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We review the non-zero temperature relaxational dynamics of quantum systems
near a zero temperature, second-order phase transition. We begin with the quan-
tum Ising chain, for which universal and exact results for the relaxation rates can
be obtained in all the distinct limiting regimes of the phase diagram. Next, we
describe the crossovers in the electron spectral function near a transition involving
a change in the pairing symmetry of BCS superconductors in two dimensions. Fi-
nally, we consider dynamic spin models which may provide a mean-�eld description
of magnetic ordering transitions in the heavy fermion compounds.
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1 Introduction

The description of the long-time, low temperature, collective dynamics of condensed
matter systems is one of the central aims of quantum many body theory.1,2,3 Nu-
merous successful theories have been developed for a variety of materials, and we
can broadly separate them into two (not entirely distinct) categories:
Order parameter dynamics: Often the system is in or near a phase with a bro-
ken symmetry. This can be used to de�ne an order parameter which, along with
globally conserved quantities, obey equations of motion which de�ne the collective,
long-time dynamics. The simplest example of this was the van Hove theory, which
evolved into a sophisticated description of the highly non-trivial dynamics near �-
nite temperature second order phase transitions.4

Quasiparticle dynamics: The elementary excitations above a particular ground
states are identi�ed, and a transport equation for their collision and interactions
provides a description of the low frequency response functions. Landau’s Fermi
liquid theory3 is the familiar example of such a theory.
One common feature of both classes of models is that the dynamic equations con-
trolling the lowest frequency dynamics are ultimately classical. They do, never-
theless, provide a description of quantum systems at low temperature. Quantum
mechanics does play a fundamental role in determining the nature of the ground
state, its excitations, and of e�ective coupling constants in the equations of motion,
but the equations are �nally expressed in terms of classical, collective degrees of
freedom. For the order parameter dynamics, the justi�cation for a classical de-
scription is that the typical relaxation frequency is smaller than kBT=�h (where T is
the absolute temperature), while in the quasiparticle models we require a collision
frequency smaller than kBT=�h.
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In this paper, we will review recent studies of �nite temperature dynamics near
second-order quantum phase transitions.5 We will �nd that the two classes of classi-
cal models discussed above do apply over a signi�cant portion of the phase diagram.
However, we will also discuss the novel quantum critical region,6 where both de-
scriptions are inadequate. The fundamental property of this region7,8 is that the
characteristic frequency is a number of order unity (which is usually universal)
times kBT=�h: so neither classical description is evidently applicable. A theory of
quantum-critical dynamics can, of course, be obtained from an exact solution of the
critical �eld theory describing the phase transition: we will see an example of this in
Section 2 and the results yield considerable insight. However, such exact solutions
are rare, and cannot be relied upon for a general theory. Various perturbative ap-
proaches to quantum critical dynamics have been developed,9,10 and these usually
rely upon e�ective classical models of order-parameter or quasiparticle dynamics as
a point of departure.

We will begin our discussion in Section 2 by considering the quantum Ising
chain. An essentially exact description of the long time dynamics is available11

in all the di�erent low temperature regions of the phase diagram of this model,
and this will allow us to describe and distinguish the essential characteristics of
the order-parameter, quasiparticle, and quantum-critical dynamics. Section 3 will
consider a quantum critical point in two dimensions between two superconductors
with distinct pairing symmetries. The critical theory involves interacting fermionic
and bosonic excitations, and we will discuss approximate theories for the quantum
critical dynamics and their possible relevance to recent photo-emission experiments
on the cuprate superconductors. Finally, in Section 4 we will discuss the quantum
critical dynamics in simpli�ed models of correlated electrons in the presence of
quenched disorder, and their relationship to experiments on the heavy fermion
superconductors.

The reader is also referred to another recent review12 which covers additional
topics on quantum phase transitions presented in my talk at MB-11.

