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Abstract

We review the theories of a few quantum phase transitions in two-dimensional corre-
lated electron systems and discuss their application to the cuprate high temperature

superconductors. The coupled-ladder antiferromagnet displays a transition between
the N�eel state and a spin gap paramagnet with a sharp S = 1 exciton: we develop a

careful argument which eventually establishes that this transition is described by the
familiar O(3) ’4 �eld theory in 2+1 dimensions. Crucial to this argument is the role

played by the quantum Berry phases. We illustrate this role in a one-dimensional
example where our results can tested against those known from bosonization. On

bipartite lattices in two dimensions, we study the in
uence of Berry phases on the
quantum transition involving the loss of N�eel order, and show that they induce
bond-centered charge order (e.g. spin Peierls order) in the paramagnetic phase. We

extend this theory of magnetic transitions in insulators to that between an ordinary
d-wave superconductor and one with co-existing spin-density-wave order. Finally,

we discuss quantum transitions between superconductors involving changes in the
Cooper pair wavefunction, as in a transition between dx2�y2 and dx2�y2 + idxy su-

perconductors. A mean-�eld theory for this transition is provided by the usual BCS
theory; however, BCS theory fails near the critical point, and we present the re-

quired �eld-theoretic extension. Our discussion includes a perspective on the phase
diagram of the cuprate superconductors, in the context of recent experiments and

the transitions discussed here.
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1 Introduction

The theory of quantum phase transitions has emerged in the last decade as
a powerful tool for the description of the unconventional electronic proper-
ties of a variety of correlated systems. This article will provide an elementary
overview of some theoretical models of quantum phase transitions in two spa-
tial dimensions, along with a brief discussion of their experimental applica-
tions. One reason for our focus on two dimensions is, of course, our interest
in the properties of the cuprate superconductors, whose interesting electronic
excitations reside within a CuO2 square lattice. However, not coincidentally,
two is also the spatial dimension in which many of the most natural class of
non-trivial quantum critical points reside; three is the \upper-critical dimen-
sion" of many critical points, at and above which the physical properties are
adequately described by a mean �eld theory (possibly extended with some low
order 
uctuation corrections).

This article is addressed to newcomers to the study of quantum phase transi-
tions who desire an introduction to some of the experimentally relevant theo-
retical questions under current discussion. We will assume the reader is well-
versed in the standard theory of classical critical phenomena, and so our focus
will be on novel aspects of quantum phase transitions, including the role of
quantum Berry phases and of excitations with fermionic statistics. Earlier re-
views by this author [1,2] provide detailed discussions of background material
which we will occasionally refer the reader to; most of our discussion here goes
beyond these reviews, and focuses on current theoretical and experimental de-
velopments.

We begin in Section 2 by describing the magnetic quantum transition in the
coupled ladder antiferromagnet. High precision numerical studies of the criti-
cal properties of this transition are now available, and these serve as a useful
check on the theoretical models. We map the critical 
uctuations of the mag-
netic N�eel order on to the O(3) ’4 �eld theory in 2+1 dimensions, along with
additional Berry phase terms which re
ect the commutation relations of the
individual quantum spins. We illustrate the role of the Berry phases by �rst
considering a one-dimensional antiferromagnet in Section 3, where the results
can be compared with those obtained by bosonization methods. We return to
our discussion of two-dimensional quantum spin models in Section 4, where
we extend the methods developed in Section 3: we demonstrate that the Berry
phases induce bond-centered charge order in the paramagnetic phase of an-
tiferomagnets with full square lattice symmetry, while they can be safely ne-
glected in the coupled ladder antiferromagnet. The remaining sections extend
these theories to doped antiferromagnets with mobile charge carriers. Section 5
considers magnetic transitions in superconductors, while Section 6 describes
transitions between BCS superconductors with di�ering pair wavefunctions.
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Fig. 1. The coupled ladder antiferromagnet. Spins (S = 1=2) are placed on the

sites, the A links are shown as full lines, and the B links as dashed lines.

2 Coupled ladder antiferromagnet

We will begin our discussion by describing the quantum phase transition in
a simple two-dimensional model of antiferromagnetically coupled S = 1=2
Heisenberg spins. At the microscopic level, this model does not describe the
spin 
uctuations in the cuprate superconductors. However, a fairly subtle ar-
gument, which we develop in the following sections and culminate in Section 5,
shows that the universal properties of the simple critical point described in this
section are identical to those of a magnetic ordering transition in the cuprate
superconductors. The model presented here also provides a useful description
of other transition metal oxides with a spin gap [3].

