shown in Fig 2. The spin
correlation length, �s, does not have a direct connection
with the spatial form of �0(r) itself, but is instead related
to an integral over a band of states which solve (1.17) at
�nite momentum, as we shall discuss in Section I C 1 and
later in the paper.

It is worth noting here that the passage from (1.16) to
(1.18) in zero �eld is precisely that needed to reproduce
the known properties of magnetic quantum critical points
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in other situations. In one dimension, (1.16) would im-
ply that there is no barrier to magnetic long-range order,
while (1.18) correctly implies that the presence of the
Haldane gap, and reproduces its magnitude in the semi-
classical limit7. At �nite temperature, (1.18) yields the
correct crossovers in the magnetic correlation length in
the vicinity of the spin ordering transition in two dimen-
sions. Although we will not present detailed solutions
on this case here, (1.18) is also expected to provide a
reasonable description of the magnetic crossovers at �-
nite temperatures in the vicinity of the SC+SDW to SC
transition in the presence of a magnetic �eld.

With the knowledge of the spatial structure of the ex-
citon wavefunction �0(r) in Fig 2, the origin of our main
results9 can be easily understood. As the vortex cores oc-
cupy only a small fraction of the system volume, the mag-
nitude of the energy �2 is in
uenced mainly by the struc-
ture of  (r) in the remaining space. Here, the predom-
inant consequence of the magnetic �eld is the presence
of a super
ow with velocity vs = ��F=�A circulating
around each vortex core. Focusing on the region around
a single vortex at the origin r = (0; 0), the super
ow
obeys jvsj � 1=r in the wide region �0 < r < Lv where

�0 = 1=
p

2m�� is the vortex core size, Lv � (e�H=c)�1=2;
so the average super
ow kinetic energy is

hv2
si /

Z Lv

�0

d2r

r2

Z Lv

�0

d2r

/ H

H0
c2

ln

�
H0
c2

H

�
(1.19)

where H0
c2 is the upper critical �eld for the destruction of

the Meissner state at the coupling constant correspond-
ing to the point M in Fig 3 below. This kinetic energy
is a scalar with the same quantum numbers and symme-
try properties as j j2: hence, via the coupling in S� 

in (1.10), the value of (1.19) feeds into all the e�ective
coupling constants in S� in (1.8). The most important
modi�cation is that the tuning parameter s gets replaced
by

se�(H) = s� C H

H0
c2

ln

�
H0
c2

H

�
(1.20)

where C is a constant of order unity. The implication of
(1.20) is that we may as well replace V(r) in (1.15) and
(1.18) by

V(r) � se�(H) (1.21)

to obtain a �rst estimate of the consequence of the mag-
netic �eld in the vicinity of the SC+SDW to SC transi-
tion. The H dependence in (1.20) and (1.21) is su�cient
to determine our main results9: the small H portion of
the phase diagram in Fig 3, the intensity of the elastic
scattering Bragg peak in the SC+SDW phase, and the
energy of the lowest energy SDW 
uctuation in the SC
phase. In particular, it follows directly from (1.20) that

sc s

H

SC

M

AB

D

C

SC+

SDW

SDW

"Normal"

(Charge order)

P2 P1

FIG. 3: Zero temperature phase diagram as a function of the
coupling s and the magnetic �eld H in an extreme type II
superconductor described by (1.13). The theory is accurate
in the region of small H, and only qualitatively correct else-
where (H is measured in units described in (3.2). The phases
without SC order are likely to be insulators, and the \Nor-
mal" phase is expected to have residual CDW order, which
is initially induced by the pinning terms in Slat as discussed
in Section I C 1. The positions of the phase boundaries are
summarized in Section III. The path P1 denotes the loca-
tion of the original neutron scattering measurements of Lake
et al.12, and the path P2 the subsequent neutron scattering
measurements of Khaykovich et al.13 and Lake et al.14. The
STM measurements of Ho�man et al.18 are also along path
P1.

the small H portion of the AM phase boundary in Fig 3
between the SC and SC+SDW phases behaves as

H � 2(s� sc)

� ln(1=(s� sc))
: (1.22)

Note that this phase boundary approaches the s = sc,
H = 0 quantum critical point with vanishing slope. This
implies that a relatively small H for s > sc will suc-
cessfully move the system close the AM phase boundary,
and so produce low energy spin excitations. This should
be contrasted to the corresponding H-dependent phase
boundary of the SDW phase in insulators which is dis-
cussed in Appendix B; here, there is no orbital diamag-
netism, only the Zeeman coupling is operative, and the
phase boundary approaches H = 0 with in�nite slope.
Evidently, Zeeman e�ects are much weaker and can be
justi�ably neglected.

We conclude this subsection by a brief discussion of
earlier works32,33,34,40,41,42,43,44,45,46,47,48,49,50 on vortex
magnetism and the change in perspective that has been
o�ered here by our analysis. It was proposed in by
Sachdev40 and Nagaosa and Lee41 that vortex cores in
the underdoped cuprates should have spin gap corre-
lations characteristic of Mott insulators. Zhang32 and
Arovas et al.33 described vortex core correlations in terms
of static N�eel order, and estimated that the �eld-induced
moment would be proportional to H (in our phase di-
agram in Fig 3, vortices with static moments are only




