2 Quantum Ising chain

We consider one of the simplest models which displays a second-order quantum
phase transitions; its phase diagram is nevertheless rich enough to display all the
dynamic regimes we wish to distinguish. The Hamiltonian of the quantum Ising
chain is

HI = �
X

j

 X

‘>0

J‘�
z
j�

z
j+‘ + g�xj

!
(1)

where �zj , �xj are Pauli matrices on a chain of sites j, J‘ (> 0) are short-ranged
exchange constants, and g (> 0) is the transverse �eld. The operator

Q
j �

x
j com-

mutes with HI , and generates its global Z2 Ising symmetry. We will consider the
phase diagram11 of HI as a function of g and T , shown in Fig 1. The global Z2

symmetry is spontaneously broken at T = 0 for g < gc, where gc is a critical value
of order the J‘. There is a second order phase transition at g = gc, T = 0, and the
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Figure 1. Phase diagram of the quantum Ising chain HI in (1). There is long range order, with
N0 6= 0 in (3), only for g < gc and T = 0 on the shaded line. The dashed lines represent crossovers
at � � kBT . Quasiclassical models for the long times dynamics in the lower left (Section 2.1)
and lower right (Section 2.2) regions are available. The quantum critical dynamics is discussed in
Section 2.3.

symmetry is restored elsewhere in the phase diagram. We describe the di�erent
regimes of Fig 1 in the following subsections.

2.1 Order parameter dynamics

First consider HI at g = 0. Here HI is the classical Ising model and all states are
known exactly, as is the T > 0 partition function. The ground states are doubly
degenerate,

Q
j j "ij or

Q
j j #ij, and have long-range ferromagnetic order in �zj .

All excited states can also be written down exactly, and the lowest energy ones are
domain walls between the two ordered states

: : : j "ij�2j "ij�1j "ijj #ij+1j #ij+2j #ij+3 : : : ; (2)

whose energy is � = 2
P
‘>0 ‘J‘ above the ground state. The entire set of excited

states can be built out of multiple domain wall states. At a small T > 0, there is
an exponentially small density � � e��=kBT of thermally excited domain walls. A
simple calculation shows that the presence of these excitations is su�cient to destroy
the long range order beyond an exponentially large correlation length � = 1=2�.

Now move to a small g > 0. All the states are now perturbed by quantum

uctuations, but the qualitative picture remains the same at long length scales.
There is still ferromagnetic order in the ground state, and a broken Z2 symmetry,
with the long range correlation

lim
jj�kj!1

h�zj�zkiT=0 = N2
0 ; (3)

but N0 is no longer unity as it is in the classical model; instead quantum 
uctuations
reduce N0 with increasing g until it ultimately vanishes at g = gc. This subsection
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will restrict attention to g < gc. The degenerate manifold of the domain wall
states (2) now broaden into a band of single particle states with dispersion "p =
�+4g sin2(p=2)+O(g2) as function of momentum p; we assume unit lattice spacing)
and have now rede�ned � to be the true energy gap including all corrections. The
resulting motion and collision of the thermally excited domain walls is responsible
for the long time relaxational dynamics of the ferromagnetic order parameter. This
picture was used to develop a simple solvable quasiclassical theory11 for the dynamic
correlations of the order parameter in the g < gc, low T region of Fig 1, and the
results are most conveniently expressed in terms of the dynamic structure factor
S(p; !):

S(p; !) =
X

j

Z 1

�1
dte�i(pj�!t)Tr

�
e�HI=kBT eiHI t=�h�zj e

�iHI t=�h�z0
�.

Tr
�
e�HI=kBT

�

(4)
At T = 0, the long-range order (3) leads to the elastic Bragg peak

S(p; !) = (2�)2N2
0 �(p)�(!) + : : : (5)

where the ellipsis represents contributions at frequences ! > 2� associated with
the creation of two or more domain walls by the external probe. At T > 0 the
quasiclassical order parameter dynamics broadens the delta functions in (5), and
leads to

S(p; !) = N 2
0

Z 1

�1
dx

Z 1

�1
dte�i(px�!t)R(x; t) + : : : (6)

where R(x; t) is a relaxational function. The form of R(x; t) for general x, t is
involved, but its basic features can be understood by looking at two simple limits:

R(x; 0) = e�jxj=� ;
1

�
= 2

Z �

��

dp

2�
e�"p=kBT

R(0; t) = e�jtj=�’ ;
1

�’
=

2kBT

��h
e��=kBT : (7)

So R decays exponentially on a characteristic spatial scale �, and a characteristic
temporal scale, the coherence time �’; the delta functions in (5) therefore broaden
at T > 0 to a momentum width of order 1=�, and a frequency width of order
1=�’. The expression (7) contains an exact result for �’ at low T : the quantum
Ising chain, and the closely related dilute Bose gas,13,11 are the only interacting
many body quantum systems for which exact results for such a relaxation rate
are available. Remarkably, �’ involves only the energy gap � and fundamental
constants of nature; it also satis�es �’ � �h=kBT as is required for the applicability
of the quasiclassical theory.

2.2 Quasiparticle dynamics

Next consider the opposite limit of very large g. At g =1 all eigenstates can again
be written down simply. There is a unique, paramagnetic ground state

Q
j j !ij,

where j !ij = (j "ij + j #ij)=
p

2 is an eigenstate of �xj . In strong contrast to the
states at g = 0, equal time correlations of �zj are now non-zero only on-site, and so
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the spin correlation length is e�ectively zero. The lowest excited states are obtained
by 
ipping a single spin:

: : : j !ij�2j !ij�1j  ijj !ij+1j !ij+2j !ij+3 : : : ; (8)

where j  ij = (j "ij � j #ij)=
p

2 is the other eigenstate of �xj , and these states
have energy 2g above the ground state. We can now examine corrections to the
limit case in powers of 1=g. The ground state remains paramagnetic but the spin
correlation length increases as g is decreased. The 
ipped spin states (8) again
broaden into a quasiparticle band with "p = � + 4

P
‘>0 J‘ sin2(p‘=2) +O(g2) and

� = 2g�2
P

‘>0 J‘+O(g2). Keep in mind, however, that the physical interpretation
of these quasiparticles is entirely distinct from those of Section 2.1: they are not
domain walls, but localized spin 
ips. A crucial property of the quasiparticles is
that they have an in�nite lifetime for a �nite range of momenta around p = 0: this
is simply because energy and momentum conservation prohibit their decay into
any other states. Consequently, although equal time correlations of �zj decay very
rapidly in space, there are long-range correlations in spacetime; this is evident from
the expression for the dynamic structure factor

S(p; !) = �A�(! � "p=�h) + : : : ; T = 0; (9)

associated with quasiparticle pole, as in�nite range temporal and spatial correla-
tions are needed for the Fourier transform to conspire to have a pole. Here the ellip-
sis represents multiparticle contributions at frequencies ! > 3�. The quasi-particle
residue A is �nite in the paramagnetic phase and decreases as g is decreased.

At T > 0, there will again be an exponentially small density of these thermally
excited quasiparticles. A quasiclassical transport equation for the collisions of these
quasiparticles can be written down and, remarkably, solved exactly. This solution
shows that the quasiparticle collisions broaden (9) into a Lorentzian

S(p; !) =
A=�’

(! � "p=�h)2 + (1=�’)2
: (10)

The expression for the quasiparticle-width, 1=�’, turns out to be identical to that
in (7), where � is now the energy gap to the 
ipped-spin quasiparticles. Note that
the characteristic collision time is again larger than �h=kBT , as is needed to justify
a classical dynamical model.

2.3 Quantum critical dynamics

The quasiclassical models in Sections 2.1 and 2.2 provide an essentially exact de-
scription of the long time dynamics as T ! 0 for any �xed g, other than at the
critical point g = gc. As illustrated in Fig 1, this failure broadens into a wide
quantum critical region at larger T , which is, in principle, easily accessible in ex-
periments.

We begin our discussion of spin correlations in this region by �rst considering
the single point g = gc, T = 0. The energy gap vanishes here as � � jg � gcj.
Also as g% gc, the ferromagnetic order parameter vanishes14 as N0 � (gc � g)1=8,
and so it is not sensible anymore to think in terms of domain walls. Similarly, for
g & gc, the quasiparticle residue vanishes11 as A � (g � gc)1=4, and so the 
ipped
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