We consider the \ladder" Hamiltonian

H‘ = J
X

i;j2A
Si � Sj + �J

X

i;j2B
Si � Sj (1)

where Si are spin-1/2 operators on the sites of the coupled-ladder lattice shown
in Fig 1, with the A links forming decoupled two-leg ladders while the B links
couple the ladders as shown. The ground state of H depends only on the
dimensionless coupling �, and we will describe the low temperature properties
as a function of �. We will restrict our attention to J > 0 and 0 � � � 1.

We will begin with a physical discussion of the phases and excitations of the
coupled ladder antiferromagnet, H‘ in Section 2.1. We will propose a quantum
�eld-theoretical description of this model in Section 2.2: we will verify that
the limiting regimes of the �eld theory contain excitations whose quantum
numbers numbers are in accord with the phases discussed in Section 2.1, and
will then use the �eld theory to describe the critical point.
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Fig. 2. Schematic of the quantum paramagnet ground state for small �. The ovals

represent singlet valence bond pairs.

2.1 Phases and their excitations

Let us �rst consider the case where � is close to 1. Exactly at � = 1, H is
identical to the square lattice Heisenberg antiferromagnet, and this is known to
have long-range, magnetic N�eel order in its ground state i.e. the spin-rotation
symmetry is broken and the spins have a non-zero, staggered, expectation
value in the ground state with

hSji = �jN0n; (2)

where n is some �xed unit vector in spin space, and �j is �1 on the two
sublattices. This long-range order is expected to be preserved for a �nite range
of � close to 1. The low-lying excitations above the ground state consist of slow
spatial deformations in the orientation n: these are the familiar spin waves,
and they can carry arbitrarily low energy i.e. the phase is ‘gapless’. There
are two polarizations of spin waves at each wavevector k = (kx; ky) (measured
from the antiferromagnetic ordering wavevector), and they have excitation
energy "k = (c2

xk
2
x + c2

yk
2
y)

1=2, with cx; cy the spin-wave velocities in the two
spatial directions.

Let us turn now to the vicinity of � = 0. Exactly at � = 0, H is the Hamilto-
nian of a set of decoupled spin ladders. Such spin ladders are known to have
a paramagnetic ground state, with spin rotation symmetry preserved, and an
energy gap to all excitations [4]. A caricature of the ground state is sketched
in Fig 2: spins on opposite rungs of the ladder pair in valence bond singlets in
a manner which preserves all lattice symmetries. Excitations are now formed
by breaking a valence bond, which leads to a three-fold degenerate state with
total spin S = 1, as shown in Fig 3; this broken bond can hop from site-to-site,
leading to a triplet quasiparticle excitation. Note that this quasiparticle is not
a spin-wave (or equivalently, a ‘magnon’) but is more properly referred to as
a spin 1 exciton. For � small, but not exactly 0, we expect that the ground
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(a) (b)

Fig. 3. (a) Cartoon picture of the bosonic S = 1 exciton of the paramagnet. (b)
Fission of the S = 1 excitation into two S = 1=2 spinons. The spinons are connected

by a \string" of valence bonds (denoted by dashed ovals) which are not able to
resonate with their environment, and some of which lie on weaker bonds; this string
costs a �nite energy per unit length and leads to the con�nement of spinons.

state will remain a gapped paramagnet, and the spin exciton will now move
in two dimensions. We parameterize its energy at small wavevectors by

"k = � +
c2
xk

2
x + c2

yk
2
y

2�
; (3)

where � is the spin gap, and cx, cy are velocities. Fig 3 also presents a simple
argument which shows that the S = 1 exciton cannot �ssion into two S = 1=2
‘spinons’.

The very distinct symmetry signatures of the ground states and excitations
between � � 1 and � � 0 make it clear that the two limits cannot be contin-
uously connected. It is known [5,6] that there is an intermediate second-order
phase transition at � = �c � 0:3. Both the spin gap � and the N�eel order
parameter N0 vanish continuously as �c is approached from either side.

2.2 Quantum �eld theory

A convenient �eld-theoretic description of the two phases introduced in Sec-
tion 2.1, and of the critical point which separates them, is obtained by the
coherent state path integral. A detailed derivation of this approach has been
provided by the author in Chapter 13 of Ref. [1] which the reader should now
consult; we will only highlight a few important points here.

The coherent state path integral is best introduced by considering �rst a single
spin S with angular momentum S and Hamiltonian

H0 = �h � S (4)
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